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A COMBINED ANALYTICAL AND EXPERIMENTAL APPROACH FOR 

PREDICTION PROPERTIES OF FUSED DEPOSITION MODELING (FDM) PARTS 

Thao Thi Phuong Phan 

Dr. Robert Andy Winholtz, Dissertation Supervisor 

Abstract 

Fused Deposition Modeling (FDM) is a technique used to build rapid prototypes 

out of thermoplastic materials. Printing technology continues to mature from a rapid 

prototyping process to a rapid manufacturing technique, therefore predicting printed part 

behavior has become increasingly desirable. This study aims to determine the relation 

between the process parameters and associated temperature history and the strength of 

printed parts. A combined analytical and experimental approach was used for studying and 

prediction properties of printed parts. The results indicate that process parameters and 

temperature history have a significant impact on the behavior of printed parts. Further 

research is needed to identify other factors that could improve the effectiveness of printed 

part behavior.



1. Introduction 

Fused deposition modeling (FDM) is an effective additive manufacturing (AM) 

technique because of its capacity for building complex structures at low cost compared 

with other AM methods. In the FDM process, filament material is heated and extruded in 

the semi-molten state to form rasters which make up layers needed for building the required 

structure. 

In order to use the FDM printed parts in service, the printed parts have to work 

under actual load. Therefore, predicting and optimizing printed part strength has become 

increasingly desirable. The objectives of the study are (i) studying the behavior of printed 

parts by doing actual physic testing, and (ii) development of a predictive model for strength 

and bonding of printed parts. 

This dissertation presents and shows the results in: (i) the influence of process 

parameters on the mechanical properties of the FDM part by using design of experiments 

(DOE) on the polycarbonate filament, (ii) development of a combined analytical and 

experimental approach for the determination of the strength between layers taking the true 

contact area into account in order to better understand the cohesion between layers and 

introducing a new method of mechanical properties testing for FDM test specimens, (iii) 

the modified model of an existing heat transfer and sintering model to study the effect of 

temperature on the true contact of the adjacent rasters of the FDM part, demonstrating the 

need to accurately determine the relevant heat transfer and heat transfer coefficient.  
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2. Background 

Additive manufacturing (AM), also known as 3D printing, has been under 

developments for approximately 30 years and is characterized by introducing a freedom in 

compared to conventional manufacturing methods. AM can be used to create complex 

geometries (even full moving assemblies) that would be difficult or impossible to achieve 

with traditional manufacturing methods. These complex geometries can be stronger and 

lighter than their traditionally manufactured counterparts. Fused deposition modeling 

(FDM), a branch of the AM family, is also called fused filament fabrication (FFF). FDM 

was patented by Crump, S.S. in 1992 [1] and 3D printers based on FDM have been 

produced by the Stratasys Corporation for years [2]. FDM is a low cost process using semi-

molten filaments of plastic material on a build platen. FDM products nowadays are used 

not only for visualization in modeling but also in the biomechanics and aerospace fields 

because of their high strength-to-weight (S/W) ratio [3].Fig. 1 [4] illustrates this for a 

patient’s missing orbital (left) and an aircraft nozzle which has saved up to 90% in 

manufacturing time and reduced cost 63% (right). 

Figure 1: FDM applications, orbital replacement bio implant (left) and an aircraft 

nozzle (right).  



3 

 

FDM is the best-known technique in additive manufacturing because of its 

advantages in the cost effectiveness and availability of the equipment, the short lead times 

in delivery, and the wide range of choice in plastic materials. However, FDM has the 

disadvantages of anisotropic properties depending on process parameters, dimensional 

accuracy dependent on the process parameters and thermal history, often time consuming 

and post processing requirements depending on the complexity of the design.   

In the FDM process, objects are built by depositing filaments of hot polymer in the 

softened state that fuse together when they cool and harden with or without a build 

chamber. Materials used for the FDM process are mainly thermoplastic polymers to build 

complicated shapes with acceptable tolerances [5,6]. A simple schematic of typical FDM 

printer is shown in Fig. 2 [7]. The feed mechanism is connected to the extrusion nozzles, 

one nozzle for model material and one nozzle for the support material. The extrusion 

nozzles translate in the XY- plane of the printing platform to create the geometry shape in 

each layer. The build platform moves down after each successive printed layer and a new 

layer is deposited. This process is repeated until the final part is complete.  

In FDM, raster angle, raster gaps, raster width, contour width, slice thickness and 

build orientation (flat, on-edge, upright) are the important geometrical parameters that 

influence the strength of the product under a set of processing conditions; these parameters 

are illustrated in Fig. 3 [8]. 
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Figure 2: Schematic of a typical FDM printer. 

Figure 3: Working parameters of FDM process - ISO/ASTM52921 – 13 standards. 
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 Slice thickness, as shown in Fig. 3, refers to the thickness of each layer of material 

deposited by the FDM nozzle. When the slice thickness increases, the forming accuracy 

and the surface quality decrease and the printing time decreases. Inversely, the forming 

accuracy and the surface quality increase and the printing time increases when the slice 

thickness decreases [9]. Build orientation as shown in Fig. 3, refers to the orientation angle 

of the product built on the build platform. Build orientation affects print time, support 

structure and surface finish. By doing tensile testing with the same set of process 

parameters and adjusting only the build orientation, [10] shows that the flat build 

orientation gives the highest strength, the up-right orientation gives the lowest strength and 

the on-edge build orientation gives the intermediate strength in mechanical properties of 

the printed parts. The raster width, as shown in Fig. 3, refers to the width of the deposition 

path and is related to the nozzle tip size.  

The raster gap refers to the distance between two adjacent rasters in a layer. The 

raster gap value can be negative (overlapping), zero (in contact), or positive (not in contact) 

as shown in Fig. 4. The raster angle refers to the angle between the raster and the X-axis 

of the printing platform. The raster angle can be the same or different successive in layers 

as shown in Fig. 5. Similar to composite materials where the orientation of the fiber in the 

matrix governs material properties, the raster gap and the raster angle govern layer 

properties by defining the density and how the raster is oriented in each layer. 
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3. Literature review 

Despite increased attention from the academy and industry in recent years, there 

are still a few fundamental questions regarding FDM awaiting answers like the 

requirements on the material properties and the optimization of the strength for a FDM. 

These questions reflect the nature of FDM as a controlled manufacturing process in an 

additive manner, heat transder and phase transition of the material. There is a long way to 

go to reach a complete conception of FDM, the understanding of which is a prerequisite 

before this rapid prototyping and additive manufacturing technique can reach its full 

potential. 

The bonding strength of FDM parts is determined by thermal process during 

Layer x 

 

Layer x+2 

Layer x+1 

Negative 
raster gap 

 

Zero raster 
gap 

 

Positive 
raster gap 

 

(Raster angle α 
of layer x) 

(Raster angle α 
of layer x+1) 

Layer x Layer x+1 

(-)  (+)  

Figure 4: Raster gap type. 

Figure 5: Raster angle type. 
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deposition. The build temperature must be higher than the glass transition temperature and 

it must be kept there sufficiently long at contact to establish bonding between rasters [5,11–

13]. The extrusion temperature has a more significant impact on the neck growth in the 

bonding zone than the envelope temperature does. Poor mechanical properties of the 

bonding zone are a result of insufficient time at temperature for bonding [14]. The bonding 

between two adjacent rasters occurs at surface contacts in four stages: neck formation, 

diffusion, neck growth, and randomization [5,11]. Costa et al. [11] experimentally 

examined the contributions of conduction, convection and radiation to the bonding level 

inside FDM parts. They stated that conduction and convection have more significance to 

the resulting mechanical properties compared to radiation. Sun [12] suggested the non-

isothermal degree of healing evolution characterized as a ratio between the strength of a 

fully healed interface and the existing stress in an FDM part as a function of time. Coogan 

et al. [13] predicted bond strength caused by diffusion, wetting, and the effect of 

temperature within the printed part. They used aligned rasters in their simulation. Ang et 

al. [15] found a logarithmic relationship describing the correlation between the variation 

of offset compressive yield strength and porosity. Rayshkewitch et al. [16] also found a 

relation between the compressive strength on the degree of porosity of the structure. Wool 

et al. [17] defined the degree of self-healing (s) between interfaces for thermoplastic 

polymers, characterized as the ratio of interface strength to bulk material strength, as a 

function of contact time to the power of ¼. Mohamed et al. [18] confirmed that all 

parameters could be used effectively for improvement in dynamic mechanical properties 

as a function of temperature. H. Xia et al. [19,20] presented a fully resolved numerical 

simulation of FDM in terms of fluid low, solidification, residual stresses, and modelling of 



8 

 

the nozzle geometric features. The promising result of this study indicates that the 

converged solution in the shape of the filament and the proper temperature distribution 

occurs by integrating a grid refinement process in the finite volume method. However, the 

evolution of the configuration tensor was not taken into account and therefore the 

applicability of this model to more complicated material models is limited. 

The strength and stiffness of FDM parts typically have been investigated using 

tensile testing on standard dog-bone specimens. The effects of different deposition 

strategies, including raster angle, raster gaps, raster width, raster height, contour width, and 

build orientation have been evaluated. The cross-sectional area of the specimen at the 

failure region has usually been considered as the apparent one. Therefore, the specimen 

porosity was not included in the cross section area [5,21–23]. Design and optimization of 

manufacturing processes involving many parameters such as the FDM manufacturing 

process requires statistical design of experiments (DOE) [24] in order to have reliable 

results with minimum trials. S. Rohde et al. [25], found that FDM built specimens with 

different raster angles result in different tensile strengths, Young’s moduli, and yield 

strengths. The effect of the layer thickness on the strength and stiffness were studied with 

a suggestion on the optimum thickness for best properties [26]. Jonathan et al. [27] 

presented an approach for mechanical property optimization of FDM parts using the design 

of experiments. The study showed the effects of layer thickness, perimeter layers, and infill 

level on surface finish and strength of FDM built parts. Similar effects of the major process 

parameters on properties of FDM built parts were also confirmed by other investigators 

[28,29]. The fiber orientation (raster angle) on each layer and the stacking sequence of 

various layers affect mechanical properties of fusion deposition build structures and lead 
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to anisotropic behavior of the FDM built structure. Intended properties and specific loading 

conditions must be considered during the design of FDM-built products in order to avoid 

premature failures [17, 21-25]. Classical laminate theory is used in this study to calculate 

effective bulk properties from the number and orientation of the layers. It can be used as a 

design aid to select a deposition strategy based on stiffness and strength requirements for 

part design [30–32] as well as predicting failure under different conditions [14,33]. The 

deformation behavior was investigated and the optimization of wrap deformation along 

with dimension errors has been studied in Panda et al. [34] and Zhang and Peng [35]. Wang 

et al. [36] proposed a mathematical model for wrap deformation. Vatani et al. [37] 

predicted a distortion of FDM parts by using classical lamination theory. Yu  [38] examined 

the effect of deposition patterns on the resulting stresses and deflections. Liu Xinhua [39] 

presented a theoretical model based on the theory of thermos- elasticity. However, the 

theoretical model was shown to deviate from the actual value due to simplification of the 

assumptions by Chen Baojuan [40]. Very recently, a review article [41] was published 

which described the needs for future research and desirable objectives for FDM 

technology. 
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4. Methodology and Modeling 

4.1. Experimental study of mechanical properties of FDM parts 

 FDM is a manufacturing processes involving many parameters as shown in Fig. 6 

[21]. The working parameters, part build orientation, environment factors, concept models, 

unprocessed material, and FDM machine are all factors which contribute to the final quality 

and mechanical properties of the printed parts. It is difficult to cover all the process 

parameters in an individual study, therefore, breaking down the parameters to a smaller set 

and studying the effect of them on the mechanical properties of printed parts are the 

approach. 

 

 

 

  

Figure 6: Cause and effect diagram of FDM process parameter. 



11 

 

The working parameters, including raster gaps (i.e. air gaps), raster angle, and layer 

thickness, were chosen for the study of mechanical properties of FDM parts. Tensile and 

bending were done to determine the mechanical properties. Design of experiments was 

used in designing the experiments and data analysis. Image-based analysis was used to 

analyze the inner structure of the printed parts on their fracture surfaces. 

Specimen preparation and experimental procedures 

The specimens for the tensile tests were designed following the standard ASTM 

D638 test specimen and shown in Fig. 7a [42]. The specimens for the bending tests were 

designed following the standard ASTM D790 test specimen and shown in Fig. 7b. All of 

the specimens were printed with a Stratasys Fortus 400 mc with a part dimensional 

accuracy of ± 0.127 mm (0.005 in). The flat build orientation was used for the tensile 

specimens and the upright orientation was used for the bending specimens. Manufacturing 

parameters were customized selected. Raster gaps were -0.001 in (-0.025 mm), 0.000 in 

(0.000 mm) and -0.002 in (-0.051 mm). The raster angle were selected as [0°, 0°], [+30°,-

60°] and [+45°,-45°]. The layer thickness were selected as 0.010 in (0.254 mm) and 0.0130 

in (0.330 mm). 

Tensile and bending tests were carried out on an ADMET universal testing 

machine, eXpert2600 with default settings, sampling at 100 samples/sec, and a load cell of 

2250.0 (lb), axial strain gauge length of 2.0 (in), and a transverse strain gauge length of 1.0 

(in). The fracture surfaces of the tensile specimens were examined with scanning electron 

microscopy (SEM) using a FEI Quanta 600, microscope. 
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The design of experiments (DOE), ANOVA (Analysis of Variances) method, was 

used to estimate the percentage contribution of each parameter into the strength of printed 

parts for both tensile test and bending test. The Table 1 shows the factors and their levels 

and Table 2 shows the orthogonal array L9 for required design. Based on L9 table, each 

set of levels of factor was tested three times. Therefore, the total number of specimens is 

27 for tensile testing and 27 for bending testing.  

Factors 
Levels 

1 2 3 

(A) Raster Gap, mm -0.0025 

 

0 

 

0.0025 

 (B) Raster angles, ° [0°,0°] [+30°,-60°] [+45°,-45°] 

(C) Layer thickness, mm 0.254 0.330 0.254 (dummy) 

 

  

Table 1: Factors and their alternate levels. 

W= 12.7 mm                          

L= 127 mm 

               T= 3.2 mm 

(a) 

(b) 

Figure 7: (a) Specimen for the tensile test and (b) bending test. 
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Results and Discussion 

  

Table 2: Orthogonal array L9 for required design. 

Exp No. (A) Raster Gap (B) Raster angles (C) Layer thickness 
1 1 1 1 

2 1 2 2 
3 1 3 3 

4 2 1 2 

5 2 2 3 
6 2 3 1 

7 3  1 3 

8 3  2 1 

9 3  3 2 

 Raster gap (mm) -0.0025 0.000 0.0025 

Tensile strength 

(MPa) 

(Flat build 

orientation) 

Raster angles [+0°,-0°] 
45.34 

(3.15) 

40.32 

(5.92) 

25.12 

(4.04) 

Raster angles [+45°,-45°] 
69.60 

(4.54) 

51.11 

(4.09) 

29.45 

(4.38) 

Raster angles [+30°,-60°] 
46.33 

(4.81) 

41.23 

(2.89) 

30.25 

(4.11) 

Bending strength 

(MPa) 

(Upright build 

orientation) 

Raster angles [+0°,-0°] 
33.89 

(3.68) 

33.23 

(3.31) 

29.66 

(2.45) 

Raster angles [+45°,-45°] 
37.20 

(4.31) 

34.35 

(3.98) 

30.23 

(4.38) 

Raster angles [+30°,-60°] 
32.78 

(2.27) 

32.56 

(5.10) 

29.12 

(5.45) 

 Table 3: Tensile and bending strength of printed parts, layer thickness of 0.254 mm. 
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Table 3 shows the quantitative data for the strength of FDM printed parts with 

different raster gaps, raster angles for both the tensile test and bending test. Each data set 

was tested three times. The numbers inside parentheses is the standard deviation value. The 

data set for both tensile and bending tests for layer thicknesses of 0.254 mm and 0.330 mm 

are similar, therefore the Table 3 shows the data for layer thickness 0.254 mm only. The 

number on the parenthesis is the observed standard deviation. For both tensile and bending 

tests, the strength of the printed part decreases corresponding to an increase in the raster 

gaps. Also, the strength of the printed part increases going from the raster angles of [+0°,-

0°], to [+30°,-60°], to [+45°,-45°]. The trend of these results matches the results of [30–32] 

which used the classical laminate theory to explain the effect of the working parameters to 

the strength of the printed parts. The tensile tests were done with the upright build 

orientation (Appendix D) which also shows the effect of raster gaps on the mechanical 

properties of printed parts. Moreover, the difference between tensile strength and the 

bending strength is that the nature of the stress and strain states in tension and bending are 

not the same. With a tensile test, the maximum tensile stresses are experienced throughout 

the entire gage volume and surface area of the specimen; in bending where the sample sees 

tensile stress above the neutral axis and compressive stresses below, the maximum tensile 

stresses are in contrast concentrated in a small region on the top surface above the neutral 

axis.  Accordingly for similar sized specimen, the tensile specimen sees the maximum 

stresses throughout its entire gauge volume, i.e., over a much larger volume than the 

corresponding bend specimen. Moreover, each layer has a rounded end which come 

together with a stress concentration as shown in Fig.8 [7]. These edges give a stress 

concentration under loading. 
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Fig. 9  and Fig. 10  show the fracture surface from the bending and tensile tests 

respectively. For both cases, the positive raster gaps (0.0025 mm) leads to the gap between 

adjacent rasters in a layer. The negative raster gaps (-0.0025 mm) leave a small or no gap 

between adjacent rasters in a layer making the printed part like-solid material. This can be 

explained by the overlapping of adjacent rasters. The more negative of raster gaps, the 

more dense the internal structure is. The positive raster gap gives a better view of the inner 

structure of the oriented parts on the fracture surfaces. On the fracture surface of the 

bending test as shown in Fig. 9a, when bending load parallel to the layers, there are marks 

on the raster in the layer shown from the separation of the rasters in the layer above. These 

are places of the heated rasters blend to each other. These marks also show in fracture 

surface of negative raster gaps as shown in Fig. 9b. At fracture surface of tensile test as 

shown in Fig. 10a and Fig. 10b, these marks are difficult to see because the tensile load 

parallel to the layers as the rasters in layers is stretched until broken. However, they shows 

indentation of upper adjacent raster to the lower one. It is obvious that the weight of the 

raster cannot be negligible and should be considered in analysis and modeling.  

Figure 8: Notches creates stress concentrations at layer edges. 
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(a) 0.0025 mm, [+30°,-60°] (b) -0.0025 mm, [+30°,-60°] 

 

Imagine-based analysis 
at fracture surface 
 

Bending load parallel  
to layers [6] 

Figure 9: Fracture surface of the bending specimens (a) 0.0025 mm, [+30°,-60°]; (b) -

0.0025 mm, [+30°,-60°]. 
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(a) 0.0025 mm, [0°,0°] (b) -0.0025 mm, [0°,0°] 

(c) 0.0025 mm, [45°,45°]; (d) -0.0025 mm, [45°,45°]; 

 

Imagine-based analysis 
at fracture surface 
 

Figure 10: Fracture surface of the tensile specimens (a) 0.0025 mm, [0°,0°]; (b) -0.0025 

mm, [0°,0°]; (c) 0.0025 mm, [+45°,-45°]; (d) - 0.0025 mm, [+45°,-45°]. 

Tensile load parallel  
to layers [6] 
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The summary chart from the DOE in Fig. 11 shows the percentage contribution of 

each factor (raster gaps, raster angles, layer thickness) on the strength in tension and 

bending of the printed parts. It is obvious that the raster gap factor has the highest 

contribution to yield strength for both tests. These results are expected because the negative 

gaps lead to denser layers and fewer voids in the structure, generally. The raster angles 

factor has the intermediate contribution. The layer thickness has the least contribution to 

the strength. Similar work has been done with Ultem filament (Appendix C) which also 

shows the most significant contribution from raster gaps on the mechanical properties of 

printed parts. 

 

 

 

 

 

 

 

 

In conclusion, the mechanical properties of FDM printed parts in two studies 

(tensile and bending) shows the influence of the working parameters on the properties of 

parts. From these studies, the raster gaps and raster angles are the interesting factors for 

Figure 11: Percentage contribution of factors on strength of printed parts. 
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further study. The introduction of a cohesive strength prediction model is introduced in the 

next section. 

4.2. Cohesive strength in FDM parts 

Cohesion refers to the ability of two contiguous surfaces of the same material to 

form a strong bond. A fairly good coalescence of both surfaces of the material takes place 

at contact. Good cohesive cannot occur without sufficient coalescence. As mentioned 

earlier in the literature review, the formation of bonds between polymer heated filaments 

in the FDM process can be described with four stages: (i) surface contacting, (ii) neck 

growth, (iii) diffusion at interface, (iv) randomization, as shown in Fig. 12 [43]. 

 

 

 

 

 

The raster will spread into an oblong shape after extrusion. The final shape depends 

on the viscosity of the melt and the relative surface energies of the raster and the previous 

surface. As it spreads, it cools and the viscosity increases until a solid state is reached. The 

strength of the bond, the overall mechanical properties of the part, depend on the contact 

area and the size of the voids. 

Figure 12: Four stages of bond formation. 
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Ideally, if the coalescence between two roads is 100%, all voids are completely 

eliminated. However, in the actual case, especially in FDM, the internal voids between the 

roads or layers are impossible to be eliminated due to the incomplete filling and 

inconsistent material flow even with the largest of negative raster gap as shown in Fig. 4. 

 The part has defects after printing process leading to the errors in dimension and 

low strength. The printed part is deformed due to the heating and cooling cycle during 

printing process and under the mechanical load. A definition of the true cross-sectional 

area of specimen is needed to be considered. The definition of true area contact and the 

apparent area contact are similar to the terms true stress and engineering stress in mechanic 

of solid. A model to determine the true cohesive strength between layers is here introduced. 

The true cohesive strength is evaluated through the calculation of the effective second 

moment of inertia ratio (x). 

4.2.1. The cohesive strength at contact 

The cohesive stress in the bending test 

Both three-point and four point-bending tests are used to determine the bending 

strength of materials. In the three-point bending test, both the shear force and the bending 

moment contribute to the failure of the specimen. In the four-point-bending test, only the 

bending moment contributes to its failure.  

When the interface between the layers in contact is placed perpendicular to the long 

axis of the beam, the maximum normal stress calculated in the specimen at failure is the 

cohesive strength between layers at the true area of contact. The maximum apparent normal 



21 

 

stress in bending at failure, sza,yield, can be calculated with 

 𝜎!",$%&'( =
𝑀$%&'(

𝐼),*"
ℎ
2 (4.2.1) 

where Myield is the value of the internal moment at the mid-point of the beam in the failure 

region and h is the height of the beam cross section. Ix,Ca is the apparent second moment of 

inertia of the cross-section. Ix,Ca is bh3/12 for the apparent rectangular cross-section area 

with b being the width of the cross section. 

However, in an FDM product, the true cross-section area is a combination of raster 

by raster contact areas. Therefore, the true second moment of inertia of the cross-section at 

true contact, Ix,C, is less than the apparent second moment of inertia, Ix,Ca. Consequently, 

the ratio between the true second moment of inertia and the apparent second moment of 

inertia is less than one (The effective second moment of inertia ratio x =  £ 1). 

 The cohesive strength between layers, therefore, can be calculated as  

 𝜎!,$%&'( =
1
x
𝜎!",$%&'( =

𝑀$%&'(

x. 𝐼),*"
ℎ
2 (4.2.2) 

 To calculate the cohesive strength between layers, Myield and x have to be 

determined.  

The second moment of inertia and its effective ratio for square contact areas  

 The true area of contact between two rasters in two layers is shown in Fig. 13 as 

the transparent colored squares. The true area of contact assumes as the square and the 

SEM image confirms. The rasters are 90° apart in successive layers. The distance between 



22 

 

the two adjacent rasters center line in one layer is determined by  

 𝐷+ = 𝐷 + 𝑔 = 𝑤 + 𝐺 (4.2.3) 

where D is raster’s width, g is a raster gap, w is a contact width and G is a gap between the 

two contact areas.   

 

  

 

 

 

The raster orientation of [0o, 90o] is considered to be the reference orientation. Fig. 

14 shows an apparent rectangular cross-section of the bending specimen with the 

dimensions of bxh. The contact areas on the cross-section are considered as a combination 

of the columns. 

 

  

 

 

Figure 13: Apparent contact and true contact are. 

Figure 14: Sketch of two rows of contact with raster orientation of [0o, 90o]. 
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For calculating convenience, the number of contact areas, N, in the vertical 

direction is selected as an even value from the relation h = N(w + G) = N(D + g). The 

second moment of inertia of an element about axis Cx is Ixe,c=w4/12, so the second moment 

of inertia of the first element (hatched element) to the axis Cx is calculated by using the 

parallel axis theorem of mechanics of solids as  

 
𝐼)(-),* = 𝐼)&,/ + 𝐴& /

𝑤 + 𝐺
2 0

0

 (4.2.4) 

The second moment of inertia of the second adjacent element is 

 
𝐼)(0),* = 𝐼)&,/ + 𝐴& /

𝑤 + 𝐺
2 + 𝑤 + 𝐺0

0

= 𝐼)&,/ + 𝐴& /
𝑤 + 𝐺
2 0

0

30 (4.2.5) 

The second moment of inertia of the third adjacent element above is  

 
𝐼)(1),* = 𝐼)&,/ + 𝐴& /

𝑤 + 𝐺
2 0

0

50 (4.2.6) 

The second moment of inertia of the whole column i as shown in Fig. 14 is  

 
𝐼)(%),* = 2𝑛𝐼)&,* + 2𝐴& /

𝑤 + 𝐺
2 0

0

4(2𝑗 − 1)0
2

34-

 (4.2.7) 

where n = N/2 and the sum of 12 + 32 + 52 + …+ (2n-1)2 =n(4n2-1)/3 then 

 
𝐼)(%),* =

𝑛𝑤5

6 +
𝑤5

6
(1 + l)0𝑛(4𝑛0 − 1) =

𝑛𝑤5

6
[1 + (1 + l)0(4𝑛0	– 	1)] (4.2.8) 

The second moment of inertia of the column about the axis Cy is 𝐼$%,* = 𝑛 6!

7
 

 Due to Ixy1 = Ixy2 = 0, the second moments of inertia of the column i to the axis CX 

obtained by rotating Cx a positive angle a equivalent to change the raster orientation to [a, 

a+90°]  as shown in Fig. 14 can be calculated as follows:  
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 𝐼)(%),* =
𝐼)(%),* + 𝐼$(%),*

2 +
𝐼)(%),* − 𝐼$(%),*

2 cos2α 

=
𝑛𝑤5

6 C1 +
1
2
(1 + l)0(4𝑛0	– 	1)D +

𝑛𝑤5

12
(1 + l)0(4𝑛0	– 	1)cos2α 

𝐼8,* =
𝑛𝑚𝑤5

6 +
𝑚𝑛𝑤5

12
(1 + l)0(4𝑛0	– 	1)(1 + cos2a) 

=
𝑛𝑚𝑤5

6
[1 +	(1 + l)0(4𝑛0	– 	1)𝑐𝑜𝑠0a] 

(4.2.9) 

 

(4.2.10) 

For the rectangular cross-section has the length of b along axis CX and height of h. 

The following relations are derived h = h’cosa.The number of row m and the number of 

column n is 

 
𝑚 =

𝑏𝑐𝑜𝑠a
(𝐷 + 𝑔) =

𝑏𝑐𝑜𝑠a
𝐷(1 + b) ; 𝑛 =

ℎ9

2(𝐷 + 𝑔) =
ℎ

2𝐷(1 + b)𝑐𝑜𝑠a (4.2.11) 

 
𝐼8,* =

𝑏ℎ𝑤5

12𝐷0(1 + b)0 K1 +	
𝐷0

𝑤0 (1 + b)0 L
ℎ0

𝐷0(1 + b)0𝑐𝑜𝑠0a− 1M 𝑐𝑜𝑠
0aN 

=
𝑏ℎ1𝑤5

12𝐷5(1 + b)0 K
𝐷0

ℎ0 +	
𝐷0

𝑤0 (1 + b)0 L
1

(1 + b)0𝑐𝑜𝑠0a−
𝐷0

ℎ0M 𝑐𝑜𝑠
0aN 

 

 

(4.2.12) 

Introducing the non-dimensional factor k=D/w (ratio of raster width to true raster 

width), q=D/h (ratio of raster width to the height of the rectangular cross sectional area), 

and g=1+ b = 1+ g/D, we have 

 𝐼8,* =
1

𝑘5g0
[𝑞0 + 𝑘0 − 𝑘0g0𝑞0𝑐𝑜𝑠0a]𝐼8,*" (4.2.13) 

 
x =

1
𝑘5g0

[𝑞0(1 − 𝑘0g0𝑐𝑜𝑠0a) + 𝑘0] (4.2.14) 

 The raster width of 0.508 mm in was selected for the test so q =0.508/6= 0.085. 

Substituting the value of q2 = 0.0072 into Eq. (4.2.14) and we have 
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a = 0° equivalent to [0o, 90o]: x	 = 	
1

𝑘5g0
[0.0072(1 − 𝑘0g0) + 𝑘0] (4.2.15) 

a = 15° equivalent to [+30o,-60o]: x	 = 	
1
𝑘4g2

S0.0072T1 − 0.683𝑘2g2U + 𝑘2V (4.2.16) 

a = 45° equivalent to [+45o,-45o]: x	 =
1

𝑘5g0 C0.0072 /1 −
1
2𝑘

0g00 + 𝑘0D (4.2.17) 

Effective second moment of inertia ratio  

The true width, w, of contacts between layers can be measured on the failure cross-

section as shown in Fig. 17 for different selected raster gaps. For non-dimensional factor k 

and g, D is fixed as a constant value of 0.508 mm, the value of k is in the range of 1.176 £ 

k £ 1.5 corresponding to the measurement of w, and the value of g is in the range of 0.85 £ 

g £ 1.15 corresponding to the range of g. 

The effective second moment of inertia ratio x can be derived from Eq. (4.2.14) in 

general and from Eq. (4.2.15- 4.2.17) for specific considerations with values of k and g. 

The corresponding values of x are shown in Table 4. It is important to note that the second 

moment of inertia is approximately constant with a in the angle of 0°, 15° and 45°. The 

influence of angle a and q are therefore negligible. In other words, the first term in the 

square brackets of the Eq. (4.2.14-4.2.17) can be neglected. The general equation for the 

second moment of inertia ratio x then becomes 

 
x	»	

1
𝑘2g2

 
(4.2.18) 
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Eq. 4.2.18 is plotted in Fig. 15 showing the relation between x versus g and k range 

(1.176 £ k £ 1.5 and 0.85 £ g £ 1.15). x decreases with the increase of the product of g2 and 

k2. The maximum value of x = 1 derived from Eq. (4.2.18) corresponds to the minimum 

value of g = 0.85 and k = 1.176. 

  

Table 4: Values of the effective second moment of inertia ratio (x) corresponding to the 

raster gap and the true contact width. 

Raster 

gap 

(mm) 

True 

contact 

width 

(mm) 

g k x 

[+0o,+90o] 

x 

[+30o,-60o] 

x 

[+45o,-45o] 

xave  

-0.025 0.4241 0.950 1.198 0.771 0.773 0.773 0.772 

0.000 0.3987 1.000 1.270 0.618 0.620 0.621 0.620 

+0.025 0.3987 1.050 1.270 0.560 0.562 0.563 0.562 

+0.050 0.3987 1.100 1.270 0.510 0.512 0.513 0.512 

x 

k g 

Figure 15: Dependence of the second moment of inertia ratio,x, on g and k. 
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4.2.2. Determination of cohesive strength between layers at contact 

Pyield is the maximum force recorded at the failure of the specimen. L' is the distance 

between two supported points of the specimen minus a third of the contact length between 

the punch and the beam along its length (external force’s distribution is approximately a 

double-triangle along the contact length). Rewriting Eq. (4.2.2) and substituting L' = 4.84 

mm, h = 6 mm, b = 12 mm into Eq. (4.2.2), we have 

 
𝜎!,$%&'( =

3
2
𝑃$%&'(𝐿9

x. 𝑏ℎ0 = 0.017
𝑃$%&'(
x

	N/mm2 
(4.2.19) 

4.2.3. Experimental procedure and specimen preparation 

The FDM machine used in this study was a Stratasys Fortus 400mc. Nozzle T16 

was used to deposit model material and T12 was used to deposit support material. The 

work material for deposition was polycarbonate (PC) in the form of string with the diameter 

of 1.77 mm and 1.80 mm for support material (SR-100). The raster widths ranged from 

0.406 mm to 0.863 mm. The mini three-point bending apparatus was designed and 

manufactured at the University of Missouri - Columbia as shown in Fig. 15. Mini three-

point bending tests were carried out on a universal testing machine, ADMET Expert 2600 

under quasi-static conditions with a cross-head speed of 5 mm/min. Scanning electron 

microscopy (SEM), with a FEI Quanta 600F, was used for image-based analysis in this 

study. 

Polycarbonate blocks were prepared on the Stratasys machine. All printed blocks 

had dimensions of 60x120x30 mm and were printed with raster gaps of -0.025 mm, 0.000 

mm, +0.025 mm, and +0.050 mm. Raster orientations were [+45o,-45o] and [+30o,-60o]. 
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The raster width was selected as 0.508 mm and the layer thickness was 0.254 mm. Printed 

blocks were cut into bending specimens with dimension of 30x12x6 mm for bending tests. 

The cross-section area with dimensions of 12x6 mm of bending specimen were parallel to 

the layers of original printed block as shown in Fig. 16. 

The advantage of this specimen preparation is that the specimens retain the 

properties of the original blocks without the time it takes to print many small specimens. 

Moreover, the cohesive strength can be investigated with a bending test at any designed 

location within a larger build. Specimens are inserted into the die through the horizontal 

slot and the punch moves into the die through the vertical slot, as shown in Fig. 15. The 

cross-sectional area, with dimensions of 12x6 mm on the bending specimen, were parallel 

to the layers of original printed block and the layer direction was always oriented in the 

same direction with respect to the bending load in order to separate layers in contact to 

determine the cohesive strength between layers, as shown in Fig. 16. 

 

 

  

Specimen insert  

direction 

Punch’s 
moveme
nt 

Punch 

Die 

Figure 16: Specimen preparation and the layer orientation with respect to bending load. 
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4.2.4. Results and discussion 

The effective second moment of inertia ratio x is a function of four variables, k, g, 

q, α, as shown in Eq. (4.2.14). However, from Eq. (4.2.15)- (4.2.17), the dependence of x 

on the raster angle a and q is negligible. Therefore calculations for the most convenient 

case of the raster orientation [0o, 90o] can be used for all different values of a, as shown in 

Eq. (4.2.18). Due to the raster width D selected as a constant, k and g depending on the true 

width of contacts w and raster gaps g only. In other words, x depends on the width of true 

contact determined by both raster gaps and the nature of the contact’s formation.  

x reached a minimal value of 0.512 corresponding to the raster gap of +0.050 mm. 

When a negative raster gap of -0.025 mm was applied, the overlap of melt material between 

two adjacent raster in a layer may cause pushing down of the melt in the overlap region. 

This leads to a small increase in the contact width resulting in a reduction of k from 1.27 

to 1.198 as shown in Table 4. In Fig. 14, x increases sharply in the areas where w gets the 

highest values and g has the lowest values. In other words, x depends strongly on the 

porosity of the FDM product. The porosity can be evaluated by the relative ratio of the 

density of a printed specimen to the bulk material. The cohesion between two materials at 

the interface can be stronger than a bulk material. This is entirely consistent with the 

principle of contact strength stated in tribology. 

For a raster angle of [+45o, -45o], raster gaps varied from -0.025 mm to +0.050 mm. 

The density ratio change is shown in Table 5. 
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Raster gaps (mm) 

-0.025 0.000 0.025 0.050 

Density ratio change  1 0.94 0.89 0.86 

It is clear that the porosity of the FDM products is the main reason for a reduction 

of up to 14% of FDM products’ density. The effect of convection in the machine chamber 

may also be taken into account. Moreover, it is evident from Fig. 17 that when the deposited 

raster is in contact with a previously deposited raster, the contact on the latter side is also 

softened to form a region of mixing of material resulting in improved bonding in the semi-

molten state. The weight of the heated filament being extruded seems to have considerable 

effects on the spreading soften blending material at contact between the two raster under 

such conditions of softened state and should not be ignored. 

Table 5: Density ratio change. 

(a) 0.050 mm (b) -0.025 mm 

Figure 17: An SEM micrograph showing the contacts between polycarbonate layers in 

bending test fracture with raster gaps of (a) 0.050 mm and (b) -0.025 mm. 
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Fig. 18 shows a comparison of the cohesive strength between the material assumed 

as homogeneous (apparent contact area) and with the model applied (true contact area) for 

the cases where the raster angles are [+30o,-60o] and [+45o,-45o] and the raster gap varies 

from -0.025 mm to +0.050 mm. For each set of build parameters, three specimens were 

tested. Table 6 quantitatively shows the standard deviation of each set of build parameters 

and the whole set. The standard deviation of experimentally determined strength with the 

model applied in both cases, [+30o,-60o] and [+45o,-45o], is smaller than the standard 

deviation of homogeneous case without the model. This indicates that the data corrected 

by the model is correctly capturing the part of the variation in the strength due to the 

geometry of building in FDM printing. The cohesive strength with the true area of contact 

increasing with increasing of positive raster gaps is a new finding in this study. It 

emphasizes the considerable difference between strength determined by the apparent cross-

section most often described in the literature and the cohesive strength determined by the 

true area of contact in the apparent cross-section area. 
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Figure 18: Comparison between material assumed as homogeneous and with the model 

applied in the cases where the raster angle is [+30o,-60o] and [+45o,-45o]. 
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Raster angle [+30°,-60o] 

Cohesive strength Apparent strength 

Raster gap (mm) -0.025 0.000 0.025 0.005 -0.025 0.000 0.025 0.005 

St.Dv. of each set of 
build parameters 
(MPa) 

1.81 5.65 3.06 0.34 1.40 3.50 1.72 0.17 

St.Dv. set of raster 
angle [+30°,-60o] 
(MPa) 

2.86 5.47 

  
Raster angle [+45°,-45o] 

Cohesive strength Apparent strength 

Raster gap (mm) -0.025 0.000 0.025 0.005 -0.025 0.000 0.025 0.005 

St.Dv. of each set of 
build parameters 
(MPa) 

2.42 3.19 8.48 3.33 1.87 1.97 4.77 1.70 

St.Dv. set of raster 
angle [+45°,-45o] 
(MPa) 

2.63 5.02 

A cohesive strength prediction model was introduced. The validation data was 

taken from mini three-point bending tests. A new way to test the properties of a final part 

at any designed location and the true contact area for strength determination are also 

introduced. The future work to be completed is applying the model to other case studies 

and including the effect of the polymer thermal history into the mechanical properties of 

the material.  

Table 6: Standard deviation of cohesive strength and the apparent strength. 
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4.3. Modeling the effects of heat transfer on the true contact of 

adjacent rasters 

The apparent contact area and true contact area presented in section 4.1. are 

evidence that the deposited rasters are well blended with the positive raster gaps. Thermal 

effects during deposition are one of the reasons to explain the bonding of adjacent rasters. 

In this section, the modified modeling of the raster deposition of Costa et. al. [44] and 

sintering [45,46] were used to determine the temperature history during the printing time 

and further study the effect of thermal mechanisms. Then the corresponded true contact of 

FDM parts is measured for comparison. 

A flowchart of the work is shown in Fig. 19 including five main steps. The first 

step is determining problems. The second step is identification of the input consisting of 

part geometry, material properties, FDM process parameters, and the computation 

parameters. The third step is applying a raster deposition model and a sintering model with 

an analytical method for computation of the temperature history and the true contact 

through bond length, respectively. The boundary conditions are updated with time and type 

of filament contact. The fourth step is doing experiments to measure the true contact of the 

adjacent rasters. In this step, specimen preparation and ascertaining the effects of 

parameters are important. The last step is process optimization and performance 

improvement by revision of any previous steps. 
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During the printing process, a physical contact is created, heat is exchanged by 

conduction to the support layer and adjacent rasters and convection with the environment 

when the rasters of the layer are laid down. The more layers that are added, the more 

physical contacts and heat transfer modes are generated. Moreover, air trapped between 

adjacent interlayer rasters and intralayer may also develop.  

The computational domain of the model is the build chamber including the 

deposited object as shown in Fig. 20 in gray color. The bottom (build platform) in dark 

green color has the same temperature as environment temperature. The chamber and the 

build platform temperature are cooler than the polymer melt temperature. The environment 

temperature is kept as constant for model simplification. There is convection with 

environment between deposited raster and the air within the chamber. There is conduction 

between adjacent deposited rasters or the deposited rasters and the supports. The brown 

plane presents an arbitrary cross- section plane at general coordinate x, on which the 

temperature history is obtained. 

Define problem

• Internal structure 
deformation resulting 
from temperature 
history during 
process.

Define 
parameters

• Part geometry
• Material properties.
• Working parameters.
• Computation 

parameters.

Analytical method

• Computation of 
temperature history 
and neck growth.

• The boundary 
conditions are 
updated with time and 
filament contacts.

Experiments

• Specimen preparation.
• Neck growth 

measurements.
• Data evaluation.

Post-process

• Process optimization
• Performance 

improvement

Figure 19: Flowchart of a model to investigate the deformation of FDM printed parts. 
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Costa et al. [44] examined the contribution to the overall heat transfer developed 

during the printing process, including convection and radiation with the environment, 

conduction with the support and between adjacent rasters, radiation between adjacent 

rasters, and convection with entrapped air between adjacent rasters. The study shows that 

radiation with the environment can predominant over convection when the convection 

coefficient, hconv, is small or can be negligible when the convection coefficient is large. A 

convection coefficient value around 60 W/m2×oC is used in most practical conditions.  

The energy balance in an elementary raster’s length dx can be described as 𝑞%2 −

𝑞:;< = 𝐸̇+<. The Costa et. al. model has the assumption of a low thermal conductivity, true 

for most polymers and a small raster diameter. This assumption is still correct since the 

Peclet number (Pe) is much larger than 1. Therefore, axial heat conduction can be neglected 

when compared to the remaining terms and the energy equation can be written as 

 

Figure 20: Heat transfer modes and the computational domain for the heat transfer model. 
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 𝜕𝑇=
𝜕𝑡 = −

𝑃
𝜌𝐶𝐴cℎ/:2>	 d1 −4𝑎=%l%

2

%4-

f T𝑇=(),<) − 𝑇@U

+4ℎ/:2(𝑎=%l%

2

%4-

T𝑇=(),<) − 𝑇=%Ug 

(4.3.1) 

where P is the raster perimeter (m) of the raster with the elliptical cross-section given by 

[47] 

 

𝑃 = P(𝑎 + 𝑏)

⎝

⎜
⎜
⎛
1 +

3ℎ

10 + k4 − 3 (𝑎 − 𝑏)
0

(𝑎 + 𝑏)0⎠

⎟
⎟
⎞

 (4.3.2) 

li is the fraction of perimeter that is in contact with another segment or support (i.e the 

percentage overlap due to the printing setting). Variable ari is defined, referring to Fig. 21, 

as [11] 

 
𝑎=% = o

1	𝑖𝑓	𝑡ℎ𝑒	𝑟<A𝑓𝑖𝑙𝑎𝑚𝑒𝑛𝑡	ℎ𝑎𝑠	𝑖<A𝑐𝑜𝑛𝑡𝑎𝑐𝑡
0	𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

		

∀𝑖	 ∈ (1, … , 𝑛), ∀𝑟	 ∈ (1, …𝑁)
 (4.3.3) 

 

 

 

 

 

 

Figure 21: Type of contact in a raster for the heat transfer model. 
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The raster temperature as a function of time can be solved by the characteristic polynomial 

method as [11] 

 
𝑇=(𝑡) = T𝑇=B − 𝑄(𝑎=-, … , 𝑎=2)U𝑒

CDEF(""#,…,""$)(<C<")
HI*

+ 𝑄(𝑎=-, … , 𝑎=2) 
(4.3.4) 

where tr is the instant at which the r-th filament starts to cool down or contact another raster, 

Tr0= Tr(tr) is the temperature of the filament at instant tr. b and Q are 

 
𝑏(𝑎=-, … , 𝑎=2) = ℎ/:2> d1 −4𝑎=%𝜆%

2

%4-

f +4𝑎=%ℎ%𝜆%

2

%4-

 

𝑄(𝑎=-, … , 𝑎=2) =
ℎ/:2>(1 − ∑ 𝑎=%𝜆%2

%4- ) + ∑ 𝑎=%ℎ%𝜆%2
%4-

𝑏(𝑎=-, … , 𝑎=2)
 

(4.3.5) 

The assumptions of a uniform temperature at each cross-section area in a raster are 

valid if Bi £ 0.1 (Bi= 0.0780). The Biot number can be defined as a function of part 

geometry and contact relation [48].  

 𝐵% =
𝐴
𝑃
𝑏(𝑎=-, … , 𝑎=2)

𝑘  (4.3.6) 

The Stratasys production system 400 mc was used in this study with the dimensions 

of its building box being 355.6´355.6´406.4 mm (14´14´16 inches). The initial 

temperature was set as the nozzle temperature (325 oC), the final temperature (ambient 

temperature) is the chamber temperature (130 oC) as the default setting of the FDM 

machine. These temperatures are the initial temperature boundary and final temperature 

boundary. The internal air is forced out so that a negative air pressure is created pulling air 

passively into the system from the other inlets. In the FDM process, the three different 

states, (i) fully solid, (ii) high elastic and (iii) semi-molten liquid, are present as the 
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temperature increases. The polymer leaving the nozzle is in the semi-molten liquid state at 

a temperature above the solidus point (melting of a substance begins), the typical nozzle 

temperature of 325 oC for PC filament. PC filament has a glass transition temperature of 

about 147 °C, so it softens gradually above this point and flows above about 155 °C. When 

the temperature decreases to the solidus point the viscosity increases dramatically. As the 

temperature drops further down to the glass transition point, about 147 °C, the viscosity 

becomes very large, making the polymer rigid.  Additionally, the enthalpy and volume of 

the injected material will change with its microscopic organization when the temperature 

crosses a phase-transition point. 

The default extrusion tip was used with a raster width of 5.08´10-4 m (0.02 in) and 

a layer thickness of 2.54´10-4 m (0.01 in). The cylindrical geometry of the extrusion tip 

and 2:1 width to height proportions (from raster width and layer thickness given) produces 

an elliptical cross-section. Thus, the cross-section of the filament was modeled as an 

ellipse. The fraction factor was 0.25 (Eq. 4.3.2) [44].  

The filament material used in the study was polycarbonate (PC). PC is an 

amorphous thermoplastic that consists of macromolecule chains with no crosslinking 

between the chains, as shown in Fig. 22 [49] . In general, it is optically transparent and 

relatively strong. The properties of polycarbonate are shown in Table 7 [50]. The thermal 

conductivity changes in range of 0.21- 0.24 between the temperature of 130 oC and 325 oC. 

The thermal conductivity was kept constant at a value of 0.21 as an assumption of the 

model. 
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 A Matlab program was used for computation. The program input was part 

geometry, material properties, FDM process parameters, and the computation parameters. 

The Costa et al. analytical model was used for computation of the temperature history. The 

boundary conditions were updated with time and types of contact. The temperature of each 

raster as a function of time and location of the cross-section, x, was calculated 

simultaneously.  

Table 7: Polycarbonate (PC) properties used in the study. 

Property Value 

Density of the polymer, rp (kg/m3) 1200 

Thermal conductivity of the polymer,  kp (W/m×K) 0.21 

Specific heat capacity of the polymer,  Cp,p (J/kg×K) 1200 

Glass temperature (oC) 145 oC 

Heat transfer convection coefficient (W/m2×C) 60 

Thermal contact conductance (W/m2×oC) 70 

 

Figure 22: Principle of structure of thermal plastic. 
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The length of each deposited raster is 0.7 m. The cross-section x is at 0.35 m. Fig. 

23 shows the part geometry in isotropic view and the front view of the one-layer part as an 

example. The corresponding temperature history of the one-layer part is shown in Fig. 24. 

The temperature of the deposited raster cools down and then increases when a newly 

deposited raster is placed adjacent to a priorly deposited raster as shown in Fig. 24. The 

high temperature from a newly deposited raster is transferred to the priorly deposited raster 

and raises its temperature. Moreover, a higher heat transfer convection coefficient leads to 

an increasing cooling rate. In this work, the heat transfer convention coefficient was chosen 

to have a value most common in practical uses as 60 W/m2×°C. The fraction factor also has 

an effectiveness on the temperature history. The higher the fraction factor the easier the 

heat transfer between adjacent rasters is.   

 

  
1

2

Isometric 
view Front view 

Figure 23: Part geometry used in the modelling work. 
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A bonding model proposed by Gurrala et. al. and Regalla et al. [45,46]  uses the 

concept of neck growth between adjacent rasters. The purpose of the concept is predicting 

the neck growth also called bond length. As shown in Fig. 25, ro is the initial radius of the 

cross-sectional area of a deposited raster.  The neck growth half-length (y) is equal to  

 𝑦 = 𝑟𝑠𝑖𝑛𝜃 (4.3.7) 

where q is half of the neck growth angle and r is the final radius of the cross-sectional area 

of a deposited raster.  

  

Figure 24: Temperature history of printed part. 
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The work of surface tension on adjacent rasters under the influence of surface 

tension is given as 

 𝑊+ = −Γ
𝑑𝑆
𝑑𝑡  (4.3.8) 

 𝑆 = 2𝑙𝑟𝑠𝑖𝑛𝜃 (4.3.9) 

 𝑟 =
𝑟:𝜋

√𝜋 − 𝜃 + 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃
 (4.3.10) 

where G is the coefficient of surface tension, S is the instantaneous cross-sectional area at 

time t.  

The work of viscous forces is 

 
𝑊> = 6𝜋𝑟:0𝑙𝜂

(𝜋 − 𝜃)0𝑠𝑖𝑛0𝜃
(𝜋 − 𝜃 + 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃)0 𝜃̇

0 
(4.3.11) 

With the assumption of equating the work of surface tension to the work of viscous 

forces of the sintering system, the rate of change of the neck growth is 

𝑦 = 𝑟𝑠𝑖𝑛𝜃 

Figure 25: Neck growth evolution. 
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 𝑑𝜃
𝑑𝑡 =

Γ𝑡
3√𝜋𝑟:𝜂

[(𝜋 − 𝜃)𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃][𝜋 − 𝜃 + 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃]-/0

(𝜋 − 𝜃)0𝑠𝑖𝑛0𝜃  
(4.3.12) 

where   

 𝜂 = 𝜂=exp	(−0.01(𝑇 − 𝑇=)) (4.3.13) 

The neck growth half-length in Eq. (4.3.7) using as the viscosity in Eq. (4.3.12) is 

as the function of temperature as shown in Eq. (4.3.13). Eq. (4.3.12) was solved using the 

4th order of Runge-Kutta method. The temperature history at the cross-section at x of the 

raster from the Costa et. al. model was embedded into Eq. (4.3.13) for viscosity calculation 

as a function of temperature. When the temperature decreases to the solidus point the 

viscosity increases dramatically. As the temperature drops further down to the glass 

transition point, about 147 °C, the viscosity becomes very large, making the polymer rigid 

[51] as shown in Fig. 26.  

 

 

 

 

 

 

The neck growth mechanics during the sintering process are active from the initial 

temperature of 325 °C to the temperature above glass transition temperature of 147 °C. 

This corresponds to a time constant of ~8 seconds, as shown in the temperature history of 

Figure 26: Viscosity as a function of temperature. 
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the deposited raster in Fig. 24. Moreover, Fig. 27 shows the temperature history of the 

deposited raster using different values for the fraction of perimeter. The similarity of 

temperature history for different values of fraction of perimeter suggests that the 

temperature history is insensitive to the conduction conditions. Furthermore, Fig. 28 shows 

a prediction of the evolution of the neck growth with time using different values of fraction 

of perimeter in the temperature modelling. The prediction of neck growth changes with a 

time constant of ~4 seconds. The prediction of neck growth was computed using a single 

value of conduction conditions to neighboring rasters even though the neck growth changes 

those conduction conditions. The prediction of neck growth and temperature histories are 

all almost the same with different values of fraction perimeter as shown in Fig. 27 and Fig. 

28 which shows that the evolution of neck growth is insensitive to changes in the 

conduction conditions and that convection is dominating the heat flow and the temperature.   

Figure 27: Temperature history of deposited raster with different value of fraction of 

perimeter. 
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Fig. 29 shows the true contact area of adjacent rasters with the raster gap of 0.000 

mm and three different raster angles of [0°,0°], [+45°,-45°] and [+30°, -60°]. A measure of 

the true contact was taken three times and then averaged. Table 8 shows the quantitative 

comparison of the measured true contact and the predicted neck growth length. The error 

in the predicted neck growth of the raster angle of [0°,0°] compared to the measured value 

is 7.9 %. The error in the predicted neck growth of the raster angle of [+45°,-45°] compared 

to the measured value is 13.8 %. The error in the predicted neck growth of the raster angle 

of [+30°, -60°] compared to the measured value is 5.5 %. The raster angle which is not 

included in the modelling leads to the differences in the error. 

The errors in the predictions most likely come from: 

(1) the assumption in the relevant heat transfer of negligible thermal radiation between the 

deposited rasters and the environment; 

(2) the properties of the printed material (density, specific heat, thermal conductivity, 

surface tension coefficient) are not know with certainty and are treated as a constants; 

Figure 28: Evolution of neck growth with time.  
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(3) the raster gap of 0.000 is kept constant and the raster angle is not included in the 

modeling. 

(4) gravitational force is not included in the modeling; 

(5) the diffusion of polymer chains across the raster interface is not included. 

  

Figure 29: Measurements of the true contact of adjacent rasters (a) [0°,0°], 0.000 mm 

(b) [+45°,-45°], 0.000 mm, (c) [+30°,-60°], 0.000 mm. 

 

(a) [0°,0°], 0.000 mm (b) [+45°,-45°], 0.000  mm 

(c) [+30°,-60°], 0.000 mm 
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This work shows a better understanding of the temperature history’s effect on the 

behavior of 3D printed parts. It is feasible to successfully predict the overall strength of 

printed parts by a combination of mechanical and thermal modelling. For the thermal 

model, accurate determination of the relevant heat transfer of the modes and heat transfer 

coefficients are needed. With these models, a robust and reliable additive manufacturing 

process can be further developed which reaches a higher performance in the application. 

5. Conclusions 

Fused deposition modeling (FDM) is a technique used to build rapid prototypes out 

of thermoplastic materials. Printing technology continues to mature from a rapid 

prototyping process to a rapid manufacturing technique, therefore predicting the behavior 

of printed parts has become increasingly desirable. This study aims to determine the 

relations between process parameters, including temperature history and the strength and 

deformation of the internal structure of printed parts.  

The first part of the current work presented studies of the properties of printed parts 

by using DOE (design of experiments). The mechanical properties of FDM printed parts 

in two studies (tensile and bending) show the influence of the working parameters (raster 

Raster gaps 

(mm) 

Raster angle (°) Measured true contact (mm) Prediction 

(mm) 

% Error 

0.000 [0°,0°] 0.39 0.36 + 7.9 

0.000 [+45°,-45°] 0.41 0.36 + 13.8 

0.000 [+30°, -60°] 0.38 0.36 + 5.5 

Table 8: Comparison of the measured and the predicted bond lengths. 
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gaps, raster angles, layer thickness) on the properties of parts. The most significant 

distribution factor is the raster gaps, the intermediate factor is the raster angle and the layer 

thickness has the least distribution on the properties of printed parts. From these studies, 

the raster gaps and raster angles are the interesting factors for further study in the last two 

parts. The analysis results can be developed into an optimization problem in design and 

production. The extrusion velocity and raster velocity should be involved in future work 

studying the influence of process parameters on the mechanical properties of FDM parts. 

Through observation and data analysis in a DOE approach, it is interesting to see 

that adjacent rasters are well blended even for zero and positive values of the raster gap. 

The marks of successively deposited rasters left on an adjacent raster is evidence of the 

true contact area. Development of a combined analytical and experimental approach for 

the determination of the cohesive strength between layers, taking into account the true 

contact area in order to better understand the cohesion between layers, was introduced and 

was verified qualitatively with bending experiments. Also, a new method of mechanical 

properties testing with small bending test specimens was developed.  

The use of heat transfer and sintering models in the third part shows the 

effectiveness of time-dependent temperature on the true contact between adjacent rasters 

on an FDM part. The comparison of measured data and predictions is reasonably good but 

unable to achieve 95 % accuracy. This demonstrates the need to accurately determine the 

temperature-dependent material properties, the relevant heat transfer of the modes and the 

heat transfer coefficients in future work. 
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The current work, while not achieving a prediction with the temperature history 

effect  within 5%, does provide a significant improved in the understanding of the 

properties of printed parts. However, an improved model, addressing the issues listed 

above, promises to improve the accuracy of the predicted properties of 3D printed parts. 

This capability will help to promote FDM as a robust and reliable additive manufacturing 

process. 

APPENDIX 

A. Calculation of cohesive strength between layers at contact 

 

 

 

 

 

 

The diameter of the punch head is 6 mm and the distance between two supports is 

9 mm. Therefore, the punch and specimen contact is considered as arc contact instead of 

point contact. The punch force acting on arc contact are illustrated by force diagram for 

simplifier in calculation. From Eq. (4.2.2)  
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L’ is the distance between two supported points of the specimen minus a third of the contact 

length between the punch and the specimen along its length. Substitute value of L' = 4.84 

mm, h = 6 mm, b = 12 mm, have Eq. (4.2.19) 

 sz,yield =	10 
D%&'()E*

x.FA+
 = 0.017 D%&'()

x
 N/mm2  (4.2.19) 

B.1. Temperature history of filament during printing process 

Energy balance for an elementary length dx: 𝑞%2 − 𝑞:;< = 𝐸̇+< 

The energy in at one face  

 
𝑞%2 = −𝑘𝐴

𝜕𝑇=(),<)
𝜕𝑥   

The energy out the differential element 

 

𝑞:;< = −𝐴�𝑘
𝜕𝑇=(),<)
𝜕𝑥 +	

𝜕 /𝑘
𝜕𝑇=(),<)
𝜕𝑥 0

𝜕𝑥 𝑑𝑥�  

Loss of heat transfer by convection 

 𝑄/:2> = 	ℎ/:2> . 𝐴/:2> . (𝑇=(),<) − 𝑇L)  

where Aconv is cross-sectional area of contact length between the filament and the 

foundation 
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Loss of heat transfer by conduction 

 
𝑄/:2( =4	ℎ/:2( . 𝐴/:2( . (𝑇=(),<) − 𝑇=%)

2

%4-

  

The change of the internal energy of the element 

 𝐸+<
𝜕𝑡 = 𝜌𝐶𝐴

𝜕𝑇=(),<)
𝜕𝑡 𝑑𝑥  

Energy balance on the element dx 

 𝑞%2 − 𝑞:;< = 𝐸̇+< 

→ −𝑘𝐴
𝜕𝑇#(%,')
𝜕𝑥

− ℎ)*+, . 𝐴)*+, . 2𝑇#(%,') − 𝑇-3 −4	ℎ)*+. . 𝐴)*+. . 2𝑇#(%,') − 𝑇#/3
+

/01

 

= −𝐴�𝑘
𝜕𝑇=(),<)
𝜕𝑥 +	

𝜕 /𝑘
𝜕𝑇=(),<)
𝜕𝑥 0

𝜕𝑥 𝑑𝑥� + 𝜌𝐶𝐴
𝜕𝑇=(),<)
𝜕𝑡 𝑑𝑥		 

B.2. Matlab code 

function [T,TT] = T_problem(Ma,time); 
    [M,N] = size(Ma) 
    K = sum(Ma(:)); 
    %%% Input %%%%%%%% 
    x        = 0.35; 
    L        = 0.7; 
    v        = 0.025; 
    T_L      = 325; 
    T_S      = 130; 
    T_E      = 130; 
    w        = 0.000508; wi=0.000254; 
    h=(w-wi)^2/(w+wi)^2; 
    P        = pi *(w+wi)*(1+(3*h/(10 + sqrt(4-3*h)))); 
    A        = pi * w*wi;  
    k        = 0.21; 
    rho      = 1200; 
    c        = 1200; 
    hconv    = 45; 
    hs       = 70; 
    hf       = 70; 
    lambda   = 0.1; 
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    lambda_s = 0.25; 
         
    %%%% Implement %%%% 
    t0 = zeros(1,K); 
    for m = 1:2:K, t0(m) = (m*L-x)/v; end 
    for m = 2:2:K, t0(m) = ((m-1)*L+x)/v; end 
    t0 = round(t0); t0 = [0 t0]; 
    Idx = []; 
    for m = M:-1:1 
        if length(find([M:-2:1] == m)) > 0 
            for n = 1:N 
                if Ma(m,n) == 1, Idx = [Idx , [m;n]]; end 
            end 
        else 
            for n = N:-1:1 
                if Ma(m,n) == 1, Idx = [Idx , [m;n]]; end 
            end 
        end 
    end 
    Idx 
    phi = zeros(1,K);  
    for i = 1:K 
        if Idx(1,i) == M, phi(i) = 1; end 
    end 
    %%%%% 
    Index = zeros(M,N); 
    for k = 1:K 
        Index(Idx(1,k),Idx(2,k)) = k; 
    end 
    Index 
    %%%%% 
     
    Contact = cell(K,K); 
    for i = 1:K 
        for j = 1:K 
            Contact{i,j} = []; 
        end 
    end 
    for i = 1:K 
        for j = 1:i 
            if Idx(1,j) == M, Contact{i,j} = 0; end 
            m = Idx(1,j); n = Idx(2,j); 
            for u = 1:i 
                m1 = Idx(1,u); n1 = Idx(2,u); 
                if (m1 == m) & (n1 == n-1), Contact{i,j} = 
[Contact{i,j} u]; end 
                if (m1 == m) & (n1 == n+1), Contact{i,j} = 
[Contact{i,j} u]; end 
                if (m1 == m-1) & (n1 == n), Contact{i,j} = 
[Contact{i,j} u]; end 
                if (m1 == m+1) & (n1 == n), Contact{i,j} = 
[Contact{i,j} u]; end 
            end 
        end 
    end 
    %%%% Time %%%% 
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    T    = zeros(K,t0(end) + 0); 
    Time = [0:time:t0(end)+5]; 
    TT   = zeros(K,length(Time)); 
    len  = round(1/time); 
     
    for m = 1:K 
        for t = t0(1)+1:t0(m+1) 
            T(m,t) = T_L; 
            TT(m,(t-1)*len+1:t*len) = T_L*ones(1,len); 
        end 
    end 
    b = zeros(K,K); 
    W = zeros(K,K); 
    C = zeros(K,K); 
    for m = 1:K 
        for n = 1:K 
            con = Contact{m,n}; 
            if length(con) > 0 
                if con(1) == 0 
                    b(n,m) = hconv*(1 - lambda_s - (length(con)-
1)*lambda) + hs*lambda_s + (length(con)-1)*hf*lambda; 
                    W(n,m) = hconv*(1 - lambda_s - (length(con)-
1)*lambda)*T_E + hs*lambda_s*T_S;  
                    for i = 2:length(con) 
                        W(n,m) = W(n,m) + hf*lambda*T(con(i),t0(m+1)); 
                    end 
                    W(n,m) = W(n,m)/b(n,m); 
                else 
                    b(n,m) = hconv*(1 - length(con)*lambda) + 
length(con)*hf*lambda; 
                    W(n,m) = hconv*(1 - length(con)*lambda)*T_E; 
                    for i = 1:length(con) 
                        W(n,m) = W(n,m) + hf*lambda*T(con(i),t0(m+1)); 
                    end 
                    W(n,m) = W(n,m)/b(n,m); 
                end 
            end             
            if n == m-1 
                C(m-1,m) = T_L - W(m-1,m-1) - (hconv*phi(m-
1)*A*T_E)/(P*L*b(m-1,m-1)); 
                for t = t0(m)+1:t0(m+1) 
                    T(m-1,t) = C(m-1,m)*exp((-P*b(m-1,m)/(rho*A*c) - 
hconv*phi(m-1)/(rho*L*c))*(t - t0(m))) + W(m-1,m) + (hconv*phi(m-
1)*A*T_E)/(P*L*b(m-1,m)); 
          
                    for tt = (t-1)*len+1:t*len 
                        TT(m-1,tt) = C(m-1,m)*exp((-P*b(m-
1,m)/(rho*A*c) - hconv*phi(m-1)/(rho*L*c))*(Time(tt)+1 - t0(m))) + W(m-
1,m) + (hconv*phi(m-1)*A*T_E)/(P*L*b(m-1,m)); 
                    end 
                end 
            elseif n < m-1 
                C(n,m) = C(n,m-1)*exp((-P*b(n,m-2)/(rho*A*c) - 
hconv*phi(n)/(rho*L*c))*(t0(m+1) - t0(m))) + W(n,m-2) + 
(hconv*phi(n)*A*T_E)/(P*L*b(n,m-2)) - W(n,m) - 
(hconv*phi(n)*A*T_E)/(P*L*b(n,m)); 
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                for t = t0(m)+1:t0(m+1) 
                    T(n,t) = C(n,m)*exp((-P*b(n,m)/(rho*A*c) - 
hconv*phi(n)/(rho*L*c))*(t - t0(m))) + W(n,m) + 
(hconv*phi(n)*A*T_E)/(P*L*b(n,m)); 
               
                    for tt = (t-1)*len+1:t*len 
                        TT(n,tt) = C(n,m)*exp((-P*b(n,m)/(rho*A*c) - 
hconv*phi(n)/(rho*L*c))*(Time(tt)+1 - t0(m))) + W(n,m) + 
(hconv*phi(n)*A*T_E)/(P*L*b(n,m)); 
                    end 
                end 
            end 
            %%%%%%%%%%%%%%%%% 
        end  
    end 
    for t = t0(K+1)+1:size(T,2) 
        T(:,t) = T(:,t0(K+1)); 
        TT(:,(t-1)*len+1:t*len) = repmat(T(:,t0(K+1)),1,len); 
    end 
    TT(:,end) = TT(:,end-1); 
     
    T_min = T_S*ones(1,size(T,2)); 
    TT_min = T_S*ones(1,length(Time)); 
 
    for m = 1:K 
        for n = 1:K 
            con = Contact{m,n}; 

Biot(m) = (vol/A_p)*(b(m)/kt(m)); 
if Biot(m) >= 0.1 

         'can not use a Lumped System' 
          Biot(m) 
      end 
   end 
 
    for i=1:K 

   figure; 
   h(i)=plot(T(:,:)’); 
   axis tight; grid on; 
   xlabel('Time (s)');  
   ylabel('Temperature (\circC)'); 

    end 

C. Parametric Study of FDM Process Design for ULTEM 9085 

This project, sponsored by Honeywell Kansas City, was to develop a procedure 

which can monitor and predict the effects of the FDM process parameters on the 

mechanical properties of printed parts. There are no absolute guidelines for mechanical 

testing of 3D printing and very little work has been done in material characterization and 

process optimization. Therefore, optimized approaches for ULTEM (polyetherimide 



56 

 

family, amorphous material) are needed in order for practical application.  

The investigated factors in this project were only focused on layer thickness, raster 

gap, and build chamber temperature. These factors are combined as an L9, standard 

orthogonal array for parametric analysis for time efficiency. Mechanical properties in 

tensile testing associated with each design were chosen as the design performance in each 

of the planned experiments. Specimen design followed ASTM D3039. Each of the 

experiments, outlined in the given table, was performed using same build orientation, XZ 

axis (Edge). Raster angle for all filling was adjusted to +/- 45°. ANOVA (Analysis of 

Variances) method was used to estimate the percentage contribution of each parameter into 

mechanical properties with respect to Young’s modulus, yield strength, ultimate strength, 

and percentage of elongation. 

Tensile specimen design - ASTM D3039 [38]. 

Factors and their alternative levels 

Factors Levels 

1 2 3 

A. Layer Thickness, inches 0.010 0.013 0.010 

B. Raster Gap, inches 0.000 -0.001 -0.002 

C. Chamber Temperature °C Normal Low Normal 
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Build orientation and raster angle. 

 

 

 

 

 

 

The summary in below chart shows the percentage contribution of each factor 

(layer thickness, raster gaps, chamber temperature) on four mechanical property responses 

of Ultem 9085 (Young’s modulus, yield strength, ultimate strength and percent of 

elongation). It is obvious that the raster gap factor has the highest contribution for yield 

strength and young’s modulus of about 50% and more than 80% for percent elongation. 

These results are expected because the negative gaps leads to denser layers and fewer voids 

of structure in general. The layer thickness factor has the intermediate contribution and can 

be useful for some specialized application. The chamber temperature has least contribution 

to the four responses. Overall, the raster gap is the most important factor to control or the 

properties of the printed product while chamber temperature is the least important of the 

three factors. 

  

Raster angle +45o,- 45° 

x 

Build 

orientation 

Layer x Layer 
x+1 
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Percentage contribution of factors on mechanical properties of Ultem 9085 printed parts. 

 

 

 

 

 

 

 

D. Tensile experiment data 

 Raster gap (mm) -0.0025 0.000 0.0025 

Tensile strength 

(MPa) 

(Flat build 

orientation) 

Raster angles [+0°,-0°] 
45.34 

(3.15) 

40.32 

(5.92) 

25.12 

(4.04) 

Raster angles [+45°,-45°] 
69.60 

(4.54) 

51.11 

(4.09) 

29.45 

(4.38) 

Raster angles [+30°,-60°] 
46.33 

(4.81) 

41.23 

(2.89) 

30.25 

(4.11) 

Tensile strength 

(MPa) 

(Up right build 

orientation) 

Raster angles [+0°,-0°] 
34.5 

(2.05) 

35.3 

(2.75) 

33.4 

(3.05) 

Raster angles [+45°,-45°] 
36.5 

(2.22) 

35.8 

(1.43) 

34.7 

(4.56.) 

Raster angles [+30°,-60°] 
33.9 

(4.34) 

34.5 

(3.31) 

32.6 

(1.15) 

Raster gaps (B) 
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