Summability Properties for Multiplication
Operators on Banach Function Spaces
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Abstract. Consider a couple of Banach function spaces X and Y over
the same measure space and the space X¥ of multiplication operators
from X into Y. In this paper we develop the setting for characterizing
certain summability properties satisfied by the elements of XY . At this
end, using the “generalized Kothe duality” for Banach function spaces,
we introduce a new class of norms for spaces consisting of infinite sums
of products of the type zy with x € X and y € Y.

Mathematics Subject Classification (2010). Primary 46E30; Secondary
47B38.

Keywords. Banach function spaces, Kothe dual and generalized dual
spaces, product spaces, multiplication operators, summability proper-
ties.

1. Introduction

Let (Q,%, 1) be a fixed o-finite measure space and consider a couple of Ba-
nach function spaces X and Y related to p. In this paper we introduce a
technique based on topological products of Banach function spaces for ana-
lyzing the summability properties of the multiplication operators from X into
Y. For the definition of such topologies we use the so called generalized dual-
ity for Banach function spaces, which was originally studied by Maligranda
and Persson in [9]. The Y -dual space of X, denoted by XY, is the space of
measurable functions g defining a multiplication operator (also denoted by g)
from X into Y, that is, (g,2) = gz € Y for all z € X. This notion includes

the classical Kéthe dual (or associate) space X' = XL,

The first author thanks the support by UPV (PAID-06-08 Ref. 3093), MEC (TSGD-08
and D.G.I. #MTM2006-13000-C03-01) (Spain) and FEDER. The second author thanks
the support by UPV (PAID-06-08 Ref. 3093), MEC (D.G.I. #MTM2006-11690-C02-01)
(Spain) and FEDER.



Given 1 < p < oo and Z another Banach function space related to p,
our goal is to characterize when a multiplication operator ¢ € XY is what
we call (p, Z)-summing, that is, when there exists K > 0 such that for every
T1yees Ty € X,

- 1/p - 1/p
(D lgwilly) ™ < & sup (S lfwilly) (1.1)
i=1 feBxz >

An operator satisfying this kind of inequality is interesting as it transforms
sequences which are summable in a certain weak sense into strongly summable
sequences.

Some relevant well known geometric and topological properties involv-
ing vector norm inequalities for operators can be written as particular ex-
amples of this general class of inequalities when Z is chosen adequately. For
instance, in the case when X is order continuous, the positive p-summing
multiplication operators coincide with the (p, L!)-summing ones, or in the
case when X is order semi-continuous and p-convex with constant 1, the p-
concave multiplication operators coincide with the (p, LP)-summing ones (see
Section 4).

Inspired in part by the representation theory of operator ideals as dual
spaces of topological tensor products (see for instance [5]), we show that
the subspace of XY of all (p, Z)-summing multiplication operators can be
described as the Kothe dual of a product space with a particular normed
topology given by a certain d, z-norm. Actually, there is an abuse of the
notation as the “d, z-product space” of X and Y consists of infinite sums
of products of the type xy with x € X and y € Y. As a consequence of the
above description, some factorization theorems for multiplication operators
which play a central role in the theory of the Banach function spaces (Reisner
and Maurey-Rosenthal’s theorems) provide sufficient conditions for (p, Z)-
summability type properties to hold.

The paper is organized as follows. Section 2 contains the definitions
and some results concerning product spaces which will be necessary for our
work. In Section 3 we introduce the d, z-product spaces which will allow
us to characterize in Section 4 the (p, Z)-summing multiplication operators.
Moreover, in Section 4 we show conditions on X, Y and Z guaranteeing that
every multiplication operator from X into Y is (p, Z)-summing. Examples in
which these conditions hold are provided in Section 5 by using the already
quoted factorization theorems.

2. Preliminaries and first results

Let (©, %, i) be a fixed o-finite measure space and denote by L° the space of
all (a.e. classes of ) real measurable functions defined on Q. A Banach function
space is a Banach space X C L° with norm || - || x, satisfying that if f € L°,
g € X and |f| < |g| a.e. then f € X and || f||x < ||g||x. Note that in this
case, X is a Banach lattice for the pointwise a.e. order. A Banach function



space is order continuous if every order bounded increasing sequence is nor
convergent. A Banach function space X has the Fatou property if for every
sequence (f,) C X such that 0 < f,, T f a.e. and sup,, || fn|lx < 00, it follows
that f € X and ||fn]lx T ||fl|x. A Banach function space X is order sem-
continuous if f, f, € X with0 < f,, T f a.e. implies || fu|lx T || fllx. Of course.
if a Banach function space X is order continuous or has the Fatou property.
then X is order semi-continuous. For issues related to Banach function spaces.
see [12, Ch. 15] considering the function norm p defined as p(f) = || f]|x i
f € X and p(f) = oo in other case.

Given two Banach function spaces X and Y, the Y -dual space of X is
defined by

XY ={helL’: hfcy forall fc X},

that is, the space of functions in L° defining a continuous linear operator
from X into Y. The continuity follows from the fact that every positive
linear operator between Banach lattices is continuous, see [6, p. 2]. The space
XV is a Banach function space with norm

|l xv = sup [|Af|ly, forhe XY,
feBx

if and only if X is saturated, that is, there isno A € ¥ with u(A) > 0 such that
fxa=0a.e. forall f e X,see[9, Proposition 2] and [2, p. 3]. The saturatior
property is equivalent to the following one: for all A € ¥ with p(4) > (
there exists B € % such that B C A, u(B) > 0 and xp € X. This is alsc
equivalent to X having a weak unit, i.e. a function g € X such that g > 0 a.e.
As we have already noted, the classical Kothe dual space X’ coincide with
XLI, the L'-dual space of X. In this case, X’ is saturated whenever X is
so. However, the generalized dual X of X may be non saturated even if X
is saturated. For these and other comments about saturation involving the
spaces XY see [2].

Let us introduce now the product spaces which will be the basic setting
for defining the d,, z-product spaces in Section 3.

Definition 2.1. The 7 product space XmY is the space of functions z € Lt
such that |z| < .o, |zsyi| a.e. for some sequences (z;) C X and (y;) C Y
satisfying >, [[il x [yilly < oc. For z € X7Y', consider

m(2) = inf { 3 flallxluilly }.
i>1
where the infimum is taken over all sequences (x;) C X and (y;) C Y suct

that |2 <3 iy [ziyil ae. and 3255, [zl x[|ylly < oo

The space X7Y is clearly an ideal of L° and m(v) < m(z) whenever
|v] < |z| a.e. It can be routinely checked that 7 is a seminorm. However.
there are cases in which 7 is not a norm.

Ezample. Let ([0,1],B8([0,1]),m) be the fixed measure space, where B([0, 1])
is the o—algebra of all Borel sets of [0, 1] and m is the Lebesgue measure or



[0,1], and consider the product space L'wL?. For the intervals A% = [“=1 ﬁ]
with 7 = 1,...,n, we have that xjo1] < > /"1 xa» and

n

aeE0 -

i=1

n
m(xpo.) < D Ixaplles lxa
i=1
Then, taling limit as n — oo we have that (xo,1)) = 0, while xjo,yj > 0. So,
7 is not a norm.

Saturation conditions will be crucial for 7 to be a norm under which
X7Y is a Banach function space. We write “X —, Y” (“X —,; Y") if X
is continuously contained in Y with ||z|ly < ¢l|lz||x (||z|ly = ||z||x) for all
r € X. If X =Y with equal norms, we write X =Y.

Proposition 2.2. The following conditions are equivalent:

(a) X7Y is a saturated Banach function space.

(b) X,Y and XY are saturated.
Moreover, if (a)-(b) holds, we have that

(i) X7Y <1 (XYY,
(i) (X7Y) =XY =vyX,

Proof. (a) = (b) Let us see that X is saturated. If this is not the case, there
exists A € ¥ with u(A) > 0 such that xx4 = 0 a.e. for all x € X. Since
X7Y is saturated we can take B € 3 such that B C A, u(B) > 0 and xp €
X7Y. Let (z;) C X and (y;) C Y be such that Y. ||zl x||yilly < oo and
XB <D sy |Tiyil a.e. Then, xp = xB - x4 < D5y [Tixayi| = 0 ae. and so
u(B) = 0, which is a contradiction. Similarly, Y is saturated. Then, the spaces
Y’ and X' are Banach function spaces. Let us prove that XY = (X7Y
and so we will have that XY is saturated as (X7Y) is so. Let h € XY,
Given z € X7Y and (z;) C X, (y;) C Y with Y. ||l x||villy < oo such
that |z| < >, |7y a.e., using the monotone convergence theorem, we have

/thIdu < Z/Ihxiyildu <Dy lyilly < Ikl Y- lellxlyally-
i>1 i>1 i>1

Then, [ |hz|dp < [|h]xv: - 7(2). So, h € (X7Y)" and |[h]|(xxy)y < [hllxv-

Consider now h € (X7Y)'. For every x € X and y € Y, we have that

xy € X7Y and so hzy € L'(u). Then, hax € Y’ for every z € X, that is,

h e XY'. Moreover, since 7(xy) < ||z| x||ylly for z € X and y € Y, it follows

IIh]l xy» = sup sup /|hxy|du§ sup /|hz|d,u:||h||(X,ry)/.

r€EBx yEBy 2€EBxry

(b) = (a). Note that from the hypothesis (X¥") is a Banach function
space. Let us see that X7V < (XY'). Given z € X7Y, (z;) C X, (y;) C Y



such that 37, |zl x lyilly < oo and [2] < 37,5, [ziyi ae., for every h €
XY

/ ehldp < S / haagalde < 3 Ihaaliv lgilly < Il 3 il el

i>1 i>1 i>1

and so [ |zh|dp < ||h||yv: - 7(2). Then, z € (XYY and [2ll(xvry < m(2).
Hence, m(z) = 0 implies z = 0 a.e. That is, 7 is a norm on X7Y.

Let (zn)n>1 C X7Y be such that z, > 0 and >, o m(2,) < oco. Let
us prove that ) o, 2z, € X7Y (i.e. X7Y has the Riesz-Fischer property)
and so X7Y will be complete, see [12, Ch.15, §64, Theorem 2]. Given & > 0
there exist (27); C X and (y}); C Y such that z, <>, |2]y]| a.e. and
ZjZl 23 | x 119} [y < 7(2n) + 5= So, anl Zn < anl ijl |25y} | a.e. and

SN lalx iyl < 37 wen) + ¢ < oo

n>1;5>1 n>1

Note that 2 := 3, -, 2, < 0o a.e., since taking h € XY such that h > 0 a.c.,

we have that
/ haldi < [l S5 a2 lx g lly < oo
n>1j>1

which implies that |hz| < co a.e. Then, z € X7Y and 7(z) < Y o, m(2n).

Therefore, it follows that X7Y is a Banach function space. Moreover,
given A € ¥ with u(A) > 0, since X is saturated, there exists B € ¥ such
that B C A, u(B) > 0 and xp € X. Since Y is also saturated, there exists
C € ¥ such that C C B, u(C) > 0and x¢ € Y. Then, x¢ = x5 xc € X7Y
and so X7Y is saturated.

Suppose (a)-(b) holds. Claim (i) has been proved in (b) = (a). The first
equivalence in (ii) has been obtained in (a) = (b). For the second equivalence,
just note that X7Y =YnX. a

The proof of the completeness of X7Y in the previous proposition can
also be obtained as a consequence of the fact that X7} is saturated. This
can be found in [8], where these notions are developed in the general frame
work of the function norms. The space defined in a similar way as X7Y by
taking finite sums has been independently studied in [11] obtaining similar
results, although for the completeness the pointwise product Bx - By of the
unit balls of X and Y is required to be convex.

Remark 2.3. Suppose (a)-(b) in Proposition 2.2 holds. Then, if (z;) C X and
(ys) CY with >°,o; [lzil| x [|ys|ly < oo, we have that >, |z;y;| € X7Y. In-
deed, taking h € XY such that k > 0 a.e., it follows that SR> oy lziyildp <
oo and so ) .-, |7;yi| < oo a.e. As a consequence, every z € XY is actu-
ally an infinite sum of products of the type xy with x € X and y € Y.
Indeed, if (x;) C X and (y;) C Y with >0, [|zs||x|lvilly < oo and |z| <
2@1 |z;y;| a.e., taking v = 2121 |zsy;| and & = ZXgupp (vy|Ti| € X (as



2 Xsupp (v) € Br=), we have that z = > .-, #;|y;| a.e. This fact may fail if
XY is not saturated. The series can be even divergent a.e. For instance, tak-
ing ' = yar € L' and ¢y = Lxar € L? for i = 1,...,n in Example 2, we
have that

- "1 1/1\3 1
S el il =30 > (5) = <o

n>1i=1 n>1i=1 n>1 12
while 35 o D00 27 = D00 1 =0c0ae.

Example. Let us show some particular cases of m-product spaces.

(i) XwL> = X even if X is not saturated. This is direct from the definition
of m-product space.

(ii) If X is saturated, from a classical Lozanovskii’s result ([7, Theorem 6])
it follows that X7 X' = L.

(iii) Let 1 < p < oo. The p-power of a saturated Banach function space
X is the Banach function space given by X? = {x € L? : |2|P € X}
with norm ||z||x» = || |=]? ||§(/p for x € XP, see [9, Proposition 1]. If
1<rq<oosatisfy 1/r =1/p+1/q, from [9, Lemma 1], it follows that
XPr X7 = X". Moreover, if Y is another Banach function space and 0 <
6 < 1 we obtain the Calderén-Lozanovskii interpolation space X?y1=¢
as the m-product space X/ 7Y1/(1=9) (see [3] and [11, Section 2]).

We end this section with a result which will be useful along the paper.

Lemma 2.4. Assume that X, Y and Z are saturated Banach function spaces
such that XZ and Z¥ are saturated. Then, X?nZY is a saturated Banach
function space and satisfies

XZrZY <, XV

Proof. Let us see that (XZ)(ZY)/ is saturated and so, by Proposition 2.2, we
will have that XZ7ZY is a saturated Banach function space. Take z € X
such that z > 0 a.e. and ¢y’ € Y’ such that ¢’ > 0 a.e. Then xy’ > 0 a.e. and
for every f € XZ and g € Z¥, as Z¥ —, Z¥" = (Y")Z (see for instance [2,
§2(3) and Lemma 3.1(a)] and Proposition 2.2(ii)), it follows

1w foldu < o fll2ly'glz < o0
and so zy’ € (XZ)(Z7)
Given z € X?rZY, consider sequences (f;) C X% and (g;) C Z¥
satisfying that 3 ., [ fill xz [lgill zv < oo and 2] < 37,5, [figi| a.e. For every
xz € X, we have that |zz| < Zizl | figiz| a.e. with

o lfigizlly <D M fiwlzllgillze < llallx Y 1 fillxzlgill zv
i>1 i>1 i>1

and so zx € Y with [[zz|y < ||z||x - 7(2). Hence, z € XY and satisfies

Izl xy < 7(2). 0



Note that the hypothesis of Lemma 2.4 are satisfied for instance if X
is saturated and X C Z C Y since in this case L™ is contained in both X%
and ZY.

3. The d, ;-product spaces

Throughout this section, X, Y and Z will be saturated Banach function
spaces such that X% and ZY' are saturated. Then, by Lemma 2.4, we can
consider the saturated Banach function space X472 Y" which is contained in
XY’ In particular, XY is saturated and so, by Proposition 2.2, we also can
consider the saturated Banach function space X7Y'.

Let 1 < p < co. For any Banach space E and (e;) C E, we will denote
1/p
lelzp = (D lleil)
i>1

if p < oo and for the case p = oo,

[(e)ll 2,00 = sup [lei]| -
i>1

Definition 3.1. The d, z-product space Xd, 7Y is the space of functions h €
LY such that |h| < 37,5, |z:yi| a.e. for some (2;) C X and (y;) C Y satisfying

1@)llypr - sup [[(fzi)]|zp < o0, (3.1)

€B,z

where 1 < p’ < oo is such that 1/p+1/p’ = 1. For h € Xd, Y, we denote

dp.z(h) = inf {|w)llv.p = sup [1(Fz2)llzp },
feB

xZ

where the infimum is taken over all (z;) C X, (y;) C Y satisfying (3.1) such
that [h] <37 [ziys] ae.

Proposition 3.2. The space Xd, zY is a Banach function space with norm
dp,z. Moreover,

Xdy 7Y < (XZn2Y').

Proof. Let h € Xd, 7Y and take (z;) C X, (y;) C Y satisfying (3.1) such
that [h] <375 [2:yi| a.e. Consider a function { € X?72Y" and (f;) C X7,

(g;) C Z¥ =Y7Z with [¢| < > figilae and 3o o || fillxzllgjlly 2 < oo



Then

[neldn <35 [loastiasldu < 3 loisilzliss

i>1i>1 i>1i>1
< lgilyz > llzifillzllilly
=1 i>1
< lgslly 2 1 5aa)ill 2ol () [y
=1

< (X flxzlasly=) - (Il

v sup [(f20)llzs)-
feB

xZ

So, h € (XZxZY") and ||hl|xzpzv'y < dpz(h). In particular, dp, z(h) = 0
implies h = 0 a.e.

Note that if h € Xd, zY and (z;) C X, (y;) C Y are such that |h| <
> i>1 |ziyil a.e. and satisfy 0 < |[(yi)[lv,p - supsep _, [[(fi)llzp < oo, then
there exists (Z;) C X and (;) C Y such that |h| <>, |T:7] a.e.,

~ 1/’
1@y = (Il sup (Fz)lzp)
feB

xZ

and

1/p
swp [|(/7)z = (1@ lvar - sup (Fai)llz)

fEByz fEByz

Indeed, the vectors

- 1 —1/p’
& = |l(y) IV - (fs;p I(fz)llzp) " - @,

xZ

- _1 1/p’
G = lwally? - ( sup [(Fe)llzp) " - i
feB

xZ

work.

Let (h,) € Xd, zY such that > -, d, z(hy,) < co. Let us prove that
h =3, <1 hn € XdpzY with dpz(h) < >, <, dpz(h,) and so we will
have thatid,h 7 satisfies the triangular inequality and X dp,zY has the Riesz-
Fischer property. Given € > 0, we can take (zI'); C X, (y1"); C Y satisfying
that hy, <> .o |z]'y}| a.e. and

n n €
1 )il | Sup I(Fa?)illzp < dpz(hn) + o7

xZ

Note that h € LO, since taking & € XZ7ZY" such that £>0ae and (f;); €
X7, (9;5); € 27 =Y7 with 3, 1 fjlxzll9jllyz < ocoand & <375, |fi;l



a.e., denoting h = > n>1 || we have that

/ <Y / ey figsldn < S5 2t fi g

j>1n>1i>1 j>1n>1i>1
<Y llgillyz 20> et fillzllyi v
j>1 n>14i>1
<N lgily= - (@Dillver - 1203l 2 )
j>1 n>1
< (Ylgslly=If5lx2) - (3 (N@)illvar - sup [1(F22)illz))
i>1 n>1 f€Byz
< (X lgillyzrilxz) - (2 3 dpz(ha)) < o0
j>1 n>1

and so h < 0o a.e. We can assume that ||(Z/?)i||Y,p/'SqueBXZ 1(fz?)illzp >0
as in other case dp z(hy,) = 0 and so h,, = 0 a.e. Consider (Z}'); and (g}"); as
above. Then, |h| <> o, > .~ |Z7y]| a.e. and it can be checked that

@ )nallvar - sup ||<f:z?>n.,z—uz,psZ(H(ymnw'fsup I1(F)ill 2 )-

€Byz n>1 €Byz

Thus, h € Xd, zY and dj, z(h) <> < dp z(hy).

The remaining conditions for Xd, 7Y to be a Banach function space
are clear and we have already shown in the beginning of the proof that
Xdy 7Y < (XZ72Y'). O

The norm 7 of X7Y can be described as follows. For every z € XnY,

w(2) = inf {1 @3) . - 190 v } (3:2)

where the infimum is taken over all sequences (z;) C X and (y;) C Y such
that |z| < 37,5, [z a.e. and [|[(23)]|x,p - [|(¥i)lly,pr < o0. The proof of this
fact is a routine computation after noting that if (z;) C X and (y;) C Y are
such that |z| < 37,o, |ziyi| ae., then for #; = (||| x|villy)/P -2~ € X

ll=ill x
”ygjhy € Y we have that 2,7, = x;y; and ||(Z;) || xp-

v = i [zill x |yilly . Since XX = L> (see [9, Theorem 1]) and

and §; = (|l x 1y lly)'/*'

11(2:)]

sup || (fzi)llxp = [1(@)] x,p,
fE€EBL>

from (3.2), it follows that X7Y = Xd, xY. Hence, the m-product spaces are
particular cases of the d, z-product spaces.

Proposition 3.3. The space Xd, 7Y is saturated and satisfies
XY —1 Xdp zY.



Proof. Let h € X7Y. By (3.2) there exist (z;) C X, (y;) C Y such that
W] < 2isq |zayil ae. and || (i) | x p - | (i) llypr < oo. Since

sup [|(fzi)llzp < (i)l x.ps

fe€Byz

we have that h € Xd, .Y and dp z(h) < m(z). Then, X7Y —; Xd, zY and
in particular, Xd, 7Y is saturated. O

4. (p,Z)-summing multiplication operators

Let us recall the definition given in (1.1). Given X, Y, Z saturated Banach
function spaces, a multiplication operator g: X — Y is (p, Z)-summing if
there exists a constant K > 0 such that for every z1,...,z, € X,

n 1/p n 1/p
(S lgwilly) " < i sup (3 Nfwilly)
i=1 feBxz *i5

if1<p<ooand sup [gzlly <K sup ( sup ||f:cz||Z) if p = 0.

i=1,...,n f€Byz “i=1l,...,n
Some relevant classes of multiplication operators between Banach func-
tion spaces can be obtained as particular (p, Z)-summing operators. Let us
show some examples.

(I) p-concave multiplication operators. Let 1 < p < co. Recall that a linear
operator T: E — F, from a Banach lattice E into a Banach space F, is
p-concave if there exists C' > 0 such that for every z1,...,x, € F,

(; )" < cH(i i)’

Every (p, LP)-summing multiplication operator g: X — Y is p-concave.
Indeed, noting that X «; XE"L” (see for instance [2, §2(3)]), we have
that there exists K > 0 such that for every z,...,x, € X,

n »\ /P " » \M/P
(D lgwilly) " <& swp (3 Ifwillt)
i=1 fe€Bxir “i5

n 1/p
ks [ (S)”]
fEBXLP i=1
n 1/p
=K [ (k) o0
i—1
i 1/p
(3
i—1

E.

Lp

X'



Recall that a Banach lattice E is p-convex with constant K if for all
Ty,..., Ty € B,

n 1/p " 1/p
o), ()™
i=1 i=1

If the contrary inequality holds, then FE is called p-concave. In the case
when X is p-convex with constant 1 and order semi-continuous, the in-
equality (4.1) is an equality (see [2, Proposition 5.3(ii)]) and so the class
of the p-concave multiplication operators from X into Y coincides with
the class of the (p, LP)-summing ones.

Positive p-summing multiplication operators. Let 1 < p < co. An opera-
tor T : E — F, with E a Banach lattice and F' a Banach space, is positive
p-summiang if there exists K > 0 such that for every z1,...,x, € F,

Eroon)”<x 1, (Ere)”

where E* is the topological dual of E, see [1]. Every (p, L')-summing
multiplication operator g: X — Y is positive p-summing. Indeed, noting
that each f € X’ can be identified with an element of the dual space X*
via (f,z) = [ fodp for all z € X with ||f||x = ||f||x~, we have that
there exists K > 0 such that for every zq,....,x, € X,

i 1/p - 1/
(S lgkeat18) " = (32 lgailf)
i=1 i=1
- 1/p
sup (Dl faillt )
o=t

n

— & swp (Y01 I?)

IN

feBx i=1
2 1/p
sup <Z| sl |p) . (4.2)
r*EBx* i—1

In the case when X is order continuous, the Kothe dual X’ can be iden-
tified with the whole space X* (see for instance [6, p.29]) and then the
inequality (4.2) is just an equality, so the class of the positive p-summing
multiplication operators from X into Y coincides with the class of the
(p, L')-summing ones. The analogous result holds for p = co.

From now and on X, Y and Z will be saturated Banach function spaces

such that X% and ZY are saturated. In this case, by Lemma 2.4, we have
that X47ZY is a saturated Banach function space. Moreover, since zZY" is
also saturated (as it contains ZY), we can consider the space Xd, zY’. Let
us show now our main result which gives a characterization of the space of

all (p,

Z)-summing multiplication operators from X into Y, whenever Y is

order semi-continuous. Note that, adopting the notation given in Section 3,



a function g € XV is (p, Z)-summing if there exists a constant K > 0 such
that for every x1,...,z, € X,

[(gzi)llyvp < K sup |[[(fz)llz,-

€Byz
In this case, the inequality also holds for infinite sequences.

Theorem 4.1. Assume that Y is order semi-continuous and let g: X — Y
be a multiplication operator. Then, g is (p, Z)-summing if and only if g €
(Xd,zY").

Proof. Suppose that g is (p, Z)-summing. Given h € Xd, 7Y’ and (z;) C X,
(y;) C Y satistying (3.1) for Y” instead of Y and such that |h| <37, [zy;]
a.e., we have that

/Ighldu< Z/\gxzylldu

i>1

<> lgailly lyilly

i>1
< l(gza)llyp - 1@y pr
<K wllyr - sup [[(f2i)llzp < oo
fe€Byz
and so g € (Xdp zY').
Let us prove the converse. Suppose that g € (Xd, zY’)" and let
Z1,...,&, € X. Suppose first that 1 < p < co. Given € > 0, since |lylly =

[lylly~ for all y € Y as Y is order semi-continuous (see for instance [2,
p.4,5]), there exists y, € By~ such that ||gz;|ly < ec+ [ |gz;y}|dp, where

1/p’ _ . -
e = (S0 lgaalt) " /(0 llgal57Y). Then, denoting § = g 12"y,
we have that

lengllp —Zl\ngllp Hlgilly

i=1

Z \gfcill’{fl(ew/lgxiyildu)

= n

(Z \glelp /IQIZIM/zIdu

< (S lozlly) "+ lgllxa, avey di.z (Zmyz)

1=

—_



Noting that

b3t =
<

mup) s (annp)
—1)y /v’ 1/p
Jowd @) s (S sait) "
fe€Byz =1

M= 1 M:

I
—

7

we obtain

n n 1/p’ - 1/p
S gl < (3 llglly ) -(e+|g|<Xd,,,Zw sup (£l
i—1 i—1 f€Bxz i

and so

- 1/p
(ool ) ™ <&+ lgllxa, avey suw (Z I7za) "
=1

Since ¢ is arbitrary, ¢ is (p, Z)-summing. For the case p = oo, given € > 0,
there exists y, € By~ such that ||gz;||y <e+ [ |gz;y}| dp, and then

sup |Ig:vzlly<6+ sup \gsy;| dp

i=1,...,

.....

<e+ ||9||(de,zY/)/ Sup oo,z (i)
i=1,...n

<etloloracary s (lofly - sw fzlz)

i=1,...n €Byz

<e+glixan vy sup (sup |fwilz),
feByz i

i=1,...n
so g is (00, Z)-summing. O
Note that under conditions of Theorem 4.1, from the proof it follows
that [|g[/(xq, ,v) is the smallest constant K satisfying the inequality of the

definition of (p, Z)-summing.
By Proposition 3.2 and Proposition 3.3,

X7Y' sy Xdp 7Y 1 (XZ22Y"Y.
Then, (XZWZY”)” S, (Xdsz’)/ ., (Xﬂ'Y/)/ (see for instance [2,

Lemma 3.1(b)]) and since XZ72ZY < XZrxz¥" (XZWZY“)N and
(X7Y') = XY (see Proposition 2.2(ii)), we have that

XZrZY oy (XdypzY') 1 XY (4.3)
On the other hand, from Lemma 2.4, it follows that
X772Y o XY s XY (4.4)

Rewriting Theorem 4.1, whenever Y is order semi-continuous, we get

{9€ XY : gis (p, Z)-summing } = X' N (Xdsz’)/.



In the case when Y has the Fatou property (i.e. Y = Y"), from (4.3), it follows
that the space of (p, Z)-summing multiplication operators from X into Y is
just (Xd, Y’ )/, in particular, it has the Fatou property as it coincides with
the Kothe dual of a Banach function space.

From (4.3), (4.4) and Theorem 4.1, we obtain that under the assumption
of order semi-continuity for Y, if g € X?7Z" then g is a (p, Z)-summing
multiplication operator from X into Y. A direct computation proves that
this holds also without any assumption on Y. In particular, if a multiplication
operator g: X — Y factorizes through Z via two multiplication operators (i.e.
g = fhforsome f € X% and h € ZY), then g is (p, Z)-summing. Let us show
a useful consequence of (4.3), (4.4) and Theorem 4.1.

Corollary 4.2. Let Y a Banach function space with the Fatou property and
suppose that X?nZ¥ = XY . Then

{g€ XY :qis (p, Z)-summing} = (Xd, zY') = X”.

The Fatou property for Y is necessary in the result above. An easy
counterexample can be given if it is not satisfied. Take X = (>, Y = ¢g
and Z = (. Then XY = ¢y and X?7ZY = (*®ncy = ¢y = XY . However,
0F = 1m0t = (°d, ' (see the comments before Proposition 3.3), and
then (Xd, zY') = (£>d, g ') = 0.

Corollary 4.2 provides conditions guaranteeing that the space consisting
of all (p, Z)-summing multiplication operators from X into Y coincides with
the whole space XY . This is not a general fact, as the following example
shows.

Ezxample. Consider 1 < p < ¢ < r < oo and the spaces X = /P, Y = {9 and
Z = {". Note that, since X? = XY =/(>® and ZY = for 1/s = 1/q—1/r (see
[9, Theorem 2 and Proposition 3]), in this case X7 ZY = (¢ =5 ¢ XV
The space of (¢, ¢")-summing multiplication operators from ¢ into ¢7 is just
the space of sequences g € £ satisfying

1(g:)llea e < Kfsup [CFzi)llere = KNl (@a) e e

PAS]

for some constant K > 0 and for every x1,...,x, € ¢P. Clearly, there exist
elements of £>° which do not satisfy the above inequality (e.g. ¢ = (1,1, 1,...)).
Note that, since X47ZY = (¢ every g € (% is (t,{")-summing for all
1<t < o0

Other conditions different from those in Corollary 4.2 under which every
multiplication operators from X into Y is (p, Z)-summing are presented in
the following result.

Proposition 4.3. Assume Y is p-concave, Z is p-conver and X —; X%Z.
Then, every g € XY is (p, Z)-summing.



Proof. Let g € XY . Given z1,...,x, € X, we have that

(Stoats)"” < | (Slawt) ],
()"

=1

< Ky lgllxr

X

()",

Z i=1

=K1 |lgllxv sup
feBy

< Ki K lgllxr sup (annp)

where K7 is the p-concavity constant of Y, K5 is the p-convexity constant of
Z and for the equality we have used that ||z||x = ||z| xzz forallz € X. O

Actually in Proposition 4.3 X and X# being saturated are enough in-
stead of the saturation conditions required before Theorem 4.1. Conditions
under which X «; X#7Z are studied in [2]. Finally, note that every multipli-
cation operator from X into Y is (p, X)-summing and (p,Y)-summing.

5. Applications

Let us finish the paper by applying several important factorization theo-
rems for multiplication operators to the results obtained for the d,, z-product
spaces. Summability properties of these operators are obtained in a straight-
forward way from Corollary 4.2.

5.1. Reisner’s theorem

Let Z be a Banach function space satisfying that LY C Z C L}, ., where L
denotes the space of functions in L with support havmg finite measure and

L}, denotes the space of locally integrable functions. Given 1 < p < ¢ < oo,
consider r defined by 1/r =1/p—1/q. If Z is p-convex with constant K; and
g-concave with constant Ky, then for every ¢ > 0 and g € (L9)Y" = L" (see [9,
Proposition 3]), the multiplication operator g: L? — LP has a factorization as

L J

T~

(i.e. g = fh) where f € (L9)% and h € Z*" are such that
[fllwayz - [1Pllzer < (1 + ) K1 K|l (z0)2r

(see [10, Theorem 1]) and so g € (L9)?7Z%" with 7(g) < K1 Ks|\gllpayeer-
Hence, (L) g k, (L9)?7Z"" . Note that Z-" and (L%)% are saturated,
see the comments in [2] after Proposition 5.3 and Theorem 5.4. Then, by

r




Lemma 2.4, we have (L9)?7Z%" <, (L9)L". Hence, (L9)?7Z"" = (L9)*"
(with equal norms if K7 K5 < 1). Therefore, from Corollary 4.2, we obtain
the following result.

Proposition 5.1. Let 1 < p < g < oo and r such that 1/r =1/p—1/q. If Z is

a p-convex and q-concave Banach function space such that L C Z C L},

then the space of (s, Z)-summing multiplication operators from L9 into LP
(for any 1 < s < 00) coincides with the whole space L, which also coincides
with (L4dg 7 LP")'.

Note that under conditions of Proposition 5.1, the norm 7 of (L9)Y 7Y %"
is equivalent to 7, defined on g € (L‘I)YWYLP as
#(g) = inf {||fu(m)y Ihllyer g = fhwith f € (L9 and h € YL”}. (5.1)

The norms 7 and 7 coincide whenever K1 Ko < 1.

5.2. Maurey-Rosenthal’s theorem

Let 1 < p < oo. Recall that a linear operator T: E — F, from a Banach
space F/ into a Banach lattice F, is p-convex if there exists C' > 0 such that
for every z1,...,z, € F,

(o), = ()™
i=1 2

Consider a saturated Banach function space Y being order semi-continuous
and p-concave with constant Ky. If T: E — Y is p-convex with constant Ko,
then there exists a function 0 < h € (LP)Y and an operator R: E — L such
that T factorizes as

T

A~

LP

E Y

and |2l ey [|RI|E—rr < K1K>2 (see [4, Corollary 2]). If a saturated Banach
function space X is p-convex with constant K, it is direct to check that every
multiplication operator g : X — Y is p-convex with constant K ||g|| xv . Then,
there exists 0 < h € (LP)Y and an operator R: X — LP such that gr = hR(x)
for all ¥ € X and ||hl|(pr)v [|Rl|x—rr < K1K|gllxv. Taking f := $x{n>0)
we have that f € X" (as |fz| < |R(z)| for all z € X) and g = fh (as
gr = hR(z) with 0 < z € X implies g(w) = 0 whenever h(w) = 0). Then,
g € XE'n(LP)Y with n(g) < K1 K| g xv. Hence, XY <, x X m(LP)Y.
Suppose that (LP)Y is saturated. For instance, this is the case when LY C
Y C L}, as Y is p-concave. Since X% is saturated (as X is p-convex),
by Lemma 2.4 we have that X" 7(LP)Y <, XY. So, X 'n(LP)Y = XY
(with equal norms if K1 K < 1). Therefore, from Corollary 4.2, we obtain the
following result.



Proposition 5.2. Let 1 < p < co. Given two saturated Banach function spaces
X and'Y such that X is p-convexr and Y 1is p-concave, has the Fatou prop-
erty and satisfies that (LP)Y is saturated, then the space of (s, LP)-summing
multiplication operators from X into Y (for any 1 < s < 00) coincides with
the whole space XY, which also coincides with (Xds »Y")'.

Note that under conditions of Proposition 5.2, the norm 7 of XL r(Lr)Y
is equivalent to 7 defined on X =" 7(LP)Y in a similar way as (5.1). If K1 K < 1,
the norms 7 and 7 coincide.
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