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Abstract

This paper proposes nonparametric two-sample tests for the direct comparison of the probabilities
of a particular transition between states of a continuous time non-homogeneous Markov process
with a finite state space. The proposed tests are a linear nonparametric test, an £2-norm-based test
and a Kolmogorov-Smirnov-type test. Significance level assessment is based on rigorous
procedures, which are justified through the use of modern empirical process theory. Moreover, the
L2-norm and the Kolmogorov—Smirnov-type tests are shown to be consistent for every fixed
alternative hypothesis. The proposed tests are also extended to more complex situations such as
cases with incompletely observed absorbing states and hon-Markov processes. Simulation studies
show that the test statistics perform well even with small sample sizes. Finally, the proposed tests
are applied to data on the treatment of early breast cancer from the European Organization for
Research and Treatment of Cancer (EORTC) trial 10854, under an illness-death model.
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1 Introduction

Continuous time nonhomogeneous Markov processes with a finite state space are important
in many areas of science and particularly in medicine and public health (Tattar and Vaman,
2014; Bakoyannis et al., 2019). Consideration of specific transitions between two states of a
multi-state process can provide a deeper and more detailed insight about the treatment effect
in clinical trials compared to the analysis of standard survival outcomes, such as event-free
survival (Le-Rademacher et al., 2018). Important special cases of a Markov process are the
univariate survival model, the competing risks model, and the Markov illness-death model
(Andersen et al., 2012).

The stochastic behavior of a Markov process can be described by either the transition
intensities, which represent the instantaneous rates of transition between two states, or the
transition probabilities. The transition probabilities are also known as survival functions in
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the framework of the univariate survival model, and as cumulative incidence functions in the
competing risks model. It is important to note that, in general, a difference in the transition
intensities between two groups does not necessarily imply a difference in the corresponding
transition probabilities and vice versa. This phenomenon has been well documented for the
special case of the competing risks model (Gray, 1988; Pepe, 1991; Putter et al., 2007;
Bakoyannis and Touloumi, 2012). Nonparametric tests for comparing transition intensities
between groups in general Markov multi-state processes have been well developed
(Andersen et al., 2012). However, the issue of nonparametric comparison of transition
probabilities in general Markov multi-state processes has not received much attention.
Nevertheless, transition probabilities, unlike transition intensities, directly quantify clinical
prognosis (Bakoyannis et al., 2019), which is the target of scientific interest in many
applications.

Nonparametric estimation of the transition probabilities of a general Markov process can be
performed using the Aalen-Johansen estimator (Aalen and Johansen, 1978). The issue of
nonparametric comparison of transition probabilities under the univariate survival model has
been extensively studied in the literature. For a review of these methods see Kalbfleisch and
Prentice (2011) and Andersen et al. (2012). A number of researchers have proposed
nonparametric tests for the comparison of transition probabilities for the special case of the
competing risks model (Gray, 1988; Pepe and Mori, 1993; Lin, 1997). Dabrowska and Ho
(2000) proposed a graphical procedure based on simultaneous confidence bands to test for
differences between transition probabilities in a general Markov process. However, their
method imposes proportional hazards assumptions for the transition intensities and, thus, it
is not fully nonparametric. Also, this approach does not provide the actual level of statistical
significance. Tattar and Vaman (2014) proposed two nonparametric tests for the comparison
of the whole transition probability matrices between k& groups, by comparing all the possible
transition intensities. The first test only compares the transition probability matrices at a
specific time point £, while the second test is a Kolmogorov—Smirnov-type test based on the
supremum norm. However, the tests proposed by Tattar and VVaman (2014) do not provide a
direct comparison of the transition probability of a particular transition, which is frequently
of scientific interest (Le-Rademacher et al., 2018). A statistically significant result with
these tests only indicates a difference in any transition between groups. Recently, Bluhmki et
al. (2018) proposed a wild bootstrap approach for the Aalen—Johansen estimator, which can
be used to construct a simultaneous confidence band for the difference between the
transition probabilities of two independent groups. This approach, which is related to a
Kolmogorov—Smirnov-type test, can be used as a graphical two-sample comparison
procedure at a predetermined a level. However, this approach does not provide the actual
level of statistical significance and, also, a Kolmogorov—Smirnov-type test may not be the
most powerful nonparametric test for every alternative hypotheses. Additionally, there is no
rigorous justification about the consistency of this graphical hypothesis testing procedure
against any fixed alternative hypothesis (Van der Vaart, 2000). Last but not least, the
proposed approach is not readily adaptable to more complex situations such as cases with
missing data.

This paper addresses the issue of direct nonparametric two-sample comparison of the
transition probabilities of a particular transition in a general continuous-time
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nonhomogeneous Markov process with a finite state space. For this, we propose a linear
nonparametric test, an £2-norm-based test and a Kolmogorov—Smirnov-type test. The
asymptotic null distributions of the tests are derived. The evaluation of the actual level of
statistical significance is based on rigorous procedures justified through the use of modern
empirical process theory. Moreover, the £2-norm-based and Kolmogorov—Smirnov-type tests
are shown to be consistent against any fixed alternative hypothesis (Van der Vaart, 2000). It
has to be noted that the linear nonparametric test can be inconsistent under some alternative
hypotheses with crossing transition probability curves. This is because, in such cases, the
corresponding test statistic can be equal to zero, since positive and negative differences of
the same magnitude cancel out. In less extreme cases with crossing, the linear test is
expected to be less powerful compared to the £2-norm-based and Kolmogorov—Smirnov-
type tests. We also propose extensions related to interesting practical problems such as cases
with missing absorbing states (Bakoyannis et al., 2019) and non-Markov processes (Putter
and Spitoni, 2018). The proposed tests exhibit good small sample properties as illustrated in
our simulation experiments. Finally, the tests are applied to data on the treatment of early
breast cancer from the European Organization for Research and Treatment of Cancer
(EORTC) trial 10854.

Compared to the previous work by Bluhmki et al. (2018), which used counting process
theory arguments in their derivations, we justify the properties of the proposed tests through
the use of modern empirical process theory (Van Der Vaart and Wellner, 1996; Kosorok,
2008). As it will be argued later in the text, the practical advantage of our derivations lies on
the fact that our proposed tests can be straightforwardly adapted to more complex settings
such as cases with incompletely observed absorbing states (Bakoyannis et al., 2019). This
can be done by replacing the influence function of the standard Aalen-Johansen estimator
with the influence function of any other well-behaved and asymptotically linear estimator of
the transition probabilities in our proposed testing procedures. Such adaptations are not
trivial within the framework of the graphical testing procedure proposed by Bluhmki et al.
(2018). An important reason for this is that with more complex estimators, certain
predictability conditions assumed by counting process and martingale theory techniques are
violated. For such situations, empirical process theory provides a powerful alternative tool.
Moreover, we provide two additional tests, a linear test and an £2-norm-based test, which
may be more powerful compared to a Kolmogorov-Smirnov-type test in certain settings.
Additionally, we argue about the consistency of our £2-norm-based and Kolmogorov—
Smirnov-type tests against any fixed alternative hypothesis. Finally, our tests provide the
actual level of statistical significance which is useful in practical applications.

The structure of this paper is as follows. In Section 2 we introduce some notation about
Markov processes, provide the proposed nonparametric tests, and consider extensions to
more complex situations that are frequently met in practice. Section 3 presents a simulation
study to evaluate the small sample performance of the proposed tests. Section 4 illustrates
the use of the proposed tests using data from the EORTC trial 10854. Finally, Section 5
concludes the article with some key remarks. Outlines of the asymptotic theory proofs are
provided in the Appendix.
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2 Two-sample nonparametric tests

2.1 Nonparametric estimation of transition probabilities

The stochastic behavior of a Markov process { X(9) : = 0} with a finite state space
# = {1,....q} can be described by the g gtransition probability matrix Po(s, ) = (P (s,
1)) whose elements are the transition probabilities

o nfe) =) = 1) = .51
=Pr(X(1)=j|X(s)=h) h,je I, 0<s<t<r,

where F— = o({Npj(u) : 0 <u < s.h # j}) is the event history prior to time s, with Aj; ()
being the number of direct transitions from state /to state j, ## j/, in [0, 4,

T = sup{t : /(;ao, hj(u)du = Aphj(t) < o0, h # j}, and ag,pj (1) = limy | o Py, pjt,t+h)/h,h # j, is
the transition intensity at time # The conditional independence between the probability of
X(9 and the prior history % ,—, conditionally on X(s), is the so-called Markov assumption.

Because Pq(s, #) is a stochastic matrix we have that ag_pp(1) = — Z j# haoyhj@® |

The observed data from a sample of i.i.d. observations of a Markov process are the counting
processes { N (9 : h#j, tE€[O, 7]}, /=1, ..., n, which represent the number of direct
transitions of the th observation from the state /to the state by time t, and the at-risk
processes {Y;x(t):h € 7, € [0, 7]} which are the indicator functions of whether the ih

observation is at the state » € .7 just before time ¢€ [0, z]. Based on such a sample, the
transition probability matrix of a nonhomogeneous Markov process can be estimated using
the nonparametric Aalen-Johansen estimator (Aalen and Johansen, 1978):

Py = J[14dA,w]| s.tero.q,
(s}1]

where [T is the product integral and A,{# a gxg matrix whose elements are the Nelson—
Aalen estimates of the cumulative transition intensities

Zl lszhj(“)

2,,’ hj(t) =
0 Zz 1 Ylh(u)

2.2 Linear nonparametric tests

First consider the two-sample problem of comparing the transition probabllltles 0. hj(s )

and P(()z)hj(s -), SE [0, 7), of two populations of interest, for a particular transition #—

with &, j € .. In many applications the starting point is being set to s= 0, but here we will
use an arbitrary s € [0, ) for the sake of generality. Based on two independent random
samples of 7 and 1, observations from the two populations, define the pointwise weighted
difference
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~ . ~(1 ~(2
Bpj(5.1) = Wy By pjis.0) = Bl pstsn), 0<s<r <,

where W (1) is a weight function and 135,11), nj(s.1) and 135,22)’ nj(s. 1) are the nonparametric

Aalen—Johansen estimates of the transition probabilities of the two populations under
comparison. Examples of weight function choices are

Y}l)(z)ﬁm ®>0
I'€ L(h}))

Whit)=1

B

and

f}%f@m

) = Hzeum/;m ot
Eleuhm OTY (’)]

where /() is the indicator function, L(h, j) = {d € .#:d is a transient state that can be visited
during the transition #— j} and, y‘ﬁ,'”(z) = n;lzl(_p.) lYgz)(z),p : 1,2' The latter choice assigns

more weight to times with more observations at risk. This is useful for assigning less weight
for times with a very small number of observations, such as times close to the end of the
study period, where the transition probability estimates can be highly unstable. A natural

linear test for the null hypothesis HO:Pf)f)hj(s,t) = P((f)hj(s, 1) for a given starting point s € [0,

7) and all 1€ [s, 7], or, equivalently, HO:P(()})hj(s, )= P((f)hj(s, -) for a given starting point s

€ [0, 7), is the area under the weighted difference curve

Zpj(s) = [s y ¢ D s Dm0,
where mis the Lebesgue measure on the Borel o-algebra 3([0, z]). To establish the
asymptotic distributions of the proposed test statistics, we assume the following conditions.

C1. The potential right censoring and left truncation are independent of the counting
processes {NVy(9) : h# J, t€ [0, 7]} and noninformative about Pq(s, 4.

C2. m/(m + ) — A\ €(0,1) as min(ry, ) —> o0,
C3. The counting processes {Np{(9) : 1# j, tE€ [0, 7]} satisfy E[N/,,(r)]2 <ooforall h# .
C4. infpo, 7 ELY{(H] > O for all the transient states.

C5. The cumulative transition intensities {Ag 4(2) : 7# J, t€ [0, ]} are continuous
functions.
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C6. The weight VIA/hj(t) converges uniformly, in probability, to a nonnegative uniformly
bounded function W[ on [0, z].

Remark 1. In some applications condition C4 may not be satisfied for some time points for
one or more transient states » € .#. In such cases, provided that the conditions for the
uniform consistency of the Aalen-Johansen estimator hold, one can restrict the comparison
interval to [z;, 7o] with 0 < 7; < 7, < 7, such that infe[ | ) £] Y4(9] > O for the transient
states, and then use nonparametric bootstrap for inference. In such cases the test statistic
becomes

Znj®) = [y ey Dists: i@,

for a fixed S€ [11, ).

Before stating the theorem about the asymptotic distribution of test statistic we define the
functions

M 0= NP0~ forqt D @d ) w,

where N,(,”,fl(t) and Y(p)(t) are the counting and at-risk processes of the ith observation in the

pth sample at time £ Also, define 7 to be the subset of .7 which contains the potential
absorbing states. For non-absorbing Markov processes 7 = @.

Theorem 1 provides the asymptotic distribution of fhj(s) under the null hypothesis

61)/”(s (()z)hj(s -). In this work, we adopt the convention that 0 - c0 =0 as in
Athreya and Lahiri (2006).

Theorem 1. Suppose that conditions C1-C6 hold. Then under the null hypothesis

Hy: P(()l)hj(s )= P(()z)hj(s -) for some (fixed) s € [0, 1),

’ nin
ny+ny ZhJ(S) _’ Ghj(s).

where Gp(s) ~ N(O, w}, (s)) and

2 2
Wf )= (1= DE [ [S v Wh JOR s t)dm(t)] +AE [ [g v Wh JOR s Dam(@)

with
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u—)P(()‘,’)mj(u )

! P(1;7) s
0l hl (p)
LIP3 e aMDw, <<tz p=12,
ITmeg s s EY ) w

fori=1, ..., Ny

Remark 2. The functions y%.(s, N, p=1,2,in Theorem 1 are the influence functions of the

Aalen-Johansen estimator of P((f)h (s.1).

A consistent (in probability) estimator of the variance w%l (s) s

!

2 o m = (D) 2
opj(s) = W;[/;,T] Wh](l)}’,‘hj(s t)dm(t)] s

2
2 ni _ (2)
00] 4 g e oy 1O

where yf;’l}(s, 1), p = 1,2, are estimated by replacing the expectations with sample averages

and the unknown parameters with their uniform consistent estimates. Now, Theorem 1 and
@pj(s) can be used to construct a Z-test for the null hypothesis as:

Zpj(s)
R nimy
R e

The actual significance level can then be evaluated under the standard normal distribution as
usual.

In some applications it may not be desirable to fix the starting point s. In such cases the
scientific interest is on comparing P(()Phj(s, -) and Pff)hj(s, -)forall s€ [0, 7). The null

hypothesis in this case is HO:P((){)hj( )= P((f)hj( -, +) or, more compactly,

HO:P(()f)h = (()2),1 ;- The following test statistic can be used for this hypothesis testing

problem:

Zpj= A), o Zhj5)dm(s).

Theorem 2 below provides the asymptotic null distribution of the above test statistic.

Theorem 2. Suppose that conditions C1-C6 hold. Then under the null hypothesis

nmn VA .dG .
n| +np hj= Chj:
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where Gp; ~ N(O.nf;) and

2
t)dm(l)] dm(s)] + AE

M= (= HE [ﬁ), T)[[S, AW ROF s
Moa T>Msa r)Whj(’W?h)j(s t)dmo)] dm(s)}2 :

A consistent (in probability) estimator of '7%1 ; can be obtained by replacing the expectations
by sample averages, A by m/(m + ), and Wj(#) and yfﬁ}(s, 1) by W (1) and ?,%(s, 0,

respectively.

2.3 L2-norm-based and Kolmogorov—Smirnov-type tests

A linear test is not the optimal choice when the two transition probability curves under
comparison cross at one or more time points. In this section, we propose alternative tests for
such situations. The first test is a test based on an L2 norm

R R ) 12
O1pj(s) = | [s, 4lPnjsin] dm(t)] :

for any (fixed) s€ [0, z), while the second test is a Kolmogorov—Smirnov-type test

Oopj(s)= sup IDpjs.0l.
t e [s,

7]

The Kolmogorov—Smirnov-type test is related to the graphical hypothesis testing procedure
proposed by Bluhmki et al. (2018). For applications where it is not desirable to fix the
starting point s, the following test statistics can be used:

. 0 1/2
Olnj= ‘[(),T)thj(S)dm(S) ,

and

é2hj= sup Iﬁhj(s,t)l‘
0<s<t<rt

The asymptotic null distributions of these tests are complicated. However, significance level
can be easily calculated numerically by proper simulation realizations from the null
distribution of these test statistics. Theorem 3 provides the basis for an approach to properly
simulate realizations from the null distributions of élhj(s), thj(s), élhj, and ézhj. Before

stating Theorem 3 define the estimated functions

ni n
s LS 7ol il S Delne®.
th(S, H=41- ﬁﬁi = IWhj(l)yihj(s’ né - ﬂﬁ, = IWh/(t)}’ihj(S n&~, hjeS 0<s<t<r,
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where [5( )] , p=1, 2, are independent draws from MO, 1).

i=

Theorem 3. Suppose that conditions C1-C6 hold. Then, the following are true:

() Under the null hypothesis Hy: P0 n j(s, )= P(()Z)h (s, ), forany (fixed) s€ [0, 1),

mn -~ —
\'ny +ny Dpj(s, ) V1= 461 (s, )_\/—GZh/(s 0

anda, conditionally on the observed data,

Bpj(s. )= T= A6 pjs. .) = AGop[(s. ).

where Gy (s, .) and Gyp (s, .) are two independent tight zero-mean Gaussian
processes with covariance functions

0ph (11,125 5) = EIW pje)r s DIV ) 2. 001, p= 1.2,

forany 4, b €[5, 1].

() Under the null hypothesis Hy: P§}),; = P§),;

’ niny 5
n1+n2 "“’V G’lh/ \/_G’Zhj

and, conditionally on the observed data,

Bpj = T=761j - iGop,

where Gy and Gy, are two independent tight zero-mean Gaussian processes
with covariance functions at the points vy = (51, {) and v> = ($, b) equal to

ophj01-02) = EIW DA 5. )IW n o sl p = 1.2.

Corollary 1. By Theorem 3 and the continuous mapping theorem it follows that under the
null hypothesis

2
\n+m lﬁleh/(”_’[f y g [VT= 2811 j(s}) = VAG2 (s} 1) d’"(’)}

and
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VI = 4G 45, 1) = 2Gop j(s. 1),

nin
1 ——= 0y, ,(S) sup
np+ny t € [s, 1]

for any fixed s€ [0, 7). Similarly, under the null hypothesis

,/n;”:izA (fo,r)[fm[\/—@lhj(sjz) VAGop (s} 1] dm(t)}dm(s)) 2

and

nimn d
A 172 Q2h] sup
np+n 0<s<t<rt

The asymptotic null distributions of the omnibus tests are quite complicated and, thus, they
are of limited use in practical applications. However, Theorem 3 provides justification about
a way to numerically calculate p-values through a simple simulation technique. This can be
performed as follows. In light of Theorem 3, one can simulate from the asymptotic null
asymptotic distributions of the tests thj(s) and thj(s), for a fixed s€ [0, 7], by simulating

and {5(2)}

and then calculating a sample for the corresponding null distributions of thj(s) and QZhj(S)

VI =461 j(s,1) = \AGop (s, 1)| -

multiple versions of {g(l)}i i independently from AM0,1) for r=1, ..., R,

as
N 2 172
ljs,f] [Bhy jy (s)0)] a’m(t)] . r=1,...R
, r=1, ..., R, respectively, where
n
Bpj sy =yT—% th,m?f?ﬂsj neEw — i ﬁzﬁh,oﬁ%@ neé? r=1,..,R.
iml

Generating samples from the null distributions of the test statistics élhj and thj, given in

Corollary 1, can be performed in a similar manner. Now, the significance level for each test
can be calculated as the proportion of realizations from the corresponding null distribution
that is greater than or equal to the calculated test statistic value from the observed data.

The tests Q”,j(s) and éz;,j(s), for a given s€ [0, 1), are consistent for every fixed alternative
hypothesis with Pf)l)hj(s ) # Pf)2)hj(s -). This follows from Theorem 2, the uniform

consistency of the Aalen-Johansen estimator of the transition probabilities (Aalen and
Johansen, 1978), condition C6, the continuity of these tests in ﬁhj(s, 1), and Lemma 14.15 in

Van der Vaart (2000). The same conclusion also holds for the test statistics 0, jand Oon -
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2.4 Extensions to more complex settings

Many complications that frequently occur in practice make the application of the proposed
tests improper. An important example is the problem of incompletely observed absorbing
states, where missingness occurs either due to the usual nonresponse or by the study design
(Bakoyannis et al., 2019). A special case of this is the issue of missing causes of death in
biomedical applications. In such cases, a complete case analysis, which discards cases with a
missing cause of death, is well known to lead to biased estimates (Gao and Tsiatis, 2005; Lu
and Liang, 2008; Bakoyannis et al., 2019). In general, more complicated cases require
extensions of the standard Aalen-Johansen estimator, denoted by P, ;(s.1), to consistently

estimate the transition probabilities of interest over an interval [ 7;, o] C [0, 7]. In such
cases, one can replace the standard Aalen—Johansen estimator with another appropriate
estimator P, (s, ) in the testing procedures. Then, the linear test becomes

Zhj(s) = [S’Tz] th(s,l)dm(l),

for any (fixed) s€ [11, ), where

~ — ~(1 =2
Dpj(s,1) = Whj(t)[Pfql), hj(s,t) - PE’!Z), hj(s,t)], 71 <s<t< 1,

while the £2-norm based and Kolmogorov—Smirnov-type tests become

~ - 2 172
O1njs) = [ [sm] [Dpj(s)0) dm(t)]

and

Oonj(s)= sup IDp(s.0l.
t € [s, 1]

The following conditions ensure the validity of the proposed testing procedures for the null

hypothesis Hy : 13211), hj(s, )= 135,22), nj(s, -) in more complex settings.
D1. The estimator 13,,’ hj(s, -) is consistent in the sense

sup Iﬁn’ hj(s.0) = Po, pj(s, 0l LA 0,
t € [s, ]

for any (fixed) S€ [11, »).

D2. The estimator P, (s, ) is an asymptotically linear estimator with
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n
~ 1
JalBy, pj(s.1) = Py, pj(s.0] = sz:,m s + oD,

with {gn(s, ) : tE€ [, 7]} being a A-Donsker class for any s € [z, z,].

D3. The empirical versions of the influence functions $,-hj(s, 1) satisfy

n
sup w2 371G 5} 01— i s} i | £ o,
e [31312] n g} ihj S’ ihj s, i

where &;are independent random draws from MO, 1).

Remark 3. Condition D2 is sufficient for establishing the weak convergence of the estimator
ﬁ,,’hj(s, -) to a tight mean-zero Gaussian process. Condition D3 along with the conditional

multiplier central limit theorem (Van Der Vaart and Wellner, 1996; Kosorok, 2008) and
condition D2, provide a simulation approach for the construction of simultaneous confidence
bands (Kosorok, 2008). Therefore, conditions D1-D3 are expected to have been established
in works extending the standard Aalen—Johansen estimator to more complex settings. This is
the case, for example, for the nonparametric estimator of the transition probability matrix
with incompletely observed absorbing states (Bakoyannis et al., 2019).

Hypothesis testing in more complex settings can be simply performed by replacing the
influence functions y}ﬁ}(s, 1), p = 1,2, of the standard Aalen-Johansen estimator with the
influence functions ¢§Z}(s, 1) of the estimator P,, j(s,1). The theorems stated below justify

the direct use of the proposed tests in more complex situations. Before stating those
theorems define the functions

(1

ni n
. LS 0l LS00,
th(s’ = \/1 - lﬁi = IWh/(t)qﬁihj(S’t)fir - ﬂﬁl - IWhJ(I)¢[hj(S I)fi , h,jeJst, T <s<t

< 72,

n
where {5,(”)}1,’; p p=12are independent draws from MO, 1).

Theorem 4. Suppose that conditions C2, C6, D1 and D2 hold. Then under the null
hypothesis

nm s a4a,
W h/(s)_’ hj(s)’

for any (fixed) s € [z, ©p), where Gpj(s) ~ N(0, 67 (s)) and
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2 2
07,(5) = (1 = HE [ [S,T2]Wh j(z)qsﬁ]h)j(s, t)dm(t)] +AE [ fs, o] Wh j(t)¢§2h)j(sj t)dm(t)] .

The proof of Theorem 4 involves the same arguments to those used in the proof of Theorem
1 given in the Appendix.

Theorem 5. Assume that conditions C2, C6, and D1-D3 are satisfied. Then, under the null
hypothesis and for s € [ty )

/ mm -~
P Dpj(s, -) w1 - Glhj(‘ )—\/_GZhJ(Y :

and, conditionally on the observed data,

Bpj(s, ) wAT=261pjls, -) =AGop j(s. -),

where Gy (s, ) and Gop (s, - ) are two independent tight zero-mean Gaussian processes
with covariance functions

G jp(11.12:5) = EDV gDy (s. DI g ) (5. 1)1, p=1.2.

The proof of Theorem 5 follows from similar arguments to those used in the proof of
Theorem 3 given in the Appendix.

2.4.1 Missing absorbing states—In many settings one can observe that a process has
arrived at some absorbing state, but the actual absorbing state is unobserved for some study
participants, such as in cases with missing causes of death. For such situations, Bakoyannis
et al. (2019) proposed a nonparametric maximum pseudolikelihood estimator (NPMPLE)
under a missing at random assumption. To review this estimator, let A;;be an indicator
variable with A ;= 1 if the #th observation arrived at the absorbing state j € .7, and A;=0
otherwise. Also, let R;be another indicator variable with /;=1 indicating that the absorbing
state of the #h observation has been successfully observed. Finally, let (O, 5) be the
probability that Aj;= 1 given the fully observed data O under a parametric model indexed
by an unknown Euclidean parameter 5. In this setting, the cumulative transition intensities
can be estimated using the NPMPLE:

dN
i, wo= | Z’ T i B e
Yip()

where
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Ninjt: Bp) = [RiA;j+ (1 = R; )z (O; )] %  Nini®),
e

with 4, being a consistent estimator of . The transition probability matrix can then be
estimated as

Py = [ [[14dA,w)] s.rer0.71,
(s¥1]

where the components of the matrix A,,(u) are 4, j(w). By Theorems 1 and 2 in Bakoyannis

et al. (2019) and calculations provided in the proof of Theorem 2 in the same source, the
NPMPLE estimator satisfies the conditions D1-D3 above. Therefore, if the conditions in
Bakoyannis et al. (2019) and the conditions C2 and C6 above are satisfied, two-sample
comparison can be performed by utilizing the NPMPLE of the transition probabilities along
with the corresponding influence functions in the proposed tests. This is justified by
Theorems 4 and 5 above.

2.4.2 Non-Markov processes—Trivially, the Aalen—-Johansen estimator f’n, rj(0, ) is

uniformly consistent for the transition probability #,/0, -) even under a non-Markov process
(Datta and Satten, 2001; Titman, 2015). When the interest lies on the marginal Pr(X(9 = j
X(8) = h), i.e. unconditionally on the prior history & ,—, for some s> 0, under a non-Markov

process, then the landmark Aalen—Johansen estimator is consistent for Pr(X(5) = A X(s) = /)
(Putter and Spitoni, 2018) under the conditions of Datta and Satten (2001) and, also, the
assumption that Pr(X(s) = /) > 0. The landmark Aalen-Johansen estimator is essentially
equivalent to the standard Aalen-Johansen estimator, except for the fact that only
observations with X(s) = /1are considered. This is achieved by considering the modified
counting and at-risk processes N (t) = Njp(01(X(s) = k) and Y;(t) = Y;4()1(X(s) = h), for
t= s Therefore, the influence functions of the landmark Aalen-Johansen estimator are the
same to that of the standard Aalen-Johansen estimator, with the only exception that the
former involves the modified N (+) and Y;(r) instead of the standard counting and at-risk

processes Njx{(§) and Yj,(f). Consequently, it is clear that conditions D1-D3 are satisfied if
Pr(X(s) = A) > 0 and, also, if the conditions in Datta and Satten (2001) hold. Thus, in light of
Theorems 4 and 5, the proposed nonparametric tests can be used with non-Markov processes
by utilizing the landmark Aalen—Johansen estimator.

2.4.3 Comparison of state occupation probabilities—The proposed tests can be
easily adapted for the comparison of state occupation probabilities

Pr(X(1) = j) = Pojt) = L e 7¢Po, n(0)Po, nj(0. 1), as these are simple linear combinations of
the transition probabilities. The state occupation probabilities describe the marginal
behavior, i.e. unconditional on the prior history, of the processes and are of interest in many
applications, such as in HIV studies focusing on the event history of patients in HIV care
(Lee et al., 2018). It is important to note that these probabilities can be consistently
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estimated based on the Aalen-Johansen estimator of the transition probabilities even in non-
Markov processes (Datta and Satten, 2001). An obvious consistent estimator of Ay 4(0) is

n
P, h(©) =+ SIX0) 20} hE T
il

By the continuous mapping theorem and the uniform consistency of the Aalen-Johansen
estimator, the estimator of the state occupation probabilities
Py ()= Zh € ¢ P p(0) Py (0.1), j € 7.1 € [0, 7], is uniformly consistent for A2 (2). Also,

it is not hard to see that, by the asymptotic linearity of the Aalen-Johansen estimator, 13", i
is an asymptotically linear estimator with

n
JnlBy, j(0) = Po, (0] = ﬁz > | Poy rO)7in j0)1) + Poy OV DLIX;0) = h) — Poy p(O)]] 4 0p(1)
imlpEge

n
= ﬁﬁu/ij(t)+op(l).
L

The class {y(9) : t€ [0, ]} formed by the influence functions is ~-Donsker. This property
is a consequence of the Donsker property of the classes {y(0, 9 : t€ [0, 7]} forall h e T¢
and j € .7, as it is argued in the proof of Theorem 1 in the Appendix, the total boundedness
of the class of fixed functions {# 40, 9 : t€ [0, ]} as a result of condition C5, and
Corollary 9.32 in Kosorok (2008). Therefore, conditions D1 and D2 are satisfied. Finally,
condition D3 is also satisfied by the fact the y(4, j € .7, is a linear combination of (0,
9, h € 7¢, the triangle inequality, and arguments similar to those used in the proof of
Theorem 3 in the Appendix. Consequently, Theorems 4 and 5 provide a rigorous
justification about the use of the proposed tests for comparing state occupation probabilities
based on the aforementioned estimator.

3 Simulation studies

To evaluate the finite sample performance of the proposed test statistics, we conducted a
simulation study. We considered a Markov process with 2 transient states {1, 2} and 1
absorbing state {3}, under the illness-death model without recovery (Andersen et al., 2012).
This model is illustrated in Figure 1. In this simulation study, we focused on the null

hypothesis HO:P(()HZ(O, )= P((f)lz(o, -). Initially, we independently generated the times from
state 1 to states 2 and 3 by assuming the cumulative transition intensities A((f)lz(t) = aypt, for
p=1,2and Aff)m(t) = A((f)w(t) =1/2. For observations that first arrived at the transient state
2, we generated the time from state 2 to the absorbing state 3, assuming a cumulative
transition intensity A(()f’)23(z) = a1, p = 1,2. Under this set-up the transition probability of

interest was
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wps—1 _ (a1p+0.5)(s—1)

ajp—ap+05 s p=12

Different scenarios were considered according to the parameter values a; = (a11, ap1) and
ay = (aqy, apy). In simulation scenarios 1 to 4 we simulated data under the null hypothesis
with aq = ap = a. This common parameter was set to (1, 0.5), (1.4, 0.75), (1.2, 0.25), and
(0.6, 0.25) under scenarios 1, 2, 3, and 4, respectively. In simulation scenarios 5 to 8 we
simulated data under the alternative hypothesis. In these cases, the parameter a4 was set to
(0.6, 0.25), (0.6, 0.25), (1, 0.5), and (0.8, 0.25) for scenarios 5, 6, 7, and 8, respectively. The
corresponding figures for the parameter a,were (0.9, 0.25), (1.2, 0.25), (1.4, 0.75), and (1.4,
0.75). Right censoring times were independently simulated from Exp(0.25). Different
sample sizes 71, p=1, 2, of the two groups were also considered. 2000 datasets were
simulated for each scenario, and the £2 distance test and Kolmogorov-Smirnov-type test

. . . . an™ 2))"2
were calculated using 1000 independent simulations of {5,- }l_ _ and { ; }l_ o from MO,

1). Finally, we considered the weight function

2 (), =2
H[ - 1Y§ )(I)Y§ )(z)

W1o() = > ,
D L7
DERURCEE (z)]]

in all cases. We also provide simulation results based on the weight function

~ 2 —(1
Wio(t) = I[Hl - IYE )

(z)??z)(z) > 0] in the Supplemental Online Material.

Simulation results regarding the empirical type | error rates are presented in Tables 1 and 2,
respectively. Under these scenarios, the empirical type | errors rates for all tests were close
to the nominal a levels, even in situations with small sample sizes. Thus, these results
provide numerical evidence for the validity of the proposed hypothesis testing procedures
under Hp. Simulation results regarding the empirical power levels under alternative
hypotheses with non-crossing transition probabilities are presented in Table 3. Under these
scenarios, the empirical power levels increased with sample size and, also, with a more
pronounced difference between the two groups, as expected. These results provide numerical
evidence for the consistency of the proposed tests with non-crossing transition probabilities.
The linear test exhibited more power compared to the Kolmogorov—-Smirnov-type test in
such cases. Simulation results regarding the empirical power levels under alternative
hypotheses with crossing transition probabilities are presented in Table 4. These scenarios
illustrate numerically that the linear test can exhibit substantially lower power levels
compared to the omnibus tests, for alternative hypotheses with crossing transition
probability curves. The empirical power of the tests increased with sample size and with a
more pronounced difference between the two groups.

. . . P 2 _
Simulation results based on the weight function W 5(r) = I[Hl - 1YEI)(z)Ygz)(t) > (] are

provided in the Supplemental Online Material. These results are similar to those presented
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here. However, with the latter weight choice, the Kolmogorov-Smirnov-type test appears to
exhibit higher power levels for scenarios with non-crossing transition probability curves.
Moreover, the £2-norm-based test appears to be the most powerful test in scenarios with
crossing transition probability curves, particularly under a smaller difference between the
two groups.

4 Data analysis

In this section we analyze the data on treatment of early breast cancer from the European
Organization for Research and Treatment of Cancer (EORTC) trial 10854. This randomized
clinical trial was conducted to evaluate whether the combination of surgery with
polychemotherapy is beneficial to early breast cancer patients compared to surgery alone.
The original analysis of this clinical trial was presented in Van der Hage et al. (2001).

In this trial, 1395 patients where randomly assigned to the surgery group and 1398 to the
surgery plus polychemotherapy group. The data set contains information about the time to
cancer relapse or death. Therefore, an illness-death model is a natural choice for this data
set. It is important to note that the transition probability to relapse, which was not analyzed
in the original analysis of this trial, is a non-monotonic function of time as patients can move
to the “death” state after relapse. Thus, standard survival and competing risks analysis
methods are not applicable for this transition probability. Here, we focus on this probability
which can be interpreted as the probability of being alive and in relapse. The estimated
transition probabilities of relapse in the two intervention groups are presented in Figure 2.
Based on Figure 2, the probability of being alive and in relapse was lower in the group that
received polychemotherapy during surgery. To perform hypothesis testing here we

+2)

considered the weight function W ,(t) = Hf- 1?}”(;)?52)(1)/{212_ 1[)751)(0 -|- Y, (®]1}. For

the £2-norm-based and Kolmogorov-Smirnov-type tests we considered 1000 standard
normal simulation realizations. The p-value from the linear test was 0.001, while the o
values from the £2-norm-based and Kolmogorov—Smirnov-type tests were both equal to
0.002. These results provide evidence for the superiority of the surgery plus
polychemotherapy combination with respect to the transition probability of relapse, in early
breast cancer patients.

5 Concluding remarks

This paper addressed the issue of direct nonparametric two-sample comparison of transition
probabilities A (s, -), for some (fixed) s € [0, z), for a particular transition #— jina
continuous time nonhomogeneous Markov process with a finite state space. The proposed
tests were a linear nonparametric test, an £2-norm-based test and a Kolmogorov—Smirnov-
type test. Rigorous approaches to evaluate the significance level grounded on modern
empirical process theory were provided. Moreover, the £2-norm-based and Kolmogorov—
Smirnov-type tests were argued to be consistent against any fixed alternative hypothesis.
Additionally, we proposed versions of the tests for the null hypothesis

HO:P(()f)hj( )= P((f)hj( -, -), thatis for all s€ [0, z) and ¢€ [s, z]. We also considered

extensions of the tests to more complex situations such as cases with missing absorbing
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states (Bakoyannis et al., 2019) and non-Markov processes (Putter and Spitoni, 2018). The
simulation study provided numerical evidence for the validity of the proposed testing
procedures, which exhibited good performance even with small sample sizes. Finally, a data
analysis of a clinical trial on early breast cancer illustrated the utility of the proposed tests in
practice.

The importance of the weight function I/,(2) in the proposed test statistics lies on the fact
that it essentially restricts the comparison time interval to a time interval where the risk set
sizes are non-zero for both groups under comparison. Moreover, a weight function can be
used to assign less weight to time points with less observations at risk, where the estimated
transition probabilities can be unstable.

It has to be noted that the linear nonparametric test can be inconsistent under some
alternative hypotheses with crossing transition probability curves. This is because, in such
cases, the true area under the weighted difference curve can be equal to zero, since positive
and negative differences of the same magnitude cancel out. In less extreme cases with
crossing, the linear test is expected to be less powerful compared to the £2-norm-based and
Kolmogorov-Smirnov-type tests. This phenomenon was illustrated numerically in our
simulation studies.

The issue of nonparametric comparison of transition probabilities in general
nonhomogeneous Markov processes has received little attention in the literature. To the best
of our knowledge, the only fully nonparametric approach for comparing the transition
probabilities for a particular transition in general nonhomogeneous Markov processes is a
graphical procedure proposed by Bluhmki et al. (2018). This proposal is based on the
construction of a simultaneous confidence band for the difference between the transition
probabilities of two groups. This approach relies on the same statistic as our Kolmogorov-
Smirnov-type test, that is the supremum of the absolute weighted difference between the
Aalen-Johansen estimators of the two groups, and thus it involves the same sampling
distribution. Estimation of the 1 — a percentile of the corresponding asymptotic null
distribution is achieved through a resampling procedure which is similar to ours. As
Bluhmki et al. (2018) state “The confidence band for the difference can also be viewed as a
Kolmogorov—Smirnov-type asymptotic level a test”. Thus, evaluating whether a (1 — a)%
confidence band for the difference of the two transition probabilities by Bluhmki et al.
(2018) does not fully include the line yy= 0, is equivalent to assessing whether p-value<a
based our Kolmogorov—-Smirnov-type test, under the same weight function. However, the
graphical approach by Bluhmki et al. (2018) does not provide the exact level of statistical
significance and, also, our linear and £2-norm tests can be more powerful compared to the
Kolmogorov—Smirnov-type test in certain settings, as shown in the simulation studies. More
importantly, the justification of this approach was based on counting process theory
arguments and not on modern empirical process theory. A consequence of that is that this
approach cannot be directly adapted to more complex settings that are frequently occur in
practice, such as cases with missing absorbing states. An important reason for this is that
with more complex estimators, certain predictability conditions assumed by counting
process and martingale theory techniques are violated. On the contrary, our proposed
methods can be trivially adapted to many other complex settings, provided that appropriate
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estimators, in the sense of conditions D1-D3, of the transition probabilities exist. Such
adaptations can be theoretically justified using the Theorems 4 and 5 provided in our
manuscript. Such extensions, which are useful in many applications, include the situation
with missing absorbing states and the case of nonparametric two-sample comparison of state
occupation probabilities, presented in subsections 2.4.1 and 2.4.3, respectively.

An important future task from a practical standpoint is the implementation of the proposed
tests in standard statistical software, such as R, for general use. While calculations for the

proposed tests of HO:P(()f)h 5= P((f)h (s, ), for some (fixed) s€ [0, 7), can be fast, the

tests of HO:Pf)f)hj( )= P((f)hj( -, -) are quite computationally intensive, particularly with

larger sample sizes. This is because they require calculating the influence functions for all
the combinations of times sand ¢ with s< £ evaluated at the observed transition times. For
this case, efficient code implementation along with parallel computing would be useful in
practice.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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A: Outlines of proofs

Outlines of the proofs of Theorems 1 and 2 are provided below. The proofs of Theorems 3
and 4 follow from similar arguments and, therefore, are omitted. The proofs rely on
empirical process theory techniques (\Van Der Vaart and Wellner, 1996; Kosorok, 2008).
Before providing the proofs it is useful to introduce some notation. First, let 6 be the sample

space, and Oan arbitrary sample point in 6. Now, define P,,.f = %Z?: 1 f(Op), for some
measurable function f: 6 — R. Also, define Pf = [, fdP to be the expectation of funder the

probability measure Pon the measurable space (0, &), where « is a o-algebra on . For
simplicity, but without loss of generality, we set the starting point s= 0 in the following
proofs. It has to be noted that conditions C1 and C3-C5 imply the uniform consistency of
the standard Aalen—Johansen estimator. This can be shown using similar arguments to those
used in the proof of Theorem 1 in Bakoyannis et al. (2019). In what follows, Cwill denote a
universal constant that may vary from place to place. Before providing the proofs of
Theorems 1 and 2, we state and prove two useful lemmas.
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Lemma 1. Let A9 be a fixed and uniformly bounded function on [0, =] and M) be an
arbitrary counting process with M )] < 0o. Then, the class of functions

t
71 = [ [ raana s € 0y € 15171

IS P-Donsker.

Proof. Let ||hllg,» = (/Ihlza@)l/2 for any probability measure Q. Now, for any probability
measure Q@and any s, $ € [0, 7], & € [$1, 7], and & € [, 7] it follows that

1] ) 2 52
ﬁl h(u)dN(u)—~A‘2 h(u)dN (u) A h(u)dN (u) ﬁ h(u)dN (u)

) C(IN(2) — N(11
M, 2+ INGs2) = N(spllg,2) -

Q,2£ Q,2+ Q,ZS

By Lemma 22.4 in Kosorok (2008), it follows that the class ®; = {M? : t€ [0, 7]} hasa
bounded uniform entropy integral (BUEI) with envelope 2/(z), and is also pointwise
measurable (PM). This implies that, for any s€ [0, 7] and ¢€ [s, 7] there exist an s; € [0, 1],
j= 1, .., /\/(62“ /\/(t)||@2, @4, Lz(@), and a e [5, ‘L'], i=1, ..., /V(EZ”/V(‘L’)”Qz, @, Lz(@),
such that IM(s) = Ms)llg2 < e2lM )l g2 and IMY = Mzl g2 < 2lM D)l g, for any €>0
and any finitely discrete probability measure Q. Therefore, for any member of &, there

exista [l huydN ), for [, j=1, ..., Me, ®1, Lo(Q)), such that

t tj
H/s‘ h(u)dN(u)—ﬁ'j h(u)d N (u)

0.2 < €4C||N(T)||Q’2,

for any €> 0 and any finitely discrete probability measure Q. Consequently, by the
minimality of the covering number it follows that for any e > 0 and any finitely discrete
probability measure Q, we have that

N(eAC|IN()ll g, 2. F1, L2(Q)) < [N(€2||N(T)|IQ,2’<I>1»L2(Q))]2,

which yields a BUEI for % with envelope 4 C\( 7). Using similar arguments to those used in
the example of page 142 of Kosorok (2008), it can be shown that the class & is also PM.
Therefore, by Theorem 2.5.2 in Van Der Vaart and Wellner (1996), the class % is P-
Donsker. O

Lemma 2. Let /(D) be a fixed and uniformly bounded function, Y(?) be an arbitrary at-risk
process, and A(D a continuous cumulative transition intensity function on [0, ). Then, the
class of functions

t
Fo= ([; hw)Yw)dAw) : s €[0,7],t € [s,7]
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s P-Donsker.

Proof. It is not hard to show that for any probability measure Qand any s, $ € [0, ], 4 €
[51, 7], and & € [, 1] it follows that

1] 12
ﬁl hW)Y (w)dA(u) — ﬁz h)Y (u)dA(u) C(1A(tp) — A(t]) | + 1 A(sp) — A(sp]).

0.2°

Now, the class of fixed functions ®, = {A(9 : t€ [0, 7]} is a compact subset of R as it
consists of continuous functions defined on the compact set [0, z]. Therefore, this class of
fixed functions can be covered by C(1/¢€) e-balls and, thus, Me, @y, |- |) < A1/e).
Consequently, for any s€ [0, 7] and ¢€ [s, 7] there existan s;€ [0, 7], /=1, ..., N(g Py, | -
),anda GE[s ], /=1, ..., Mg @y, | - [), such that |A(s) — A(s)| < eand |A() - A(%)| < €
for any €> 0 and any finitely discrete probability measure Q. Therefore, for any member of

F, there exist a/stj-h(u)dN(u), fori, j=1,..., Mg Dy, | |), such that

Q,2S2C€'

H Y @dAw - [ hwYwdAw
j; WY w)dA(u ﬁj w)Y (u u

for any €> 0 and any finitely discrete probability measure Q. Consequently, by the
minimality of the covering number it follows that for any e > 0 and any finitely discrete
probability measure Q, we have that

N(€2C, %1, Ly(Q) < c( ! )2,

€

which yields a BUEI for &5,. Finally, similar arguments to those used in the proof of Lemma
1 lead to the conclusion that the class %, is ~~-Donsker. I

A.1 Proof of Theorem 1

Theorem 1 relies on the asymptotic linearity of the estimators 13;’1’)), nj»p = 1,2. This can be

established by first utilizing the asymptotic linearity of the Nelson—-Aalen estimators of the
cumulative transition intensities and then by applying the functional delta method (\Van der
Vaart, 2000). The steps to achieve this utilize conditions C1 and C3-C5 and arguments
similar to those used in the proof of Theorem 2 of Bakoyannis et al. (2019). After this
analysis it can be shown that

5(p) ( .
\/@[P,,p, Rj(s: ) = Pof’)h JONIE \/er[P’npy;f;)(s, N+opl), p=1,2, hjes,

for 0 < s< £< t, where
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P () u =P, ul 1)
) _ ;; 0} hl UL (p)
ZJ(S = m 7_/ Y(p)(u) dMilpm(u)
(1)

! 5 (p) (p)

PP =P Wy P (lu—) P wlp

O!h[ 0! 0} hi 0

= | e ’*"Nglpn)z(”)_ i ) Y P AR p=1.2.
fevne7|), PYP () ; PYP )

The first integral in the brackets in the right side of (1) forms a ~-Donsker class of functions
indexed by s€ [0, 7] and f€ [s, 7], as a consequence of Lemma 1 and conditions C3 and C4.
The second integral in the bracket in (1) also forms a P-Donsker class indexed by s € [0, 7]
and ¢€ [s, =/, by Lemma 2 and conditions C4 and C5. Therefore, the class

F3= {y;llj.)(s,t) :se(0,7],tels,t]l,p= 1,2}

is P-Donsker by Corollary 9.32 in Kosorok (2008), as it is formed by the union of the classes
[rifs.n s eto.ar e s, a1} and {12s.0 : 5 € 10,711 € [5, 71} which consist of finite sums

of functions that belong to ~-Donsker classes. This implies that the Aalen-Johansen
estimator converges weakly to a tight zero mean Gaussian process. Next, by condition C6
and the weak convergence of the Aalen—Johansen estimator it follows that

nn

2
sup  |[Wpj() = W) e n1 h,(s 0)=Pp, h,(s t)]—opU)op(l)—o,,(l)

t € [s,7]

for any (fixed) s € [0, 7). Now, it is not hard to see that under the null hypothesis and by
condition C2, the asymptotic linearity of the transition probability estimators, and the
continuous mapping theorem:

205 =NT= Iy o W) s} dmy

n+n

@
— JA APy, A 1 W75 D) + 0,(1).

for any (fixed) s € [0, 7). By the Donsker property of the class 3 and Lemma 15.10 in
Kosorok (2008), it follows that the classes { / Wi J(u)y(p)(s,u)dm(u) : i E [s, 71}, p=1,2, are
P-Donsker for any fixed s € [0, 7). This implies that for = z,

N P, fs ,T]Whj(u)y )(s,u)dm(u), 1’2,

is asymptotically normally distributed with variance

P [ [S \ AW rjorP] t)dm(t)]z, =12
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Finally, the statement of Theorem 1 follows from the independence between the two terms in
the right side of (2), as a consequence of the fact that the two samples are independent.

A.2 Proof of Theorem 2

First, the estimators ﬁﬁ,’}) (s,1), p = 1,2, are consistent uniformly in s€ [0, z] and 7€ [s, 7] by

a continuity result for the Duhamel equation (Andersen et al., 2012) and the continuous
mapping theorem (Kosorok, 2008). Next, by condition C6 and the weak convergence of the
Aalen—Johansen estimator, as a consequence of its asymptotic linearity and the Donsker
property of the class &3, it follows that

niny
(n1 +np)

ﬁf,ll), pis) = ﬁﬁ,zz), B (s z)]

sup [W nj(t) = Wi j0)] ;

= 0,(1)0,(1) = 0(1).
0O<s<i<t P10 = 2p

Similarly to the proof of Theorem 2, under the null hypothesis and due to the asymptotic
linearity of the transition probability estimators, and the continuous mapping theorem, it
follows that

= T= APy, A') ,T)[ ATWhj(r)yﬁllj)(sj t)dm(t)] dm(s)

ny+ny ©)
2
—AJmP,, A) o [ (S,T]Whj(t)yﬁl}(sjt)dm(:)] dm(s) + op(1).
By the Donsker property of the class %3 and Lemma 15.10 in Kosorok (2008), it follows
that the classes { /[s, 2 [ /(u, aWh j(t)y%)(u, t)dm(t)] dm(u) : s E [0’ 71}, p=1, 2, are P-Donsker.
Thus, for s=0,

N, [0’ Y [ ﬁ‘ yWh j(t)y;llj.)(u, t)dm(t)] dm(u) p: 1,2,

is asymptotically normally distributed with variance

P[/[foﬁ 7) Msa ] WhJ'(’)Yﬁf})(S’ ’>dm(t>] dm(s)}z, p=1.2.

Now, the statement of Theorem 2 follows from (3) and the independence of the two samples.
A.3 Proof of Theorem 3
As it was argued in the proof of Theorem 1

npny
ny+np

ﬁgzll) Rj(s:1) = ﬁgzzz) s T)]

sup |[Wpj(t) = W)

=0p(1),
t € [s,7] o(1)
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for any (fixed) s€ [0, z]. Due to the asymptotic linearity of the transition probability

estimators Pf,p) nj(s. 1), for p=1, 2, as argued in the proof of Theorem 1, along with condition

C2, it follows that

L2 D5, 1) = VT = At W 0731 1) =V aPra W i j0 ) (5.0) + 01

ny+np

Now, by the Donsker property of the class %3 and condition C8, it follows that
{Whj(z)yﬁl’;)(s, n:p=121€ls T]}, is a ~-Donsker class for any (fixed) s € [0, 7). Therefore,

by the independence between the two samples, it follows that

[(nimy
n1+,,2Dhj(s ) 1= 2611 (s, .) = AGp (s,

where Gy (s, - ) and Gy (s, - ) are two independent tight zero-mean Gaussian processes

with covariance functions

Ophj11:12:9) = PIW pge)r s s i)W P, o), p= 1.2

Now, define

Bpj(s0) = T= 2ty W jOr 508 = VEJmP W n 07 s, 06,

where &P, p=1, 2, are independent random draws from M0,1). By the Donsker property of
the class {Whj(t)y(p)(s H:p=121¢t€]ls, T]} for h, j € 7 and any (fixed) s€ [0, ), and the

conditional multiplier central limit theorem (Van Der Vaart and Wellner, 1996) it follows
that

P W fC s 9P < Bp s, ),

conditionally on the observed data. Therefore

Bpj(s. -) »1=12G1p (s, -) =2G2p (s, -),

for any (fixed) s € [0, 7), conditionally on the observed data. Now it remains to argue that
sup; e [s, T]lﬁhj(z) — Byj(n)! = o,(1), for any fixed s € [0, z), unconditionally on the observed
data. By the triangle inequality it follows that
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)

sup : |I§hj(s,t) - Ehj(s, t)| <4 1- /lt esup \/’Tlpnl[ﬁ/\hj(t)}?glj (s,1)— Whj(;)ygllj)(o, t)]§(1)|

te (s, ,
+ i ]@Pnz[m S50 = W0 .0 )

for any (fixed) s € [0, 7). By similar calculations to those in the proof of Theorem 2 in
Bakoyannis et al. (2019) and conditions C1-C6 it follows that both normed terms in right
side the above inequality are g,(1). This concludes the proof of part (i) of Theorem 3.

The first statement of part (ii) of Theorem 3 follows from condition C6, the fact that under
the null hypothesis

ninp
ny+np

sup ﬁf,ll), hj(s:0) = 135,22), (s 1)]

= op(1),
0<s<t<r ’

[Whjt) = W)

as it was argued in the proof of Theorem 2, and the Donsker property of the class 3. The

second statement of part (ii) of Theorem 3 follows from the uniform consistency of the

estimators 1355-)

Theorem 2, and arguments similar to those used for the proof of part (i) of Theorem 3.

(s,0), p=1,2inS€E[0, 7] and ¢ € [s, 7] as it was argued in the proof of
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Figure 1:

State 3

IlIness-death model without recovery assumed in the simulation study.
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Figure 2:

Transition probabilities of being alive in relapse by intervention group in the EORTC Trial
10854.
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Simulation results about empirical type | error rates for the linear test (Linear), the £2-norm-based test (£2),

(2)

and the Kolmogorov—-Smirnov-type test (KS) for testing HO:P(()?)IZ(O, *) = P 120, -), under simulation
scenarios 1 and 2.
a = 0.01 o = 0.05
Hg scenario m ny Linear 12 KS Linear 12 KS
a1 50 50 0.008 0.007 0.004 0.046 0.048 0.040
X 100 50 0.019 0.017 0.011 0.063 0.056 0.047
S]] — 100 100 0.013 0.012 0.006 0.051 0.053 0.045
s 9 I ~\ 200 100 0.015 0.013 0.011 0.048 0.052 0.049
e N 200 200 0.010 0.010 0.012 0.051 0.046 0.048
& 37 I N
R S B S T
t
=g 50 50 0.011 0.010 0.005 0.047 0.043 0.036
= 100 50 0.017 0.016 0.007 0.058 0.056 0.046
2 =~ 100 100 0.009 0.010 0.012 0.054 0.052 0.045
s 10 I \ 200 100 0.015 0.014 0.013 0.049 0.047 0.047
S \ 200 200 0.010 0.010 0.009 0.052 0.047 0.049
N |
ﬁ N\
o ' \
M S T S w—

P 2
Note: The weight function was W 1(f) = Hl - IYI Y]

(D) 1 7(2)

(1) 7(2)

2
O1Y, =, 7107w .
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Table 2:
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Simulation results about empirical type | error rates for the linear test (Linear), the £2-norm-based test (£2),

(2)

and the Kolmogorov—-Smirnov-type test (KS) for testing HO:P(()PU(O, *) = P 120, -), under simulation
scenarios 3 and 4.
a = 0.01 o = 0.05
Hg scenario m n Linear 12 KS Linear 12 KS
S o ~ 50 50 0.007 0.007 0.004 0.047 0.049 0.041
- l 100 50 0.014 0.014 0.010 0.059 0.056 0.049
< ~ 100 100 0.009 0.009 0.005 0.047 0.046 0.042
= B l ~ 200 100 0.014 0.014 0.011 0.054 0.054 0.046
= 200 200 0.014 0.010 0.010 0.052 0.054 0.052
& o1 ’
o |
R TR T T S
t
31 50 50 0.007 0.007 0.004 0.047 0.049 0.039
- 100 50 0.018 0.016 0.011 0.056 0.060 0.056
< — 100 100 0.011 0.012 0.009 0.052 0.055 0.049
= 2 / ~ N 200 100 0.013 0.014 0.012 0.044 0.046 0.045
S > 200 200 0.009 0.009 0.009 0.052 0.047 0.051
g S /
ST 7 3 3

P 2
Note: The weight function was W 1(f) = Hl - IYI Y]

(D) 1 7(2)

(1) 7(2)

2
O1Y, =, 7107w .
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Simulation results about empirical power levels for the linear test (Linear), the £2-norm-based test (£2), and

(2)

the Kolmogorov—Smirnov-type test (KS) for testing HO:P(()PIZ(O, +) = Pg.12(0, -) under simulation scenarios 5
and 6.
a = 0.01 a = 0.05
Hy scenario m ny Linear 12 KS Linear IF KS
&1 50 50 0.083 0.076 0.052 0.203 0.187 0.158
% 100 50 0.119 0.112 0.078 0.272 0.252 0.187
o] 100 100 0.162 0.152 0.106 0.359 0.338 0.282
- 200 100 0.255 0.243 0.172 0.470 0.443 0.369
e 200 200 0.387 0.361 0.281 0.629 0.593 0.515
2 &
; i
=
0 2 3 a
t
S 50 50 0.287 0.269 0.191 0.524 0.496 0.414
@ 100 50 0.405 0.383 0.276 0.627 0.603 0.491
S 100 100 0.609 0.575 0.444 0.809 0.789 0.693
e 3 200 100 0.755 0.732 0.607 0911 0.895 0.822
e 200 200 0.924 0.904 0.825 0.980 0.971 0.945
g s
2
0 2 3 a
t
Note: The weight function was W?lz(t) = le_ 117§1)(t)17§2)(t)/{ 212_ l[fgl)(t)fgz)(t)]} .
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Table 4:
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Simulation results about empirical power levels for the linear test (Linear), the £2-norm-based test (£2), and

the Kolmogorov—Smirnov-type test (KS) for testing Hy: P(()f)lz(o,

and 8. The weight function was W (1) = H

D

2
I : IYI (I)Yl

-(2)

2
o1y, = 1 or o,

) = Py 120,

(2)

(1D (2)

-) under simulation scenarios 7

o =0.01 a = 0.05

Hq scenario m ny Linear 12 KS Linear 12 KS

S 50 50 0.024 0.029 0.025 0.087 0.097 0.086

- 100 50 0.040 0.051 0.032 0.120 0.133 0.108

=] 100 100 0.043 0.056 0.052 0.131 0.162 0.153
= 84 200 100 0.063 0.080 0.066 0.169 0.206 0.183
e 200 200 0.098 0.133 0.125 0.248 0.298 0.283
& 37

g 4

=3

°% I T

t

3 50 50 0.043 0.064 0.058 0.137 0.178 0.172

3 100 50 0.068 0.100 0.082 0.184 0.241 0.222

S 100 100 0.084 0.146 0.141 0.235 0314 0.313
= T 200 100 0.124 0.212 0.203 0.303 0.410 0.407
S 200 200 0.214 0.336 0.337 0.424 0.576 0.586
B 9

3_

=

0 2 3 4
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