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ABSTRACT

In order to extend the theory of optimal domains for continuous operators on a Banach
function space X (i) over a finite measure w, we consider operators T satisfying other type
of inequalities than the one given by the continuity which occur in several well-known
factorization theorems (for instance, Pisier Factorization Theorem through Lorentz spaces,
pth-power factorable operators...). We prove that such a T factorizes through a space of

g?l;‘;vs;dfsﬁnction spaces multiplication operators which can be understood in a certain sense as the optimal domain
Factorization of operators for T. Our extended optimal domain technique does not need necessarily the equivalence
Multiplication operators between 1 and the measure defined by the operator T and, by using §-rings, w is allowed
Vector measures to be infinite. Classical and new examples and applications of our results are also given,

including some new results on the Hardy operator and a factorization theorem through
Hilbert spaces.

1. Introduction

Let (§2, X') be a measurable space, X(w) a Banach function space related to a positive measure @ on X and T : X(u) — E
a linear operator with values in a Banach space E. Supposing that T satisfies a certain property, natural questions arise: Can
T be extended to a larger domain in a way that the extension (still with values in E) preserves the same property? And, for
a positive answer, which is the largest domain in this sense?

These questions have been solved for the continuity of T in the case when w is finite and satisfies a compatibility
property with T and X () is order continuous and contains the simple functions. Namely, in this case, we can consider the
vector measure my : ¥ — E defined by T as my(A) = T(xa) and then the space L!(m7) of integrable functions with respect
to mr is the largest within all the order continuous Banach function spaces related to wu to which T can be extended as
a continuous operator still with values in E, see [4, Corollary 3.3]. Note that the continuity property of T, i.e. there exists
K > 0 such that |[T(f)Ilg < K| fllxq for all f e X(u), can be rewritten as

ITfo)| 5 < KIFlxanll@llieq (1)

for all f € X(1) and ¢ simple function. Then, L!(mr) is the largest domain for T satisfying the inequality (1).
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In this paper we consider weaker conditions on X(u) (e.g. it does not need to be order continuous or contain the simple
functions and @ does not need to be finite) and study the questions above when T is what we call Y (n)-extensible, i.e.
satisfies an inequality of the type

TS| <KIFlIxgolelyam (2)

for all f € X() and ¢ simple function belonging to a Banach function space Y(7n) related to another positive measure 7
on X. Of course, this type of domination for T includes the continuity given by (1). Other relevant examples of this kind of
property are given by the Pisier’s factorization theorem through weighted Lorentz spaces [10,19], the LP-product extensible
operators [3] and the pth power factorable operators [18, §5], all of these are explained in Section 6.

Under minimal conditions on X(u) and T which guarantee that my is a vector measure defined on certain §-ring (see
Section 3), we prove in Section 5 that the largest domain for T (within all the Banach function spaces related to some
measure for which every p-null set is null) satisfying the inequality (2) can be represented as a subspace of L!(my) which
is given by a space of multiplication operators from Yj(n) to L'(mr), where Y, (1) is the closure of the intersection of
the simple functions with Y (n). This subspace is studied in Section 4. Actually, from a technical point of view, what we
obtain is not a real optimal extension of T (this is only the case when mr and @ have the same null sets) but an optimal
factorization of T. This extra complication allows to consider special cases as the Pisier’s factorization theorem.

Therefore, the main contributions of the present paper are the following. The vector measure technique for determining
the optimal domain of an operator has been used recently in a lot of papers (see for instance [4,5,8,9,18]); these applications
usually consider the case of B.f.s. (with weak unit) defined over finite measure spaces. Also, the considered extension that is
considered is the one that preserves the continuity of the operator. In this paper we generalize this method in two different
directions.

(1) We analyze the optimal domain for operators defined on Banach function spaces over measure spaces defined on
8-rings instead of o -algebras. This allows us to consider also the cases of o-finite measures and even non-o -finite ones.
We illustrate by means of examples and applications how our extension is meaningful (Section 3).

(2) We find the optimal domain for an operator when a different property stronger than continuity is considered. We
show that dominations of operators given by norm inequalities involving norms of other spaces can also be extended to
a different domain preserving the same domination, and this extension is optimal. For doing this, we consider spaces of
multiplication operators (Sections 4-6).

All along in the paper, we will consider two examples to illustrate the results obtained. The first one is the Hardy
operator S:L1NL® — Ay given by S(f)(x) = %fé‘ f(y)dy for all x> 0, where Ay is a classical Lorentz space. We refer the
reader to [9] for information about this operator not explained here. The second one, related to the case p non-o -finite, is
a certain kind of kernel operator from ¢!(I) into £€P(I) with I being a non-countable set.

2. Preliminaries
2.1. Banach function spaces

Let (£2,X) be a fixed measurable space. For a measure w:X — [0, 0c0], we denote by L%(u) the space of all X-
measurable real valued functions on £2, where functions which are equal p-a.e. are identified. By a Banach function space
(briefly, B.fs.) X(u) we mean a Banach space contained in L%(u) with norm | - lxu satisfying that if f e X(u) and
g € LO%w) with |g| < |f| p-ae. then g € X(u) and llgllx) < IIfllxw). Note that X(w) is a Banach lattice for the u-a.e.
pointwise order, in which the convergence in norm of a sequence implies the convergence jt-a.e. for some subsequence.
A function g € X(u) is a weak unit if g > 0 p-a.e. If X(u) has a weak unit then X(u) is saturated, i.e. there exists no A € X
with w(A) > 0 such that fyxs =0 pu-ae. for all f € X(u), or equivalently, for every A € ¥ with ©(A) > 0 there exists
B e ¥ Nn24 with w(B) > 0 such that xp € X(). In the case when p is o-finite, X (i) is saturated if and only if it has a
weak unit. A B.f.s. is order continuous if order bounded increasing sequences are convergent in norm. Denote by S(X) the
space of the simple functions, i.e. ¢ =Y ] ajxa; withoj e R and Aj € X. In the following result, parts (a) and (c) are known
for the case u o-finite (see [1, Theorems 1.3.11 and 1.3.13]). For a general u, the arguments are a bit different, so we write
the proof for the aim of completeness.

Lemma 1. Let X(u) be a non-trivial B.f.s. and X, (i) denote the closure of S(X) N X () in X(w). The following claims hold:

(a) Xp(w) is a non-trivial Bfs.
(b) If X() has a weak unit then Xy () also has a weak unit.
(c) If X(w) is order continuous then X, (1) = X ().

Proof. (a) Since X(u) is a non-trivial B.f.s., there exists A € X' with ;(A) > 0 such that x4 € X (). So, Xp(w) is non-trivial.
Obviously, X,(u) is a Banach space with norm || - ||x(u) contained in L%(1). To establish the lattice property, let us prove
first that Xp(u) is the closure in the space X(w) of the ideal {f e X(u) NL®(): Xsupp(f) € X(w)}. Since S(X) N X(u)



is contained in this ideal, we only have to see that given f e X(u) N L% () with xsuppcs) € X(), there exists (¢n) C
S(X) N X(w) such that g, — f in X(u). Take (Y;) C S(X) such that ¥, — f in L°°(w). Then

||f - IﬁnXSuppf”X(u) < ||f - 1pn”oo”)(Suppf||X(p_) -0

as n— oo and Y Xsupp f € S(2)NX(u) as [¥n | Xsupp f < 1¥nlloo Xsupp f € X(10)-

Let f e Xp(1) and g € L%(u0) be such that |g| < |f| n-ae. In particular, f belongs to the B.fs. X(u) and so g € X(u)
and [Igllxqe) < I fllxw- Take (fr) € S(¥) N X(u) such that f, — f in X(u) and consider the functions defined by g, (x) =
sgn(g(x)) - min{| f(x)|, |g(x)|}. It follows that g, € L°°() N X(w) and g, — g in X(w) (see the proof of [1, Theorem 1.3.11]).
Moreover, Xsuppg, € X (i), since Supp gn C Supp fn and xsupp f, € X(10) as fr € S(X) N X (). So, g € Xp(u).

(b) Only note that a B.f.s. X(u) has a weak unit if and only if there exists a sequence (A;) C X' such that x4, € X(1)
and 2 =J, An.

(c) Suppose that X(w) is order continuous. If 0 < f € X(w), taking (¢,) C S(X) such that 0 < ¢, 1 f pointwise, we have
that (¢,) C X(u) and ¢, — f in X(w), that is, f € Xp(w). For a general f € X(u), considering the positive and negative
parts of f, we obtain that f € Xp(u). O

Given two set functions w, A: X — [0, oo], we will write A < u if A(A) =0 whenever A € ¥ with w(A) =0 (i.e. every
p-null set is A-null). If A <« u and p < A we will say that i and A are equivalent (i.e. they have the same null sets).

Consider two measures i, A: X — [0, 00] such A <« . The map [i]:L%(u) — L°(%) which takes a p-a.e. class in LO(u)
represented by f into the A-a.e. class represented by the same f, is a well-defined linear map. In order to simplify notation
[i1(f) will be denoted again as f. Of course, in the case when A and p are equivalent we have that L%(u) = L°(%) and [i] is
the identity map. Note that if X(x) and Y (1) are B.f.s.’ such that [i]: X(u) — Y () is well defined then it is automatically
continuous, since it is a positive map between Banach lattices (see [14, p. 2]). Given h € L%(%), we can consider the linear
map Pp,: LO(u) — LO() defined as Py (f) = fh (formally [i](f) - h). If X(«) and Y (&) are B.fs." such that Py : X () — Y(X)
is well defined then it is automatically continuous, since we can write P, = P+ — Pj—, where h™ and h™ are the positive
and negative parts of h respectively, and Py+, P~ are continuous as they are positive operators between Banach lattices.
Denote by M(X(w), Y(*)) the space of all h € L°(A) such that Py : X(u) — Y (1) is well defined, i.e.

M(X(w), Y) ={hel’0): fheY®)forall feX(w)),
which can be endowed with the natural seminorm

lhllmxw),yoy = sup [ fhllyay
€Bxu
where By, is the open unit ball of X(u) (i.e. the usual operator norm of Pp). It can be checked that this seminorm is a
norm if and only if X(w) satisfies a variation of the saturation condition, namely, there exists no A € ¥ with A(A) > 0 such
that fxa =0 A-a.e. for all f e X(u), or equivalently, for every A € ¥ with A(A) > 0 there exists B € ¥ N 24 with A(B) >0
such that xp € X(w). If X(u) has a weak unit, this condition holds. Moreover, in this case, M(X(u), Y(1)) is complete and
so it is a B.f.s. This fact is proved in [15, Proposition 2] in the case when w and A are equivalent and o -finite. For the
general case, the proof is similar.

2.2. Integration with respect to vector measures defined on a §-ring

The classical theory of integration with respect to vector measures defined on a o -algebra (see for instance [18, Chap-
ter 3]) was extended to the case of vector measures defined on a §-ring by Lewis [13] and Masani and Niemi [16,17].

Let R be a §-ring of subsets of §2 (i.e. a ring closed under countable intersections) and R!°¢ the o -algebra of all subsets
A of 2 such that ANB e R for all B € R. Note that if R is a o-algebra then R!°° = R. Denote by S(R) the space of all
‘R-simple functions (i.e. simple functions supported in R ).

Given a real measure 1:R — R, that is ) A(Ap) converges to A(| J An) for every pairwise disjoint sequence (A;) C R
with | An € R, the variation of A is the measure |A| s RI°C [0, 00] given by

IA|(A) = sup{Z}k(Ai) |: (A)) finite disjoint sequence in R N 2% }

The space L1(%) of integrable functions with respect to X is defined as the space L!(|A]) with the usual norm |f|;, = fQ [ fld|A].
Note that S(R) is dense in L!(1). The integral of an R-simple function ¢ = Z?:l ajxa; over A e RIoc is defined in the
natural way by [, pdi = " aiM(AiNA). For f e L'()) the integral over A € RI°¢ s defined by Ja fdr=1lim [, gnda,
where (g,) is a sequence in S(R) converging to f in L1(%).

Let E be a real Banach space and m: R — E a vector measure, that is > m(A,) converges to m(|JAn) in E for every
pairwise disjoint sequence (A,) C R with | An € R. Denote by E* the topological dual of E and by Bg- its open unit ball.
The semivariation of m is the set function ||m| : R1°° — [0, co] defined by

[mll(A) = sup [x*m|(A),

X*€Bpx



where |x*m| is the variation of the real measure x*m:R — R given by the composition of m with x*. Note that ||m| is
finite on R. A set A € R°¢ is m-null if |m|(A) =0, or equivalently, m(B) = 0 whenever B € R N 24. A property holds m-
almost everywhere (briefly, m-a.e.) if it holds except on an m-null set. From [2, Theorem 3.2], there always exists a measure
iR — [0,00] with the same null sets as m (i.e. |m| and |r| are equivalent). An R1°-measurable real function f is
integrable with respect to m if

(i) f e L'(]x*m|) for every x* € E*, and
(ii) for each A € R there exists x4 € E such that

x*(xA):/fdx*m, for every x* € E*.

The vector x4 is unique and will be written as [, fdm. We denote by L'(m) the space of all integrable functions with
respect to m and by va(m) the space of functions satisfying only condition (i). In both spaces, functions which are equal
m-a.e. are identified. Taking a measure XA equivalent to m, we have that L!(m) and L},V(m) are B.fs. related to (§2, R, |A|)
with the norm

[ fllm= sup

XEE*

forall f € L}, (m).

Of course, L'(m) is a closed subspace of L} (m). In the case when E does not contain an isomorphic copy of cg, we have
that LY (m) = L},V(m). Moreover, L!(m) is order continuous and contains S(R) as a dense set. Note that || - ||, is defined for
any R!°‘-measurable function and has the Fatou property, that is, if 0 < fit f m-ae. then | fjllm 1 || fllm. Actually, L},V(m)
can be described as the space of all R!°“-measurable functions f with ||f|m < co. The norm of f e L'(m) can also be
computed by means of the formula

||f||m=sup{ H/ﬂpdm 5<P€8(RIOC)OBL°°(A)}~ 3)
A E

The integration operator I, : L'(m) — E defined by I, (f) = Jo fdm for all f e L'(m), is a continuous linear operator. Given

f € L' (m), the indefinite integral of f with respect tom is the vector measure mg: RI%¢ 5 E defined by

mf(A):/fdm, forall A € R1°C.

Note that ||glim; = ||&f |lm for every RI°¢_measurable function g. Then, it follows that g e Llw(mf) if and only if gf € L},\,(m)
and g € Ll(mf) if and only if gf € L'(m). Moreover, Imgll(A) = I xallm; = I fxallm for every A € R, For further issues
related to integration with respect to vector measures defined on a §-ring see [7].

Let us end this section by showing two results which will be used in this paper.

Lemma 2. Let R and R be two §-rings of subsets of §2 such that R C R c Rle¢ = Rloc, If m:R — E is a vector measure and m
denotes the restriction of m to R, then the following assertions hold:

(a) For every R1°-measurable function f we have that || f ||z < || f |lm and so [i] : L},V(m) — L}N(ﬁi) is well defined.
(b) If m satisfies that

A€eR,e*€E* and sup |e*m(B)|=0 = e*m(A)=0 (4)
BeRM2A

then [i]: L' (m) — L' () is well defined and [, f di = [, f dm for every f € L' (m).

Proof. (a) Note that for every e* € E* and A € Rloc = RIo¢ we have that le*i|(A) < |e*m]|(A). So, for every R1°-measurable
function f and e* € E*, it follows that fQ | fldle*m| < fQ | fldle*m| and thus | f |7 < || flm. In particular, ||m](A) < ||m|(A)
for all A e R'¢ (take f = x4). Then, ||fii|| < ||m|| and [i]: L}, (m) — L1, (/) is well defined.

(b) Take A € R. Since x4 € L'(m) C L1 (m) and (a) holds we have that x4 € L1 () and so condition (i) of the definition
of integrable function with respect to m holds for f = xa. Let us prove that (b) also holds. Let B € Rl°¢ = Rloc and e* € E*.
Since |e*f|(A N B) = sup{le*m|(H): H € R N24MB} < co, there exists an increasing sequence (Hp) of sets in R N 24NB
satisfying that |e*m|(A N B\ U Hy) = 0. Condition (4) implies that |e*m|(A N B\ U Hp) = 0. Thus, xu, 1 xans e*m-a.e. and
e*m-a.e., and so



/XA de*m = lim /)(H,1 de*m = lim e*m(H,) = lim e*m(Hp)
n—oo n—oo n— o0

B
= lim /XHnde*m:fXAde*m:e*</XAdm>.
n—oo
B B

Hence, for every A € R we have that x4 € L1(#) and fB Xadm = jB xadm for all B € RI°¢. Now, consider f € L'(m) C
L}N(m). By (a), f € L}N(ﬁ). Taking a sequence (¢;) of R-simple functions converging to f in Ll(m), we have that
If — @nllz < IIf — @nllm — 0. Then, since @, € L'(#i)) and L'(f) is a closed subspace of L (), we have that f e L'(f).
Moreover, as the integration operator is continuous,

/fdi?l:lirrln/-gondfﬁ:lilgnfcpndm:/fdm. |
2 2 Q 2

If the vector measure m considered in Lemma 2 satisfies certain o -finiteness condition, the maps [i] given in (a) and (b)
are isometries.

Lemma 3. Let R and R be two 8-rings of subsets of £2 such that R ¢ R C R and 2 = Up An with A, € R. Ifm:R — E isavector
measure and i denotes the restriction of m to R, then L, (m) = L, (i) with equal norms, L' (m) = L' (M) and [, f dm = [, f din
forevery f e LY (m).

Proof. The containments R C R C Rloc imply that RI¢ Rl¢, see [16, Lemma A.3]. For every A e R°¢ we have that
A=, AN Ay € R since AN Ay € R CR. So, R =RI°°. Note that if A€ R then R N24 =R N24. Indeed, if Be R
with B C A then B= BN A € R. The converse containment is clear. Then, it follows that [x*m|(A) = [x* m|(A) for all Ae R.
Given A € R, since A = U, ANA; where AN A, € R, noting that (Ap) can be taken to be pairwise disjoint, we have that

[x*m|(A) = |xm|(AN Ap) =) _|x*|(A N Ay) = [x*T7t| (A)

for all x* € E*. Hence, | flm = ||f||m for all R!°°-measurable function f and thus L1 (m) = L1 (m). Condition (4) m
Lemma 2(b) holds. Indeed, if A € R, e* € E* and sup{|le*m(B)|: B RHZA} =0, it follows that e m(A) > e*m(ANAp) =
Then, L'(m) C L'(M) and [, fdm = [, f dm. Moreover, L' (1) C L!(m) as SRYCSM®) and || Iz =1 llm- O

3. Optimal domain for order-w continuous operators

Fix (£2, X) a measurable space. Let X () be a B.f.s. and consider the §-ring of subsets of §2 given by
EX(//.) = {A eX: Xa€ X(/,L)},

which satisfies X' C E}?(CM) Throughout the paper we will assume X~ = Z‘}?(c ) This condition holds for instance if X(u) has

a weak unit, which is equivalent to the existence of a sequence (A,) C () such that 2 =, A.

Given a linear operator T : X(u) — E with values in a Banach space E, we can consider the finitely additive set function
mr : Xx) — E given by mr(A) = T(xa). Let us require T to satisfy that there exists A € Xx(,) such that T(x4) # 0 (in
particular ©(A) > 0), as in other case mr is null. Note that mr < u, that is, ||mr| < wn or equivalently |A7| <« u for any
measure At : Xx() — [0, 00] with the same null sets as mr. So, the map [i]: LO(w) — LO(Jat]) is well defined.

We will say that T is order-w continuous if Tf, — Tf weakly in E whenever f,, f € X(u) with 0 < f; 1+ f w-a.e. This
property holds for instance if X(w) is order continuous and T is continuous. Note that if T is order-w continuous, then the
condition T(x4) # 0 for some A € Xx(,) is equivalent to T being non-null.

If T is order-w continuous, all the conditions required in [8, Proposition 2.3] are satisfied, so mr is a vector measure and
for every f € X(u) we have that f € L'(mr) with /Q fdmr =Tf. Therefore, T factorizes as follows

T
X(M)“ “75

(5)

[il N ‘ ,.,ImT
L'(mr)

where I, is the integration operator with respect to mr. As a consequence we have that every order-w continuous linear
operator T : X(u) — E is continuous, since T = Iy, o [i] with [i] and Iy, being continuous. Note that I, :LY(mp) > E is
order-w continuous, since L!(m7) is order continuous and Im; is continuous. Also note that if A € ¥ with xa € LY(m7) and
e* € E* satisfy that sup{|e*I;n; (xg)|: B € Xxu N 24} =0, then e*Im; (xa) = 0. The following proposition shows that the
factorization (5) is optimal. This outcome is an extended version of the optimal domain result given in [4, Corollary 3.3].
See also [8, Corollary 2.6].



Proposition 4. Let T : X (i) — E be a non-null order-w continuous linear operator. Suppose that Z(¢) is a B.f.s. such that ¢ < ju and
T factorizes as

X()—— -
() ”
e o (6)
[i] N S
Z(%)
with S being an order-w continuous linear operator satisfying that, for A € X with x4 € Z(¢) and e* € E*,
sup  [e*S(xp)|=0 = €*S(xa)=0. (7)

BEEX(#) n24

Then, [i]: Z(¢) — L' (mr) is well defined and S(f) = Imy (f) forall f e Z().

Proof. Consider the §-ring X7y ={A € X: xa € Z(¢)}. Note that ¥ = EIZO(CO. In other case, there exists A € EIZO&) such

that A¢ ¥ = Z‘}?(CM). Then, there exists B € Xx(,) such that AN B ¢ Yx(,). Since xanp € X(1) (as xans < xp € X()), it
follows that AN B ¢ X. In other hand, B € Xz (as Xx(u) C Xz)) S0 ANB € Xz(;) and, in particular, AN B € X' which is
a contradiction. Since S:Z(¢) — E is a non-null order-w continuous linear operator, it factorizes as (5), i.e.

S
z(:)» _ ”45
g (8)

[i1 N -
L'(ms)

where mg: X7y — E is the vector measure given by mgs(A) = S(xa) and In, is the integration operator with respect
to ms. By (6) we have that ms(A) = S(xa) = T(xa) =mr(A) for all A e Xy, that is, mr is the restriction of ms to Zxu).
Condition (7) is just condition (4) in Lemma 2 for ms, then mr < ms, [i]:L!(ms) — L1(m7) is well defined and Img (f) =
Im, (f) forall f e L'(ms). So, by (8) we have that [i]: Z(¢) — L' (mr) is well defined and S(f) = Im; (f) forall feZ(). O

Note that in the case when X(u) has a weak unit, or equivalently, £2 = ( J, An for some (A;) C Xx(u), condition (7) in
Proposition 4 always holds for every order-w continuous linear operator S satisfying (6).

Example 5. Denote by R™ the interval [0, 00), by B the o-algebra of all Borel subsets of R* and by A the Lebesgue
measure on 3. Consider the Hardy operator S defined on L' N L® (%) as S(f)(x) = %fé‘f(y)dy. Note that L' N L%(}) is a
B.f.s. endowed with the usual norm | f|1np00n) = Max{l| fll1ys I fllzery} and has a weak unit. Let ¢ :Rt — RT be an
increasing concave map with ¥ (0) =0, ¥ (0") =0, y(c0) =00 and Ay (L) ={f € Lo): I flla, o) = f0°° f*()dy(s) < oo}
the related Lorentz space (f* being the decreasing rearrangement of f), which is an order continuous B.f.s. endowed with
the norm || f|la, ). For issues related to Lorentz spaces see for instance [11, 8IL5]. Assume that 0y (¢) = ftoo @ ds < oo for
all t > 0, where v’ denotes the derivative of . Then, it can be checked that S:L' N L>®(}) — Ay (M) is well defined and
continuous with [|S(f)lla, ) < W (@) +0y @) fll1n10(,) for any a > 0. Moreover, S is order-w continuous, since if 0 < fn 1
fellNnL®() r-ae., we have that 0 < S(fy) 1 S(f) € Ay (L) pointwise (by the monotone convergence theorem) and so
S(fn) = S(f) in Ay (A) (by order continuity of the Lorentz space). Therefore, for the §-ring Bjiqj(;) ={A € B: A(A) < o0},
we have that ms: Bjinpeo() — Ay (1), given by ms(A) = S(xa), is a vector measure with ms < A and S optimally factorizes
as

L' N L) S Ay ()
7
W g (9)
L (ms)

Note that in this case, [i] is actually the inclusion map i, since ms and A are equivalent, and I is just S, in fact Ll(ms) =
{(fel®W): SUfD e Ay (M)}, see [9, Proposition 3.4] and the previous comments. Moreover, if there exists C > 0 such that
@ < COy (t) for all £ >0, from [9, Theorem 4.4], we can give a precise description of the optimal domain of S in the
sense of Proposition 4. Namely, L! (ms) = Ll(e,/, (t)dt), that is the space of integrable functions with respect to the Lebesgue
measure with density 6y. An example of function satisfying all the above conditions is ¥ (t) = t1/P with 1 < p < oo, for
which Ay (L) = LP-1(3), see for instance [1, §4.4].



Example 6. Let I be a non-countable set and K:I x I — [0, c0) a non-null map such that 8 = (||Killoo)ic; € £P(I) (1< p <
00), where Kj:I — [0, 00) is defined as K;(j) = K(i, j). Note that £P(I) is an order continuous saturated B.f.s. related to
(1,2', ), where 2! is the o-algebra of all parts on I and w is the counting measure. Also note that (2’)51(1) ={ACI:

A is finite} and (21)%((” =2!. Consider the map T:£'(I) — £P(I) defined as

Tx= <Zx,1<(z ]))

jel iel

for every x = (xj) jes € Zl(l). Since

p\ 1/p p\ 1/p
(Z > x ) <(Z||1<i||€o(2|xj|)) = Ixllr iy I Bllerry»

iel ' jel iel jel

the map T is a well-defined continuous linear operator. Then, since £¢!(I) is order continuous, T is order-w continuous.
Thus, mr: (2’)51(1) — £P(I), given by mr(A) = T(xa), is a vector measure with my <« u and T optimally factorizes as

30! s eP (D)
B (10)
L
L'(mr)
Since my is positive (i.e. my(A) >0 for all A e (2’)‘51(,)), we have that I, (f) >0 forall 0< f e L'(m7). Then, by using
formula (3), it follows that || fllm; = Im; (I fDllerry for all f e LY(mr). Note that A € 2! is mr-null if and only if K@i, j)=0
for all (i, j) € I x A. Hence, mr and u are equivalent (and so [i] is an inclusion map) if and only if for every j € I there
exists i € I such that K(i, j) > 0. Since £P(I) does not contain any isomorphic copy of cg, we have that L!(mr) = L}N(mr).
For every (2/-measurable) function f and e* € ¢ (I) = P (I)* (where % % =1), it is routine to prove that

/Ifldle mr| = sup > IFGer. Kj)]

ﬁmte jeB

where K; = (K(i, j))ier € €P(I) (as Kj < ). Then,
L'mr) = {f = (f (1)) ;o; CR: (FD(", K;));; € €' (D) foralle* € €7 (1))
and for every f € L1(mr) we have that

1 llmy = sup D IF e, k).

e*eB o' (1) jel

Moreover, if f € L'(my), for each i € I we have that (f(j)K(i, Nijer € 21(I) (take ef = (3i,s)sel € K”/(I) with §;s=1if s=i
and &; s =0 in other case). So, we can consider the element x; = (Zjel f(HK(, j))ier C R. Since B € £P(I), there exists a
countable set J C I such that K(i, j) =0 for all (i, j) € (I\]J) x I. Set | = {iz}n>1. Then, for each n there exists a countable
set I, C I such that f(j)K(in, j) =0 for all j € I\I},. Consider I" = Un>] I'i = {jm}m>1 and the (2’)[1(1)—simple functions

@m = f X{jr,....jm)- Since 0 < |@m| 1 |fIxr € L1 (mr), by the order continuity of L(mr), we have that ¢m — fxr in L(mr)
and so Iy, (@m) — Im; (f xr) in £P(I). Note that I\I" N Supp f is mr-null, as K (i, j) =0 for all (i, j) € I x (I\I" N Supp f).
So, Im; (f) = Im; (f Xr)- Then,

Iy (@) = Hm_Tiny (@m)() = lim T (gm) i)

= lim > on(DKG ) =D FDxr (DK ) =x7()

jel jel

for all i € I and thus x; = Iy, (f) € €P(I). Therefore, for every f € LY(mr) we have that (f(j)K(, Njer € o foralliel,
(X jer FDOK A, j)ier € €P (1) and I, (f) = Q51 F(DK(, j))ier. Moreover,

p\ 1/p
1y = L (D = (X Sl lkan) )

iel ~ jel



Let us show a kernel satisfying all the above conditions. Take I = [0, o0) and ¢ € £P(I) (e.g. ¢ (i) = ,.l,XN(i) with r > %). Then
K:Ix1I— [0,00) defined by K(i, j) = ¢ (i) xj0.i1(j), satisfies that B = (||Killoo)ier € €P(I) (as B = |¢|). For this kernel, the
operator T :¢1(I) — ¢P(I) is given by

T(x) = (¢(i>(2x1))

for every x = (xj) jes € £1(I). For this “version of Hardy operator”, the optimal factorization (10) holds.

4. Subspaces of L1 (m) generated by generalized semivariations

Fix (£2, ¥) a measurable space, E a Banach space and Y(n) a B.f.s. For a vector measure n: ¥ — E with n < n, we
define the Y (n)-semivariation of n by

/(pdn
E
Q2

This concept generalizes the total semivariation of n which is obtained as |[n||(§£2) = [In|1~) for any A equivalent to n,
see (3) for f = xo € Ll(n).

Let R be a §-ring of subsets of £2 such that R = ¥ and m: R — E a vector measure with m « 5. For every f € L1(m),
the set function my : ¥ — E, given by ms(A) = [, f xadm, is a vector measure with m; < 7 and

||”||Y(n):5UP{ : QDES(Z)HBY(n)}-

||mf||y(,])=sup”|/<pfdm :goeS(Z‘)ﬂBy(n)}.
Q

E
Let us consider the space
Ly ={f e L'am): [mylly ) < oo}
equipped with the norm 1 = max ms Imelly Of course, L1, (m) is a subspace of L!(m). The norm in L!(m)
Ly (M) FIYas- Y(17)

and the Y (n)-semivariation are related as the following result shows.

Lemma 7. For every f € L'(m) and ¢ € S(X) N Y (n) we have that

I felim < l@llyapllmslly -
Proof. For f € L'(m) and ¢ € S(X) NY (1) we have that fo € L'(m) and so, by (3),
[ rovam
Q

||f§0||m=SUD{ : wES(E)ﬂBLOO(A)},

E

where A:R — [0, 00] is a measure equivalent to m. Note that for every ¥ € S(X) such that || <1 A-a.e., there exists
A € X such that 2\A is A-null (and so m-null) and |¥¢|xa < |@| pointwise. Then, [, foydm = [, foy xadm where
YYxa € S(Z)NY (M) and [l9¥ xallva < l@llyap- So, it follows that || follm < l@llyaplimgllyap- O

Proposition 8. The space L Yo (m) isaB.fs.

Proof. Let us see that L},( ,(m) satisfies the Riesz-Fischer property an so we will have that L Y ,(m) is a Banach space.
Let (fy) c Ll (m(m) be such that Z||fn||L1 () < o0o. Then, Y || fullm < oo and since L'(m) is complete, we have that

f=Y fael'(m) and

H/fﬂfde < E H/(pfnde < E lmg, Iy
E E
2 2

for all ¢ € S(X) N Byy. So, Imgllyay <D lImyg,llyapy <X ||fn||L1 ) <00 and thus f e L] (n)(m)

In other hand, if f is a measurable function such that |f| < |g| m-a.e. for some g € L} (n)(m) then f e L'(m) and
Il fllm < llgllm. Moreover, for every ¢ € S(X) N Byy), using Lemma 7, it follows

pfdm| <
E

loflim < lleglm <lelymlmgllyem < Imgllya)

and so [[myllys) < Imglly;) < oo. Hence, f € L Y(n , (m) and ||f||L1 pm S

1
”g”L]vm)('“) Therefore, Ly Y )(m) isaBfs. O



The subspace of L!(m) generated by Y (n) = L% (5) is L!(m) itself. Indeed, for each f e L'(m), by (3) and since m < n,
we have that |mg||p<@) < || fllm and by Lemma 7 with ¢ = xo, we have that || f|lm < [mgllL=y. So, L}wm)(m) =L'(m)
with equal norms.

Remark 9. In the case when xq € Y (1), by Lemma 7 we have that || fllm < Ixellyalimsllyq) for every f e LY(m). Then, it
follows that

Imellyq < ”f”L]y(m(m) <max{lxellyam, THimslya

for every f € L}((n) (m), that is, |Im¢|ly(; is an equivalent norm to ||f||L}/m)(m).

Recall that Yp(n) denotes the closure of S(X) N Y(n) in Y(n), which is a B.fis. by Lemma 1(a). Since m <« n we
can consider the space M(Yy(1),L1(m)) endowed with the seminorm ||f||M(yb<,,)’L1(m)) = sup{[|lhf lm: h € By,}. Note

that M (Y, (), L1(m)) may be not a B.fs. (see Section 2.1). The following result shows that the intersection of this space
with L1(m) with the natural norm (the maximum of the seminorm and the norm) coincides isometrically with our space

1
Ly o (m).

Proposition 10. The equality
Ly () (m) = L' m) 0 M(Yp (1), L' (m))

holds and [y my = Il f | mev, p). 11 amyy for all f € L1y(m(m).

Proof. Let f € L},m)(m). In particular f € L'(m) and so, by Lemma 7, we have that || f¢|, < lellyapllmysllya for every
@ e S(X)NY(n). Given h € Yu(n), we can take (¢p) C S(X)NY(n) such that ¢, — h in Y(n) and n-a.e. pointwise (and so
m-a.e.). Since

1 fon — forllm <ll@n — @kllyapllmsllyay — 0

as n, k — oo, there exists g € L1 (m) such that fg, — g in L'(m). Then, for some subsequence (¢n,) we have that fop, — g
m-a.e. and so fh =g m-ae. Thus, fh e L'(m) and

I fhllm = Hml f@nllm < llmyllyop imllgnlly o = m g ly e Iy op-

Therefore, f € M(Y,(17), L'(m)) and I M mcvy o, amyy < Mg lly ap-
Conversely, let f e L1(m) N M(Yp(1), L1 (m)). For every ¢ € S(X) N By we have that ||fQ ofdm|g < llofllm <
I vy, oy, Lt amyy- Then, [lmelly ey < IF ey, oy, 01 gmy) < 00 and so f € L},(n)(m). g

In the case when xg € Y (1), we have that M(Y(n), L' (m)) C L' (m). Then, from Proposition 10 and Remark 9, it follows
that L},(n)(m) = M(Y) (1), L (m)) isomorphically (isometrically if || xolly o) < 1).

Let us show some examples of subspaces of L!(m) generated by particular B.fs." Y (1).

Example 11. Consider Y (1) = LP(n) with 1 < p < oco. Since LP(n) is an order continuous B.fs., from Proposition 10 and
Lemma 1(c), we have that sz(n) (m) = L'(m) N M(LP (1), L' (m)) isometrically.

If n is finite (and so xo € LP(n)), we have that sz(n)(m) = M(LP (), L'(m)). Under certain requirements, this space
coincides isomorphically with the space L},,Yn(m) (% + % =1) studied in [3], given by all functions f € L!(m) such that the
so called p’-semivariation of my with respect to 7 is finite, that is,

| fdx*mlp/ 1/p’
||mf||p/yn = Ssup sup < Z ‘[Aﬁ < 00,
neP(2) x*eBex \ 4w N(A)

where P(£2) is the set of the finite disjoint partitions 7w of £2. Namely, if p > 1, R = X, m is equivalent to n and the
p’-semivariation of m with respect to 7 is finite, then sz(n)(m) = LL, n(m) isomorphically, see [3, Theorem 3]. In particular,

the LP(n)-semivariation and the p’-semivariation of m are related as follows

mllp.y < lImllp ey < 22 max{1, n(2)" P Him|l .

Example 12. Given 1 < p < oo, we consider the p-power space of L1(m) defined by LP(m) = {f € L°(A]): |f|P € L (m)},
where A: R — [0, oo] is a measure with the same null sets as m. Following the same proof of [15, Proposition 1], we obtain



that LP(m) is a B.f.s. with the norm || f||zp(m) = |||f|P||,1n/p (see also [14, §1.d]). Take n = |A| and Y (n) = LP(m). Since LP(m)
is order continuous (as L'(m) is) then, from Proposition 10 and Lemma 1(c), we have that

Lip(mym) = L' (m) N M(LP (m), L' (m))

with equal norms.

Suppose now that m is o-finite, that is, 2 = ((JA;) UN with A, € R and N m-null. From [7, Theorem 3.3], this is
equivalent to the fact that L!(m) has a weak unit (so LP(m) also does) and also to the fact that there exists A : X — [0, 00)
with the same null sets as m. In this case and for p > 1, from [15, Theorem 5 and §1(2)], it follows that M(LP(m), L'(m)) =
[L! (m)]l” isometrically, where 1/p +1/p’ =1 and [L'(m)] denotes the maximal normed extension of L!(m), that is the space

{8€L°G): 11l gmy = suP{ll fllm: feL'(m), 0< f < Igl} < oo}

which is a B.fs. with norm | - [|;1(y. Let us see that [L'(m)] = L}, (m) isometrically. If g € L}, (m), for every f € L'(m) such
that 0 < f < |g| we have that || f|lm < |Igllm. So, g € [L1(m)] and &Nt my < Igllm- Conversely, let g € [L'(m)] and consider
(¢n) C S(R) c L1(m) such that 0 < ¢y 1 |g| (e.g. @n:= ’”HXU'} Aj with (y) € S(X) such that 0 < ¥y, 1 |g| and (A,) given
by the o -finiteness of m). Then, ||gllm = limp[[@nllm < 1gllj11(my and so g € L‘l,v(m).

Therefore, L}p(m)(m) =L'(m) N Lﬂ,/(m) isometrically whenever p > 1 and 1/p + 1/p’ = 1. For p =1, since M(L'(m),
L1(m)) = L*®°(A) (see [15, Theorem 1]), we have that Lb(m) (m) = L1(m) N L*°()) isometrically.

The measure m is said to be strongly additive if m(A,) — 0 whenever (A,) is a disjoint sequence in R. For instance,
this is the case of the classical vector measures defined on a o -algebra. From [7, Corollary 3.2(b)], m is strongly additive if
and only if xo € L'(m) or equivalently xo € LP(m). In this case, sz(m) (m) = Lﬁ,/(m) for 1 < p <oo and Lb(m) (m)=L*)
isomorphically (isometrically if ||m](£2) < 1).

An important consequence of the fact [L!(m)] = L], (m) must be noted. Since [L!(m)] coincides with L!(m)” (i.e. the
Kothe bidual of L!(m)) as L'(m) is order continuous (see [15, §1]), then L} (m) = L1(m)” isometrically. This extends the
result in [5, Proposition 2.4] for classical vector measures defined on o -algebras to the case of vector measures defined on
8-rings which are o -finite.

Example 13. Consider the vector measure ms: Bjinjo(;) — Ay (1) given by the Hardy operator S as in Example 5. We can
take 7 =2 and Y (1) = Ag () for any function ¢ : Rt — R* with the same properties as . Then,

LY, 6y (ms) =L (ms) N M(Ay(3), L' (ms)).

Let us describe more precisely this space. For every f e L%(A) we define

1

(f)= sup sup ——

P O<t<co AeB @(t)
A(A)=t

If xallms-

Similarly to the proof of [15, Theorem 3(7)], it follows that

p(f)= sup [fhlms.

hEBA¢()\)

So, noting that, since Ay (A1) is order continuous and has the Fatou property then LY(mg) = L‘l,v(ms) (see [9, Proposi-
tion 3.4(e), (f)]), we have that

M(Ap(M), L' (ms)) = {f € L°Gh): p(f) < o0}. (11)

Suppose that there exists C > 0 such that @ < COy (t) for all £ > 0. In this case, L'(ms) = L! Oy (t)dt) and every
f e L'(ms) satisfies
o0 o
/\f(f)\%(t)dté [ fllms < (1 +C)/\f(f)|9w(f)dt, (12)
0 0

see [9, §4]. Consider the Marcinkiewicz space

t
1
Mg(2) = [fELO()»)i ||f||M¢(A)=05?P m[f*(s)d5<0<>],
0



which is a B.f.s. with the norm || f|m, ) (see [11, 8IL5]). From [1, Proposition I1.3.3(a)], for every f L) we have that

||f||M¢(A)—05UP sup ¢(t)/}f(5)\ds (13)

oer

By using (11)-(13), it is direct to check that
M(Ap(), L' (ms)) ={f € L°W): fo, € Mp(M)}

and || fOyllmy0) < () < A+ O f0y lImyo for all f e M(Ay(R), L' (ms)). Therefore,
Ly,ooms) = {f €1°0): foy € Mp(G) NL (W]

and

150y oty < U1y, ey < 1+ OBy gyt

forall felL} ) ms).
Note that for a general Y (1), instead of A4(X), we always have

Lyyms) ={f € L°(): S(1f1), S(Ifhl) € Ay () forall h e Yy(m)}.

This follows from Proposition 10 and the description of L!(ms) given in Example 5.

Example 14. Let | be a non-countable set and consider a map 6 : I — (0, c0). The space defined as
ey (= {x= (xj)jer CR: (x0(D)),, € €' (D)}

and endowed with the norm ||x||Ké(,) =Y i/ 1Xi0(D], is an order continuous B.f.s. related to (I,2', ), with o being the

counting measure on I.
Let K:I x I — [0,00) be a kernel as in Example 6 and my:R — ¢P(I) the vector measure generated by K, where
R ={ACI: Ais finite }. Then,

61(,)(mr)—L (mr) N M(5(D), L' (mr)).

From the description of L'(mr) given in Example 6, it is routine to check that L1, (mr) can be described as the space of

ey
functions f:I — R such that

- Fie*, Kj) 00
(FO)e* Kj))jy € €1 and (W)H € (1)
for every e* e ¢ (I), and
fe*, Kj)
0(J)

sup sup
eBwr(” Jjel

1l (mT):max{ sup S [FG)en, K,
17,6(1) e*

By ay jel

If p=1 a simpler description can be given. In this case, 8 = (||Killso)ics € £'(I) and so Kj=(K({, j)iel € (D) (as Kj<B).
Then, we can consider ¥ = (||Kjll,1(;y) jer- Let us require my and p to be equivalent, or equivalently, for every j € I there

exists i € I such that K(i, j) > 0. Thus, ¥ :I — (0, 00). Note that if this condition fails on a set J C I, that is, K; =0 for

all j € J, then Le 1) (mr) does not change if we consider mr defined on I\ J. From the description above, it follows that

[ (1)(mT) Z] (I) N £ (I) isometrically. Note that for ¥ : I — (0, 0o), we denote
¥
T ={x=&pjer CR: (D)), € €D},

which endowed with the norm ||x||g$lo(,) = supj; [Xw ()|, is a B.fs. related to (I, 2, w).

5. Factorization of B.f.s.-extensible operators

Fix (£2, ¥) a measurable space, X(u) a B.f.s. satisfying that Z;?(“ 0 = =X and T: X(u) — E a non-null order-w continuous

linear operator with values in a Banach space E. Then, we have that T factorizes as in (5).
Let Y(n) be a B.f.s. with mr « 1. We will say that T is Y (n)-extensible if there exists a constant K > 0 such that

ITCfo)| ¢ < KN flixanl@llya



for all f e X(u) and ¢ € S(X) NY(n). The Y (n)-extensibility is well defined since, if ¢ = @ n-a.e. (and so mr-a.e.), there
exists A € X such that 2\ A is mr-null and ¢ x4 = @ x4 pointwise and so, noting that f¢ € X(w), by (5) we have that

T(fp) = / fodmy = f foxadmr = / fGxadmy = / fFdmr =T(FP).
2 22 2 2

In this section we will see that if T is Y (n)-extensible, then it factorizes through the B.f:s. L}’(n) (m7) via the maps [i]

and Ip,, in a way that Ij;; on L}((n) (mr) preserves the Y (n)-extensibility, and the factorization is optimal.

Proposition 15. The following assertions are equivalent:

(a) T is Y(n)-extensible.
(b) [i]: X () — Lil((n) (mrt) is well defined.

(c) P:X(u) x Yp(n) — L1 (my) given by P(f, h) = fh, is well defined.

Proof. Suppose (a) holds. If f € X(u), by (5) we have that f € L'(m7) and

HQ/fQdeT

for all ¢ € S(X) N By(y). Then, [(m7)fllya) < Kl flixq) <oo and so f e L},(n)(mr). Therefore, (b) holds.

Note that since mr <« p and mr < n, the map P which takes a p-a.e. class in LO(u) represented by f and an n-a.e.
class in L%() represented by h into the mr-a.e. class represented by fh, is a well-defined bilinear map.

Suppose (b) holds. Then, given f € X(u) and h € Yj,(n), since f € L}’(n) (mr) = L'(m7) N M(Y,(n), L'(m7)) (see Proposi-
tion 10), we have that fh e L(mr). So, (c) holds.

Finally, suppose (c) holds. Then, P:X(u) x Yy(1) — L'(mr) is continuous, since every bilinear map B:E x F — G
between Banach lattices such that B(x, y) > B(x, y) whenever x >x >0 and y > y > 0, is automatically continuous. This
fact can be proved similarly to the case of positive maps between Banach lattices, see [14, p. 2]. So, there exists a constant
K > 0 such that || fhllm; < K| fllxqollhllye) for all f e X(u) and h € Y, (7). Hence, by (5), we have that

=|Tfo)| < KIflixgolellya < KIS lxqw
E

IT(fo)], = H / fodmy
2

<N f@llmr < KN flxgollelya
E

for all f € X() and ¢ € S(X)NY(n). That is, (a) holds. O

Of course, if T is Y (n)-extensible, by (5) and Proposition 15(b), it factorizes as

X(w) T E

[l;]" N "“ImT (14)

L}/(n) (mT)

Note that Iy, :L}(m (mr) — E is order-w continuous and satisfies condition (7) of Proposition 4 (as I, :L'(mr) — E does),
My, K17 (as my, (A) = Jo xadmr forall Ae ZL]Y(,”(mT) and mr <« n) and

lmr (FO)| = H / fodmr , <llellya | (mT)ny(,?) < llellya “f”Lly(,,)(mT)
2

for all fe L}((n)(mr) and ¢ € S(X)N Y (). That is, Iy, :L},m)(mr) — E is Y(n)-extensible. Moreover, the factorization (14)
is optimal in the sense of the following result.

Theorem 16. Suppose that T is Y (n)-extensible. If Z(¢) is a B.f.s. such that { < w and T factorizes as

X(u) —————=E

[l W S
Z(%)



with S being order-w continuous, Y (1)-extensible and satisfying condition (7) of Proposition 4, then [i]: Z({) — L}Hn) (mr) is well
defined and S(f) = Im, (f) forall f € Z(¢).

Proof. Let Z(¢) be a B.fs. such that ¢ « p and T factorizes as in (15). From Proposition 4, [i]: Z(¢) — L'(my) is well
defined and S(f) = Im; (f) for all f € Z(¢). In particular, we have that ms <« n as ms(A) = S(xa) = Im; (xa) = f.o Xadmr
for all Ae Xz) and mr « 7. Since S is supposed to be Y (1)-extensible, then there exists K > 0 such that

"!f@dmr

for all f e Z(¢) and ¢ € S(X) N By(y. Hence, for every f € Z(¢) it follows that ||(mr)llye) < Kl fllz¢) < oo and so
fely,mr). O

= [sG@)|; <KIflzolelyay <KIflze)
E

Example 17. Let S: L' NL®(\) — Ay (1) be the Hardy operator given in Example 5. Consider the Lorentz space A4(X) with
P(t) = fot Oy (s)ds for all t > 0. Given f € L'NL>®() and ¢ e S(B) N Ag(X), we have that

oo

IS 4,00 = / (SU@) &9 (5)ds < f re / f*Og* O deds
0 0

0
00 e

V' (s)
< ||f||Loo<A>/go*(r>/Tdsdr< 1 1z o 191 4
0 t

where the first inequality follows from the definition of S and the properties of the decreasing rearrangement of func-
tions, see for instance [1, §IL1, 2]. This shows that S is Ag())-extensible. Therefore, S factorizes through L}Lp(k) (ms) (see

Example 13) as in (14) and the factorization is optimal in the sense of Theorem 16.

Example 18. Let T :¢'(I) — ¢P(I) be the operator defined by the kernel K given in Example 6. Assume that for every j eI
there exists i € I such that K (i, j) > 0. Then, since 8 = (||Ki|loo)ics € £P(I) and K; < B, we can consider ¥ = (||Kller 1)) jer C
(0, 00) and the space Z}lf(l) (see Example 14). Given f € ¢!1(I) and ¢ € S(2) ﬂK}II(I), we have that

p\ 1/p A 1P 1/
TGOl = (X ) <(Zrar) (X Swordir)

iel jel iel jel

1/p
< ||f||el<1)<2!¢(j)|pZK(Lj)") < IIfllm)<Z!¢(j)|plll<j||§p(,>>

jel iel jel

p
> FhehK, j)

jel

1/p

< flery D_le DK vy = 1F ey Iy, -
Jjel

1

Hence, T is EW(I)—extensible and so factorizes through L!

A0)

optimal in the sense of Theorem 16. In the case p =1, note that L;l o (mr) = Z}lj(l) NL> ().
v

(mr) (see Example 14) as in (14) and the factorization is

Finally, we show a result which will be used in the following section.

Lemma 19. Suppose that T is Y (n)-extensible. Then, T is Z(¢)-extensible for all B.fs. Z(¢) such that n < ¢ and [i]: Z(¢) — Y (n) is
well defined.

Proof. Let Z(¢) be a B.f.s. as above. By Proposition 15 and Proposition 10, we have that [i]: X () — Ll’(n) (mr) =LY(mr) N

M(Yy(n), L1 (m7)). Since [i]: Z(¢) — Y (n) is well defined, [i]: Z,(¢) — Yp(n) is also well defined and so M(Y, (1), L' (mr)) C
M(Zp(¢), L' (m7)). Then, [i]: X () — L}((n)(mr) C le(g)(mr) and thus T is Z(¢)-extensible by Proposition 15. O

6. Special cases of B.f.s.-extensible operators
6.1. LP-product extensible operators

Let (£2, ¥, ;v) be a finite measure space, X(u) a B.fs. such that S(X) c X(u) C L'(u) (i.e. X(w) is a B.fs. in the sense
of Lindenstrauss and Tzafriri [14, Definition 1.b.17]) and T : X(«) — E a non-null order-w continuous linear operator with



values in a Banach space E. Note that in this case xo € X(w) is a weak unit and so 2}?&0 = X. In fact, Zx) = X. Given
1 < p < 00, the operator T is said to be LP-product extensible if there exists a constant K > 0 satisfying that

SUP{”T(f(D)”EZ peS(X)N BLP/(;/,)} < K”f”X(;L) (16)

for all f € X(w), where % + % = 1. This class of operators has been introduced in [3, Definition 8] as a tool for study-

ing unconditional convergence of series in Banach function spaces. It is clear that T is LP-product extensible if and only
if it is LP (u)-extensible. Then, in this case, T can be optimally “extended” preserving the inequality (16) to the space
Ll”'(u) (mr) = L},’M(mr) (see Example 11) by Im;. So, [3, Theorem 6] can be obtained as a particular case of Proposition 15
and Theorem 16.

6.2. Pisier’s factorization theorem

Let (£2, X, u) be a o-finite measure space, E a Banach space and T :L°(u) — E a non-null continuous linear operator,
where 1 < s < oo. Note that T is order-w continuous (as L¥(u) is order continuous), L*() has a weak unit (as u is a o-
finite measure) and Xys,) = {A € X' u(A) < oo}. Then E{?fw = X. For 1 < p < s, Pisier’s factorization theorem establishes
that T factorizes through a weighted Lorentz space LP-!(wdu) if and only if it satisfies a lower p-estimate, that is, if there
exists C > 0 such that

n 1/p
(Sirntz) <
i=1 LS ()

for all disjoint fy,..., fn € L(u), see [19]. On other hand, from [10, Theorem 4.2], condition (17) is equivalent to the
existence of a probability measure A on X and a constant K > 0 such that

IT(f2) | < KIfllsoliglie (18)

1 % — 1. Then, it follows that T satisfies

a lower p-estimate if and only if T is L"!())-extensible. In this case, Theorem 16 provides the largest “extension” of T
preserving the inequality (18), namely, I, : L (mg) — E.

DIl

i=1

(17)

for all f e L*(n) and g a X¥-measurable function with |g| <1 pointwise, where

1
Lt ()
6.3. pth power factorable operators

Let (§2, X) be a measurable space, X(u) a B.f.s. with a weak unit (so, 2}?&) =X)and T:X(u)— E a non-null order-w
continuous linear operator with values in a Banach space E. Note that mr is o-finite, as X(u) has a weak unit. Given
0 <1 < oo, consider the quasi-B.f.s. (B.f.s. if r>1)

X"(w) ={f eL’w: IfI"e X(w)},
1/r

equipped with the quasi-norm (norm if r > 1) || fllxr(w) = |||f\r||x(w. Let us see that the factorization of T through LP(mr)
is related with certain X"(u)-extensibility. Note that although throughout all this paper we have considered B.f.s.” for the

aim of simplicity, actually the main arguments can be adapted for quasi-B.f.s.".

Proposition 20. Assume that S(X) N X () is dense in X (i) and let 1 < p < oc. The following assertions are equivalent:

(@) [i]: X () = L1(my) N LP (my) is well defined.
(b) Tis XPITl (u)-extensible.

Moreover, if (a)-(b) hold, T factorizes as

X(w) T E
A
[i] Imyp (19)
. i L (mr)
L (mp) N LP (mr) =Lt o™

Proof. Suppose (a) holds. Then, [i]: X(u) — L'(mr) N LY, (my) is also well defined. Since L'(my) N LY, (mp) = L}p,(m )(mT)
T
1

for % + v =1 (Example 12), by Proposition 15 we have that T is LPI(mT)—extensible. Moreover, since [i]: X(u) — LP(mr)

is well defined, [i]: X% () — LP'(mT) is also well defined. Noting that % = p1Tl' (b) follows from Lemma 19.



1

Conversely, suppose (b) holds. Noting that X;" (w) = Xﬁ (n) as S(X)N X(w) is dense in X(w), we have that
1 =L 1
L (mp)=Li(mr)N M(X?=T (), L' (mr))
(W)

p

[i]: X(u) — L!
XPT (0

is well defined. So, given f € X(u), we have that f e L!(mr) and

IfIP=|f]- |f|l’—1 c L](mT) (i.e. fe Lp(mT)),

1

since |f| € M(Xﬁ (W), L'(mr)) and |fIP~ 1€ X7 (1). Therefore, (a) holds.
Suppose (a)-(b) hold. Since [i]: X(u) — LP(m7) is well defined, it follows that [i]: X 7T (u) — Lﬁ,’(mr) is so and then

1

M(LE (mp), L' (mp)) € M(X7T (10), L' (mr)).

From [15, Theorem 5] and the comments in Example 12, it is deduced that LP (m7) = M(Lf,’v/(mr), LY(mr)). Hence, L' (m7) N
LP(mp)cL! (mt) and thus T factorizes as above (see for instance [12, Theorem IL.5.1]). O

XP=1 ()

Remark 21. The condition S(X) N X() dense in X(u) in Proposition 20 is only needed for (b) implies (a). If (a)-(b) hold,

then T is L‘,;Vl(mr)-extensible. The converse holds if S(X) N LY, (mr) is dense in L‘,}V/(mr) (for instance, this is the case when
Ly, (mr) =L (mr)).

Under the more restrictive setting of w finite and X () order continuous such that S(X) ¢ X(u) c L'(w), since X(u) C
1
XP(u) for 1 < p < oo, it can be considered the property for T of being pth power factorable, i.e. T can be extended to
1
X7 () by a continuous linear operator Tj. In this case, T factorizes as

T
X(M)_ | > E
(20)

N Ty

1

XP (1)
This class of operators has been recently introduced and thoroughly studied in [18, §5]. Note that in this context, mr is
defined in the o-algebra ¥ and so LP(mr) C L!(mr). Then, from Proposition 20 and [18, Theorem 5.7], we have that T is

1
pth power factorable if and only if T is X?-T (u)-extensible, provided mr and p are equivalent. Finally, let us show (in the
last setting) an interesting consequence of Proposition 20 for p = 2.

Corollary 22. Suppose that E is a 2-concave Banach lattice and T is X (j1)-extensible with mt being equivalent to (1. Then, T factorizes
through L2(1) as

X(w) T E
My s
L% (1)

where My is a multiplication operator and S a continuous linear operator.

Proof. Since T is X(u)-extensible, by Proposition 20, it factorizes as

T
X(u)‘ jE

i N Ee ..Im'[
L?(mr)

Noting that L?(mr) is a B.f.s. over u and 2-convex and Imq :L2(mr) — E is 2-concave (by [14, Theorem 1.f14] and since E
is 2-concave), from the Maurey-Rosenthal factorization theorem (see for instance [6, Corollary 5] or [18, Corollary 6.17]) we
have that I, factorizes as



AN
L2 (1)

with M, being a multiplication operator and S a continuous linear operator. The composition of the two diagrams above
gives the result. O
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