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We study the behavior of the energy fluctuations in the stationary state of a uniformly heated granular gas.
The equation for the one-time two-particle correlation function is derived and the hydrodynamic eigenvalues are
identified. Explicit predictions are subsequently determined for energy fluctuations. The results explain Monte
Carlo numerical data reported in previous studies [Eur. Phys. J. B 51,377 (2006)].
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1. Introduction

Recent years have witnessed ongoing interest in the
microscopic and macroscopic properties of granular
media. In such systems, a simple ingredient—energy
dissipation resulting from collisions—has far-reaching
consequences [1], with rich phenomenology: non-
Gaussian velocity distributions [2,3], non-equipartition
of energy [4-7], and spontaneous symmetry breaking
[8-10], to name but a few. Theoretically, one of the
tools used to understand this body of phenomena is
kinetic theory, which is extended naturally to these
systems by introducing an ‘inelastic collision rule’ in
which the energy is not conserved. Although most of
the work carried out thus far has focused on the one-
particle properties, and on the study of the correspond-
ing Boltzmann equation, it has been shown that
correlations are also important and, as a matter of
fact, necessary to understand the behavior of the
system when vortices or cluster are developed [11,12],
or even in simpler situations where spatial homogene-
ity is enforced [13,14].

As a consequence of dissipation in collisions, the
total energy of an isolated granular system decays
monotonically in time. Under certain conditions, the
system reaches a homogeneous cooling state in which
the time dependence of the one-particle distribution
function is entirely embodied in the kinetic (so-called
granular) temperature, which evolves with time as 12
[2,15]. It is experimentally difficult to probe such
a regime (see, however, [16,17]). Nevertheless, it is
possible to maintain a granular system in the fast-flow

regime by injecting energy in such a way that
a stationary state is reached. In these states, the
energy injected by the thermostat is compensated by
the energy dissipated in collisions. Several mechanisms
can be introduced in order to obtain a stationary state.
If, for example, energy is injected by a moving
boundary such as a vibrating piston, the system
reaches an inhomogeneous stationary state [18]. In
this work, we will focus on a granular gas that is heated
uniformly, coupling the velocity of each particle to
a white noise, the so-called ‘stochastic thermostat’
[3,19-27]. For this kind of forcing, which is relevant
for some two-dimensional experimental configurations
with a rough vibrating piston [28], the system reaches
a homogeneous stationary state after a transient
regime. The advantage of such a driving mechanism
is that it lends itself to theoretical progress. In this
context, the single-particle distribution function has
been characterized [3] and long-range correlations
predicted from a hydrodynamic treatment [21]. More
recently, the fluctuations of the total energy have been
analysed [29] (see also [30] for a related numerical
study in an inhomogenecous system). In Ref. [29], the
second moment of the total energy fluctuations was
evaluated by neglecting the correlations, which, by
and large, could not explain the simulation results.
The objective of the present work is to clarify and
quantify the influence of the inelasticity induced
correlations on the total energy fluctuations.
The methods used bear some similarities to those
reported in [31], where it was shown that, for
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the unforced system, the contribution coming from the
correlations is of the same order as that coming from
the one-particle distribution function itself.

The paper is organized as follows. In Section 2, the
equation for the two-particle distribution function is
derived, taking due account of the thermostat, while in
Section 3 the results are particularized to the homo-
geneous stationary state, which will play the role of our
reference state in subsequent analysis. There we also
summarize the main results already known and
pertaining to the one-particle distribution function.
In Section 4 we analyse the hydrodynamic equations
for a homogeneous linear perturbation of the reference
state, and obtain the corresponding modes and
eigenvalues, which are finally used in Section 5 to
meet our objective and obtain an explicit expression for
the variance of the total energy.

2. Heated granular gas: two-body kinetic description

We consider a gas of N hard disks (dimension d=2)
or spheres (d=3) of mass m and diameter o that
collide inelastically with a coefficient of normal
restitution « [1]. The system is heated uniformly by
adding a random component to the velocity of each
particle at equal times [21,22]. The driving is
implemented in such a way that the time between
random kicks is small compared with the mean free
time. Then, between collisions, the velocities of the
particles undergo a large number of kicks due to
the thermostat. In addition, we will assume that
the ‘jump moments’ of the velocities of the particles
verify
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where we have introduced Av;g=v; gt + A1) — v; g(1),

i,j=1,...,N,

v; p() being the B component of the velocity of
particle /i at time ¢. We have also introduced the
strength of the noise, &, and (---), which denotes the
average over different realizations of the noise.
The non-diagonal terms (corresponding to i and
B=1y) are necessary in order to conserve the total
momentum.

In the dilute limit, assuming molecular chaos, i.e.
that no correlations exist between colliding particles,
and that the sizes of the jumps due to the thermostat
are small compared with the velocity scale on which the
distribution varies, the equation for the single particle

distribution function in our system is the Boltzmann—
Fokker—Planck equation [3,22]
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The inelastic collision operator J[ f|f] reads
Jf1f]=o0"" /de To(vi, V)i (6, v, 0fi(6,v2, 1), (4)

where
To(viova) = / 460G 96 gy — 1. )

with g =v; — v, the relative velocity, ® the Heaviside

step function, ¢ a unit vector joining the centers of the
particles at contact and b;l an operator replacing
the velocities v; and v, appearing on the right by
the precollisional values

vi=bylvi=vi— e (g 6)5, (6)
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The term
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is a diffusive Fokker—Plank term, and is a signature of

the external noise.

As we shall be studying fluctuations, it is
convenient to introduce the two-particle distribution
function, f>(xi, x,, ). The quantity f>(xy, x5, £)dx; dx;
is defined as the number of pairs of particles in
which one lies inside the differential volume dx;
centred in x; and, likewise with dx,, x, for the
second particle. This definition is easily generalized
to  higher  nm-particle  distribution  functions,

fu(x1,...,x,). The evolution equation for f> is [31,32]

ot

= 8(r12)0"  To(vi, v2)fa(x1, X2, 1)
ot / ds[8013) To(v1. v3) + 8(0r23) To(va, v3)]

x f3(x1, X2, X3, 1) + Fru, (®)
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where we have introduced Fry which accounts for
the external driving. The evolution Equation (8)
essentially contains three parts: the free streaming on
the left-hand side, the two terms on the right-hand
side corresponding to collisions, and the last term,
Fry, due to the thermostat. The collisional contribu-
tion is split into one part corresponding to collisions
of particles with velocities v; and v,, and the other
that involves collisions of particles with velocities v;
or v, with a third particle with arbitrary velocity, vs.
The collisional contribution is identical to that
appearing in the absence of forcing [31]. We
concentrate now on the new term, Fry. Assuming
that the sizes of the jumps due to the thermostat are
small compared with the scale in which the distribu-
tion f> varies, we can expand Fry in the spirit of the
Fokker—Planck description [33]

Fn=3 30 3 Bt s
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where we have taken into account Equation (1), and

we have explicitly assumed that the jump moments
Bjj g, do not depend on the magnitude of the velocities
of the particles.

Let us introduce the two-particle and three-particle
correlation functions through the wusual cluster
expansion

ﬁ(xly X2, l) :fl(xls t)fl(x29 [) + gZ(xls X2, t)a (10)
and

S3(x1,x2,x3,1) =f1(x1, Of1(x2, Df1(x3,1)
+g2(x1, X2, f1(x3, 1) + g2(x1, X3, )f1(x2, 1)
+g2(x2,x3, f1(x1, 1) +g3(x1, X2, X3, 1).
(11)

The equation for the correlation function g>(xi, x», f)
can be obtained following the same lines as in Refs.
[31,34]. Neglecting the three-body correlations, g3, in
Equation (8), we obtain

0
|:a[ + L(O)(xl) + L(O)(XZ)]g2(x1 » X2, 1)
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where we have introduced the linear operator K(x; f)
defined as
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and where the permutation operator P, interchanges
the labels of particles « and b in the quantities on which
it acts. As will become clear below, the 1/N term in

Equation (12) is crucial for the calculation of the
energy fluctuations.

3. The stationary state

It has been shown numerically that, after a transient
time, the system reaches a homogeneous stationary
state [21] in which the energy input from the
thermostat is compensated by the energy lost in
collisions. In this section we will particularize the
equations of the previous section to this state,
summarizing the results that are already known
concerning the one-particle distribution function and
that are required for our theoretical analysis.

The Boltzmann—-Fokker—Planck Equation (2) for
the distribution function, fy(v;), in the stationary
homogeneous state is

&(2Y
2 () o0+ =0, 9
V|

It is convenient to introduce the scaled distribution
function xg

Fu) = y(), (15)
VH

where nyy is the homogeneous density, vy = (2Ty/m)"?
is the thermal velocity defined from the granular

temperature
2 1,
Tnz——ifw—mwmwx (16)
dl’lH 2

and ¢=v/vy is the rescaled velocity. The distribution
function has been studied in Ref. [3], where an
approximate expression for xy(c) was derived to
second order in Sonine polynomials [35]
2
e—¢
110 = 5 (1 + w@Sh, (). (D)

with

1 1 1
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and a»(«) a coefficient related to the kurtosis of the
function xy(c)
d (My
d+2(c)3
An approximate expression for a, reads (see [23,36] for
a discussion of various possible approximations)

B 16(1 — a)(1 — 202)
= 73 + 56d — 24ad — 105a + 30(1 — a)a?”

=1+ a(a). (19)

(20)

aj

The expression for the temperature in the first Sonine
approximation is

d& /7

(I — a®)Qnyo!

2/3
Ty = m[ } (1+O(w)), (2I)
where Qu=27"%/T(d/2) is the d-dimensional solid
angle.

We now turn to the equation for the correlation
function, g, y(x, x,). It is convenient to introduce the
rescaled correlation function gy via

nH -
go.u(x1,Xx2) = WgH(hz, ¢, €2), (22)
H

where £ = (n;30"")~! is proportional to the mean free
path and I=r/¢. In these units, the equation for the

reduced function gy reads
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where we have introduced the linearized Boltzmann—
Fokker—Planck operator A(c)
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with rescaled noise amplitude
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As can be seen from Equation (23), the correlation
function, gy, is determined by the properties of the
linearized Boltzmann—Fokker-Planck operator, A,
and by the one-particle distribution function yy.
Consequently, it is important to study the spectral
properties of A, in particular the upper (hydro-
dynamic) part of the spectrum, in order to understand

the fluctuations of global quantities. In the case of
a granular gas in the homogeneous cooling state [37],
and for a system under ballistic annihilation dynamics
[38], it has been shown that it is possible to find the
hydrodynamic eigenvalues and eigenfunctions of the
linearized Boltzmann operator. Once these quantities
are known, it becomes possible to evaluate the
fluctuations of the relevant global quantities in the
so-called ‘hydrodynamic approximation’ [31,34].
Below, we will see that we can evaluate the fluctuations
of the total energy in an equivalent approximation, but
without knowledge of the ecigenfunction associated
with the energy. The only information needed is the
form of the linearized hydrodynamic equations and, in
particular, the eigenvalues.

4. Hydrodynamic equations
4.1. Evolution of homogeneous perturbations

The objective in this section is to consider the
linearized hydrodynamic equations around a homo-
geneous perturbation in order to extract information
about the behavior of a small perturbation of the total
energy.

The complete nonlinear hydrodynamic equations
for a granular system heated by a stochastic thermostat
are [21,25]

0

8 "= =V (26)
—u=-u-Vu——V;P 27
9 ot ) mn ,
&T: —u- VT—%(V -q+ PyViu;) — ¢T + mé&j,
(28)

where Pj; is the pressure tensor, q is the heat flux and

¢ is the cooling rate, which is also a functional of the
distribution function

(1 _ O[Z)mn,(dfl)/ZO,zlfl
= 4dT(d + 3)/ ks T

X /dvl /dvz [vy —vz|3f(r,v1,l)f(r, v, 0).  (29)

Considering a homogeneous state, the previous equa-
tions reduce to

ad ad d

“n=0—-u=0. —T=—¢T 2 30

TR TS ¢+ m&y (30)
In the long time limit, the system is expected to

approach a steady state with a constant temperature
given by the equation

tu(fn) T = mé&;. (31
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Substituting the explicit form of the one-particle
distribution function (15) in the equation above, we
obtain the temperature given in Equation (21).

Now let us consider a homogenecous state close to
this homogeneous stationary state. We can write the
hydrodynamic fields as n(f) =ny +d6n, u(f)=~5u and
T(t)=Ty+3T. We also define the dimensionless
hydrodynamic fields

1) b} 6T
Sp(r) =2, Sw(r) =, (D) =—1. (32)
ny VH Th

where we have introduced the dimensionless time
scale t, proportional to the number of collisions per
particle, defined as

!
‘L’=/dl/v7H=v7Hl. (33)
0

Assuming that the deviations are small, and taking into
account Equations (30) and (31), we can write the
linearized evolution equations for the dimensionless
hydrodynamic fields in this new time scale:

d 0 0 3

—38p =0 —éw =20 — 80 = —pbp — = o0

P P © 5 w © a7 Soop 2(0 ,
(34)

where {y=4£¢y/vy 1s a dimensionless coefficient that is
a functional of the one-particle distribution function in
the stationary state. Its expression in the first Sonine
approximation is [3]

(16 + 3ax)7 V2 (1 — o?)

8+/2dI(d/2) 33)

0

To obtain the equation for 66 we have assumed that the
perturbed distribution function scales as

. n v

100 =<t (5) (36)
where ¥(r) = [27(¢)/m]"/?, and xy is the same scaled
distribution function as for the reference stationary
state. This assumption has already been used and
tested numerically in [21]. Then, the cooling rate ¢
for the state under scrutiny is proportional to 7"%(7)
and we obtain the equation for the linearized energy
written above. Equations (34) indicate that
a perturbation in the total number of particles or
total momentum does not decay, as a consequence
of the fact that these variables are conserved, but

a perturbation in the total energy will decay
(exponentially in 1) to the stationary value,

as expected. Moreover, as the equation for the
temperature can be rewritten in the following form:

a (2 3 2

we can identify the hydrodynamic eigenvalues A =0
and y = — % o, A being (d+ 1)-fold degenerate. For the
sake of clarity, it proves convenient to relabel these
eigenvalues as

3
=0, =0, /\32—550, (38)

where X, is d-fold degenerate. The associated hydro-

dynamic modes, {yﬂ}ﬁﬁ, are

2
y3=28p+80. (39

= 5w,
Y2 w 3

Y1 =294p,
The + sign in the last equation stems from the fact

that an increased density leads to enhanced dissipation,
and hence a lower temperature.

4.2. Enforcing consistency with the linearized
Boltzmann—Fokker—Planck equation description

We now turn our attention to the problem of finding
the linearized  hydrodynamic  equations  for
a homogeneous perturbation, directly from the
Boltzmann—Fokker—Planck equation. Enforcing con-
sistency with the macroscopic considerations of
Section 4.1, we will infer useful properties on the
hydrodynamic part of the spectrum of A(c). We first
introduce the scaled deviation of the distribution
function

d
Sx(e. ™) = [ 1)~ fu(¥] (40)
H
The evolution of the scaled distribution is governed by

9 sxe. ) = A@bx(e. 0, @1)
ot

where the operator A(c) is the linearized Boltzmann—

Fokker—Planck operator defined in (24). Let us also
introduce the scalar product

{f(c) | glo)) = / de i1 () *(©)g(e), (42)

where f* is the complex conjugate of f. Interestingly,

the hydrodynamic modes introduced in (39) can then
be written as

v =(Es18x), B=1223, (43)
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where

2

0 = E©=em(o, E©=(5 ¢ )uuto.
@)

Taking the scalar product of the linearized Boltzmann—
Fokker—Planck Equation (41) with the functions 5_,3, we
obtain the linear Equations (34) (in the hydrodynamic
time scale, that is if we wait long enough so that fast
modes have vanished) only if the spectrum of A admits
the three eigenvalues written in (38), and the associated
‘hydrodynamic’ eigenfunctions, {gﬁ}gfl, obey the
orthogonality condition

Ep | &) = 8p,p.  Br.fo=1,2,3. (45)

In Appendix A, it is shown that the null eigenvalue is
(d+ 1)-fold degenerate, and the corresponding eigen-
functions, & and &,, are determined. Moreover, as
a consequence of particle and total momentum
conservation in a collision, $_1 and &, are the
corresponding left eigenfunctions. We were not able
to demonstrate that A3 is an eigenvalue of A, but we
have shown explicitly that

(& | &) = 0,

In the following, we will assume that A actually
admits this third eigenvalue, with an unknown
eigenfunction &;. With the help of this assumption,
we will see in the next section that it is possible to
define a projector in the hydrodynamic subspace,
which opens the way for evaluating the variance of
the total energy fluctuations.

for f=1,2. (46)

5. Energy fluctuations

In this section, we study the fluctuations of the global
energy for a system in the stationary state. As we are
interested in global quantities, it is convenient to define
a global correlation function ¢y

drcr,c) = / drogu(rene).  (47)

The energy fluctuations can be written as a functional
of this correlation function and the one-particle
distribution function, xy, as [31,38]

2
(GEV ) = ’””TNv;;[ [ et

—i—/dc] /dcz cfc§¢>H(Cl,Cz):|- (48)

In order to evaluate the integral over the correlation
function ¢y, we start from (23), integrating over the

position variable. Assuming periodic boundary condi-
tions, the spacial gradient terms disappear and we have
the following equation for ¢y:

[A(er) + A(er)]pu(er, €2) = I'(cy, e2), (49)

where
T(cr,¢2) = —To(er, ) xu(er) xu(c2)

a—izxﬁ(cl)xﬁ(m. (50)

~ 0
+ So 3c1 .
The solubility condition for Equation (49) is that I" does
not have components in the subspace associated with
the null eigenvalue. In our case, this subspace is
generated by {£,,&,}. Due to the conservation of the
number of particles and total momentum in a collision,
and to the symmetry of the second term of I", we have

(E1(e1)E(e2) | T(er,€2)) = (Ex(e1)E (€2) | T(ey,c2)) =0,
(51)

(E.i(c1)&2,j(e2) | T(ey,€2)) =0,
(52)

(E1(e1)E1(c2) | T(er,e0)) =

for i#j. The case i=j is analysed in Appendix B,
where it is shown that (S_z,i(cl)éz,i(cz) | T'(cy,e2)) = 0.
In order to prove this property, the presence of the
second term on the right-hand side of Equation (50) is
essential. Hence, the solubility condition holds and the
problem of finding ¢y with Equation (49) is well
defined.

Let us also define a projector Py, in the hydro-
dynamic subspace as

3 3
Pioh(er,e2) = ) ) (&g (c1)ép,(e2) | h(er, e2))
pr=1 pa=1

x &g, (€1)€p,(c2), (53)

where {gﬂ};zl are the right hydrodynamic eigenfunc-
tions of the linearized Boltzmann—Fokker—Planck
operator, {E_ﬁ}zzl the orthogonal set introduced in the
previous section, Equation (44), and we have general-
ized the scalar product by

(f(er,e2) | gler,¢2)) = fdcl /ch xi (DX (c2)
x f*(e1, e2)g(er, €2). (54)

Note that Py, is a projector even if the function & is
not the true left eigenfunction of A(c) (remember that
£ and &, are the actual left eigenfunctions associated
with the null eigenvalue). The fact that the set of
functions {"Eﬂ}ﬂ , and {g,g}ﬁ , fulfil the orthogonahty
condition (45) is enough to guarantee that P}, = P),.
Using this projector, we define the ‘hydrodynamic
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part’ of ¢y to be the function

303
Wier,e2) = Praguler, e) = Z Z ag, g,&p,(€1)€p,(2).
Bi=1p=1

(55)
The coefficients ag g, are the quantities we need to
evaluate. As they are essentially the first moments of
the correlation function ¢y, they are directly related to
the integral we have to calculate in (48). It is tempting
to treat &5 as if it was an actual left eigenfunction of the
lincarized Boltzmann—Fokker—Planck operator, and

we will in the following use the approximation

PioA(e;) = PiaA(c) P, (56)

which allows us to find a closed equation for ¢(Hh). This
approximation has already been invoked in other
systems such as the freely evolving granular gas [31], or
the probabilistic ballistic annihilation model [34]. With
the information available on the linearized Boltzmann—
Fokker—Planck operator, it would seem to be the best
that can be done technically. Let us also remark that
the approximation is exact in the elastic limit. In the
inelastic case, some exact results for the fluctuations of
the total energy have been obtained for one dimen-
sional Maxwell molecules [40]. Then, applying the
projector Pj, to Equation (49) and taking into account
the approximation (56), we obtain the following
expressions for the coefficients ag g:
_ (i (e)dp,(e2) | Toler, ) xuler) xu(c2))

BiBa )\‘ﬁl + )\-/32

>

(57)

where it has been assumed that Ag +2Aig #0.
The coefficients associated with the vanishing eigen-
value cannot be calculated using Equation (49), but
are fixed by the boundary conditions. The coefficients
ag g, are evaluated in Appendix C. The expression
for ¢>(]f}) is finally given by

¢i’{) = an&i(er)éi(er) + an[éi(er)és(cr) + &(cr)éi(er)]

+ azzés(er)és(ea), (58)
where a;;=—1, a;3 = — L and a33 can be obtained as
a functional of the one-particle distribution function

 (Es(e)Es(e) | Toler. e2)xu(cn)xn(ca))
33 = 3 . (%9
0

An approximate expression is derived in Appendix C,
and reads

:—15+7d+ 142 — 3(=9 + d(9 + 2d))a

+30(1 + d)a® — 6(9 + d)er®)
T 9d(—19 + 2d(—7 + 3a) + 329 + 2(—1 + a)x))
(60)
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o N=100
= N=1000

N
0.8
\ | \ | \ | \ | \
0'60 0.2 04 0.6 0.8 1
o
Figure 1. Scaled second moment of the energy

fluctuations o% as a function of the restitution coefficient a.

The solid line is the theoretical prediction and symbols
are the two-dimensional Monte Carlo simulation results of
Ref. [29].

Taking into account (48) and (58), the variance of the
energy fluctuations can finally be written as

(BE)) o dd+2) 5 2 D
W—(dz“‘l) 4 +da33—d%.
(61)

2 __
op=N

In Ref. [29], the value of o7 has been measured by
means of the Direct Monte Carlo simulation method
(DSMC). In Figure 1 we compare our theoretical
prediction (solid line given by (61)) with the DMSC
simulations results (symbols). The agreement is satis-
factory for the whole range of inelasticities, at variance
with the theoretical attempt put forward in [29], which
neglected velocity correlations. In particular, we note
the non-trivial result in the elastic limit
limg_ - 0%(a) = d/3 (i.e. 2/3 in Figure 1, which is
well obeyed), while in the free cooling regime, this
quantity vanishes [31]. We emphasize that the elastic
limit is singular: the behaviour for elastic systems with
a=1 is not approached by taking the quasi-clastic
limit «— 1~ (we note that the divergence of the
different moments of the velocity distribution as o — 1
is nevertheless indicative of the absence of a stationary
state when o =1). Such a singularity has already been
reported in one dimension [39], but, to our knowledge,
not for two-dimensional granular systems. It is also
interesting to note that the singular nature of the quasi-
elastic limit appears at the two-body level through the
energy fluctuations, while, as far as rescaled distribu-
tion functions are concerned, the one-body level of
description is regular, with a well-behaved velocity
distribution approaching a Gaussian form [22].
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6. Conclusions

The problem of the fluctuations of the total energy
of a granular (inelastic) gas maintained in a non-
equilibrium stationary state by a random acceleration
has been addressed. A numerical study of this
quantity has been performed by means of Monte
Carlo simulations and an argument assuming an
uncorrelated non-Gaussian individual distribution
function had been proposed in [29], without success.
The main goal of this work was therefore to take
due account of velocity correlations in order to study
these fluctuations.

To this end, the standard description at the
single-particle level is not sufficient, and the two-
particle correlation function is needed. We have
derived the evolution equation for such an object,
and particularized the analysis to the homogeneous
stationary state that is reached by the system in the
long time limit. Our work shows that this equation is
not a straightforward generalization of its counter-
part arising in the context of the undriven granular
gas (i.e. by only changing the linearized Boltzmann—
Fokker-Planck operator into its driven form).
A non-trivial non-diagonal term appears in the
Fokker—Planck equation for the two-particle distri-
bution function (contribution 9, -d,, in Equation
(9)), as a consequence of the coupling between
velocities due to momentum conservation.

We have seen that, for our purposes, exact
knowledge of the hydrodynamic eigenfunctions is
not needed. The important point is that we can
construct a set of functions {éﬁ}zzl, which are linear
combinations of 1, ¢ and ¢?, that are orthogonal to
the right eigenfunctions {Eﬁ}%zl of the linearized
Boltzmann—Fokker—Planck operator A. This ortho-
gonality property holds for the ‘real’ left eigenfunc-
tions, that in our case correspond to the null
eigenvalue (i.e. density and velocity fields associated
with conserved quantities). The function & is not
a left eigenfunction of A but it can be proved to be
orthogonal to & and &,. In a subsequent step,
the linear hydrodynamic equations around the
reference state are derived and from that
knowledge, the hydrodynamic eigenvalues are identi-
fied and the variance of energy fluctuations subse-
quently derived.

Finally, our prediction has been successfully
tested against the numerical results obtained by the
Direct Monte Carlo simulation method for the
complete range of values of the coefficient of normal
restitution «. This provides strong support for the
theory developed here and assesses in retrospect
the validity of our assumptions.
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Appendix A. Eigenvalue problem for A

We consider here the eigenvalue problem for the homo-
geneous linear Boltzmann—Fokker-Planck operator A,
defined in (24)

A(0)Ep(e) = Apép(c). (A1)

We are interested in the ecigenfunctions and eigenvalues
associated with linear hydrodynamics and, to perform the
analysis, techniques similar to those in [31,37,38] will be
required.

Consider first the function

Yi(e) = xu(o). (A2)

When the linearized operator A acts on xy, we have

Aer)xuler) = /dczfo(czyc3)(1 + P12)xu(c2) xuler)

T P (A3

Taking into account the equation for xy, Equation (14), we
obtain the following relation:

A)(er) = —5—0(3 ) (). (Ad)
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Now let us considerer the function

Yal©) = — o 1) (AS)

Taking the derivate in the equation obeyed by xp(c — w)
with respect to w, and subsequently evaluating the result for
w =0, we obtain

Ale)yo(er) = 0. (A6)

Finally, we will consider the function
d
Vae) = ¢ 2 xu(). (AT)

From the equation obeyed by ¥s(Ac;), we can take the
derivate with respect to A, and evaluate the result for A =1.
We arrive at an equation for v3(cq),

2 2
Aleysten = (d+ )2 ( )mm (A8)

From Equations (A4), (A6) and (AS8), we can identify
two eigenfunctions of A. Making use of (A4) and (AS8), it
appears that

203 o+ m©) 0. (a9)

Hence, from Equations (A6) and (A9) we can conclude
that the null eigenvalue is (d+ 1)-fold degenerate with the
eigenfunctions

d
§1(c) =3 [CXH(C)] +xule), &= ——XH(C) (A10)
Appendix B. Evaluation of the coefficient a, ;> ;
In this appendix, we show that

(82./(€1)E2.i(€2) | T(er,¢)) = 0. The integral corresponding
to the second term of T is s1mply

/dcl /dczcl ic2, 150 3¢,

The other term can be written as

XH(Cl)XH(Cz) =& (B])

/dc1 /dczm.iCz,iTo(ﬁ,Cz)XH(Cl)XH(Cz)
- f de, f derr(en)xm(c) / 4606 -12)( - e)lbs — 1lerea,

- f de, f dexrr(en)xm(e) f 466 -c1)

(1+a)
4

/ de, / des x(e)xm(e)ch, =8, (BY)

R 4o , N N N
X {(0'012) (6-¢12)c12,i0i— (0"012)20,-2]

rld=172
“Id+ 3)/2] 4d

which is the desired result.
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Appendix C. Evaluation of the coefficients agy

In this appendix we evaluate the coefficients agg. As the
number of particles and the total momentum are conserved
quantities in our system, we have

(BN)*) =0, (8P:8P;) =0, (C1)
(SNSP;) =0, (SNSE) =0, (C2)
(SESP;) = 0. (C3)

Enforcing the above constraints, we obtain
/dCXH(C)+ /dcl /dcz¢H(Cl,C2) =l+an=0(C4
[ e+ [der [desciputeren =an =0, ()

d d
/dccz)(H(c)-l—/dcl [dczc%¢H(c1,cz):§+da13 +6a11 =0,

(Co)
/dCCiCjXH(C)+/dc1 /dczc’uczﬂbﬂ(cl,cz)=%5ij+azizj=0,

deei? 2 = = €7
i xu(c) + [ dep [ des cicrpu(er, ¢2) = ax = 0.

(C8)

As a consequence, the values of some coefficients follow
ajp=-1, ap=0,

1
3 Q= —18, a3 =0. (C9)
Of course, the coefficients associated with Az + X4 #0 could
also have been calculated directly by Equation (57),
obtaining the same results. The coefficient a3z is evaluated

using (57) and it can be written in terms of the one-particle
distribution function as

(&3(c1)E () | Toler, e2)xulen)xn(c2))
3% (C10)

apiz = —

1@

18 3¢

where
(d-1)2
bla) = v
Tl(d + 5)/2]® L)
X fdcl /d62XH(Cl)XH(Cz)l9(C1,Cz),
with
1 —a?)(d+1+2d2
ﬁ(cl,cz):( X 6 a)c?z

l+a
2

and C=(c;+¢,)/2. The coefficient b(«) can be evaluated
using the expression of xpy(c) in the first Sonine approxima-
tion, Equation (17), which yields

14+ 3B+ DQRd(a; + 16(—1 + ) + 15ax)
+16(—1 + a)(—1 + 2a?) + a(7 + 3a(—13
b(a) = +10(—1 + )a))T[(1 + d)/2]
2124112128 2(—2 + (5 + d)/2)
{ (=1 + (5 + d)/2)T[d/2T[=2 + (5 + d) /2] }
X (1 4+ o).

2d+3 — 30)c1n(C - ¢1n)’,

(C13)
If we take into account the explicit form of ¢, and a,, given in
Equations (20) and (35), respectively, we obtain after some
algebra
{ —154+7d + 14d> — 3(=9 + d(9 + 2d)) }
+30(1 + d)a® — 6(9 + d)e)
9d(—19 + 2d(=7 + 3a) + 3a(9 + 2(—1 + 0)a)) }
(C14)

6133={



