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On topological Hochschild homology of the K (1)-local sphere

Gabriel Angelini-Knoll

ABSTRACT

We compute mod (p,v1) topological Hochschild homology of the connective cover of the K(1)-
local sphere spectrum for all primes p > 3. This is accomplished using a May-type spectral
sequence in topological Hochschild homology constructed from a filtration of a commutative
ring spectrum.
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1. Introduction

Algebraic K-theory of rings is known to encode deep arithmetic information; for example,
algebraic K-theory groups of rings of integers in totally real number fields are related to
special values of Dedekind zeta functions by the Lichtenbaum—Quillen conjecture. Following
the Ausoni-Rognes program [4], we would like to explore the arithmetic encoded in the
algebraic K-theory of ‘brave new rings’ or, more precisely, ring spectra. To approach this,
we use a technique, initiated by Bokstedt in [11], where one approximates algebraic K-theory
by topological Hochschild homology. Specifically, topological Hochschild homology is a linear
approximation to algebraic K-theory in the sense of Goodwillie’s calculus of functors by [17].
The purpose of this paper is to compute topological Hochschild homology of the connective
cover of the K(1)-local sphere mod (p,v;). Here K(1) is the first Morava K-theory which has
coefficients K (1), = F,[vi-'].

This computation uses a spectral sequence associated to a multiplicative filtration con-
structed by the author and Salch in [1]. The idea of the spectral sequence is to mimic the
construction of May where he filters a Hopf algebra by powers of the augmentation ideal
and constructs an associated filtration of the bar construction. In particular, the author and
Salch show in [1] that there is a model for the Whitehead tower of a connective commutative
ring spectrum as a filtered commutative ring spectrum. From this filtered commutative ring
spectrum, the author and Salch produce a filtration of a generalized bar construction, for
example, the cyclic bar construction and construct a spectral sequence in (higher) topological
Hochschild homology. This work is summarized in Section 2.

In the 1980s, Waldhausen first suggested computing algebraic K-theory of connective and
nonconnective versions of the localizations of the sphere spectrum appearing in the chromatic
tower as an approach to computing algebraic K-theory of the sphere spectrum [31]. There
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are homology theories E(n), depending on a nonnegative integer n and a prime p, called
the Johnson—Wilson FE-theories with coefficients Zp) [vl,vg,...,vn,l,vfl]. Using Bousfield
localization, one can construct spectra Lp(,)S(,) with maps Lg,)Sp) — LEm—1)5p) for each
n. The homotopy limit gives a good approximation to the sphere spectrum in the sense that

S(p) — holim Lp(,)S(y)

is a weak equivalence due to the chromatic convergence theorem of Hopkins and Ravenel [28,
Theorem 7.5.7]. In the connective case, the limit is also known to converge after applying
algebraic K-theory in the sense that the map

K(S(p)) — ho(l_im K(T)OLE(n)S(p))

is a weak equivalence [25, Theorem 2.8], where T>0Lg(,)S(,) is the connective cover of
Lgn)Sp)- By convention, 7>0Lg0)S(p) i8 HZ(,) and the first map is the linearization map
T>0Lp(1)Sp) — HZ). This gives a method for organizing the information in the algebraic
K-theory of the sphere spectrum in a similar way to how the F(n)-localizations organize the
information in the homotopy groups of spheres according to ‘chromatic height’.

We can approximate K(7>0Lg(1)S()) using the trace methods approach initiated by
Bokstedt [11]. In other words, we can approximate algebraic K-theory by topological cyclic
homology, which is an invariant that is built out of topological Hochschild homology (THH)
using the cyclotomic structure on THH. Since topological cyclic homology is not sensitive to
the difference between R and its p-completion R,, we will compute algebraic K-theory of the
p-completion (7>0Lpg(1)S(p))p, Which is equivalent to 7>0Lg/(1)S. Moreover, one can compute
algebraic K-theory of 7>0Lp(1)S(,) using the homotopy pullback

K<TZOLE(1)S(p))p —_— K(TzoLK(l)S)p

i i

K(HZy))p ————— K(HZp)y

due to Dundas, which appears in [7, Theorem 6.7].

We now briefly outline the trace methods approach for computing algebraic K-theory of
p-complete commutative ring spectra. We may model topological Hochschild homology of a
commutative ring spectrum R as the tensoring S' ® R, in commutative ring spectra, with
the circle by the main theorem of [23]. The group S' therefore acts on S' ® R on the first
coordinate. Additionally, TH H(R) is a cyclotomic spectrum which allows us to produce maps

o L c
THH(R)“» —=THH(R)"»",

R
where F' is given by inclusion of fixed points and the map R is constructed using the cyclotomic
structure. We may then form p-typical topological cyclic homology

TC(R;p) ;= limTHH(R)“»".

R

For more details about this construction, see [19].
The key step in approximating algebraic K-theory is the use of the theorem of Dundas—

Goodwillie, and McCarthy [16], which together with work of Hesselholt and Madsen [19]
produces the following result

THEOREM 1.1 [16, Theorem VII 3.1.14]. If R is a connective commutative ring spectrum
and there is a surjection Z, — moR, then there is an equivalence

K(R)p ~ T>0TC(R;p)p,

where T>( is the connective cover functor.
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The spectrum 730L g (1)S is also modeled by algebraic K-theory of certain finite fields. For
this explanation, let p be an odd prime and let ¢ be a prime power that also topologically
generates Z, . Due to Quillen [27], it is known that algebraic K-theory of a finite field of order
q can be computed, after p-completion, using the fiber sequence

1—
K(Fy)y — kuy —— % 52k,

g is the gth Adams operation and ku, is the p-completion of connective complex K-theory.
Now, Devinatz and Hopkins showed in [14] that there is an equivalence

LK(I)S >~ KU;Gl,

where G is the height 1 Morava stabilizer group, which is isomorphic to Z;;, and KU, is the p
completion of periodic complex K-theory. Note that the Morava stabilizer group G, = Z, acts
on KU, by Adams operations, so we may write v, for the Adams operation corresponding to
the topological generator ¢ of Z [20]. The homotopy fixed points can therefore be modeled
by the fiber sequence

1=1q
Lgw)S KU, v KU,.
Under the stated conditions on ¢ and p, there is therefore a map of fiber sequences
1- q
K(Fy), kuy, ! Y2k,
]
LS KU, KU,.

By examining homotopy groups of each of the fibers, we see that the map of fibers induces an
isomorphism in homotopy in degrees greater or equal to 0. The homotopy groups of Ly 1)S
agree with Quillen’s computation

Y/ ifx=0
Fellfa) = {Z/(qi—l)z if =2 —1forieN

in nonnegative degrees after p-completion when ¢ is a prime power that topologically generates
Z, . Therefore, there are equivalences K (F,), ~ 7>0Lx(1)S =~ (T>0Lp(1)S)p, where 750 L (1)S
denotes the connective cover of the K(1)-local sphere. See the proof of Theorem 5 and the
Introduction of [14] for more details. The upshot of this discussion is that the main theorem of
this paper is a first approximation to iterated algebraic K-theory of a large class of finite fields.

We also compute mod (p, v1) homotopy of T'H H (7>0 L (1)S) because this is the natural first
step in approaching the chromatic red-shift conjecture of Ausoni and Rognes [5]. The homology
theories K (n) for each prime p and nonnegative integer n have coefficients K(n). = F,[v:F!]
for n > 1 and K(0), =2 Q and they are useful for detecting chromatic height. We say that a
p-local finite cell S-module V' has type n if K(n — 1),V =0 and K(n),V is nontrivial. Due to
the thick subcategory theorem of Hopkins and Smith [21, Theorem 7], the category of p-local
finite cell S-modules F,) can be filtered into proper thick subcategories

OC"'CCQCC1CC0:f(p),

where C,, contains exactly spectra of type > n; that is, it consists of the K(n — 1)-acyclic
spectra [15]. The first examples of type n spectra for small n can be constructed by an iterative
procedure by taking cofibers of v,,-self maps beginning with vy = p: for example, the cofiber
of the multiplication by p map, denoted S/p, is a type one spectrum. At odd primes, we can
continue this process and construct a type one spectrum V(1) as the cofiber of a periodic
self map vy: ©*725/p — S/p. By Hopkins and Smith [21, Theorem 4.11], there exists a
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type n spectrum for each n, though not necessarily constructed by the iterative procedure
we just discussed.

To phrase the red-shift conjecture, it is necessary to have a notion of chromatic height for
spectra that are not finite cell S-modules. We recall a definition due to Baas, Dundas, and
Rognes that provides a notion of chromatic height in this context. This uses the fact that every
p-local finite cell S-module V' admits a v,,-self map for some n, a consequence of the periodicity
theorem of Hopkins and Smith [21, Theorem 9].

DEFINITION 1.2 (Baas-Dundas—Rognes [7, Definition 6.1]). Let X be a spectrum and let
Tx be the thick subcategory of finite p-local spectra V such that the map

VAX v, 'VAX (1)
induces an isomorphism in homotopy groups in sufficiently high degrees. Then if Tx = C,,, we
say that X has telescopic complexity n.

We now state the conjecture due to Ausoni and Rognes, which generalizes the Lichtenbaum-—
Quillen conjecture to higher chromatic heights.

CONJECTURE 1.3 (Ausoni-Rognes red-shift conjecture). If R is a suitably finite K(n)-local
spectrum, then K (R) has telescopic complexity n + 1.

Note that this version of the conjecture does not apply to the connective cover of the K (1)-
local sphere directly, however, we can relate it to algebraic K-theory of the K(1)-local sphere
using a localization sequence in algebraic K-theory & la Waldhausen [32]. Using a fracture
square argument, we observe that Lg1)(7>0Lk(1)S) ~ Li(1)(T>0Lk(1)S) =~ Lk 1)S and there
is therefore a fiber sequence

K(D)) = K(120Lk1)S) = K(Lgn)S),
where Dy is the category of finite 7>0L g (1)S-modules that are F(1)-acyclic. This relies on
the fact that the telescope conjecture is true at height one and consequently F(1)-localization
is a finite localization. Using a dévissage argument as in Blumberg-Mandell [9], one could
identify K(D;) as algebraic K-theory of a spectrum and then use the localization sequence to
compute mod (p,v;) homotopy of K (L 1)S). Thus, by determining the telescopic complexity
of K(7>0Lx(1)S), we can verify the Ausoni-Rognes red-shift conjecture in this case.

We may also phrase the red-shift conjecture using telescopic complexity, as Barwick does in
[8] in the case of iterated algebraic K-theory of the complex numbers.

CONJECTURE 1.4 (Telescopic red-shift conjecture). If R is a commutative ring spectrum with
telescopic complexity n, then K (R) is a commutative ring spectrum with telescopic complexity
n—+ 1.

In the example of interest, we know that
Tk (S/p A T>0LK(1)S) — Tk (’Ul_ls/p A T}OLK(I)S)

is an isomorphism for % sufficiently large. Therefore, 7>0Lk(1)S has telescopic complexity
one. Determining the telescopic complexity of K (7>0Lx(1)S) allows us to verify the telescopic
complexity red-shift conjecture directly in this case. To determine the telescopic complexity of
K(7>0Lk1)S), we need to know that

e (V(1) A K (t0Lk1)S)) = 7 (vs ' V(1) A K(20Lk(1)S)) (2)

is an isomorphism for k sufficiently large. The author plans to verify this in future work as a
natural extension of the results of this paper.
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In the present paper, we compute topological Hochschild homology of the connective K (1)-
local sphere, after smashing with the Smith—Toda complex V' (1), as follows.

THEOREM 1.5. Let p be an odd prime. There is an isomorphism of graded rings
V(l)*(THH(TEOLK(l)S)) = P(MQ) ® F(Ub) ® Fp{ala )‘/17 )\20(1, )‘2)‘15 )\2)\/1041},
where the products between the classes {aq, N, Aoy, AaN|, Aa Xy } are zero except for

aq - )\2)\/1 = )\/1 . )\2041 = )\2)\30&1.

The paper is divided into two sections. Section 2 gives a brief summary of the construction
of the topological Hochschild-May spectral sequence and provides a large class of examples
of decreasingly filtered commutative ring spectra; that is, those that can be produced as a
multiplicative model for the Whitehead tower of a connective commutative ring spectrum. In
Section 3, we provide all the details needed to prove Theorem 3.22.

1.1. Notation and conventions

Throughout, let Sp be the category of symmetric spectra of pointed simplicial sets. We equip Sp
with the positive stable flat model structure [30]. Note that Sp is a closed symmetric monoidal
model category with A as symmetric monoidal product and the sphere spectrum S as the unit.
We will write Comm D, for the category of commutative monoids in a symmetric monoidal
category D. When a map X — Y between objects in Sp is a cofibration, we will write Y/ X for
the cofiber. We will fix a prime p > 3 throughout. This ensures that the mod p Moore spectrum
has a v;-self map vy : %2728 /p — S/p and the cofiber, denoted V (1), exists.

As we observed in the introduction, there is an equivalence K(F,), ~ T>0L1)S. There is
also an equivalence 7oL (1)S =~ jp, where j, is the p completion of the connective image of .J
spectrum. We use the model K (FF,),, which is known to be a commutative ring spectrum and
we write j throughout for a cofibrant replacement of this ring spectrum in Comm Sp.

Throughout, we will write = to mean equivalence up to multiplication by a unit in F,. We
write E(z1, 2, . ..) for an exterior algebra over F,,, P(x1,z2,...) for a polynomial algebra over
F,, P,(x1,x9,...) for a truncated polynomial algebra over [F,, truncated at the pth power, and
I'(z1,x2,...) for a divided power algebra over I, on generators z; for ¢ > 1. We recall that a
divided power algebra generated by x has generators v;(x) for ¢ > 0 with relations v (z) = 1,
v (z) =z and v;(z)y;(x) = (¢, 7)vit;(x), where (i,7) = (Hjj) In particular, over the finite field
F,, there is an isomorphism T'(2) 2 P,(2,7,(2), 72 (2), - - .). When not otherwise indicated, ®
will represent ®p, and H H.,(R) will represent H H.”(R) when R is a (bi)graded F,-algebra.

2. Topological Hochschild-May spectral sequence

The goal of this section is to briefly summarize the necessary ingredients for the topological
Hochschild-May spectral sequence. This section is a review of results from the author’s paper
with Salch [1] and we refer the reader to that paper for details. To describe the spectral
sequence, we first need to define what we mean by a filtered object in Sp. We write (N°P, +,0)
for the opposite category of the natural numbers N, regarded as a partially ordered set, with
symmetric monoidal product given by summing natural numbers.

DEFINITION 2.1. A decreasingly filtered commutative monoid in Sp is a lax symmetric
monoidal functor

I: (N°? 4+.,0) — (Sp, A, S).
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We will write I,, for a decreasingly filtered commutative monoid in Sp evaluated on a natural
number n € N°P. Concretely, a decreasingly filtered commutative monoid in Sp is a sequence
of objects in Sp

f3 I, f2 I f1 I .

along with structure maps
Pij- I A Ij — Ii+j

satisfying certain commutativity, associativity, unitality, and compatibility axioms, which are
encoded in the structure of a lax symmetric monoidal functor. By Day [13, Example 3.2. 2]
the category of decreasingly filtered commutative monoids in Sp is equivalent to Comm Sp''

In [1, Section 4.1], a useful model structure on Comm Sp™ " is discussed. The cofibrant objects
in the model structure described in [1, Section 4.1] will be referred to as cofibrant decreasingly
filtered commutative monoids in Sp and the reader can see [1] for more details since the model
structure will not play an important role in the present article. Naturally, one would like to
define the associated graded commutative monoid in Sp of a cofibrant decreasingly filtered
commutative monoid in Sp. The maps p; ; are the structure necessary to make sense of such
an associated graded commutative monoid in Sp. Additively, we define the associated graded
commutative monoid of Is to be

B3I =[] In/Lns1,
neN

and in [1, Definition 3.1.6] we provide EjI with the structure of a commutative monoid in Sp,
such that the multiplication maps are induced by maps

Io/Toii NIy — Toqi/Toqiq.

DEFINITION 2.2. Let R be an object in Comm Sp and let X, be a simplicial finite set.
We define the tensor product X, ® R to be the realization of the simplicial object X,®R
in Sp where the n-simplices are (X,®R), = A\,cx, R{s} with face maps d;: (X,®R), —
(Xe®R),—1 given on each summand of the coproduct by the map R{s} — A,ox  R{t}
which includes R{s} into the summand corresponding to 6;(s) € X,,—;. Here the maps §; and
o; are the face and degeneracy maps of the simplicial finite set X,. Note that the coproduct
in commutative ring spectra is the smash product and we are using that fact here. Similarly,
the degeneracy map s;: (Xe®R), 1 — (Xe®R),, is given on each summand by the map
R{t} — A,cx, R{s} where R{t} includes as the smash factor corresponding to o;(t) € Xp,.

EXAMPLE 2.3. In the case where X, = A[1]/6A[1] =: S!, the minimal simplicial model for
the circle

THH(R) :=S!®R

is the geometric realization of the simplicial object in Sp

1= - DI -
SI@R:={ R RAR<— RARAR (0.1) (3)

-

with face and degeneracy maps given by the following formulas: the face maps are

d — idpA...iddg AuAIdgr A ... ANidg  ifi<n
(uANidgA...Aidg) oty if i =mn,
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where the multiplication map pu: R A R — R is in the ith position on the first line and
t,: R — R
is the map that cyclicly permutes the factors to the right. The degeneracy maps are
s; =idpA...ANidg Ap Aidg A--- Aidg

where the unit map 7: S — R from the sphere spectrum is in the ¢-th position.

THEOREM 2.4 [1, Theorem 4.2.1]. Let I be a cofibrant decreasingly filtered commutative
monoid in Sp and let X, be a simplicial finite set, then there is a spectral sequence

Eyy = Es(Xe ® Ej (1)) = Es(Xe ® Io) (4)
with differential
d": Egy — By 4y
for any connective generalized homology theory E,., where the second grading on the input
of the spectral sequence keeps track of the May filtration. The spectral sequence strongly
converges when 7 (I;) 2 0 for k < i and the differentials satisfy the Leibniz rule. The spectral

sequence is also functorial in both variables in the sense that a map of simplicial finite sets
Xeo — Y, induces a map of spectral sequences

Esi(Xe ® E3(I))) == Es(Xe ® Ip)

| |

By (Yo 2 E5(I))) == Es(Ye ® Iy)

and a map I — J of cofibrant decreasingly filtered commutative monoids in Sp induces a map
of spectral sequences

Esi(Xe® E5(I))) —= Es(Xe ® Ip)

| |

By 1(Xe @ E5(J)) == Ey(Xa ® Jo).

In this paper, we will primarily be concerned with the case where X, = S!, in which case
the spectral sequence (4) reduces to

El,=E.(THH(E;(I))) = E(THH(I)). (5)

We retain the full generality of the theorem here though because it will also be useful to
consider the case where X, = *. We will also use the map of topological Hochschild-May
spectral sequences induced by x — S!.

REMARK 2.5. Given a cofibrant decreasingly filtered commutative monoid I and a cofibrant
I-module M in the category SpNop, we can also construct a topological Hochschild—May spectral
sequence with coefficients and prove an analogous fundamental theorem of the May filtration
with coefficients. This produces a spectral sequence

E..=E(THH(E;(I), E;(M))) = E.(THH(Io, My)) (6)

with the same differential convention. The spectral sequence strongly converges when 7 (I;) = 0
for k < i and 7 (M;) = 0 for k < i. Notably, the spectral sequence is not multiplicative unless
M 1is also a decreasingly filtered commutative ring spectrum and it is an algebra over the
decreasingly filtered commutative monoid I. See [1, Theorem A.3.3] for details.
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2.1. Decreasingly filtered commutative monoids in spectra

In order to compute with the topological Hochschild-May spectral sequence, it is necessary to
have examples of cofibrant decreasingly filtered commutative monoids in Sp. In [1, Theorem
4.2.1], the author and Salch constructed a large class of examples by constructing a specific
model for the Whitehead tower associated to a cofibrant connective commutative ring spectrum.
This model for the Whitehead tower of j is used to compute mod (p, v1) homotopy of TH H ()
in the subsequent section, so we recall the statement of the theorem.

THEOREM 2.6 [1, Theorem 4.2.1]. Let R be a cofibrant connective commutative monoid in
Sp, then there is an associated cofibrant decreasingly filtered commutative monoid in Sp,

TZQR Tle TZ()R 5

where (7>, R) = i (R) for k > n and 7, (7>, R) = 0 for k < n, equipped with structure maps
Pij: T>iR A 7'>jR — 7'>i+jR

satisfying commutativity, assoc1at1v1ty, un1tal1ty, and compatibility encoded in the structure of
a cofibrant object T>oR in Comm Sp

REMARK 2.7. It is well known that a model for the Whitehead tower as an object in
Sp™"" exists. The main thrust of the proof in [1, Theorem 4.2.1] is that T>e¢ R can be built with

multiplicative structure; that is, 7> can be constructed as a cofibrant object in Comm SpNUp.

ExaMpLE 2.8. Fix a prime p > 5 and let ¢ be a prime power that topologically generates

Z, . Recall that j is a cofibrant replacement in Comm Sp for the connective commutative ring

spectrum K (F,),. Theorem 2.6 produces a decreasingly filtered commutative monoid 7>.j in
Sp. We will write J in place of 7>,j for the sake of brevity. The associated graded E;J is
additively equivalent to

Hﬂ'oj V EQpigHﬂ'gp_gj V E4p75H7T4p_5j V...

or more succinctly Hr.(j). As a commutative ring spectrum, E'J is given by taking iterated
square-zero extensions. The homotopy groups 7. (F§J) are isomorphic to 7, (j) as graded rings,
but E;J is a generalized Eilenberg-Maclane spectrum. In other words, we have killed off all
the Postnikov k-invariants. After smashing with S/p, there is an equivalence

S/pNEj] ~ HF, Vv \/ »Er=2i-lgE, v 2r-2DigE,
i>1

and S/p A E§J is naturally an S/p A Hmj algebra, or in other words an HIF,-algebra.
We compute the topological Hochschild-May spectral sequence (4) where X, is a point

m(S/p A Egl) = m.(S/p A j). (7)

The spectral sequence collapses for bidegree reasons as is visible from the pattern indicated by
Figure 1. There is therefore an additive isomorphism

7. (S/p A E31) = P(or) ® E(au),
where in the E°°-page the bidegrees are

lapof = ((2p— 2)k —1,(2p — 2)k — 1) and

[of] = ((2p — 2)k, (2p — 2)k — 1),

where the first coordinate is the topological degree and the second coordinate is the May
filtration.
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10p — 11 vy of
8p — 9 3‘1”? Uil
6p — 7 9411)% v:{’
4p — 5 vy v%
2p — 3 a1 | V1
o 1
0 2p — 3 4p — 5 6p — 7 8p —9 10p — 11

FIGURE 1. The Eg-page of the S/p topological Hochschild-May spectral sequence for p > 3
for s < 4p* and all t. Here we are simply tensoring with a point and our decreasingly filtered
commutative ring spectrum is J.

The ring structure on 7. (S/p A E§J), however, is not the same as m.(S/p A j) and instead
each of the elements a;v} and v} are indecomposable for k£ > 0 and all the products a;v} - v3?,
1o} - aof and vf - o] are trivial when m > 0 and £ > 0. This is clear because there is an
isomorphism of graded rings 7. (EjJ) = m.j and the products of elements «; - a,, where o €
T(2p—2)j—1], are trivial for degree reasons and the product on . (S/p A EjJ) is induced by the
product on EjJ. It is also clear because . (EjJ) is a bigraded ring and the products indicated
must all be trivial for bidegree reasons.

Therefore, there must be hidden multiplicative extensions in the spectral sequence (7). In
particular, the existence of the spectral sequence implies that there is a filtration of the graded
ring

m(S/p A j) = P(v1) ® E(ay),
given by the May filtration, whose associated graded is the E'! 2= E>®-page of the spectral
sequence. We explicitly describe the multiplicative filtration of the graded ring P(v1) ® F(a)
whose associated graded is the E°°-page of the spectral sequence. It can be written explicitly
as
<o C (aq,v1)? C (ag,v1)* C--- C (a1,11)? C (a1,v1) C -+ C (a1,v1) C P(v1) ® E(ay), (8)
where the redundant copies of (o, vl)k are simply included so that the filtration matches the

one coming from the Whitehead filtration on j. More precisely, writing Fy(P(v1) ® E(a1)) for
this filtration, then there are equalities

Fo(P(vn) ® E(ar)) = P(v1) ® E(ar) = m.(S/p A EgJ), and (9)
F(P(v1) ® (1)) = (a1, 01)") when (2p — 2)(k(s) — 1) < s < (2p — 2)k(s) — 1
when s > 1. This filtration is clearly multiplicative with multiplication maps

F(P(v1) @ E(en)) ®@ Fi(P(v1) @ E(n)) = Fopi(P(v1) ® E(a1))



ON TOPOLOGICAL HOCHSCHILD HOMOLOGY OF THE K (1)-LOCAL SPHERE 267

given by the composite maps
(a1,11)"® @ (a1,01)"D — (a1, v,)?OTFE) (@, vp) T (10)

where either

and the map

(a1,v1)" ® (a1,v1)™ = (ag,v1)" "

is the standard multiplication map for all n,m > 1. The multiplication maps when j(s) =0 or
k(s) = 0 are simply the right and left P(v;) ® E(a;) module structure maps for P(vy) ® E(ay)-
bimodule (o, vl)k(s). These multiplication maps satisfy the necessary commuting diagrams by
constructing the multiplicative topological Hochschild-May spectral sequence. The associated
graded of this multiplicative filtration is

P Fi(P(v1) ® E(1))/Fi1(P(v1) ® E(n)) = S/p. EjJ.

i>0

To see this multiplicatively, note that Fs(P(v1) ® E(a1))/Fs+1(P(v1) ® E(aq)) is only non-
trivial for s > 1 when s = (2p — 2)k — 1 for some k. Consequently, all products of elements of

the form av], v¥ for j > 0 and k > 1 are trivial.

In Figure 1, it is also clear that all products of ajv{ and vF for j>0 and £>1 in

S/p«(E§Y) must be trivial for bidegree reasons and yet there is room for multiplicative
extensions. Each of these multiplicative extensions must occur by strong convergence of the
multiplicative topological Hochschild-May spectral sequence and the known multiplication on
S/p.j = P(v1) ® E(ay). More precisely, there are multiplicative extensions

avf ot =aftm

k m __ k+m
Ul M Ul — Ul

and for bidegree reasons there is no room for further multiplicative extensions. We use this
fact in Lemma 3.3, Remark 3.8, and Proposition 3.13.

3. Topological Hochschild homology of j mod (p,v1)

In Section 2, we reviewed the construction that takes a decreasingly filtered commutative
monoid I in Sp as input and produces a May-type spectral sequence

B!, = B (THH(E;I)) = E(THH(I))

for any connective generalized homology theory E, which we call the E topological Hochschild—
May spectral sequence. Here, the second grading keeps track of the May filtration. Also,
in Section 2 we produced a Whitehead-type decreasingly filtered commutative monoid in
Sp, denoted J, associated to a cofibrant commutative ring spectrum model for p-complete
connective image of J, which we denote j. We therefore have a spectral sequence

E., = E.(THH(E;J])) = E(THH(j)). (11)

The purpose of this section is to compute this spectral sequence in the case E = V(1).
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3.1. Computing the HF, topological Hochschild-May spectral sequence

In the case E = HF,, the input of the spectral sequence is calculable, and the output is
already known due to Angeltveit—-Rognes [2]. The HF, topological Hochschild-May spectral
sequence computation, therefore, will allow us to determine differentials in the V(1) topological
Hochschild-May spectral sequence that are also detected in the HIF, topological Hochschild—-
May spectral sequence. To begin, let us recall the computation of Angeltveit—Rognes.

THEOREM 3.1 [2, Proposition 7.12, Theorem 7.15]. There is an isomorphism

where all the elements in (A//A(1)). besides %2,~§f,~and &, and b have the usual A.,-coaction
and the coaction on the remaining elements 7o, 7, &2, and b is given as

Pb)=1®b

YEN =108 -neb+& o1l

P& =10bL+L 0 +neb+H®1

Y(T2) :1®7~'2+7i()®§:2+7i1®§:f—717()®b+?2®1~

There is also an isomorphism
HF, (THH(j)) = HF,,(j) ® E(o€}, 0€s) ® P(o72) @ I'(0h)
of A,-comodules and HF,, (j)-algebras. The A,-coaction is given by the formula
blow) = (18 0) o u(a) (12)

and the previously stated coactions.

Note that Angeltveit—-Rognes use a tilde over a symbol, for example, & to signify that the
element has a different coaction than the coaction on =z or z. We now want to compute
the input of the spectral sequence. First, we note that as described in Example 2.8,
S/pAEY is an HF, algebra and hence V(1) A EGJ is also an HF, algebra. It is known
more generally that THH(R) is an R algebra when R is a commutative ring spectrum, so
V(1) N\THH(E3T) is a V(1) A EjJ-algebra and in particular an HF-algebra. We can therefore
apply the following lemma, which is well known and can be found in Ausoni-Rognes [6,
Lemma 4.1].

LEMMA 3.2. Let M be an HF,-algebra. Then M is equivalent to a wedge of suspensions
of HF,,, and the Hurewicz map m.(M) — HF, (M) induces an isomorphism between (M)
and the subalgebra of A.-comodule primitives contained in HIF, (M).

Therefore, computing the subalgebra of comodule primitives in HF, (V (1) ATHH(E;J))
will suffice for computing the input of the V(1) topological Hochschild-May spectral sequence.

LEMMA 3.3. There is an isomorphism of graded IF\,-algebras
m.(HF, A EyJ) = (A//E(0)). ® S/p. B3] (13)
and the HF, topological Hochschild-May spectral sequence for X, = *,
m.(HF, N El) = . (HF, A §)
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has differentials

dop—3(T1)=01,

)=
d2p75( 1) =aq,
)=

k+1
dgp 2(7’1”01 (% and

dap—2(&107) =0 v}

for k> 1, as well as those differentials generated by the Leibniz rule, and there is an
isomorphism of graded F,, algebras

EX, =P(&,&,...)® E(f,73,...) @ B(a &™) =2 HF,_(j).

Proof. Since HZ A S/p ~ HF,, there is an equivalence HF, A EjJ ~ HZ A S/p A E§J and
since S/p A E§J is an HF -algebra, there is an equivalence

HZ A S/p ANEg] ~ (HZA HF),) Agr, S/p A EgJ.

By the Kiinneth isomorphism, we produce the desired isomorphism (13).

We then examine the topological Hochschild-May spectral sequence for X, = *, for which the
abutment is known by Theorem 3.1. In topological degrees 0 < m < 2p? — 2p — 1, we know the
abutment (HF),),,(j) is trivial. This forces the differentials dgp_g(&) =y and dop—3(T1) = v1
since there is no other way for these classes to be killed by differentials. After invoking the
Leibniz rule, we compute

B2 = P(&,&,...) @ E(72,73,...) @ Fp{1, mof, of T ol aqof |k > 1)

where all products of elements 1n the set {7 ol ot vk avf|k > 1} are trivial. These
elements occur in pairs {7 vF,vF"!} in bidegrees ((2p — 2)(k+1)+1,(2p—2)k —1) and
((2p — 2)k, (2p — 2p)(k + 1) — 1), respectively, and pairs {&vF,a;0F} in bidegrees ((2p —
2)(k+1),2p—2)k—1)and (2p —2)(k+1) —1,(2p — 2p)(k + 1) — 1), respectively. When we
compare to the abutment, we see that in degree m = (2p —2)k — 1 for k£ > 1 the dimension
of the F,-vector space of the FE,, »-page contributing to this degree is one more than the
abutment. Similarly, in degree m = (2p — 2)k the dimension of the F,-vector space of the
E?~2_page contributing to degree (2p — 2)k for k > 1 is two more than the abutment. Finally,
in degree m = (2p — 2)k + 1 for k > 1 the dimension of the F,-vector space of the E*’~2-page
contributing to degree (2p — 2)k + 1 for k > 1 is one more than the abutment. We observe that
the differential pattern stated is the only one that could possibly lead to the known abutment.
Therefore, there must be differentials dgp_g(ﬂvf) = v’f“ and dgp_g(&vl) = ayvf for k> 1.
Finally, we note that the E°°-page is concentrated on two lines with each element in
P(€V &, ...) ® E(7,73,...) in May filtration zero and all elements divisible by a7~ in May
filtration 2p — 3. A hidden multiplicative extension would contradict the fact that the spectral
sequence is multiplicative and known to strongly converge to (HF),).(j). Consequently, there
is no room for multiplicative extensions. O

3.1.1. The algebraic Hochschild-May spectral sequence. A large number of differentials in
the HTF, topological Hochschild-May spectral sequence can be determined by algebraic means
using the algebraic Hochschild-May spectral sequence [29, Proposition 2.1]. We briefly recall
the setup of the algebraic Hochschild-May spectral sequence in the specific case of interest.

As noted in Example 2.8, there is a filtration of the graded ring S/p.(j) = P(v1) @ E(ay)
given by the May filtration whose associated graded is S/p.(E{J). Specifically, if we write
mfilt(z) for the May filtration of an element x € P(v;) ® E(ay), then mfilt(ayvf™!) =
mfilt(vF) = (2p — 2)k — 1 for k> 1 and mfilt(1) = 0. By adjusting the grading by a linear
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transformation, the filtration of S/p.(j) makes more sense in the algebraic setting. As it stands,
the grading is given by |vF| = ((2p — 2)k, (2p — 2)k — 1) and |ay| = ((2p — 2)k — 1, (2p — 2)k —
1) where the second grading is the May filtration grading. Since the topological Hochschild-May
spectral sequence has the grading convention

S/ps.i(Egd) = 5/ps(h);

we will adjust this so that the spectral sequence is of the form

S/pp,q(EgJ) = S/perq(j)a

where t = ¢, p+ g = s, and therefore p = s — t. This makes more sense algebraically because we
can think of S/p. .(E}J) as a bigraded ring whose totalization Tot. (S/p. .(EGJ) is additively
isomorphic to S/p.(j). Consequently, in the remainder of this section we will use the grading
convention |vf| = (1,(2p — 2)k — 1) and |ay| = (0, (2p — 2)k — 1).

We will write F; = { € P(v1) ® E(ay) : mfilt(x) > i}. This produces a filtration of the chain
complex associated to the cyclic bar complex

FO%F()@FO

Fo® Fo ® Fp

FI%F1®F0+F0®F1%Z F1®FJ®F]€-%

i+j+k=1

FQ%ZH-J‘:QFZ’@FJ'<¥Zi+j+k:2Fi®Fj®Fk<;"'

and the usual spectral sequence of a double chain complex produces a Hochschild-May spectral
sequence

By HHypo(EgFe) = HH; piq(P(01) © E(n)),

s,p.q

where the s is the homological grading, p internal grading, and ¢ is the May filtration grading,
after applying the linear transformation described above. Here H H , ,(Ej Fl) is the Hochschild
homology of the bigraded ring Ej F,, which agrees with HH,(Tot EGF,), and HH, ;4 4(P(v1) ®
E(ay)) is Hochschild homology of the graded ring P(v1) ® E(a1).

Since the filtration F, is clearly complete, Hausdorff, and exhaustive, we know the spectral
sequence converges conditionally by Boardman [10, Theorem 9.2]. For each fixed p, the degree p
part of the filtration F, is eventually trivial. Therefore, when we consider the spectral sequence
as a tri-graded spectral sequence it is clear that the spectral sequence converges strongly by
[10, Theorem 7.1]. The differential convention, for r > 0, is

. 804 s—1,p,q+r
dy: B3P0 — B3

as can be easily determined by usual differential convention of a spectral sequence associated
to a filtered complex. Since EfFy 2 S/p.(E§J), we have proven the following lemma.

LEMMA 3.4. There is a strongly convergent Hochschild-May spectral sequence

B g =HH,po(S/p(E5D)) = HH, i q(S/p(5)), (14)

where s is the homological degree, p is the internal grading, and q is the May filtration grading.
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Note that the Hochschild homology HH.(S/p.(E}J)) is the Hochschild homology of a
bigraded ring, but this agrees with the Hochschild homology of the totalization Tot, S/p.E;J.
It therefore suffices to consider the total degree of elements in S/p.(E;J) to compute the E*-
page of the algebraic Hochschild-May spectral sequence. Note that there is an isomorphism of
graded rings

S/p(Epd) = Fpley, x2, 23, 24, ... /(2i2;]0 < i < j < 00),

where the total degrees are given by |zo;—1| = (2p — 2)i — 1 and |zg;| = (2p — 2)i. Next, we

observe that S/p.(E;J) can be written as a filtered colimit colim As,, where
r—00

AQT = Fp[’JJl,ZL’Q,IEg, Thyooo ,x27,]/(xi:rj|0 <1< _] < 27’) (15)

with the same grading convention as above. Since Hochschild homology commutes with filtered
colimits, it suffices to compute H H.(As,.). This computation is known in the ungraded context
due to Geisser—Hesselholt [18, Lemma 2.2]. We recall their setup since much of the computation
carries over to the graded context. We will write Bg” (As,.) for the cyclic bar complex of Aa,. such
that BY(As,.) := |Be (A2, )| and HH,(As,) 2 m,B%Y(As,.). Note that in the graded context it
is necessary to define the structure maps in the cyclic bar complex with a sign that depends on
the grading (the Koszul sign convention) as in Loday [22, Section 5.3.2]. Therefore, the maps
in the graded context are the same as those in [18, Section 2| except for the maps

dn(aU R ® - ®ay) = (_1)\an|(\ao\+|a1|+---|fln—1|)(an A ®a; @ @Ay 1), (16)

tm(a() Rar Q-+ am) = (—1)|am‘(|a0‘+‘a1‘+“"a"”71‘)(—1)m(am Rag XX amfl). (17)

We will use the notation ¢,,, for the operator

(00 ® a2 ® -+ ® ) = (Am ® a0 @ -+ @ App—1). (18)
Following [18], we write w for a function w: {0,1,...,m — 1} — {z1,22,...,z2,}, which we
call a word with letters {z1, o, ..., z2,}, and we write [w] for the C,, orbit of a word where

Cy, acts by cyclic permutation. The length of the orbit [w] will be called the period of [w]. By
convention, the empty word will be written as [0] and it has period 1. There is a splitting of
graded IF,, vector spaces

BJY (A2,) = @ BY (Azys W),
[w]

where BeY (A, ; [w]), for w = (w4, 24,,...2;,) and m > 1, is the sub-cyclic graded F, vector
space of Be¥(As,) generated by z;, ® --- ® x;,,. Here a cyclic graded F,, vector space should
be interpreted as a functor A°® — F,-mod where A is Connes’ cyclic category and F,-mod is
the category of IF), vector spaces. In other words, we are freely adding in all degeneracy and
cyclic operations acting on z;, ® - -+ ® z;,,. We will write

HH,(Agy; [w]) = ma| BY (Agr; [w])]- (19)

LEMMA 3.5. Let Ay, be the graded F,-algebra defined in (15) and HH,.(As;[w]) be
the summand of HH,(Asy,) defined in (19). Let w = (z,,...,;, ) be a word with letters
{z1,22,..., 29} of lengthm > 0 and period ¢ > 1. Then if m = 0, HHy(As,; [w]) = F,{1}. For
m > 1, if (m — D)0+ (|25, |+ |z, ) (za | + - + |24, ,|) is even, then HH,, _1(Aa,; [w])
is a free F,, vector space of rank one generated by the cycle z;, @ - ® x;,, and HH,,(Az,; [w])
is a free F,, vector space of rank one generated by the cycle N(z;, ® --- Q@ x;,,) defined as

Z t_msmfltumfl(mil X xivn)'
ou<t
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Form > 1, if (m — )0+ (@i, ., |+ - |zm]) (|2 | + -+ |24,,_,|) is odd, then
HH,, 1(Ag;[w]) & HH,,(As; [w]) 0.

Proof. We will adjust the proof of [18, Lemma 2.2] to the graded context. To compute
HH,(As; [w]), it suffices to compute H,(D,) where D, is the associated normalized chain
complex [33, Theorem 8.3.8]. When m = 0, then D, = F,{1} where F,{1} a the free F,, vector
space generated by 1 concentrated in degree zero, so H,.(D,) = F,{1} as well. Now observe
that the internal grading of all elements in B (Ay,;[w]) are the same so the same method
as [18, Lemma 2.2] applies in the graded context except that the boundary maps must be
adjusted according to the grading.

The chain complex computing H H,(As,; [w]) is concentrated in degree m and m — 1 with

D, = Fp{fmsm,ltfﬁfl(xil X ... iL’Zm)|0 <k < E}
and
D,,_1= Fp{tz71($il Q.. .xim) 0<k< f}

and differential d given by the usual graded Hochschild differential convention [22, Sec-
tion 5.3.2]. We split into three cases. First, consider when (m — 1)+ (|zi,_, |+ -+
|z, (i | + <+ + |zi,,_,|) is odd. Let D’ be the chain complex concentrated in degrees m
and m — 1 with D/, = D, _, =F,[C¢] and differential d’ given by multiplication by 1 — 7.
Define a: D' — D by

an(t") =t 1(zi, ®...Qw,)
Oémfl(’ru) = Emsmfltum_l(fﬂil ... xl—m)

and define N =1+ 7+ ---7¢~1. Note that, by a straightforward computation,

d(N(.T“ ®R...Q0 .’Eim)) =

Ly Q...x; — (_1)(7"—1>€+(‘.’L‘71m7[+1 |+'”+‘$im|)(|mi1 |+'“+‘m7vrt7{‘)xi1 Q... Z,, (20)

m

where the sign on the last term is determined by (16). Since (m — 1)+ (|zi,,_,. |+ -+
|z, |) (|| + -+ + |z, _,|) is even by assumption, « is an isomorphism of chain complexes and
H,D'=F,{N}and H,,_1 D’ = F,{1} and otherwise Hy(D’") = 0. Thus, H,,,(D) 2 F{N(z;, ®
@)}, Hpno1(D) 2F{z;, ®...Q0x;,} and Hi(D) =0 otherwise. (Note that in [18,
Lemma 2.2] the signs of o, (7*) and a,,—1(7") seem to differ from ours significantly, however,
this is accounted for by our convention for the sign of ¥ in formula (17), which differs from
Geisser—Hesselholt’s convention. Our convention is standard for Hochschild homology of a
graded ring.)

When (m — 1)€+ (|z;,, |+ + |2, ) (|zi | + - + |75, _,]) is odd and £ is odd, consider
the chain complex D" concentrated in degrees m and m — 1 with D]/ = D)/ F,[C/] and

m—1 =

boundary map d’ =1+ 7. Then let §: D"” — D be defined by the formulas
B (T") = (1)t 1 (2, ® ... @ z;,,)
Brn—1(T") = (=) tismty, 1 (i, ® ... @ 34,,).

Since (m — 1)+ (|xi,,_,. |+ -+ |zi, [)(J2i | + -+ |24,_,|) is odd by assumption and £ is
odd, the differential (20) is compatible with S and d” and § is an isomorphism of chain
complexes. Since 1 + 7: F,[Cy] — F,[C¢] is an isomorphism when ¢ is odd, Hy(D) = 0 for all
k> 0.

When (m — )€+ (|zi,_ |+ |2, |)(|zi | + -+ |2i,,_,|) is odd and £ is even, consider the
chain complex D" concentrated in degrees m and m — 1 with D! = D!” F,lx]/(z" +1)

m—1 =

and boundary map d’” =1+ y. Then let 8: D" — D be the defined by the formulas
Bn(y") = (=1)"ty 1 (2, © ... @ x5,,)
Bm-1y*) = (1) “Cmsmtr_1(z;, @ ... Q@ z; ).
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Since (m — 1)(€) + (|2i,, oo |+ -+ |zi, [) (@i, | + -+ |24,_,|) is odd the differentials d and
d" are compatible with 5. Also, y* = —1 maps to

(_1)1{7?7715771 17%—1(%'1 D...8 %,
= (_1)6(_1)(m_1)[+("t7m7[+1 |+“-|‘T77n ‘)(l’rn ‘+-~-|.’E1,7n7(‘)1 ® xil ® e ® :E’im

so since £ is even and (m — 1) + (|xi,, .|+ - |zi,, [) (|2, | + - - |24, _,|) is odd by assumption,
f is an isomorphism of chain complexes. Since 1+ y: F,[y]/(y* + 1) = F,[y]/(y* + 1) is an
isomorphism, Hy(D) = 0 for all k£ > 0. O

From here on we will return to writing alvf and vf“ for xor—1 and zopyo, respectively,
for k > 0. By an easy computation of the shuffle product in HH.(S/p.E}J), we see that the
shuffle product on 1 ® a4 is given by the formula

(1®a1)#”:n®a1®...®a1.
———

Since 1 ® « is the usual cycle representative for cay the shuffle product above makes ~,,(ca;)
sensible notation for 1@ a1 ® ... ® «y.
~—— —

n
The differentials can be easily determined using the definition of a spectral sequence of
a filtered chain complex. We therefore simply recall almost verbatim the discussion of the
behavior of the differentials from [29, Proposition 2.1] in our special case.

LEMMA 3.6 [cf. 29, Proposition 2.1]. The differential in the spectral sequence is computed
on a class

v € HH, .(S/p.(E3T), S/p.(E5))

by computing a homogeneous cycle representative y for x in the standard Hochschild chain
complex for S/p.(E{D)), lifting y to a homogeneous chain § in the standard Hochschild chain
complex for A, applying the Hochschild differential d to ¢, then taking the image of d(§) in
the standard Hochschild chain complex for S/p.(E§T).

COROLLARY 3.7. The spectral sequence (14) collapses at the E*-page with an additive
isomorphism E? , = E°, = E(oq) ® P(v1) @ Do) ® E(ovy).

Proof. By Lemma 3.6, given cycles N(af'v}' ® aP?v}® ®@...ai"vj") and a0} ® af'v}' @
...af™v;™ in the cyclic bar complex for S/p. E§J, the differentials in the algebraic Hochschild—
May spectral sequence are given by the following formulas. First, we compute

d! (N(ozilvi1 ® a?vlf ®R...0 ai’”vi’”))

1y 1 i i m g tm
= E d* (tmSmty,_1(af*v]' @ PV @ ... @ aj"vi™))
ou<t

€m— T — Em—ut2 T — e €m— [
— 2 /‘ 'Yudl(l ® alm u+1,U1m u+1 ® alm u+zvlm u+2 ® L ® alm uvlm u)7
o<u<t

u

Em—u im—u 3 eq i em—u tm—u
where Vo = (_1)771—1(_1)(\(11 +1U1 +1|+"'+‘aimv11m‘)(‘a1]”11+"'+‘0‘1 v, D and

1 €m—ut1, tm—utl Em—ut2, Im—ut2 €m—u, tm—u
d(1®a; vy ® ay vy ®...0a" “v"")

1® ai'm.fu+1+67n7u+2vi'm.fu+1+i'rn7u+2 ® aimfwra,,uimfwa R...® ai'm.fuvi'm.fu
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+1® a;m—u«#lvimf’uﬁ»l ® aimfu+2+5'm.fu+3Uim7u+2+i7nfu+3

€m—u-+4 imfu+4 €Em—u_ tm—u
day vy Q...0 a" "y
NIV (71)m711 ® aim—u+1vim—u,+1 Q... aim,—u—1+5'm,—uvi'm,—u—l+im—u + B,

where ZO<U<K E, =0. Here ¢; € {0,1} for all 0 < i< m, m > 2, and £ is the length orbit of
the C,,, action. ‘ ‘

Consequently, all of the cyclic bar complex cycles of the form N(aj'v]' ® aPv? ®...®
a$mvim) where ¢; = 1 for all 0 < i < m are d'-cycles. When in addition i; = 0 for all 0 < j < m,
then

dl(N(al R...x0 041)) = [ a1 + (—l)m(—l)‘almal|(m_1))041 X ... (5]
————

m m m

where if m is even, |a1|(|ag|(m — 1)) is odd, and if m is odd, then |a;|(|aq|(m — 1)) is even so in
either case (—1)"(—1)letllesltm=1) — _1 and the differential is zero. It is also easy to observe
from the formula above that the element N(a; ® ... ® 1) cannot be a boundary. If ¢, = 1 for
0 < i< mexcept ey =0andi; = 0forall0 < j < mexcept i, = 1, then we compute d' (N (v @
a1 ®...a;)) = 0. All other cyclic bar complex cycles of the form N(a{'v]' ® a0} ®...®
a$mvi™) are either the source of a differential or they are boundaries.

Similarly, there are differentials

1 €0,,%0 €101 €m ,\im

d* (a0’ @ af'v]' ® ... a7 vT™)
_ €oter, do+il €2, 02 €m ,,bm €0,,10 €1+e€2, i1+1i2 €m ,,0m
=y vy K a"v;” @ ... —a"v;” @ ag vy X...0 a;mvu;

em €0, 00| ... ym—1 tm—1 i i €m—1, tm—
+...+(_1)m(_1)|a1 [(ley® 0y [+ [y oy Dai““”‘vio“’"®ailv§1®...a1 Lyt

)

where ¢; € {0,1} for all 0 < ¢ < m and m > 2, respectively. 4 . ,
Consequently, if 37" jex <m and Y2} i, > 2, then ai®v)® @ aj'v' @...af" v is the
source of a differential. Also, if >}, iy > 2, then a{®v}® ® af'v}! @ ... ® af™v|™ is necessarily
the boundary of a differential. The only elements of the form a"v}° ® a{'v}' ® ... ® aj"vi"
that are not the boundary or source of a differential are the elements of the form a{°v;® ® a; ®
...®a; and a®v’ @ 1 ® ... ® a1, which survive to become aj’vi°v,,ob and ai’vi®oVv1Ym0b,
respectively, in the abutment. Therefore, there is an isomorphism E? 22 E* and an additive

isomorphism EZ, = P(v1) ® E(a1) @ E(ov1) @ y(oar). O

REMARK 3.8. It will also be useful to understand the multiplicative extensions in the
spectral sequence (14) explicitly. We include Figure 2 to facilitate this. Note that, as a ring,
the E°°-page is isomorphic to

(B(ov) @ T(oar) @ Pagvf, vy ™ 24,k > 0))/
((ared)®, ) 1), (rvd) (o) for all j,k > 0)

We can describe the multiplicative filtration of the graded ring P(v1) ® E(a1) ® E(ov;) ®
I'(ocay) coming from filtering the abutment as

- CGyC Gy C Gy = P(Ul) (9 E(Ozl) ®E(O”U1) ®F(O’O¢1),
where

Gs = {z € Gy : mfilt(x) > s}
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6p — 7 av? v3
avz
avyy 022
VT
VY2 V3 |22
a2
azy1 vzy]
4p — 5 av v2
Y2 VY1271
a1
az vz
v
2p —3 @ z
71
0 1
0 2p — 3 4p — 5 6p — 7

FIGURE 2. The E;7.-page of the Hochschild-May spectral sequence in a range. Here we simply
write « := a1, v :=v1, v = Yi(oa1) and z = ov;.

for s> 1. Since mfilt(zy) > mfilt(x) + mfilt(y), we observe that this is a multiplicative
filtration. By inspection, the associated graded of this filtration is exactly

PGi/Giy = E,...

i>0

Trivial products between w, z € EjG, arise when mfilt(zwy) > mfilt(z) + mfilt(w). Suppose z
and w are nontrivial and zw is nontrivial in Go, then mfilt(zw) > mfilt(z) + mfilt(w) exactly
when

z,w € {aqvfe, v k> 0,2 € B(ov;) @ T(oa;)}.

Consequently, there are trivial products

vitle ofy =0e EX, ., and

* ok k)

00
* k%

awlz-vfy=0€E
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for j > 0 and k£ > 1. We know, however, that in the abutment these products are nontrivial.
We therefore observe that there must be multiplicative extensions
arvlz - vy = agol Fay for 4k >0, (21)

i oy =v ey for j+k>1

for all x,y € E(ov1) ® I'(0aq). In particular, we know that the abutment is isomorphic to
HH,.(FE(a1) ® P(v1)) 2 E(an) @ P(v1) @ (o) ® E(owvy)

as bi-graded F,-algebras by [24, Proposition 2. 1]. Therefore, there cannot be further
multiplicative extensions.

3.1.2. The HIF, topological Hochschild-May spectral sequence. We now observe that there
is an equivalence of commutative ring spectra

ESJ = HZ([)) AlSV \/ 2(2p72)k715/p”1)(k)+1 ,
k>1
where the commutative ring spectrum structure on (S V \/@1 S @r=2k=1g/pv(W)+1) ig given

by iterating the trivial square-zero extension construction. For brevity, we will write EjJ for
the commutative ring spectrum (SV'V, -, »r=2k=1g/pvp(K)+1) This immediately implies

THH(E;J) ~ THH(HZ,) AN THH(E;])

since S! ® (—) is a left adjoint and therefore commutes with coproducts (smash products) of
commutative ring spectra. Before computing H.TH H (E}J), we need to prove a lemma about
how the Bokstedt spectral sequence interacts with the May filtration. We will use the notation
Ej |/\/lsi (K)| for the associated graded of the cofibrant decreasingly filtered commutative
ring spectrum | M5+ (K)| constructed as the realization of the simplicial decreasingly filtered
commutative monoid in spectra |/\/lsi (K)|, where K is a cofibrant decreasingly filtered
commutative monoid in spectra, see [1, Definition 3.3.3] for further explanation of this notation.

LEMMA 3.9. Let K be a decreasingly filtered commutative ring spectrum as in Definition 2.1.

Then the differentials in the Bokstedt spectral sequence
HH,(EjK) = H.(THH(E{K))

respect the May filtration.

Proof. By the fundamental theorem of the May filtration [1, Theorem 3.3.10], there is an
equivalence of commutative ring spectra

E; M5 (K)| ~ THH(E;K).
We can filter EGK =V, K;/K;;1 using the trivial filtration
i>1 i>2

and this is clearly a cofibrant decreasingly filtered commutative ring spectrum. There is
therefore a topological Hochschild-May spectral sequence

H.(Ej| M (K)|) = H.(THH(E;K)), (22)

which collapses. The E'-page of the Bokstedt spectral sequence is the chain complex
H.(E;K") with differential given by the standard Hochschild homology differential. There



ON TOPOLOGICAL HOCHSCHILD HOMOLOGY OF THE K (1)-LOCAL SPHERE 277

is a filtration of this chain complex by H*(\/i% K;/K;+1), which produces a double complex
and therefore a collapsing spectral sequence as in (22). If we filter this double complex by
Bokstedt filtration to produce a triple complex, then since the spectral sequence collapses
in one direction, this spectral sequence is equivalent to the Bokstedt spectral sequence. This
implies that the Bokstedt spectral sequence differentials for this particular spectrum EjK must
respect the May filtration. O

PROPOSITION 3.10. There is an isomorphism of A,-comodules
H.(THH(E;])) = (A//E(0)). ® E(c&) ® P(om1) ® HH.(S/p.(EoJ)).

The coaction on elements in (A//FE(0)). are determined by the coproduct in A, and the
coaction on elements in E(c¢;) ® P(o7;) is determined by the formula (12). The coaction on
acycle tg @21 ® ... xy, or N(#1 ® ... Q x,,) for x; € {oqv’f_l,vﬂk >1} forall0<i<m
is given by the formulas:

w(xo®x1®...®xm):Z?()@(a:o@...@xi_l®a1vfi71®xi+1®...®mm)
i€l
FlR (@)1 ®...Q Ty

Wherexi:vf" fori e I C{0,1,...,m} andxj:alvfj ifj €1 and 0 < j <m, and

'l/)(N(ZL’l ®£L’2®...®.’E7n) :Z%()@N(ml®...®xi,1®a1vf7‘_1®xi+1®...®xm)
i€l
+1ON(Z1 ®22® ... R Tpy)
k1

where x©; = vf fori € I andx; = alvf’ ifj € I and 0 < j < m. The elements alvfo R avt ®

o ®@avy™ and N(oqvy' @ aqvy! ® ... ® aqvy™) are comodule primitives.

Proof. As discussed above, there is an isomorphism

HF, THH(E;J) = HF, THH(HZ,) @ HF, THH(E}J).

The computation of HF, THH(HZ,) = (A//E(0)). ® E(c&) @ P(or;) along with its A,-
coaction is due to Bokstedt [12]. The Bokstedt spectral sequence

HH.(HF, (E;l)) = HF, THH(E;JI)
has input HH,.(S/p.(E;J)) since
HE,, (Bj) = m.(S/p A HL) A (S ) BE2ELs pre ) = Sfp. (B3D). (23)
k>1

Also, we may regard the Bokstedt spectral sequence as a tri-graded spectral sequence since
the differentials must respect the May filtration grading by Lemma 3.9. There are no possible
differentials in the Bokstedt spectral sequence that preserve the May filtration and consequently
the spectral sequence collapses.

To compute the coaction on elements in H.(THH (E;J)), we note that aqvf is by definition
the image the fundamental class in the composite

H. (z@f’—?)k‘—ls) - H, <Z(2p_2)k_15/p""(k)+l) — H.(E;T) — H.(THH(EST))
and v} is the image of the element 79 in

28 (E(Qp—Q)k—ls/pup(k)+l> ~ Z(Zp—Q)k—lE(TO)
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under the composite
. (2<2p—2>’f—15/p”p(’f)+1) — H.(EJ) — H.(THH(ET)).
Consequently, the Bockstein on a;v¥ is v¥ 1 for k > 0. This demonstrates that o v is primitive
for k> 0 and the coaction on v¥ ™ is Y(v¥) = 70 @ agvf + 1@ V8! for k > 0.
To compute the remaining coactions, first consider a general element of the form

NSl ®@...®@ aimvi™) € H(THH(E}J))

where ¢; € {0,1} for 1 < j < m and ¢; > 1 for 0 < j < m. It is represented by a map

nm \ BER etk Lg RO+l THH (B} D) (24)

i=1

where we let $(2P=2)(citki)=1g/pvp(ki)+l — $3(2p=2)(ei+ki)=1G when ¢; = 1. The map (24) is
constructed by a simplicial map, which on m-simplices is induced by

S A /\ E(QP_Q)(€'i+ki)_1S/pyp(ki)+1) S S A (ESJ)/\’HL - (EEI;J)/\m—&-l

i=1

where the simplicial object in the source is the mth simplicial suspension of the constant
simplicial spectrum and the object on the right is the cyclic bar complex for EjJ, whose
realization is THH (E}J). O

We now use the HIF, topological Hochschild-May spectral sequence in a case where the
output is known due to [2, Theorem 7.15] in order to detect differentials in the V(1) topological
Hochschild-May spectral sequence.

PROPOSITION 3.11. The d'-differentials in the HF, topological Hochschild-May spectral
sequence exactly correspond to the differentials in the Hochschild-May spectral sequence (14).
Therefore, there is an isomorphism of graded IF),-vector spaces

E7 .= P(v1) © (A//E(0)). ® E(0&) © P(073) ® E(a1) ® E(ov1) ® T(oay)

Proof. Recall that
E!, = (A//E(0)). ® E(c&) ® P(o72) @ HH.(S/p.(E;J)),

where all elements in (4//E(0)). ® E(c&;) ® P(c7) are in May filtration zero. If 2o ® 71 ®
..., is a word with letters z; € {ayv¥ ™! 0¥k > 1}, then

mfilt(zo ® 21 ® ... Tp) = mfilt(xo) + mfilt(zq) + - - - + mfilt(x,,), (25)
where mfilt(a;vf ') = mfilt(vF) = (2p — 2)k — 1. We know that the abutment is
H.(j) ® E(A}, A2) ® P(p2) @ I'(0b).
To achieve this, there must be differentials killing off the classes

€1,,01 €m ) Tim €0 ,,%0 €1,.%1 €m ) im
{N(af'v]' ® ... ®@ aj"vi™),a’v]° ® af'v]' ® ... Q@ aj™v]

m > 1} (26)

m m

when Y " i+ Y pq €1 >mand >, i > 1 for any ¢y € {0,1} and iy > 0. The elements in
(26) come in pairs with one element in May filtration one lower and topological degree one more
than the other. All the other generators must survive to a later page and therefore there is no
differential pattern other than the one stated, which would produce the desired abutment. [
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REMARK 3.12. We could also produce the differentials in Proposition 3.11 by explicitly
representing an element, such as 1 ® v1 ® v1 ® v1 = N(vl RV Q 1)1), as a generator of

H.(HZ A 3HF, NX* 3 HF, AX* 2 HF,) C H(E;]™M).
For example, the differential

di(1@vev)=100i®v — 121 @vi =N ®uv)

arises from the fact that (E3J)"* RAC (EzJ)"3 is the zero map in degrees greater than 0, but
this is an artifact of the fact that the products of elements in positive degree such as a; - @y
are zero in 7,j. However, in 7,S/p A j there is a relation B(ay) - (o) = v1 - v1 = v} = B(a2),
which is not visible in S/p.(E;j) because v? = 0. We claim that this multiplicative relation is
reintroduced by differentials like dy (N (v1 ® v; ® v1)) = N(v? ® v1). The element N (v} ® v;)
can be thought of as ov? - ov; using the shuffle product and the notation 1 ® v; = ovy. If v}
were a square of an element in the input, then since o is a derivation it would be the case that
ov? - ovy = 0. Since the fact that it is not a square any longer is an artifact of the associated
graded construction, this needs to be corrected by differentials in the spectral sequence and
this differential does just that.
In other words, there is a nontrivial map

HZ A S2~3HF, A S 3HF, A 23 HF,

|

(HZ NS —SHF, AS*3HF,) V (HZ A S2P -3 HF, AS* 5 HF,)

which shifts May filtration by one, representing the differential. This sort of argument is
standard for the spectral sequence of a double complex and our claim is that it also holds
in the spectral setting. We also claim that the differentials in Proposition 3.11 can all be
constructed using a similar argument, although it would be quite tedious to compute them
this way and therefore we give the simpler argument.

PROPOSITION 3.13. There are differentials
AP (&)=, 4= (1) =, AP (oF1)=0wy,
d*=3(0&1) =0ay, A2 (Fof )=l d* 72 (& of ) =anny,
d2p—2(7~'1ozlvf_1) :alvf
for k > 1 in the HIF, topological Hochschild-May spectral sequence
(HFy)s (THH(EGD)) = (HFp)s(THH(j))

and no further differentials besides those generated using the Leibniz rule from the differentials
above. The surviving classes

(& ay, 0617, 1001, 7, (0cn), (07)P, (071)PLovr }

map to the classes {b, crff,ab, 0T, 052}, respectively, in HF, (T'HH(j)) and there no hidden
multiplicative extensions in the HF,, topological Hochschild-May spectral sequence. All other
surviving classes map to classes of the same name.
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4p2 — 6p ”(é
4p2 —8p+3 7175117
2p3 —p—3 Yib hioé2
1 Ep
17E -
2p? — 3p 7 blgg rél o
2p2 —5p+3 3 boésy
2p —3 b 3 1234 by | bT2
o] 1 & &> T2 Efp &y | &7
0 2p2 — 2p 2p% — 2 4p% —4p 4p% —2p — 2

FIGURE 3. The E5-page of the HF, topological Hochschild-May spectral sequence for p > 3 for
s < 4p* — 2p and all t.

Proof. There is a map of HF, topological Hochschild-May spectral sequences
(HEFp) «(E5)) == (HF}).(j)

| |

(HF;U)*,*(THH(ESJ)) = (HFP)*(THH(j))

induced by the map * — S! of simplicial finite sets, where the elements &;, a1v¥, 7, and v} all
map to elements of the same name. This produces the differentials d*P=3(&;)=ay, d?*~3(7,)=v1,
d2p’2(%1v’f)iv’f+1, and d2p*2(§1v’f)ia1v’f.

We also know that the abutment (HF)),,,(THH (5)) is trivial in the range 0 < m < 2p? — 1,
which forces the differentials d?’~3(o7)=cv; and d*’~3(c¢;) = oca;. The resulting E?P~1-
page is additively isomorphic to HF, (THH(j)) with the specified correspondence in the
proposition and therefore the spectral sequence must collapse at this page. In Figure 3, we
draw the E?P~! 2 E>_page, where write b = a1 and v}, = v (y,(0a1)), o€ = o€y, 1001
and o& = (o7)P"Low; for brevity.

We may describe the multiplicative filtration G, of the abutment (HF),).(THH(j))) whose
associated graded is the E*-page as follows. First, of course, Gf, = (HF,).(THH(j))). We
define G/, for s > 1 by

G, ={z € G} : miiltz > s}.
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By inspection, the associated graded of the filtration G is exactly

i>0
Note that there were hidden multiplicative extensions determined in Remark (3.8), however,
the multiplicative extensions only involved classes which do not survive the HF, topological
Hochschild-May spectral sequence, so in fact they do not appear here. We also determined that
there are no multiplicative extensions in the top spectral sequence of (27) in Lemma 3.3 and

in fact this map of spectral sequences splits off the bottom spectral sequence. The remaining
elements have the property that

mfilt(zy) = mfilt(x) + mfilt(y)

by (25) so the products are nontrivial already at the E°°-page. We observe that there is an
isomorphism of graded F,-algebras

EZ. = (HFy).(THH(j))-

This is visible, in a range, by Figure 3. Therefore, there cannot be multiplicative extensions
because then the abutment would not have the correct multiplicative structure, contradicting
the fact that the HF, topological Hochschild-May spectral sequence is a strongly convergent
multiplicative spectral sequence. O

REMARK 3.14. The behavior of the differentials above leads us to speculate that the
differentials in the topological Hochschild-May spectral sequence commute with the operation
o. We plan to return to this in future work.

PROPOSITION 3.15. There is an isomorphism
V).(THH(ED) = E(v,e1) ® Plun) @ HHL(S/p. B D),
where |e1] = [A1| = |o01] =2p — 1, |aa| = 2p — 3, |p1| = 2p, |01] = 2p — 2, and |oaz| = 2p — 2.

Proof. We can compute HF, (V(1) A\THH(j)) where the input is HF, (V(1)A
THH(E;D)), using the HF, A V(1) topological Hochschild-May spectral sequence. The
differentials are the same and the classes 7y and 7 map to classes of the same name in the
output. This is useful because there is a map of spectral sequences from the V(1) topological
Hochschild-May spectral sequence to the HIF, A V(1) topological Hochschild-May spectral
sequence induced by the map of S-algebras

nAidy (1)

SAV() ———— HF,AV(1)
where : S — HIF), is the unit map of HIF,. Due to Lemma 3.2, the map
V()(THH(Ey])) — (HF, AN V(1)) (THH(EqJ))

includes V(1).(THH(E;))) into (HF, AV (1)).(THH(E;))) as the A.-comodule primitives.
By Lemma 3.10, the elements

{on,v1 — Toan, 071 — Too&1, 081, 000, 001 — Tooar, T1 — 71} (28)

are comodule primitives, where we write 7 to distinguish the class in HF, (T'HH(E;J)) from
the class 7, € HF, _(V(1)). We rename these classes, respectively,

{on, v, 1, A, o0, 001, €0

In addition, there is a corresponding comodule primitive for each algebra generator of
HH,(S/p.J) which can be computed by simply subtracting the necessary terms as we did to
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produce the comodule primitive v; — Tpa;. Therefore, the subalgebra of comodule primitives
is isomorphic to

E(h,e1) ® P(us) @ HH.(S/p.(E3T)

and the result follows from Lemmas 3.10 and 3.2. O

We now consider the map of topological Hochschild-May spectral sequences
V()(THH(E§))) ==V (1).(THH(j))
] l
(HF, ANV (1)).(THH(E{])) == (HF, AV(1)).(THH(j))
induced by the map
nAidyy: SAV(1) — HF, AV (1),

where n: § — HF), is the unit map of the ring spectrum HTF,,.

PROPOSITION 3.16. The only d' differentials in the V(1) topological Hochschild-May
spectral sequence are those in the algebraic Hochschild-May spectral sequence, consequently,
there is an additive isomorphism

EE* >~ E(M,61) @ P(u) ® E(ay) ® P(vy) @ T(oay) ® E(ovy)

where |\i| = (2p—1,), |e1] = (2p —1,0), || = (2p,0), |a1of ! = (2p—3,(2p — 2)k — 1),
o] = ((2p — 2)k, (2p — 2)k — 1) for k > 1, |yr(oar)| = ((2p—2)p*, (2p — 3)k) and |ovi| =
(2p — 1,2p — 2). Multiplicatively, there is an isomorphism

EI, 2 E\,a)® P(u) @Fylrili > 1]/m @ T(oar) ® E(ov),

where x; corresponds to v} and xzo;_1 corresponds to ayvi for i > 1 and m = (z1, o, .. .).

Proof. This is an easy consequence of Proposition 3.11 since the map
V()ANTHH(Ey)) — HF, (V(1) N\THH(E;D))

is an isomorphism onto the sub-algebra of co-module primitives, and in particular it is
injective. The d'-differentials therefore correspond to the d'-differentials in HF, (V(1)A
THH(ED)) d

PROPOSITION 3.17. The only d**~—3 differentials in the V(1) topological Hochschild—May
spectral sequence are
d*P73(\) = ooy,
d?P 3 (e1) =y,
A3 () = o,

and those differentials generated by these differentials under the Leibniz rule. There are d?P—?2
differentials

d2p—2(61vf) = v]f“, and

d2p_3(61 . alv’ffl) = alv’f
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for k> 1. The E*~'-page of the V(1) topological Hochschild-May spectral sequence is
therefore isomorphic to

E(ar, N, 22) ® P(u2) @ T'(ob),

where \| = M\ivyp—1(oar), yp(oar) = ob, Ay = leufil, and ps = pY. The bidegrees of these
elements are therefore |\|| = (2p? —2p +1,2p> — 5p +4), |ob| = (2p* — 2p,2p* — 3p), |A2| =
(2]72 - 1a2p - 1)7 and |M2| = (2p270)

Proof. The classes {v1, p1, A1, 001,001, €1} in the V(1) topological Hochschild-May spectral
sequence map to the classes
{v1 — Toar, 071 — 701, 0€1, 001, 001 — Tooay, T — 71}

in the HF, A V(1) topological Hochschild-May spectral sequence under the map of spec-
tral sequences, denoted f, induced by the map S A V(1) - HF, AV(1). There are trivial
differentials in the HF, A V(1) topological Hochschild-May spectral sequence

d-(70) =d.(71) =0

for » > 1 and nontrivial differentials

&) = o, 4?3 (0f) = oay,
d2p_3(7~'1)i’l)1, d2p—3(07_'1)i0"l)1,
P2 (m0f) = of 2 2(E0h) = oo}

d2p—2(7~'1041v]f_1) =aof

for k> 1 as well as the d' differentials in the Hochschild-May spectral sequence (14) by
Propositions 3.13 and 3.15. We will use the formula fd" = d"f to compute the differentials.
Note that the map f is still injective on the E?-page of the spectral sequences so it makes sense
to use the formula d"(z) = f~1d"(f(z)). We therefore produce differentials

P73 () =fH(d* 3 (0&)) = f T (oar) = ooy,
AP (e) =f PR —7) = o) =0

A7 (py) =fHdP 0T — T0&1)) = f T (o (v1) — Toar) = o(v1)

in the V(1) topological Hochschild-May spectral sequence as desired. In Figure 4, there are
no other possible d" differentials when 2 < r < 2p — 2 for bidegree reasons in columns to
the left of 4p®. The only exceptions to this are the possible differential on \| hitting ob
and the possible differential on ps hitting As, but these can both be ruled out. Recall that
N = MYp—1(ca1) and v,(caq) = ob. There is a differential do,_3(A1) = ooy and therefore
dop—3(MYp—1(car) = yp—1(oaq) - oa; = pyp(oar) = 0 modulo p. Similarly, po = pf and Ay =
avlu’f_l and the differential dop_3(p1) = ovy implies dop_3(pY) = pavl,uf_l = 0. Therefore,
since all of the algebra generators are in range the depicted in Figure 4 except for the elements
Ypr(0ar) for k> 1, the only remaining possible differentials are differentials whose source is
Ypr(oaq) for k > 1. We will eliminate this possibility by directly analyzing which elements are
in topological degree (2p? — 2p)p* — 1, one column to the left of Ypr (o), and in strictly higher
May filtration. Consider a general monomial

AT e att ol piv] ym(oar) (29)
whose topological degree is

(2p—2)er +(2p—1)ea + (2p — 3)es + (2p — Ves + (2p)l + (2p — 2)j + (2p — 2)m.
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FIGURE 4. The Efﬁ2_5p+3—page of the V(1) topological Hochschild-May spectral sequence for

p =5 for s < 4p? and all t. When p = 3, the only difference is that there is an additional class
vp(ob) in bidegree (2p® — 2p, 2p® — 3p?).

and whose May filtration is (2p — 3)es + (2p — 2)(j + e3) — 1 + (2p — 3)m, where e, ea,e3,€4 €
{0,1}, £,4,m > 0, and j + e3 > 0. When €3, eq,e3,e4 € {0,1}, £,5,m >0, and j + e3 = 0, the
May filtration of (29) is (2p — 3)es + (2p — 3)m. In order for this element to be the target of a
differential on 7,x (a1 ), the relation

(2p — 2)er + (20— Des + (2p — 3)es + (2 — Dea + )+ (2p — 2)j + (2p — 2)m
=(2p—2)p* -1
must hold. By rearranging terms, we see that the relation
(2p — 2)(eq +eg+e3+e4+€+j+m—pk)+eg—eg+e4+2£+1:0

must hold. Since es — ez + e4 +2¢ 4+ 1 > 0, the relation will only hold if
e14+est+es+es+l+j+m—pf=0 (30)

and

ex—e3+es+20+1=0. (31)

However, we know the May filtration of (29) must be greater than the May filtration of vy, (ca1)
and therefore when j 4 e3 > 0,

(20 —3)es + (2p —2)(j +e3) — 1+ (2p — 3)m > (2p — 3)p"
and when j +e3 =0
(2p — 3)es + (2p — 3)m > (2p — 3)p".
When j + e3 = 0, the relation reduces to

e4+m—pk>0
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and consequently e; +es+e3+es +L+j5+m—pF>e +ex+ez+L+7>0 so (30) does
not hold and therefore the corresponding element (29) cannot be the target of a differential on
Ypr (0b). When j + e3 = 0, then

(2p—3)es+ (2p—2)(j +es3) — 1+ (2p—3)m > (2p — 3)p*
reduces to

2p—3)(es+jt+es+m—p")>1—j—es

1

SO €4+j+€3+m7pk>2p7__§3 and therefore e; +es+es+es+L0+j+m—pF>e +

es+ 0+ 1;5__;3 > 0 when j < 2p — 3. Thus, we have reduced to the case when j > 2p — 3.
We now note that j is the exponent of vy in (29). Consider the map of spectral sequences
induced by the Hurewicz map

V(1) — HF, AV (1). (32)

There is a differential in the target spectral sequence

e e es—1 0 7 __ye1 € eq 0 7
dop—2— (A" T1aPovi* ™ piviym(oar)) = ATt af® ovi* piviym(oar)
where e=1 if egr=e3s=e,—1=0L=j=m=0 and e=0 otherwise.
e: es—1 es—1 ¢

Since  A'eaov T plvlym(con)  maps  to  A%mafoui ulvly,(car)  and
Xfla‘fsavf“u{v{'ym (ca1) maps to an element of the same name in the map of E?-pages
of spectral sequences induced by the map 32, the target of this differential cannot be hit by
a differential at an earlier page or else the compatibility of the map of spectral sequences
induced by (32) with the differentials would be violated. This implies that e; =1 and
j = 2p — 3. We now recall that that the relation (31) also must be satisfied and when ey = 1,
then es —es+e4+20+1=2—e3+ey4+2¢ > 0 and thus (31) cannot be satisfied. Therefore,
there are no possible differentials with v,x(ca1) as a source. Note that this same argument
works for all differentials of the form d” (v, (oa)) for r > 1. We will use this fact in the proof
of Theorem 3.22 as well.

Consequently, there are no possible differentials of length 2 < 7 < 2p — 2 and in fact there
are no other possible differentials besides the ones stated and the ones implied by the Leibniz
rule for r < 2p? — 5p + 3 by the same argument. O

REMARK 3.18. Note that the only elements in the E?’~! page of the V(1) topological
Hochschild-May spectral sequence that are in the kernel of the map to the E?’~! page of
the HIF,, topological Hochschild-May spectral sequence induced by the Hurewicz map are the
multiples of ;. Since the differential on «a; is trivial for bidegree reasons and the spectral
sequence obeys the Leibniz rule, the only possible differentials of longer length are differentials
with a multiple of a; as a target.

LEMMA 3.19. There is an isomorphism of graded F,-algebras
V(1) (THH(j; ) = E(X}, A2) @ P(p2) ® T(ob)

Proof. Note that there are equivalences
V(1)) NTHH (j;¢) ~THH(j; HF,) ~ HF, A\; THH (j)

and that HF, A\; THH(j) is an HFF,-algebra. We can therefore apply Lemma 3.2 and
Theorem 3.1 to compute V(1) THH.,(j;£). The result is the algebra of comodule primitives in
HF, THH(j; HF,). Since there is an equivalence THH (j; HF,) ~ THH (j) N\; HF),, we can
compute this using the Eilenberg—Moore spectral sequence

Tor; V) (H.(THH(j)), H.(HF,)) = H.(THH(j; HF,)).
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Since H.,THH(j) is a free H,j-module by Theorem 3.1, this spectral sequence collapses
producing an isomorphism

HF, (THH(j; HF,)) = A, ® E(0€,0&) @ P(o7) @ T'(ob),

where the coaction on elements in A, is determined by the coproduct and the coaction on the
remaining elements is determined in Theorem 3.1.

The subalgebra of comodule primitives is isomorphic to E(A}, A\2) ® P(uz) ® I'(ob), where
N =08l — Toob )y = 0& — & @& — 71 @ ob, and oy = o1 — Tgoly — 10 + 1900, O

We have another approach to computing THH..(j;j/(p,v1)) = V(1).(THH(j)) by filtering
the coefficients j/(p,v1) using the short filtration

0 — %P 3HF, — j/(p,v1) (33)

with associated graded j-module HF, x ¥?P~3HF,. It is important to note that this is not a
spectral sequence of V(1) A j-algebras because V(1) A j is not a commutative ring spectrum
and therefore the filtration (33) is not itself a cofibrant decreasingly filtered commutative
monoid in spectra in the sense of [1, Definition 3.2.2]. The filtration of (33) is just a cofibrant
decreasingly filtered symmetric J-module in the sense of [1, Definition A.1.1], which suffices
to construct the spectral sequence without multiplicative structure. We use the topological
Hochschild-May spectral sequence with filtered coefficients as follows

THH,,(j; HF, x S* 2 HF,) = THH,(j; j/(p, v1))- (34)
This spectral sequence reduces to the long exact sequence
T—2p+3(THH (j; HF ) —— me(THH (j; 5/ (p, v1)) >

s (35)

T (THH (j; HFp)) —— mp—2p+2(THH (j; HFp))

(0.1)

where two out of three terms are known. We claim that this exact sequence demonstrates that
the V(1) topological Hochschild-May spectral sequence cannot collapse at Ea,_2. The author
owes Eva Honing for giving some evidence that there must be a longer differential in personal
communication, since the author originally had a faulty argument that said that the differential
on \g = (u1)P~tov; was zero.

PRrROPOSITION 3.20. There is a differential
I ()P o) = Ay (0on)
in the V(1) topological Hochschild—-May spectral sequence and no remaining differentials.

Proof. The spectral sequence (34) may be expressed as the long exact sequence (35), or in
other words, the diagram

S SE(N, A2) @ Pus) ®<F(Ub) —— E(a1, Myp-1(oan), (u1)P~tovr) @ P((u1)?) @ T(ob)
) ZZ(\)\’I, A2) ® P(u2) @ I'(ob)

where the dotted arrow indicates a shift in degree by 1. In particular, in degree 2p® — 1 and
2p% — 2, we have the exact sequence

0 — F{(u)" toi} — F{da} — F,{\|} — F{a1\1yp_1(car)} — 0.
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We can therefore determine if there should be a differential in the V(1) topological Hochschild—-
May spectral sequence, as stated, by determining if the map F,{A2} — F,{\}} is nontrivial.
To determine this, we note that the boundary map is exactly the map

V(1).(THH(j;£)) — V(1).(THH(j; 2*~20))

induced by the map ¢ — $?P~2¢ given by 1 — 1), where ¢ is the gth Adams operation. This
map induces multiplication by P! in homology

HF5(S2-20) = 2223/ /B(1) —2> 2//E(1) = HF:(0).
In the dual, we therefore know that the map
P(1): HF, (0) = (2//E(1)) —= ¥*"*(2//E(1)). = HF, (S*72()
sends classes of the form &y to y and the map sends all other classes to zero. The same will
therefore be true for the induced map, which we also denote P(1), in the diagram
HE,, (V(1) NTHH(5;£)) HFp, (V(1) ATHH (j; S*7%())

4 w

. P(1) . _
HE, V(1) ATHH())) @iz, ) HE, . (6) ~— HE, (V(1) ATHH(})) ®u, ;) HE,,(E20),

in particular E_laéf maps to aé{’ . We therefore examine the square

V(1)ap21(THH(j3 1)) V(1)ap2_o(THH(j; SP=50))

ig ]

(HEp AV (1))ape 1(THH(j; £)) —— (HEFp A V(1))2p2—o(THH(j; ¥*P720)),

which is isomorphic to

Fo{h) Fo (M}
] |
Fp{oé% f_lagf, Frob, &1 Toob} ——= Fp{agf, Toob}.
As stated in the proof of Proposition 3.17, the vertical maps are defined by
9(\s) = 0& — §10&] — 7ob,
h(\)) = o€ — 7yob
The bottom horizontal map sends the class in the image of 052 to the class crff ; that is,
0'52 — floéf — Tob—— ag’f.
Since the inverse image of the Hurewicz map evaluated on this element is
h= (o) = h™Yo€! — Tyob) = \,.
This proves that the top horizontal map is nontrivial and therefore, there must be a differential
P ()P o b) = Ay (0on)

as stated. O
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REMARK 3.21. Due to Oka [26, Theorem 4.4], the obstruction to a ring structure on V(1)
at the prime 3 is a composite of maps including the composite map
B
Br: DS — = 21g/p s §/p — = W1,

however, we can compute that the induced map ¥''j — 3j is null homotopic and hence the
obstruction vanishes after smashing with j. Thus, V(1) A j and hence V(1) ATHH (j) are ring
spectra, so the ring structure on V(1) THH (j) is also correct at the prime 3. This type of
argument is also used in [3] in the case of V(1) A ku.

THEOREM 3.22. Let p > 2 be a prime number and let V(1) be the cofiber of the periodic
self-map vy: ¥?P~2S/p — S/p. Then there is an isomorphism

V(1)(THH(j)) = P(u2) @ T(0b) @ Fp{ar, Aj, Adear, AaA], AeAjan ),
where the products between the classes
{ag, N, Asan, Ao A], A\ o }
are zero except for

g - /\2/\’1 = /\/1 . /\20&1 = /\2/\’1041.

Proof. We can compute the E27’2_4P+2—page by Propositions 3.13 and 3.20. All the algebra
generators are in the range 0 < s < 4p? depicted Figure 4 except for Ypr (ob) for k> 1. The
figure clearly shows that there no possible differentials d , for r > 2p? — 4p + 2 in the range
0 < s < 4p?. The only remaining possible differentials are differentials with source Yy (ob) for
k > 1. There are no possible differentials with source 7, (cb) by a bidegree argument, which
we already proved in the proof of Proposition 3.17. Therefore, there are no possible differentials
with source 7,1 (ob) and consequently the spectral sequence collapses at the Eop2_ 4, o-page.
The classes 7, (cb) map to classes of the same name in the Hurewicz image. There are no
hidden multiplicative extensions on the elements (7y,x-1(cb))? for k > 1 because the only other
classes in this topological degree are in lower filtration in the spectral sequence. To see this,
consider a general monomial

pyy;(ab)agt (A) 2 (A2 ) (A2 M) (A2 Aj ), (36)
which is in topological degree
20p” + (2p° = 2p)j + (2p — B)er + (2p” — 2p + L)ez + (2p” + 2p — 4)
+(4p® — 2p)es + (4p° — 3)es
and May filtration
(2p* — 3p)j + (2p — 3)e1 + (2p° — 5p + 3)ea + (4p — 3)es + (2p* — 3p)es + (2p* — p — 3)es,

where £,7 >0, e; € {0,1} for 1 <4 < 5 and 2?21 e; = 1. Then, in order for this monomial to
be in the same topological degree as (y,r-1(ob))? for some k > 1, the relation

20p° + (2p° — 2p)j + (2p — 3)e1 + (2p* — 2p+ 1)ex + (2p° + 2p — 4)*°
+(4p® — 2p)es + (4p* — 3)es = (2p” — 2p)p” (37)

must hold. This already implies that e; = e3 = e5 = 0 since Zle e; = 1. Thus, the relation
reduces to

20p? + (2p2 —2p)j + (2p2 +2p—4)% 4+ (4p2 — 2pleg — (2p2 - 2p)p’€ =0.
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We also know that in order for the May filtration of the monomial (36) to be greater than that
of v, (cb), the inequality

(2" = 3p)j + (4p — 3)es + (20" — 3p)es > (2p° — 3p)p" (38)
must hold. By rearranging terms, we see that
(20" — 2p)j + (2p* — 2p)es — (2p” — 2p)p" > —(dp — B)es + pj + pes + ™!
and therefore
20p? 4 (2p% — 2p)j + (2p* + 2p — 4)°* + (4p% — 2p)es — (2p% — 2p)p* >
20p® + (2p® + 2p — 4)° + 2p°es — (dp — 3)es + pj + peq + P!
where the right-hand side of the inequality reduces to
20p° + (2p° = 2p — 1) + 2peq +pj + pea +p" > 0

since 2p® > 2p+ 1 for all primes p. Thus, the relations (37) and (38) cannot both hold.
Therefore, there are no elements in May filtration greater than that of (y,r-1(ob))? = 0, which
has the same May filtration as 7, (ob). This implies that there cannot be a hidden multiplicative
extension on (y,+-1(cb))? or any of the other products v;(cb)y;(cb) = 0 where i + j = p* for
1,7,k > 1. These are the only other possible hidden multiplicative extensions, so no further
hidden multiplicative extensions occur. O

REMARK 3.23. This paper mainly considers mod (p, v1) homotopy of topological Hochschild
homology of the connective cover of the K(1)-local sphere, but one could also consider mod
(p,v1) homotopy of topological Hochschild homology of the nonconnective K (1)-local sphere.
This is trivial, however, since

(S/p)«(Lk(1)S) = P(vi") @ E(ay),

and therefore the map induced by wv; is multiplication by a unit on homotopy groups
and therefore V(1).Lg(1)S = 0. Since THH(Lg1)S) is a L (1)S-algebra, the spectrum
V(1) NTHH (L 1)S) is contractible. It would still be interesting to study S/p.THH (L 1)S),
but this would not help us approach S/p.K(Lg1)S) because Theorem 1.1 only holds for
connective spectra.
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