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Abstract

Given a set function A with values in a Banach space X, we construct an integration theory for scalar functions with respect to
A by using duality on X and Choquet scalar integrals. Our construction extends the classical Bartle—Dunford—Schwartz integration
for vector measures. Since just the minimal necessary conditions on A are required, several Ll-spaces of integrable functions
associated to A appear in such a way that the integration map can be defined in them. We study the properties of these spaces and
how they are related. We show that the behavior of the Ll—spaces and the integration map can be improved in the case when X is
an order continuous Banach lattice, providing new tools for (non-linear) operator theory and information sciences.
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1. Introduction

Lebesgue type integration of scalar functions with respect to a vector measure was originally developed by Bartle,
Dunford and Schwartz [3] in order to extend the classical Riesz representation theorem for vector valued opera-
tors. Later, an equivalent integration theory was constructed by Lewis [23] using the duality of the vector measure’s
codomain. Nowadays this theory is well understood and has found many important applications in functional analysis
and operator theory, among others the extension of linear operators to larger domains, see [29] and the references
therein for an outlook of this topic. Similar and other applications would be desirable in the case of non-finitely addi-
tive vector valued set functions, as for instance the study of non-linear operators or the construction of some measuring
tools in information science (e.g. [4,18]). The aim of this paper is to create an integration theory for vector-valued
capacities—sometimes also called fuzzy capacities—and the corresponding spaces of integrable functions, which fits
with the integration with respect to vector measures and allows to address this kind of applications in next works. As a
first step in this process, Choquet type integrals will provide the appropriated framework and will play a fundamental
role for our goal.
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Let us explain our motivation regarding possible applications of our work. Our interest in this topic is twofold.
On the one hand, the relevance of our paper from the point of view of the mathematical analysis may be found in
the aim of finding extensions of recent vector-measure-based developments in operator theory and harmonic anal-
ysis. Indeed, Bartle-Dunford—Schwartz integration has found an upturn of interest due to its use for computation
of maximal domains of operators, with applications in several applied problems (see for example [10,12,11,29]). In
this direction, similar techniques would be applied for non-linear operators using the tools developed here, where
linearity—vector measures—is substituted by non-linearity—fuzzy vector capacities—. Concretely, we are thinking
about fundamental non-linear operators as the Hardy—Littlewood maximal operator. On the other hand, as a continua-
tion of our research in collaboration with information scientists, we are also interested in the theoretical development
of mathematical instruments for the bibliometric analysis of the impact of the scientific research and its multiple
applications—altmetrics, research assessment, big data analysis, just to mention some of them (see [6,16])—. Current
research on the topic shows that two lines of research make sense. The first one stresses the fact that non-additive
set functions and integration are more and more needed for constructing such measuring tools (see [4,18,21,26]). The
second one highlights the fact that multiple scalar indexes—that is, vector-valued indexes—are sometimes needed for
a suitable mathematical treatment of the information (see [6,17] and the references therein).

Integration with respect to general set functions has a long tradition, and current contributions on this subject are
hot research topics in several branches of both pure and applied mathematics. In the Introduction of [22], an excellent
historical review on this integration can be found; see also [24] for an overview of non-additive monotonic measures
and their properties. There are a lot of mathematical developments related to non-additive integration; the references in
both papers just mentioned provide a nice selections of works regarding this subject and its broad class of applications.
We must also refer to the so called pseudo analysis, that is based in the study of the properties of the pseudo measures.
Different terms are used for related types of set functions, as for example fuzzy measures, capacities, non-monotonic
measures, pseudo-additive measures and null-additive set functions. Starting from the early work of Choquet ([9]),
Sugeno and others which may be mentioned here (see for example [27,28] and the references therein), solid integration
theories have been constructed for related classes of non-additive measures (see the books [13,30,31]; also [33,35]).
In particular, the Choquet integral has been deeply studied in the case of scalar functions and scalar positive capacities
(e.g. [13]) and even there are studies about the L' and other function spaces associated to this integral (e.g. [7]).
Regarding general (topological) spaces of scalar functions that are integrable, a lot of work has also been made in
recent years, also from different—theoretical and applied—points of view. Although the literature on the subject is
really broad, let us mention here the works that are more related to our developments, that are the papers [7,8] for the
classical Choquet integral for scalar functions, and [32] for general pseudo measures.

Regarding the vector valued case, also vector capacities with values in a Riesz space has been studied (e.g. [20]).
In this case, thanks to the order structure, a Choquet type vector integral can be defined by using vector Riemann
integration. Our approach will be different. Starting with a Banach space valued capacity (without any order) we will
use Choquet scalar integrals and duality in a similar way as in Lewis integration to define a vector-valued integral.
Several L'-spaces associated to the vector capacity appear along the paper as soon as some specific conditions are
required. We study the relation among them and the role played by the Dunford and Bochner integration when the
distribution functions with respect to the vector capacity are considered; we must mention here the paper [15] for a
similar study in the case of vector measures, that in some sense inspired our work. Finally, we will see how much the
behavior and the properties of the L'-spaces and the integration map improve when the vector capacity take values in
an order continuous Banach lattice.

‘We must remark that the novelty of our results mainly concerns the vector nature of the proposed Choquet integral,
and the fact that we are directly interested in the structure of the associated spaces of integrable functions, besides
the properties of the integrals. This is so because spaces of integrable functions are central in both motivations that
led us to start this study. From the pure-analytic point of view, domains of (linear and non-linear) classical operators
are normally function spaces, and so the maximal domain must be expected to be such an space too. From the point
of view of the applications, all the functions that can be used for representing a measuring tool with some fixed
requirements in information science are also elements of such an space.

The contents of this paper are structured as follows. In the preliminaries we collect the basic concepts and facts
on scalar capacities and function spaces that are needed. Section 3 is devoted to the space L! (%) of a scalar positive
capacity A, that is, the space of (A-a.e. classes of) measurable functions f such that f 1 M f1dm < 0o where m is the
Lebesgue measure on the interval I = [0, 00) and A,z is the distribution function of | | with respect to A. Although



this space has already been studied in [7], as it will be our main tool we have preferred to include here a detailed
outline in which minimal conditions on A are required taking care that the identification of functions which are equal
A-a.e. is correct.

In Section 4 we consider a family F = () of scalar positive capacities and construct two quasi-Banach function
spaces associated to F, namely, the space L' (|| F||) of the capacity || F| = sup,, Ao and the space LY (F) of (| F|-a.e.
classes of) measurable functions f such that sup, [ 1 (M) fidm < 0o. A Banach space valued capacity A: ¥ — X
come into play in Section 5. As particular cases of the results of Section 4, we obtain the quasi-Banach function spaces
LY A, w-Ly(A), LY([[IA]]), w-L}, (A) associated to the families (|x* A[)yepys and (qxa)r+eBys» Where [x*A|
and g+ are the variation and quasi-variation respectively of the scalar capacity x*A given by the composition of A
with the element x* in the closed unit ball By+ of the topological dual X™* of X.

Under the appropriate conditions, in Section 6 we associate to A an integration map /x: w-LéU(A) — X**, where
(In(f),x*) = [;x*A s dm for all positive f € w—L;U(A) and x* € X*. For non-positive f we use its positive and
negative parts. Then two new sets appear in the case when X is non-reflexive: the set L;U(A) of functions f €
w-L},(A) such that I5(f xa) € j(X) forall A € =, where j is the canonical embedding of X into X**, and L}(A) =

L ;U(A) N w-Lll)(A). We find the following containment relations

L'(JAlD € LY(A) C w-Ly(A)
N N N
L'(IIAIID) C Lgy(A) C w-Lg, (A).

In the case when A is a vector measure the vertical inclusions are equalities, w—L}}(A) and L}}(A) coincide with the
spaces of weakly integrable and integrable functions (in the sense of Lewis) with respect to A respectively, and 1 is
the integration operator with respect to A.

In general, since I, is not additive, we cannot know even if L}IU(A) and L},(A) are vector spaces. Section 7 gives
conditions on X and A under which these two sets are Banach function spaces with the norms of w—L}IU(A) and
w—L,l}(A) respectively. The key is that under these conditions X is a Banach lattice satisfying that j(X) is an ideal
of X** and the map I, is increasing and subadditive on positive functions. Moreover, /4 turns out to be continuous,
the space w-L év(A) coincides with the space of (A-a.e. classes of) measurable functions such that A | is Dunford
integrable with respect to m and L' (||| A]||) with the space of functions such that Ay is Bochner integrable.

We end with Section 8 by showing an example of a vector capacity which satisfies all the conditions required along
the paper and giving easier descriptions of its associated L'-spaces.

2. Preliminaries

Throughout this paper (€2, X) will denote a measurable space. Let A: ¥ — [0, oo] be a set function satisfying that
A(@) = 0. Such a set function A will be called a capacity. A set Z € X is A-null if A(A) =0 for all A € X such that
A C Z. Note that every measurable subset of a A-null set is A-null. A property holds A-a.e. if it holds except on a
A-null set. If (A,) C X is an increasing sequence with A =UA, we will write A, 1 A. If the sequence is decreasing
with A =NA, we will write A, | A. The following properties of a capacity will be used in the sequel:

(P1) A isincreasing if A(A) < A(B) for every A, B € ¥ such that A C B.
(P2) A is null-additive if \(AU Z) = L(A) forall A, Z € ¥ with Z being A-null.
(P3) X is quasi-subadditive if there exists a constant K > 1 such that

A(AUB) = K(A(A) + A(B))

for every disjoint sets A, B € X. If K =1 it is called subadditive.
(P4) A is superadditive if A(A) + L(B) < A(A U B) for every disjoint sets A, B € X.
(P5) A is submodular if M(AU B) +A(ANB) <A(A)+ A(B) forall A, B € X.
(P6) A is continuous from below if L(A,) — L(A) whenever A,, A € ¥ with A, 1 A.
(P7) A is continuous from above at ¥ if A(A,) — 0 whenever A, € ¥ with A, | @ and A(A1) < oo.



Denote by £°(2) the space of all measurable functions f:$ — R and by £0(Q)* the positive cone of L2(R),
that is the set of functions in £°(2) which take values in [0, co). Write A5, for the set of functions fe £9() such
that f = 0 A-a.e. In what follows we require that UZ,, is A-null whenever (Z,) is a sequence of A-null sets. This fact
is obtained for instance if A is continuous from below and has any of the properties (P2,3,5). Under this requirement
N, is a vector space and for f,, — g,, f — g € N, with f,, — f A-a.e. it follows that g, — g A-a.e. The support of a
function f € £°(2) will be denoted by supp(f). Note that f € N; if and only if supp( f) is A-null. Denote by L(1)
the quotient space £9(Q)/N,. That is, LO(%) is the space of all real measurable functions f defined on €2, where
functions which are equal A-a.e. are identified. For f € £°(2) we will denote by f+ and £~ the positive and negative
parts of f respectively, that is, f+ = Sxp;and f7 = (=f)xn, where Py ={w e Q: f(w)>0}and Ny ={w € Q:
f(w) < 0}. We will write S for the space of simple functions on ¥ and S = {¢ € S : A(supp(¢)) < 00}.

By a A-quasi-Banach function space (briefly, A-quasi-B.f.s.) we mean a quasi-Banach space E C L°(1) with quasi-
norm || - || g, satisfying that if f € L°(1), g € E and | f| < |g| A-a.e. then f € E with || f||z < |lgll£. If E is a Banach
space we will refer it as a A-Banach function space (briefly, A-B.f.s.). In particular, a A-quasi-B.f.s. is a quasi-Banach
lattice for the A-a.e. pointwise order. Note that all inclusions between A-quasi-B.f.s. are continuous, see the argument
given in [25, p. 2]. A A-quasi-B.f.s. E is o -order continuous if for every sequence (f;) C E with f;, | 0 A-a.e. it fol-
lows that || f; || g 4 O. In this case S N E is dense in E. It is said that E has the o -Fatou property if for every (f,) C E
such that 0 < f;, 1 f A-a.e. and sup || f,||E < oo we have that f € E and || f,llE T || fllE-

Let p be a A-quasi-norm function, that is a map p: L°(2) — [0, oo] satisfying the following conditions:

(C1) p(f) < p(g) whenever f, g € L2(Q) with | f| < [g] A-a.e.

(C2) p(f)=0ifand onlyif f =0 A-a.e.

(C3) plaf)=lalp(f)' foralla e R and f € £LO(R).

(C4) There exists K > 1 such that p(f + g) < K(p(f) + p(g)) forall £, g € LO(Q).

Condition (C1) guarantees that p: LO(1) — [0, oo] is well defined. Then
X, =1{f € L°0): p(f) < o0}

is a vector space and p is a quasi-norm on it. Moreover, if f € L°(A), g € X, and | f| < |g| A-a.e. then f € X, with

p(f) =p(g).

The A-quasi-norm function p is said to have the o-Fatou property if p(f,) 1 p(f) whenever f,, f € £L2(Q) with
0 < fu 1 f A-a.e. In this case, it is known that X, is complete. For the sake of completeness we include a proof of this
fact; it can be obtained by adapting the proof of Theorem 1.6 in [5], taking into account that in this book the definition
of function norm includes the o -Fatou property (see also [7] and Sections 2 and 3 in [8]).

Proposition 1. Let p be a A-quasi-norm function with the o-Fatou property. Then X, is a A-quasi-B.f.s. with the
o -Fatou property and p is a quasi-norm on it.

Proof. Let r > 0 be such that 2K = 2% where K is the constant of condition (C4). Then
n Lo 1
o(35) =4 (o) (1)
j=1 j=1

for all finite subset (f.,‘)’]’-=1 C Xp, see [19, Lemma 1.1]. Consider a Cauchy sequence (f;) C X, and take (ny)
strictly increasing such that o (fy,, — fu,) < 2% Denote gr = fu ) — fup, A={w € Q: Zkzl |gk(w)| < oo} and
€= i>18kxa-Since Y "1 |gklxa t X s> |gklxa pointwise, it follows that

P8 = ,O(Z |gk|XA> :mli—>moop<i |gk|XA) = 4%(Zp(gk)r>% <00
k=1 =1

k>1

1 We use the convention 0 - 0o = 00 - 0 = 0.



and so g € X,,. Similarly, p(3_;-,, 8kxa) < 4%(2,@,” ,o(gk)’)rl‘ for each m > 1. Consider the sets A,JZ ={we:
ZZ’ZI |gk(w)| > N} form, N > 1 and note that XAN < % Z?:l |gx| pointwise and XAN 0 XUyt AN S M —> 00. Then,

1
. L S 4 ;
'O(XU”’ZIA'I'\II) - mleoop(XA’])‘]) = ﬁmll)moop<k2; |gk|> : W<k2;p(gk)r) -
= =

Since Q\A =Ny>1 Up>1 A,],\,’ and so p(xo\a4) < p(XUm>1A,’){) for all N, taking N — oo we have that p(xq\4) = 0.
This implies that 2\ A is A-null. Noting that g + f,,, — f,, = Zkzm gk XA A-a.e., given ¢ > 0 it follows that

P&+ fuy — Jn) = K(ﬁ(ngXA) + p(fn,, — fn)) <e¢
k>m

for large enough n and m. Hence, f, — g + f,, in X, and so X, is complete.
The o-Fatou property of X, follows clearly from the o-Fatou property of p. O

Let £: ¥ — R be a set function satisfying that £(¢J) = 0. Such a set function & will be called a real capacity. A set
Z € X is &-null if E(A) =0 for all A € ¥ such that A C Z. The variation of & is the set function |£]: ¥ — [0, c0]
defined by

IE1(A) :sup{Z|$(A,~)|: (A)'_, C ¥ is a partition ofA}

i=1
for A € X. The quasi-variation of & is the set function g¢: ¥ — [0, oo] defined by
ge(A) =sup{|&(B)| : B € ¥ with B C A}

for A € X. Note that both |£| and ¢¢ are increasing capacities. We also consider the capacity |£(-)|: ¥ — [0, oco) given
by [£(-)|(A) = |§(A)| for A € X. The following lemma collects several properties involving the capacities |£][, ge
and |&(-)| which can be routinely checked. The reader can find more information on the variation of non-additive set
functions in [30,36,37].

Lemma 2. Let & be a real capacity on X. The following statements hold:

(@) 150 < g < £l
(b) &-null, |&|-null, q¢-null and |&(-)|-null sets coincide.
(c) |&| is superadditive.
(d) 1EC)| =q: & |§()| is increasing, and qs = || & qg is superadditive.
(e) If (&) denotes any one of |&|, qe, 1£(-), then
(el) ®(a&)=l|a|PE) forallaeR,
(e2) ®(E +1n) < D)+ D©(n) for n being another real capacity on ¥, and
(e3) if (&) is a sequence of real capacities on ¥ such that &,(A) — £(A) for all A € ¥ then (&) <
liminf ® (&,).
(f) If 1&(-)| has any of the properties (P2,3,6) then q¢ has the same property.
(g) If q¢ has any of the properties (P2,3,6) then |&| has the same property.

The quasi-additivity constant is preserved in (f) and (g).

Note that in the case when & takes values in [0, c0), from Lemma 2.(d), in general £ does not coincide with any of
qge or |&].

3. L'-space of a capacity

Let 1: ¥ — [0, oo] be an increasing capacity and denote by m the Lebesgue measure on the interval I = [0, 00).
For f € LO(Q)*, the distribution function of f with respect to A is the map A1 — [0, co] defined by



Ar) =A{weQ: f(w)>1})
for t € 1. Since A is increasing we have that A ; is decreasing and so measurable. Then we can consider the Lebesgue

integral

L(f) = /xfdm € [0, oo].

1

Remark 3. If f € £%(Q)* is such that A(supp(f)) < oo then A 7 is bounded and so Riemann integrable in every
interval [0, a] with 0 < a < co. Then

e¢]

B = [ 2rr
0
is the Choquet integral of f with respect to A created in [9].

A positive function ¢ € S always can be written in its standard representation, that is ¢ = Z?: jajXxa; Where
(Aj)’j“.=1 C ¥ is a finite collection of pairwise disjoint sets and 0 < o] < a2 < - -+ < @y Setting op = 0, we have that

n n
Ay = Zx( U Aj)xmk,l,ak)

k=1 =k
and so
AOEDRI(UEH [T @
k=1 j=k

In particular, I (x4) = A(A) forall A € X.

Let us show some properties of the integration map I: £L0(2)* — [0, oo] which will be needed later on. Similar
result in a slightly different context can be found in recent papers on the Choquet integral. (See [22, Proposition 3.4],
and in general Section 3 in this paper; Section 4 gives similar results for other non-additive integrals. See also the
references in this paper for more information on these matters. The reader can find more information on continuous
monotone set functions in [24] and the papers quoted in it.)

Lemma 4. The following statements hold:

(a) Li(af)=al,(f) forall f € LX) and 0<a e R.

(b) L(f) < L(g) for every f, g € LO(2)T such that f < g pointwise.

(c) Li(f) = L,(g) whenever f, g € LO(Q)T with f = g A-a.e. if and only if ) is null-additive.

(d) L.(fy) 1t L.(f) whenever f,, f € L2(2)F with f, 1 f pointwise if and only if A is continuous from below.

(e) L.(fy) 4 0 whenever f, € LO(Q) with f, | 0 pointwise and I,(f1) < oo if and only if ) is continuous from
above at .

Proof. An appropriate change of variables gives (a). Part (b) is also clear as A is increasing.

(c) Suppose that I, (f) = I, (g) forevery f, g € £9(92)* such that f = g A-a.e. For A, Z € ¥ with Z being A-null,
taking f = yxauz and g = x4 we have that f = g A-ae. and so L(A U Z) = L, (f) = I, (g) = A(A). Conversely,
suppose that A is null-additive and consider f, g € £0(Q)" with f = g except on a A-null set Z. For every ¢ € I,
denote A; ={we Q: f(w)>t}and B; ={w € Q: g(w) > t}. Noting that A, Z, B; N Z are A-null and A, NQ\Z =
B; N Q\Z, we have that

MAY) = A(A; NQ\Z) = A(B; N Q\Z) = A(B,).

Then A y = A, pointwise and so I, (f) = I,.(g)-
(d) Suppose that I; (f,) 1 L. (f) forevery f,, f € £L2(Q)T suchthat f, 1 f pointwise. For A,, A € ¥ with A, 1 A,
taking f, = xa, and f = x4 we have that f, 1 f pointwise and so A(A,) = L, (fn) 1 1L(f) = A(A). Conversely,



suppose that A is continuous from below and consider f,, f € £°()T with f, 1 f pointwise. Noting that {w € Q :
fa(@) >t} 1t {we Q: f(w) >t} forall t € I, we have that Ay, 1 A pointwise. Then, by applying the monotone
convergence theorem for the Lebesgue integral with respect to m, it follows that I, (f,) 1 I,.(f).

(e) Suppose that I, (f,) | O for every f, € £9(Q)7T such that fn 1 0 pointwise and I, (f;) < oo. For A, € &
with A, | ¥ and A(A1) < oo, taking f, = xa, we have that f,, | O pointwise and [, (f1) =A(A1) < 00.So A(4,) =
L.(f) | 0. Conversely, suppose that A is continuous from above at @ and consider f,, € £2(Q2)* with f,, | 0 pointwise
and I, (f1) < 0o. Note that A 7, (t) < oo for all > 0 as A 7, is decreasing. Since {w € Q: f,(w) >t} | ¥ forall t > 0,
we have that A7, | 0 m-a.e. Then, by applying the dominated convergence theorem for the Lebesgue integral with
respect to m, it follows that I, (f,) | 0. O

Related results on the additivity properties of the integral under further requirements on the capacity are known;
see for example Theorem 4.1 in [7], and Section 4 in this work. See also [30] for a systematic approach to non-additive
set functions.

Consider the map || - [|x: £2(Q) — [0, oo] defined by || |l = I,(| f]) for f € £9(RQ). The following proposition
gives conditions under which || - ||, is a A-quasi-norm function with the o -Fatou property.

Proposition 5. Suppose that A\ is null-additive, quasi-subadditive and continuous from below. Then, the following
statements hold:

(@) I fllx < gl whenever f, g € L2(Q) with | f| < |g| r-a.e.

(b) 1 fllx=0ifand onlyif f =0 A-a.e.

(c) llafllx=lal | fll; foralla e R and f € LO(Q).

(d) I f+glx <2Klflx+ gl forall f, g € L2(2), with K being the constant of the quasi-subadditivity of .
(e) Il fulla 2 1 £ llx whenever fy, f € LO(Q) with0 < f, 1 f r-a.e.

Proof. (a) Let f, g € £°(RQ) be such that | f|x4 < |g|xa pointwise for some A € ¥ with €\ A being A-null. Since
|flxa=1f]and |g|xa = |g| A-a.e., from Lemma 4.(b) and (c) it follows that

£l =LA fD = L>f1xa) = L(glxa) = L(1g) = lIgllx.

(b) If f =0exceptona A-null set Z, then {w € Q: |f(w)| >t} C Z forallt € I and so A,y = 0 pointwise. Hence

Il f1Ix = 0. Conversely, suppose that || ]|, =0 and denote A, ={w € Q: | f(w)| > %}. Since %XA,, < | f]| pointwise
we have that

1 1 1
0=1171 2 |~ xa, |, =55 xa,) = = 240
n A n n

and so A(A,) = 0. Note that A, 1 supp(f) from which A(supp(f)) =0 as A is continuous from below. Then f =0
A-a.e.

(c) Clear from Lemma 4.(a).

(d) For every f, g € £2(S2), noting that

{weQ: |[(f+o) (| >t} Clwe: 2f(w)|>t}U{we RQ: |2g(w)| >t}

for all # € I and since A is increasing and quasi-subadditive with constant K, it follows that A| 71 o) < K (A2 7| + A2jg))
pointwise. Then,

If+glh = KAZfNx + 12810 = 2K U fllx + llglln)-

(e) Let f,, f € £L2(R) be such that 0 < f, x4 1 fxa pointwise for some A € ¥ with Q\A being A-null. Since
Jaxa =|ful and fxa =|f]| A-a.e., from Lemma 4.(c) and (d) it follows that

I fulls = LA ful) = Li(fuxa) t L(fxa) = LASD =11 O

In the remainder of this section we will assume that the capacity X satisfies the properties (P1,2,3,6). These prop-
erties guarantee the good behavior of the L'-space of A defined as

L'0)=1{feL’G): Iflx < oo}



Note that a simple function ¢ € L' (1) if and only if ¢ € Sy, see (2).

Theorem 6. The space L' () is a A-quasi-B.f.s. with the o -Fatou property and || - ||;. is a quasi-norm on it. Moreover,
LY()) is o-order continuous if and only if . is continuous from above at §. In this last case, S, is dense in L' (}).

Proof. The first part follows from Propositions 1 and 5.

Suppose that L!(1) is o-order continuous and let f, € L)t with £, | 0 pointwise and I, (f1) < oo. Since
foe LY as || fulls < Il fill = L.(f1), we have that I,(f,) = || fullx 4 0. Then A is continuous from above at @ by
Lemma 4.(e).

Conversely, suppose that A is continuous from above at @ and let f, € L'(X) be such that f, | 0 A-a.e. Taking
A € ¥ such that 2\ A is A-null and f;, x4 | O pointwise and noting that I, (f1x4) = Il fixallx = | fillx < oo, from
Lemma 4.(e) we have that || f,[lx = | faxallr = Ii(faxa) 4 0. So L1(X) is o-order continuous.

Noting that S; = S N L' (1) we conclude the proof. O

Remark 7. Let ;: ¥ — [0, co] be a measure. Obviously w is a capacity satisfying all the properties (P1-7). For every
positive ¢ € S, from (2) it follows that /,,(¢) coincides with the Lebesgue integral fQ @du. For f e £O(Q)7, taking
a sequence (¢,) C S such that 0 < ¢, 1 f pointwise, from Lemma 4.(d) and applying the monotone convergence
theorem for the Lebesgue integral with respect to u, it follows that

1M<f>=1imlu<<p,,)=1im/¢ndu=/fdu.
Q Q

Then our space L! (i) is just the classical space of Lebesgue integrable functions with respect to .

Now we want to extend the integration map I, to non-positive functions of L!(1). In order to obtain the Lebesgue
integral in the case when A is a measure, for a function f € L'(x) we define I,(f) = L.(f+) — I,(f 7). Note that
the definition is meaningful as I; (f 1), I, (f~) < oo and if g € L'(A) is such that f = g A-a.e., since f* = g% and
f~ =g A-ae., from Lemma 4.(c) it follows that I, (f) = I, (g). It is important to emphasize that the integration map
I: £9(Q)T — [0, 0o] is not additive in general. In fact this is only the case when A is a measure, since finite additivity
and continuity from below imply countable additivity. So the definition of I, for a non-positive function depend on
its positive and negative parts.

From Lemma 4.(a) it follows that I;: L' (1) — R is homogeneous, that is, I; (af) = al,(f) for all f € L'(%) and
a € R. Indeed, we only have to note that (af)* =af™, (af)” =af~ ifa >0and (af)™ = —af~, (af)” = —af™
ifa <0.

It is well known that 7, is subadditive on the set of positive simple functions if and only if X is submodular, see for
instance [13, Ch. 6] and the references therein or [1] for a nice proof. In this case, since A is continuous from below,
it follows that I, is subadditive on all £°(2)™ and so | - ||, is a norm, that is L'(}) is a A-B.f.s.

Proposition 8. If 1 is submodular then I,: L'(A) — R is continuous.

Proof. Suppose that A is submodular and so I is subadditive on £%(Q)T. Given f,g € £0(Q)*, applying
Lemma 4.(b) we have that

L(f)=L(f —gl+8 =L(f —gh+ L),
from which it follows that | I, (f) — I, (¢)| < L.(|f —g|). For f, g € L'(}),since | f* —gt| <|f—gland |f~—g~| <
| f — gl, we obtain that
1) = L) < IL(f) = L@ + 1L.(f7) = Lu(g )
SLAfT =D+ LA —87D
=2L(f—-gh=2lf—-¢glx. O

We end this section by constructing a class of capacities which satisfy all the necessary properties to obtain a good
L'-space.



Example 9. Let ©: ¥ — [0, o0] be a measure and ®:/ — [ an increasing function vanishing only at zero, with
lim,_, o+ ®(x) = 0 and being derivable in (0, co) with a decreasing derivative ®’. For instance ®(x) = x? with
O<p<1,®d(x)=1—e"* or ®(x) =In(1 + x). Note that

Sla+b—c)+ P(c) < d(a) + D) 3)
for all 0 < ¢ <a, b < co. Consider the capacity A: ¥ — [0, oo] given by
AMA) = D(u(A))

forall A € . As usual, ®(c0) =lim,_, o, ®(x). Note that the A-null and p-null sets coincide and so Lo = Lo(u).
It is direct to check that A is increasing, null-additive and continuous from below. Let us see that X is submodular and
so subadditive. For every A, B € ¥ with w(A), u(B) < oo, since u is a measure we have that

u(AU B) = p(A) + n(B) — n(AN B).
Applying (3) fora = u(A), b = u(B) and ¢ = u(A N B), we obtain that
MAUB)+A(ANB) =P (u(A) + n(B) — u(AN B)) + ®(u(AN B))
< ®(u(A)) + (u(B)) = A(A) + A(B).

If any of A or B has infinite u measure then the submodular inequality is clear. Therefore

L'y = {7 €% 1Al = [ @Guypdm < oo

I

is a u-B.f.s. with the o-Fatou property and | - ||, is a norm on it. Moreover, the integration map I;: L' (L) — R is
continuous. The space L'(3) turns out to be an intermediate space between L*° (1) and Ll(u), that is,

L) N LY () € L") € L®(w) + L' (w).

Let us show this fact. For every positive ¢ € S with standard representation ¢ = Z?:] ojxa; such that o, <1, since
@ is concave (as @ decreases) and Y ;_, (o — ak—1) = &, < 1, it follows that

n

ol =" @ (n( L_J Aj) ) —ai-1)

< q’(g#(gA‘/)(ak — o) = ®(!¢du)-

Note that the concave inequality holds even if some U"?_, A; has infinite u measure. Then, if f € LO() is such that
|f] <1 p-ae., taking a sequence (¢,) C S such that 0 < ¢, 1 | f| p-a.e., we have that

£ 115 = lim g, 15 slimcb(/gondu) =<I>(f|f|du>.
Q

Q

Hence every non-null function f € L*(u) N L' () satisfies that

£l
171 = 1 loo® (5 )
N f Nl
and so L*®(u) N L' (w) C L'(%). On the other hand, since @ is decreasing we have that
P’ (x0) x < P(x) 4)

forall 0 <x < xo < o0o. Let f € L'(1) and denote A, = {w € Q: | f(w)| > n}. Note that there exists n such that
m(A,) < oo as in other case ®(u|r)) = ®(oo) which contradicts || ]|, < co. Then limu(A,) =0as A, | {w €
Q: | f(w)| = oo}. Take xg > 0 such that ®’(xg) > 0 and n¢ such that £(A,,) < xo. Then, since I F 1 XAng < u(Ayy)
pointwise, by (4) it follows that



IS XAy 12 =/<I>(mf|xA,,O)dm > <I>/(xo)/u|f|xAn0 dm = CD/(xo)f | f1XA,, dit.
1 1 Q
Hence [ = fXxo\a,, + XA, With fxa\a, € L) and fxa, € L'(1) and so we have that L'(%) C L™ (u) +

L' ().
Finally note that in the case when ®(00) = oo or u is finite it follows that A is continuous from above at ) and so
L' (%) is o-order continuous having S, (S if w is finite) as a dense subspace.

4. L'-spaces associated to a family of capacities

Let F = (Ay)aca be a family of capacities on ¥ satisfying the properties (P1,2,6) and being uniformly quasi-
subadditive, that is, there is a constant K > 1 such that

Ag(AU B) < K(Ay(A) + Ag(B))
forall A, B € X and « € A. For each o € A, by Theorem 6, we have that

L'(hy) = [f € L%0w) : 1 fllx, = /(/\ahf\dm N 00}
1

is a Ay -quasi-B.f.s. with the o -Fatou property and || - ||, is a quasi-norm on it.
Consider the set function || F||: £ — [0, oc] given by
[ F11(A) = sup Ay (A)

aeA

for A € ¥. Note that || F]| is a capacity and a set is ||F|[-null if and only if it is A,-null for all @ € A.
Proposition 10. The capacity || F|| satisfies the properties (P1,2,3,6).

Proof. It is clear that | F|| is increasing (as each A, is so) and quasi-subadditive with the constant K of the uniform
quasi-subadditivity of F.

Let A, Z € ¥ with Z being ||F||-null. Since each X, is null-additive and Z is A,-null, we have that A, (AU Z) =
Aq(A). Then | F[(AU Z) = || F|I(A) and hence ||.F] is null-additive.

Let A,, A €  be such that A, 1 A. Since ||F|| is increasing we have that | F||(A,) 1 and || F||(A,) < || F]||(A) for
all n. Then lim || F||(A,) < || F||(A). On the other hand, since each A, is continuous from below, we have that

ra(A) =limiqy (Ap) <lim || F[(An).
Then || F||(A) <lim ||F||(A,). Thatis, | F||(A;) 1 IF|I(A) and so ||| is continuous from below. O

From Theorem 6 we have that

LYUFD = { £ € LOUFD 1/l = f Il dm < o)
1

is a ||F||-quasi-B.f.s. with the o-Fatou property and || - ||} is a quasi-norm on it. For each @ € A and f € £0(Q),
since (Ae) || < IF || pointwise, we have that || f|lx, < | fllj7). On the other hand, since every ||.F||-null set is
Aq-null, the map [i] which takes a ||F|-a.e. class in LOOIFID represented by f into the A,-a.e. class in L)
represented by the same f is well-defined. Then, [i] takes LY(|FI) into L' (Ay) and we will write L'(||F|) Cli
L'(Ae).

Let us create an intermediate space between L' (7D and each L'(Ay). Consider the map || - || 7: £9(Q) — [0, oo]
defined by

If 17 = sup [ flls,

aeA

for f € £9(). The following proposition shows that || - | = is a ||F||-quasi-norm function with the o -Fatou property.



Proposition 11. The following statements hold:

(@) IIf 7 < gl whenever f, g € LO(Q) with | f| < |g| | F|-a.e.

(b) I fllF=0ifand only if f =0 || F|-a.e.

(¢) lafllF=lal | fllF foralla €Rand f € L2(Q).

(d f +¢glr < 2K(||f||]: + ||g||]:) for all f,g € LO(Q), with K being the constant of the uniform quasi-
subadditivity of F.

(e) I fall 7 | fllF whenever fu, f € L2() withO < f, t f | F-a.e.

Proof. By Proposition 5, each map || - ||5,: £0(Q) — [0, 0o] is a Ag-quasi-norm function with the o -Fatou property.
(@) If £, g € £L2() are such that | f| < |g| || F|-a.e., then for each & € A we have that | f| < |g| A¢-a.e. and so

I flre = lgll5,- Hence, || fll 7 < ligll 7.
(b) Recall that for any capacity A we have that f = 0 A-a.e. if and only if supp(f) is A-null. Then, || f||7 =0 or

equivalently || f1/,, =0 for all @ € A, if and only if supp(f) is A-null for all @ € A, that is, supp(f) is || F||-null.
(c) Clear as |laf |lx, = lalll fllx, foralla e R, f € £0(Q) and o € A.
(d) Given f, g € £%(S), since the constant K of the uniform quasi-subadditivity of F is the constant of the quasi-
subadditivity of each Ay, we have that || f 4 glln, < 2K (|| fll», + lIgll»,). Hence, || f +gll7 <2K U fllF + gl F).
(e) Let fy, f € L2(R) be such that 0 < f, 1+ f [|F|-ae. Since || full7 1 and || full7 < || fll7, we have that
lim || full 7 < || f|l 7. On the other hand, for each ¢ € A we have that 0 < f,, 1 f Ay-a.e. and so

Il =Hm |l fullz, <limll fullF.

Then || fll 7 <lim | full 7. Thatis, || full 7 t 1 fllF. O

Propositions 1 and 11 yield the following result.

Theorem 12. The space

L' ={F e LUFD: 1717 =sup /I, <o}

aeA

is a || F||-quasi-B.f.s. with the o -Fatou property and || - || F is a quasi-norm on it.

Forevery o € A and f € £0(Q) we have that || fll, <1 fl7 =1 fllyFy. So,
SiFi € LYUFI) € LYF) Cpip L (o)

Note that || xall 7 = | xallyzy = IFII(A) forall A € X, as || x4l = A(A) for any capacity A.
Let us see that particular conditions on the family F make that LY (F) is the “intersection” of all the spaces L' (Lq)
in the sense:

LY F)={f e L’ FI): f €L (hy) foralla e A}.
Let E be a real Banach space with norm || - || and denote by Bg the closed unit ball of E. Assume that each « € E

is associated to an increasing capacity A, on X in a way that:

(E1) lgg = laliy forallae Rand @ € E.
(B2) Agyp <Ary+rgforalae,BekE.
(E3) If ¢, = a in E then Ay <liminfl,,.

Suppose that N C B satisfies the following properties:
(N1) For every o € B there exists 8 € N such that 1, < Ag.

(N2) For each o € N the capacity A, is null-additive and continuous from below.
(N3) There exists K > 1 such that 1, (AU B) < K(Aq(A) + Ay (B)) forall A, Be ¥ and o € N.



Consider the uniformly quasi-subadditive family F = (Ay)qeny Of capacities which satisfy the properties (P1,2,6).
Note that the map || - [|5,: £2(2) — [0, oo] can be considered for all & € E but we only can assure that L'(0y) is a
Ag-quasi-B.f.s. with quasi-norm || - ||, if @ € N.

Theorem 13. For f € £LO(Q) the following statements are equivalent:

(@) I fllF<oo.
(b) |1 fllx, <ooforalloeN.

(c) 1 fllx, <00 forallacE.

Proof. (a) = (b) Clear as || f|| 7 = supgen | f 5, -
(b) = (c) For each non-null @ € E, by (E1) and (N1) we have that

ro = llaflgA =

e = llalleAp

for some B € N and so | fllx, < llelle - I fllz; < oo. Note that for &« = 0, by (E1) we have that 1, =0 and so
I llx, =0.
(c) = (a) For every k € N denote

Fp={acE: | fl <k}

Let us see that Fy is closed in E. Consider a sequence («,) C Fy satisfying that o, — « in E. By (E3) we have that
(Ae)| | < liminf(Ay, )| s pointwise. Then, applying the Fatou lemma for the Lebesgue integral with respect to m, it
follows that

I fl, = /(Aa)\fl dm < /liminf()»an)|f| dm < liminf/()\an)m dm <k

I I I
and so «a € F. On the other hand, since £ = UFj, from the Baire theorem there exists Fy, with a non-void interior,
that is, B(ag, ro) C Fy, for some closed ball of E centered at g with radius ro > 0. Let « € N C B and take § =
ag+roa € B(ag, ro). From (E1) and (E2) it follows that (A1) 7| < %(()‘ﬁ)l.f\ + (Agy)| £)) pointwise. Since B, ag € Fy,,
we have that

2k

1
Il = /(ka)mdm = E(/()»ﬁ)lfldm +f()\ao)|f\dm) < .
1 1 1

2kg
andso||f||]:57<oo. O

From Theorem 13 we have that

L"F)={f e L°UIFID: Il flls, < oo foralla € N}
={feL’UFI): I flls, <oo foralla e E}.

Moreover, from (N1) it follows that || f || 7 = sup, - I £, forall f e £°(€2). This means that L' (F) is independent

of N, that is, any other subset of Bg with the same properties as N gives the same space. Also L! (|| F||) and S)F are
independent of N, as ||.F||(A) = supycp, +a(A) forall A € X.

Remark 14. (I) The only simple functions in L!(F) are those of S)7)- Indeed, if ¢ € S is such that |J¢||;, < oo for
all & € N, then || xsupp(e) 1, = *a(supp(e)) < 00 for all & € N and so | F [ (supp(9)) = [l xsupp(e) I 7 < 00-

(II) Let a € R and @ € N. By (E1) the increasing capacity A4y is null-additive, continuous from below and sat-
isfies (N3). Then we can consider the A,y-quasi-B.f.s. L!(Lye) which satisfies L' (F) Cpij L' (Age) With || £, <

lal Il fll 7



5. w-L!-spaces associated to a vector capacity

Let X be a real Banach space with norm || - ||x and A: ¥ — X a set function satisfying that A (@) = 0. Such a set
function A will be called a vector capacity. A set Z € ¥ is A-null if A(A) =0 for all A € ¥ such that A C Z. For
each x* belonging to the topological dual X* of X we consider the real capacity x*A: X — R defined by x*A(A) =
(x*, A(A)) for A € X. The semivariation of A is the increasing capacity ||A|: £ — [0, oo] defined by

[Al(A) = sup [x"Al(A)
x*eByx
for A € X, where By denotes the closed unit ball of X* and |x*A] is the variation of x*A. The quasi-variation of A
is the increasing capacity |||A[||: £ — [0, oo] defined by

IIIA[I1(A) = sup{|A(B)|x : B € X with B C A}

for A € X. Note that ||[A[[[(A) < [[A[I(A) and [||A[[|(A) = sup,xcp,. gx<a(A) for all A € X, where gy«p is the
quasi-variation of x*A. It is routine to check that the A-null, ||A|-null and |||A[||-null sets are the same. So, in
the case when the identification works we denote LO(JJA|) = LO(|||A]]]) by LO9(A). Moreover, since the notions of
| All-quasi-B.f.s. and ||| A|||-quasi-B.f.s. coincide, we will refer to them as A-quasi-B.f.s. In the case of a real capacity
&:X — Rt follows that || || = |&| and |||£]|| = ge.

5.1. The space w—L}}(A)
Let N C By satisfy the following properties:

(vN1) For every x* € By« there exists y* € N such that [x*A| < |[y*A].
(vN2) |x*A] is null-additive and continuous from below for all x* € N.
(vN3) There exists a constant K > 1 such that

IX*A|(AU B) < K(|x*A[(A) + [x*A|(B))
forall A, Be ¥ andx* € N.

Each x* € X* is associated to the increasing capacity |x*A|. From Lemma 2.(e) it follows that:

(WE1) [(ax®*)A] =la||x*A| forall a € R and x* € X*.
(WE2) |(x* 4+ y*)A| < |x*A| + [y*A| for all x*, y* € X*.
(vE3) If x — x* in X* then |x*A| <liminf |x} Al.

Consider the uniformly quasi-subadditive family F = (|x*A|),+en of capacities satisfying the properties (P1,2,6).
Noting that ||F|| = ||A] and denoting by w-Lll)(A) the space L' (F), from all what we have seen in Section 4 we
obtain the next conclusions.

Theorem 15. The following statements hold:

(a) L'(Ix*AD) ={f € LOUx*AD : | fllwsa) = f; 1X*Aljfdm < 00} is a |x* A|-quasi-B.fs. with the o -Fatou prop-
erty and || - |||x* | is a quasi-norm on it for every x* € N = {ay*:a eR, y* € N}.

(b) || A is a capacity satisfying the properties (P1,2,3,6).

(c) L'"(|AD) = {f € L°%A) : I flay = f, ANl f)dm < oo} is a A-quasi-B.f.s. with the o-Fatou property and
Il - Ay is a quasi-norm on it.

(d) w—Lllj(A) ={fel%A): | flljxxa) < 0o for all x* € X*} is a A-quasi-B.f.s. with the o-Fatou property and a
quasi-norm on it is given by

fll="sup [l fllxal-

X*EBX*

(€) Iyt f leear < 1F I < I f yag for all f e L), and x* € X* non-null.



(f) Syap € L'(IAID € w-LY(A) cpip LY (Ix*Al) for all x* € N.

For a real capacity £: ¥ — R the existence of a set N satisfying (vN1,2,3) is equivalent to |£| having the properties
(P2,3,6). Moreover, in this case it follows that L' (||£])) = w-L1 (&) = L'(]&|) with equals norms.

5.2. The space w-Lév(A)
Let N C By- satisfy the following properties:

(qvN1) For every x* € By~ there exists y* € N such that g,sp < gy+a.
(quN2) gy+p is null-additive and continuous from below for all x* € N.
(quN3) There exists a constant K > 1 such that

gxxA(AU B) < K(qx+a(A) + qx+a(B))
forall A, B € X and x* € N.

Each x* € X* is associated to the increasing capacity g, . From Lemma 2.(e) it follows that:

(qUEl) d(ax*)A = |a|qx*A foralla € R and x* € X*.
(qVE2) qx4y)a < gx+n +qy+p forall x*, y* € X*.
(quE3) If x;; — x* in X* then gy+p < liminf gyxa.

Consider the uniformly quasi-subadditive family F = (gx+a)x*en of capacities satisfying the properties (P1,2,6).
Noting that the g, -null and the |x* A|-null sets coincide and ||F|| = ||| A|||, denoting by w-L}]U(A) the space L' (F),
from all what we have seen in Section 4 we obtain the next conclusions.

Theorem 16. The following statements hold:

(a) L'(qep) ={f € LOUx*A|): 1 fllge, = fl(qx*Aziﬂ dm < oo} is a |x* A|-quasi-B.f.s. with the o -Fatou property
and || - ||g,«, is a quasi-norm on it for every x* € N ={ay* : a € R, y* € N}.

(b) |||All is a capacity satisfying the properties (P1,2,3,6).

(c) L'(J||All]) = {fe LO(A) A pan = f] [HIAlll| i dm < o0} is a A-quasi-B.f.s. with the o -Fatou property and
Il - ljj1ay is @ quasi-norm on it.

(d) w—L}IU(A) ={f¢€ LO(A): 1 fllgx, < 00 for all x* € X*} is a A-quasi-B.f.s. with the o-Fatou property and a
quasi-norm on it is given by

I fllgo="sup N fllges-
x*eByx
(€) 15 It 1 fllgeen < U Flgo < £ yjapy for all f € £2(2) and x* € X* non-null.
() Siiam € L'ANAIND Cw-L),(A) Cpiy L' (gu+a) for all x* € N.

For areal capacity £: £ — R the existence of a set N satisfying (qvN1,2,3) is equivalent to g¢ having the properties
(P2,3,6). Moreover, in this case it follows that L'(|||€]|]) = w—L}iv(S) =L! (qe) with equals norms. Note that if & is

positive and satisfies (P1,2,3,6), then g: = & and so L! (qe) = LY ().
5.3. Relation between w-Lll)(A) and w-Lév(A)
Let N C By satisfy the properties (qvN1,2,3). By Lemma 2.(g) we have that N has the properties (vN2,3). Let

us see that (uN1) also holds. Let x* € By+ and y* € N be such that g+ < gy« . For every partition (A,‘);-’=1 C X of
aset A € X, recalling that the variation of a real capacity is always superadditive, we have that

DAY g a(AD) <D gyealA) < ) IyFAIA) < Iy*Al(A)

i=1 i=1 i=1 i=1



and so |x*A|(A) < |y*A|(A). Then, we can consider all the spaces given by Theorems 15 and 16. For f € £2(R)
and x* € X*, since gy+p < [x*Al, we have that || fllg ., <l fllx*a| and so || fllgu < Il fllv. On the other hand, since
A < IAll, we have that || £ [l;ja;) < | f lj o - Therefore, the following containments hold:

Siar € L'(IAD € w-Ly(A) Cpy L'(Ix*Al)
N N N N &)
Span € LYANAND € w-L,(A) Crip L' (gxsa)
with equality in the vertical inclusions N if there exists C > 1 such that [x*A| < C gy for every x* € N.

For a real capacity £: ¥ — R with quasi-variation gg¢ satisfying the properties (P2,3,6) it follows that L'(g) c
L'(g¢), with equality only in the case when there exists C > 1 such that || < Cgz (for instance if & is a measure).
3 quality only 3

Remark 17. In the case when A is a vector measure, it is direct to check that the set N = By satisfies the properties
(quN1,2,3). Since |x*A| <2gy+p for all x* € X*, all the vertical inclusions in (5) are equalities. From Remark 7 it
follows that w—Lll)(A) = w-L}IU(A) is just the space of weakly integrable functions with respect to A, see [34]. Note
that in this case || A|| is finite and so Sja = S.

6. Integral map for a vector capacity

Let A:¥ — X be a vector capacity and let N C By~ satisfy the properties (gvN1,2,3). Assume that A has the
following properties:

(A1) A is weakly continuous from below, that is, A(A;) — A(A) weakly in X whenever A,,, A € ¥ with A, 1 A.
(A2) A is null-additive, thatis, A(AU Z) = A(A) forall A, Z € X with Z A-null.

For f € LO(Q)" the distribution function of f with respect to A is defined as the map A 1 — X given by
Ar)=A({we: f(w) >1)})
for t € I. Every x* € X* yields the map x*A y: I — R defined by x*A y(t) = (x*, A (¢)) for ¢ € I. Our goal is to

construct an integration map for A on w-Lév(A) through the Lebesgue integrals of x*A r. Note that if N satisfies

(vN1,2,3) instead of (qvN1,2,3), the same construction works on w-Lll}(A). For this aim the properties (A1,2) are
crucial as they guarantee the next results.

Lemma 18. The following statements hold:

(a) The map x* A ¢ is measurable for all f € L9t and x* € X*.
(b) If f, g € L2 are such that f = g A-a.e. then Ay = Ag pointwise.

Proof. (a) Let £: ¥ — R be a real capacity continuous from below, i.e. £(A,) — £(A) whenever A,, A € ¥ with
A, 1 A. Every positive ¢ € S with standard representation ¢ = Z;f:l ojxa,; satisfies that

n n
§p = Z&( U AJ'>X[D‘k—1;U‘k)
k=1 j=k

is measurable. For a general f € £°(Q)%, taking a sequence (¢,) C S such that 0 < ¢, 1 f pointwise, since
{weQ: pp(w) >t} {lwe: f(w) >t}

for all # € I, we have that §,, — &y pointwise with &, being measurable. So, &7 is measurable. By (A1) it follows
that the real capacity x*A is continuous from below for each x* € X* and since x*A ¢ coincides with the distribution
function (x*A) y of f with respect to x*A, we have the conclusion.

(b) Let f, g € £LO(Q)T be such that f = g except on a A-null set Z. Forevery t € I, denote A, ={w e Q: f(w) >
t}and B; ={we Q: g(w) > t}. Noting that A, N Z, B; N Z are A-null and A, N Q2\Z = B; N Q2\Z, by (A2) we have
that



A(A) = A(A, NQ\Z) = A(B, NQ\Z) = A(B,).

Then A y = A, pointwise. O

Denote

D(A) = {f e L%A): /|x*Am|dm < oo forall x* € X*},
T

that is, D(A) is the set of functions f € L%(A) such that A\ y| is Dunford integrable with respect to m, see [14, Ch. II,
§ 3]. For every f € D(A) it follows that

)C*EBX*

I fllpy = sup /Ix*A|f||dm “ oo,
1

see the proof of (¢c) = (a) in Theorem 13.

Remark 19. Note that in general D(A) is not even a vector space. If we can find M C By~ satisfying that for every
x* € By+ there exists y* € M such that [x*A(-)| < |y*A(-)| and (Jx*A(-)|)x*em is a uniformly quasi-subadditive
family of capacities with the properties (P1,2,6), from Theorems 12 and 13 it follows that D(A) is a A-quasi-B.fs.
with quasi-norm || - || p(a). But in this case, gp = |x*A(-)| for all x* € M as |x*A(-)| is increasing and M satisfies
the properties (gvN1,2,3), so w-L }IU(A) = D(A) with equal norms. This is the reason why we do not consider this
space in Section 5.

For a positive function f € D(A) we define the integral of f with respect to A as the element 15 (f) € X** given
by

Ua(F).x") = [ " Agdm
1
for all x* € X*. That is, I (f) is the Dunford integral of A y with respect to m. Note that

[IACH), x5 < Ix*Ix= 1 f I Dca)-
For a general function f € D(A) we cannot use its positive and negative parts for defining /5 (f) as they could
not be in D(A), so we will consider functions in w-Lj, (A). Note that w-L},(A) C D(A) with || fllpay < I fllgv
for f € w—L;v(A), as |x*A(-)] < gy+p for all x* € X*. For a general function f € w-L}]U(A) we define 15 (f) =
IN(fT) —Io(f7). By Lemma 18.(b) we have that I, (f) = I5(g) whenever f, g € w—L;v(A) with f =g A-a.e. So
the integration map In: w-L }]U(A) — X** is well defined. However, the definition of I, for a non positive function
depends on its positive and negative parts as I, is not additive in general. In fact it can be proved that the additivity is

obtained only in the case when A is a vector measure on the §-ring of sets A € ¥ with |||A]||(A) < oo. The following
properties of 15 will be used later.

Lemma 20. The following statements hold:

(a) Ia is homogeneous, that is, Ix(af) =alp(f) forall f € w-L}]v(A) and a € R.
(b) If fu, f € w-Ltliv(A) are such that 0 < f, + f A-a.e. then I5(f,) — Ia(f) in the weak™® topology of X**.

Proof. (a) For a positive function f € w-L;v(A) and a > 0, by making an appropriate change of variables it follows
that fl X*Agpdm = aflx*Af dm for all x* € X* and so Ip(af) = alp(f). For general f and a only note that
(af)T=af", (af)" =af " ifa>0and (af)" = —af~, (af)” =—aft ifa <O0.

(b) Let fy, f € w—L;v(A) be such that 0 < f, x4 1 f x4 pointwise with A € ¥ being such that Q\ A is A-null.
Since

{weQ: (fuxa)w) >}t {weQ: (fxa)(w) >1}



for all ¢ € I, from (A1) it follows that x*A ¢, ,, — x*A ¢,, pointwise for every x* € X*. On the other hand, since
[x*A £, 04| < (gx+a)|f) pointwise, by applying the dominated convergence theorem for the Lebesgue integral with
respect to m we have that

UnCfoxa)s ©) =/x*Af,,XA dm /x*AfXA dm = (In(f xa), x*).
1 !
Since 15 (fn) = Ia(fuxa) and Io(f) = Ipn(f x4) the conclusion follows. O

If £: 3 — R is a real capacity continuous from below, null-additive and ¢g¢ satisfies (P3), in which case g¢ also
satisfies (P2, 6), the integration map Ig: Ll(qg) — Ris given by I¢(f) = f, Eprdm — fl §p-dmforall f e Ll(qg).

Remark 21. In the case when x* € X™* is such that x* A is null-additive and g, satisfies (P3), since x* A is continu-
ous from below by (A1), it follows that (15 (f), x*) = Lyxa(f) forall f € w-L}]v(A) C L' (gyerp).

We have defined 7, by using Dunford integration, a natural question now is what is the role of the Bochner
integration in this play. For Bochner integration theory we refer to [2, Ch. 11, § 8]. Denote by j the canonical
embedding of X into X** and

B(A) = {f € L°(A) : Ay is Bochner integrable}.

Note that
B(A) C {feLO(A): /||A|f‘||xdm <oo} C D(A). (6)
1
Every positive ¢ € S with standard representation ¢ = Z?:l ojxa,; satisfies that
n
Ap =Y AI_tAD Xienr.e00 )
k=1

is an X-step function and so Bochner integrable with respect to m with Bochner integral |, | Npdm =
py A(U;?:kAj)(ozk —ag—1) € X.Hence, ¢ € B(A) with I (¢) = j(fl Ay dm). From this it follows that S C B(A).
In the case when the convergence in the property (A1) is in X, i.e. A is continuous from below, we find another func-
tions in B(A).

Proposition 22. If A is continuous from below then L'(|||A]|) C B(A) and

IA(f)=j</Af+dm> —j(/Af—dm)

1 1

for every f e L'(|||A]]]).

Proof. Let f € £0(Q)" and take a sequence (¢,) C S such that 0 < ¢, 1 f pointwise. Since A is continuous from
below we have that

IAf(#) = Ag,DlIx — 0
for all # € I and so Ay is strongly m-measurable. If moreover f € L'(|||A]l]), since

[Af(1) = Ny, Ollx < 1A f O]l x + 1 Ag, O llx = 2{II Al (1)

for all ¢+ € I, by applying the dominated convergence theorem for the Lebesgue integral with respect to m we have
that f 1 1A — Ay, [ldm — 0. This means that A ¢ is Bochner integrable with respect to m with Bochner integral
J; Agdm such that [, Ay, dm — [; Aydm in X. So, f € B(A) and I5(¢,) = j(f; Aydm) in X**. On the other
hand, from Lemma 20.(b) it follows that I (¢,) — I (f) weakly* in X**. So, I5(f) = j(f] Ay dm). For a general
f e L'(|A]l]), noting that | £, f+, £~ € L'(|||A]|]) we have the conclusion. O



Remark 23. In the case when A is continuous from below, if there exists a constant C > 1 such that |||A]]| <
C|IA()|lx, from (6) and Proposition 22 it follows that

LUNAID =B ={ f € 1°) /||A|fl||xdm < ool.
1

Now, two natural sets arise when we think about Pettis integration, see for instance [2, Ch. 11, § 10]. Namely,
Ly, (A)={f €w-Ly,(A): In(fxa) € j(X) forall A e X}

and L(A) = L}ﬂ(A) Nw-L1(A). Since 1, is not additive in general we cannot know even if L;v(A) and L} (A)
are vector spaces. Our goal in the next section is to give conditions under which these spaces are closed subspaces
of w-L év(A) and w-Lll)(A) respectively. Of course, if X is reflexive there is no problem as in this case L év(A) =
w-L}IU(A) and L (A) =w-L1(A).

Note that Sjjja)| C L}IU(A) and S| C Lllj(A). Even more, in the case when A is continuous from below we have
that L1(|||Al|]) C L}]U(A) and L' (|A) C Lll,(A). All these containments follows from (5), Proposition 22 and the
preceding comments.

Remark 24. If A is a vector measure, in which case it is continuous from below and null-additive, as we have
already pointed out in Remark 17, it follows that w—LI])(A) = w—L}IU(A) is the space of weakly integrable functions
with respect to A. Moreover, every f € w-Lév(A) satisfies that 5 (f) = w- fQ fdA is the weak integral of f with
respect to A, see [34]. Indeed, for a positive ¢ € S, by (7) and since x*A is a real measure for each x* € X*, it
follows that f] X*ANpdm = fQ @dx*A. For a positive function f € w-L;v(A), taking a sequence (¢,) C S such that
0<¢, ? f A-ae., by Lemma 20.(b) and applying the dominated convergence theorem for the Lebesgue integral with
respect to x* A we have that

(IaCF), x*) = lim(I (@n), x*) zlim/gondx*A:/fdx*A:<w-/fdA,x*>.
Q Q Q

For a general f € w-L}(A), since the weak integration map with respect to A is a linear operator the conclusion

1 1 . . . . |
follows. Therefore, L, (A) =L qv(A) is the space of integrable functions with respect to A and for every f € L qU(A)
we have that I (f) = fQ f dA is the integral of f with respect to A, see [34].

7. L'-spaces associated to a vector capacity

Let X be an order continuous Banach lattice, that is, every order bounded increasing sequence in X converges in
the norm of X, see [25, Proposition 1.a.8]. In this case, from [25, Theorem 1.b.16] we have that j(X) is an ideal of
X** that is, if x** € X** and x € X with |x**| <|j(x)| then x** € j(X). Recall that X* is also a Banach lattice with
the order x* > 0 if and only if (x*, x) >0 forall 0 < x € X.

Consider a vector capacity A: ¥ — X with the following properties:

(oA1) A isincreasing, thatis, A(A) < A(B) forall A, B € ¥ such that A C B.
(0oA2) A is submodular, thatis, A(AUB)+ A(ANB) <A(A)+ A(B) forall A,B e X.
(0A3) A is continuous from below, that is, A(A,;) — A(A) in X whenever A,, A € ¥ with A, 1 A.

Note that by (oA 1) we have that A is positive, that is, A(A) > 0 for all A € X. Then, from (0A2) it follows that A is
subadditive, that is, A(AU B) < A(A)+ A(B) forall A, B € X.

Lemma 25. The vector capacity A has the properties (A1,2) and the set N = {x* € Bxx : x* > O} satisfies
(quN1,2,3).

Proof. The property (A1) is obvious from (0A3). For every A, Z € ¥ with Z A-null, by (0A1l) and since A is
subadditive, it follows that



A(A) = A(AUZ) = A(A) + A(Z) = A(A)

and so (A2) holds. For every x* € By« it follows that |x*| € N and gy+a < gjc*|a, as [(x™, x)] < (|x*], |x]) for all
x € X. So, (quN1) holds. For each 0 < x* € X*, from (0A1) we have that the real capacity x*A is increasing and
takes values in [0, 00). Then, g,+p = x*A, see Lemma 2.(d). Since by (0A2) we have that x*A is submodular and
so subadditive, (guN3) holds for K = 1. Moreover, by (0A3) and since x*A is null-additive (as it is increasing and
subadditive), it follows that (gvN2) holds. O

From the previous lemma, all what we have seen in Section 6 holds for A. In particular,

Siap € L'(IA) < Lia) ¢ w-LI(A) iy LU(x*AD
N N N N N (8)
Sian € LYANAND € L, (A) € w-L},(A) Cpp L'(x*A)

with 0 < x* € X*. Moreover, we can add the following results.
Proposition 26. The following statements hold.:

(@) w-Lg,(A) =D(A) ={f € LOA): [, x*Ajpjdm < oo for all 0 < x* € X*} and || fllqy = 1o (I f Dl xs for all
few-Ly,(A).

(b) L'(IIAIID) =B(A) ={f € L%A) : [} 1A fllx dm < ooy and || flljian = f; 1A 51 x dm forall f € LY([[|A[]]).

(c) Sy =S$.

Proof. (a) For the first part only note that gx+p < gjx*|a = |x*|A for all x* € X*. In the second one we use that
Iy [y = SUP)<yeBy (y*, y) for any Banach lattice Y and 0 < y* € Y*. Namely, for every f € w-L}]v(A) it follows
that

Il fllgu= sup /(qu)|f\dm= sup /X*Amdm
x*ENI x*eN i

= sup (In(1f D), x™) = [Ia (1 f DIl xo+-

x*eN
(b) Note that ||y|ly = SUPQ<y e By (y*, y) for any Banach lattice Y and 0 <y € Y. Then, for every A € X we have
that

[IA[II(A) = sup gx+a(A) = sup x*A(A) = [|A(A)]lx.

x*eN x*eN
From this fact that the conclusion follows, see Remark 23.
(©) Clearas [||All| = 1AM IIx. O

For each 0 < x™ € X™, the capacity x*A satisfies the properties (P1,2,3,5,6) and (Ix(f), x™) = L (f) for all
fe w-LéU(A) C L'(x*A), see Remark 21. This gives the following properties for I, .

Proposition 27. The following statements hold:

(a) O<IA(f)<Ix(g)forall f,g¢c w-L}Iv(A) suchthat 0 < f < g A-a.e.
(b) IAN(f + g) < IA(f)+ Ir(g) for all positive functions f, g € w-L}]v(A).
(c) In: w-L;v(A) — X™ is continuous.

Proof. (a) Let f, g € w—L;U(A) be such that 0 < f < g A-a.e. For each 0 < x* € X*, since every A-null set is
x*A-null, by Lemma 4.(b) and (c) we have that

0<(In(f),x™) =L pa(f) < Leea(g) = (Ia(g), x™).

Since the canonical embedding of X into X** is order preserving (see [25, Proposition 1.a.2]) and so x € X is such
that x > 0 if and only if (x*, x) >0 for all 0 < x™ € X*, it follows that 0 < I (f) < Ix(g).



(b) Let f,g € w-L}JU(A) be positive functions. For each 0 < x* € X*, since x*A is submodular and so I« is
subadditive on £9(Q2)7 (see the comments preceding Proposition 8), we have that

(IAN(f+8),x") =L p(f +8) < Lo a(f) + Lesa(9)
= (IA(f), x™) + (In(8), x™) = (Ia(f) + In(g), x™).

Then, Ix(f + &) < Ia(f) + 1A ().
(c) Forevery f,g € w—L}IU(A) and 0 < x* € X* it follows that

[Len () = Leea (@) < 2 Leea (1f — 81D,

see the proof of Proposition 8. Then, using that [|y*[ly= < 2supy<yep, [{(y*, y)| for any Banach lattice ¥ and y* € Y*,
we have that

HAC) — In(@llx= <2 sup [{IA(f) — Ia(g), x™)]

x*eN

=2 sup [Lixa(f) — Lixa(8)]
x*eN

<4 sup L=a(lf — gD =4S —gligo- O
x*eN

Note that the spaces w-L}IU(A) and w-L},(A) are actually A-B.f.s.”. Indeed, for 0 < x* € X*, since x* A is increas-

ing and submodular it can be proved that |x*A| is submodular, and so I,+5 and I|y+A| are subadditive on £o0)t.
Recalling that

I fllgo = sup Le=a(|f]) and || fllv = sup Ljexn (1f1)
x*eN x*eN

for every f € LO(A), it follows that || - llgv and || - ||, are norms.
The properties of I, shown in Proposition 27 allow us to get the main result of this section.

Theorem 28. The sets L;U(A) and Lll)(A) are A-B.f.s. with norms || - ||qv and || - ||y, respectively.

Proof. From Lemma 20.(a) it is clear that af € L}IU(A) forall f € L}IU(A) andaeR.If f,g € L}IU(A) are positive
functions, since j(X) is an ideal of X™**, from Proposition 27.(b) it follows that f + g € L}]U(A). For general f, g €
L}IU(A) and A € X, noting that (f +g)T < fT+ g and (f + g)~ < f~ + g, by Proposition 27.(a) and (b) we
have that

A + &) xa)l = Ua((f xa+gxa)™) — Ia((f xa + gxa) Dl
SIA(fxa+gxa)D) +Ia((fxa+8xa)7)
<SIA((F )T+ @xDD) +IA((fxa)” + (gxa) D)
< IA((fxa)™) +1a((gxa) ™) + In((fxa)7) + 1a((gxa) 7).
Since h* =hyxp, and h~ = (—h)xy, forany h € £9(2) (see the Preliminaries), it follows that the last element in the
above inequality belongs to j(X) and so Io((f + g)xa) € j(X). Hence, f + g € L;U(A). Therefore, L}IU(A) is a
linear subspace of w-LCIIU(A), from which it is clear that L})(A) is a linear subspace of w-Lf)(A).

Since I4: w-L}IU(A) — X** is continuous and j (X) is closed in X**, it follows that L}IU(A) is closed in w-LéU(A).
From this, since w—L}J(A) C w—L}IU(A) and all the containments between A-quasi-B.f.s.” are continuous, it follows
that Lrl)(A) is closed in w—LL(A). Then, L;U(A) and LL(A) are Banach spaces with norms || - [|4, and || - ||, respec-
tively.

oyn the other hand, if f € LO(A) and g € L}, (A) are such that | f| < |g| A-a.e. then f € w-L},(A) with || fllgy <
llgll4v- Moreover, since (Fxa)T, (fxa)~ <lg| A-a.e. forevery A € =, by Proposition 27.(a) and (b) we have that

IN(f X)) I (fxa)7) < Ia(lgh < Ia(8™) + Ia(g7).



Then I ((fxa) ™), In((fxa)") € j(X) andso f € L4y (A). Hence, LJIU(A) and L,lj(A) are A-B.fs’. O
Finally we conclude this section by characterizing when the space L }IU(A) is o -order continuous.

Theorem 29. The A-B.f.s. Lév (A) is o -order continuous if and only if A is continuous from above at @, i.e. A(A,) —
0in X whenever A, € X with A, | 0. Moreover, in this case S is dense in L(l]v(A)-

Proof. First note that S C L}IU(A), see (8) and Proposition 26.(c). Moreover, from Proposition 22 it follows that
In(xa) = j(A(A)) forall A e X.
Suppose that L(]]v(A) is o-order continuous. Given A, € X with A, | @, since x4, | O pointwise and (x4,) C

L}IU(A), by using Proposition 26.(a) we have that
IACA) I x = 1A (Xa) I x= = llxa, llgp = O.

Conversely suppose that A is continuous from above at ¢ and let (f;,) C Lév (A) be such that f;, | 0 A-a.e. For each

0 < x* € X*, since x*A is continuous from above at #, by Theorem 6 we have that L!(x*A) is o-order continuous.
Then, since f, | 0 x*A-a.e. it follows that

(In(fn), X*> =LA (fn) = I fullxxa 4 0.

Hence, I5(fy) | O in the order of X**. Since j(X) is order continuous as X is so, we have that || f, [0 =
HA(f)llx== 0. O

8. Example

Consider the measure space (N, P(N), ¢) with ¢ being the counting measure. Note that L) is just the space 20
of all real sequences and the c-a.e. pointwise order coincides with the coordinate order. Let X be a o -order continuous
saturated c-B.f.s. Recall that X being saturated means that there exists a sequence x = (x,) € X such that x, > 0 for
all n. In this case, X is a Kothe function space in the sense of [25, Definition 1.b.17]. In what follows we collect some
properties of X which will be used later in our example.

Denoting the scalar product of two sequences x = (x,), y = (y,) € 20 by (x,¥) =Y x,yn provided the sum exists,
the Kothe dual of X is given by

X = {y: (v) € €0 (1x], |y]) < oo for all x = (x,) € X}

The space X’ endowed with the norm || y||x» = Supyep, |(x, y)| fory € X', is a saturated c-B.f.s. The linear isometry
n: X' — X* given by (n(y),x) = (x, y) for all y € X" and x € X is surjective as X is o-order continuous, see [25,
pg. 29]. If x* € X* and y € X’ are such that x* = 5(y), then x* > 0 if and only if y > 0. Note that X ¢ X”. From
[25, Proposition 1.b.18] it follows that ||x||x = ||x| x~ for all x € X. The equality X = X" holds with equal norms if
and only if X has the Fatou property, see [25, pg. 30]. Also we will use the linear isometry 7: X” — X** defined by
(m(2), x*) = (z, n"(x*)) for all z € X” and x* € X*. Note that if z € X then 7 (z) = j (z).

Let us construct now a vector capacity with values in X. Consider a o-finite measure u: X — [0, co] and let
®: 1 — I be a function as in Example 9. Then, the capacity A: ¥ — [0, oo] given by A(A) = ®(u(A)) for A € X,
satisfies the properties (P1,2,3,5,6) and the A-null and p-null sets coincide. Take a sequence of pairwise disjoint sets
(2,) C X such that 2 = U, and n(2,) < oo for all n and assume that e = (L(£2,,)), € X. We define the vector
capacity A: ¥ — X by

A(A) = (A(AN Q)
for A € X. Note that A is well defined as A(A) <e.

Remark 30. The condition e € X holds in many cases. For instance if 1 (€2,) — 0 then e € ¢g. This happens whenever
W is finite. An example of a non-finite u could be the measure m on I with density h(x) = ﬁ, that is w(A) =

fA hdm. In this case, by taking €2, = [n — 1,n) we have that ©(2,) = ln(”T”) < % So e € ¢g and for instance if
®(x) =xP with 0 < p < 1 then e € £9 for every % <q < o0.



Let us see that A satisfies the requirements of Section 7.

Lemma 31. The vector capacity A has the properties (0A1,2,3) and is continuous from above at {). Moreover the
A-null and p-null sets coincide.

Proof. Note that A is increasing and submodular as X is so. Given Ag, A € X such that Ax 1 A, since X is increasing
and continuous from below, for each fixed n we have that A(A; N 2,,) 1 A(A N Q,). Then A(Ag) 1 A(A) pointwise
and so in X, as X is o-order continuous. Hence, A is continuous from below.

Given Ay € X with Ay | ¥, since u is a measure, for each fixed n it follows that w(Ax N 2,;) | 0 and so A(Ax N
Q) | 0. Thatis, A(Ag) | 0 pointwise and so in X. Hence, A is continuous from above at .

It is direct to check that a set Z is A-null if and only if Z N €2, is A-null (equivalently, p-null) for all n. This
happens if and only if Z=UZ N Q, is u-null. O

Therefore, all what we have seen in Sections 5, 6 and 7 hold for A. Moreover we can give nicer descriptions for
the L'-spaces associated to A in terms of A.

Proposition 32. The following statements hold:

(@) LYAIAID = {f € LOGo) : [} |(ifixg, nllx dm < oo} and for f € L'(I||Alll) we have that | f||jjaj =
S 1 f1xg, dnllx dm.

(b) w-Ly,(A) = {f € L°Gv) = (L(flxe)n € X"} and for f € w-Ly,(A) we have that | fllgqy =
I (LS Ix,)nllx. Moreover;, (Ii(f xe,)n € X" and I5(f) = 7w ((L.(f x2,))n)-

(¢) Lyy(AN) ={f € L) : ((f1xe)n € X} and for f € Ly, (A) we have that || fllgo = I|(Iu (| f1x2,))nllx-
Moreover, (I, (f xe,))n € X and I5(f) = j (L (f x2,))n)-

Proof. First note that L°(A) = L%(u) as the A-null and p-null sets coincide.
(a) For every f € £L9(Q)™, since
fweQ: flw>t}NQ ={weQ: (fxg,) (@ >t}

for all # € 1, it follows that A f = (A ry, )n- Then, the conclusion follows from Proposition 26.(b).
(b)Let 0 <x* e X*and 0 < y = (y,) € X’ be such that x* = 5(y). For f € £°(Q)" we have that

X*Ap(t) = x* Ap(0) = Zyn)‘fxszn ®)

for all t € I. By applying the monotone convergence theorem we obtain that

/x*Afdm = Z)’n/)‘fxnn dm = ZYnIA(fXQn)-

I 1

From this it follows that f € L%(y) is such that J; x*Ajpydm < oo for all 0 < x* € X* if and only if (IA('f'XQn))n €

X”. Then, by Proposition 26.(a), the description of w-L}]U(A) holds. Moreover, for a positive function f € w-L}IU(A)
we have that

(Ia(f),x%) = f ¥A g dm = (L. (f xa,)n)s )
1

for all 0 < x* € X*. The same equality holds for a general x* € X* by taking positive and negative parts of x*. Hence,
IA(f) =a((In(f x,))n)- Then, for a general f € w—L}IU(A) it follows that

1 llgo = IACFDllxe = [ (1 F1x,)),, [ -

For every n it is clear that f xq, € L' (%) as (I, (| f|x,))n € X”. Noting that (f xa)* = fTxa and (fxa)~ = f " xa
for all A € X, we have that

(L.(f x2))n = (L(f T x2,)0n = (L(f ™ x2,))n € X"



as [T, f € w-L;U(A). Moreover,

In() = Ia(f7) = Ia(f7)
= ((L.(f " x2,))n) = 7 (L(f 7 x2,))n)
=7 (I (f X2,))n)-
(c) For every f € L}IU(A) - w-L}]U(A) we have that (I, (f x,))n € X" and

(L (f xe,)n) = I (f) € j(X).

Since 7 coincides with j on X and 7 is injective it follows that (1, (f xg,))n € X and Io(f) = j((Ix(f x,))n)-

Noting that | f| € LéU(A), we have that (I, (| f1xe,))n € X and || fllgv = (I f X, Dnllx7 = 1A fIx2,))n llx-
On the other hand, if f € L%(u) is such that (I, (| f|xg,))n € X C X" we have that f € w-LéU(A). Then, for every
A € X it follows that fxa € w-L;,(A) and

A XD =AU xa) = IN(F x| S IA(fTxa) + In(f~ xa)
<2IA(fD =27 (L flxe,))n) =2 i (L flxe,)n),
and so I5(fxa) € j(X). Hence, f € L}, (A). O

Note that L}IU(A) is o -order continuous as A is continuous from above at ¢, see Theorem 29.

In order to give a description in terms of A for the spaces L} aai, w—LL(A) and L,IJ(A), we consider the variation
|1| of A defined as in the real capacity case. Since |A| is superadditive and X is subadditive it follows that |A| is finitely
additive. Moreover, since |A| is continuous from below as A is so, we have that |A| is a measure. We will need the
following result.

Lemma 33. Let x* € X* and y = (y,) € X' be such that x* = n(y). For every A € X it follows that

XFALA) = yal IM(A N Q).

Proof. For every partition (A;)/; C X of A € X we have that

le A(A)|—Z\Zyn =33 InlrA; N2,

i=1 n>1 i=1n>1
—ZWZMA NQ) <D IyallA(AN Q).
n>1 n>1

Hence, [x*A[(A) <Y |ynl IL[(A N ;). On the other hand, for a fixed k take a partition (Bl.k);"zk1 C ¥ of AN Q.
Since BZ‘ NQ = Bk and Bk N Q, = ¥ whenever n # k, we have that

mp

il ZA(B") = Z | > ur et

i=1 n>1

Then, |yr| |A|(AN Q) < |x*A|(AN Q). Since |x*A| is superadditive and increasing it follows that

Z Ix*A(BR)| < [x*AJ(A N Q).

n n
D Ikl IMANQ) <D IXFAIAN Q) < [x*A[(A)
k=1 k=1
forall n and so )_ |y, | [A|[(ANQ,) < [x*A|(A). O

Now from the previous lemma we can obtain the following conclusions.

Proposition 34. The following statements hold:



(a) L'(|A]) is the space of functions f € L°(u) such that (Al flxe, @)n € X" for all t > 0 and
J7 WA f1xg, nllx7 dm < oo, and for f € L'(|Al)) we have that || flljay = f; IUX] f1xg, )nllx dm.

(b) w-LY(A) ={f € L°G) : (I(| flxe,)n € X"} andfor f € w-L(A) we have that || f | = | (1o (| f | x2,)nll x7-

(c) LY(AN) ={f € L°Gu) : (L(I f1x2.))n € X and (I3 (| f1x2,))n € X"}.

Note that Iy (| f1xe,) =f9n | f1d|\| for all n as |\| is a measure.

Proof. (a) By Lemma 33 every A € X satisfies that

IAI(A) = sup |x*Al(A)=sup Y [yl [AI(AN Q).
x*eByx y=(yn)E€By/

Then ||A||(A) < oo if and only if (JA|(A N £2,)), € X”, and in this case
IANCA) = [I(ACA N2 ))nll x7-

If feL'(JA), since fl ANl sjdm < oo and || Al is decreasing, we have that ||All| 7 (¢) < oo for all > 0.
So (Al f1xq, @) € X" with [[(IA]j£1xq, @)ullx” = [IAll|f(t) for all £ > 0. The converse inclusion follows as if

f € L) is such that (Al fxq, ®)n € X" forall t > 0 then [|Alljr(t) = (1Al £ g, (1))nllx~ forall £ > 0.
(b) Let f € L%(u). For every x* € X* and y = (y,) € X’ with x* = 5(y), from Lemma 33 and applying the
monotone convergence theorem it follows that

/ Al dm =" |yl / IMifixg, dm =Y 1yallin (1 f1x2,)-
1 1

Then fl |x*Al| fjdm < oo for all x* € X* if and only if (/3/(| f|xx,))» € X”. From this the description of w-L,ﬂ(A)
holds. Moreover, for f € w-Lzl)(A) we have that

[fllo="sup Z |yl L (Lf Ix2,) = 1 (f Ixa)nll x-

)‘=()’n)€3x/

(c) Clear from part (b) of this proposition and Proposition 32.(c). O

Finally note that in the case when X has the Fatou property (i.e. X = X”'), we have that L}[U(A) = w—L;v(A) and

LiN) =w-Li(A) = {f e L) : Ujpy(1f1xe,)n € X}

The first equality above follows as A < |A| and so I (| f|xe,) < In(flxg,) for all n. Moreover, | fll, =
I (A flxe,Dallx for all f e Lllj(A). Also in this case we have that L,ﬂ(A) is o-order continuous. Indeed, given
(fx) C LII)(A) such that f; | 0 p-a.e. (equivalently |A|-a.e.), since L!(|A|) is o-order continuous as || is a measure,
for each fixed n it follows that 1)y (fx xg,) 4 0. Then (Z}3(| fk| x,))» 4 O pointwise and so in X.
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