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Abstract. Combination of the Fourier transform and the maximum entropy method for

estimating the frequency-wavenumber resolved power spectrum density is proposed. After

illustrating the physical insight of the maximum entropy method by using synthetic test data,

capability of the proposed method is tested using numerical simulation data. The method is also

applied to experimental data obtained by the beam emission spectroscopy in the Large Helical

Device. All of those examinations show that the proposed method provides more plausible results

than conventional methods when the available spatial points are limited.

1. Introduction

The frequency-wavenumber resolved power spectrum density is a powerful analysis

tool widely used in the magnetically confined plasma community. Such an analysis
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is often performed for the poloidal or azimuthal direction in low temperature basic

plasma devices by using the Fourier transform (FT) [1, 2, 3, 4, 5, 6, 7]. This analysis

allows the direct comparison between the experimental observation and the dispersion

relation theoretically predicted. A poloidal or azimuthal probe array that covers the

full circumference [8, 9, 10] plays a crucial role for realizing the spatial FT with the

periodic boundary condition. Availability of such a probe array is an advantage of basic

devices. Even in high temperature torus devices, the frequency-wavenumber resolved

power spectrum density is calculated as well with a limited coverage of the diagnostics

by using the spatial FT [11, 12, 13].

An alternative way to compute the frequency-wavenumber resolved spectrum is the

so-called two-point statistical method [14]. Due to its applicability in a wide variety

of situations, the two-point statistical method is frequently used for various occasions

both in linear plasma columns [15, 16, 17] and in torus devices [18, 19, 20]. However,

this method is in principle inapplicable for two or more wave components at a frequency

range, for instance, the standing wave [21]. In such a case, at least three probe tips

are required to resolve the amplitude and the wavenumber of the constituents. A long

discharge duration is also necessary for performing ensemble averaging to achieve the

statistical convergence.

In a condition where a multiple channel fluctuation diagnostic that partly covers

a particular spatial range is available, which is often realized in fusion devices through

the beam emission spectroscopy, the Doppler back scattering, and others, a different
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path to reach the frequency-wavenumber resolved power spectrum density is possible by

using the maximum entropy method (MEM) [22, 23, 24, 25, 26, 27]. MEM can estimate

the power spectrum density with a very high resolution even when the input wave is

truncated in a part of one cycle [24, 25]. MEM is occasionally applied to fusion plasma

data as well, aiming for improving the resolution in the wavenumber estimation with

a limited number of measurement points [11, 28, 29, 30, 31, 32, 33]. In this paper, we

systematically document a method for estimating the frequency-wavenumber resolved

power spectrum density by applying FT to the time domain and MEM to the spatial

domain. In section 2, the analysis principle of MEM is described by contrasting the

difference between FT with a window function and MEM on a set of test data. Here,

the physical insight into MEM is focused upon, therefore readers are recommended

to refer to specialized literatures (e.g., [24, 25]) for the comprehensive review of

mathematical backgrounds. Section 3 introduces the two-dimensional FT-MEM method

for estimating the frequency-wavenumber resolved power spectrum density. Application

of the proposed method is presented in sections 4 and 5, to a numerical fluid turbulence

simulation data and to a multichannel beam emission spectroscopy (BES) data in the

Large Helical Device (LHD), respectively. A summary is given in section 6.

2. Comparison of Fourier transform and maximum entropy method

In this section, FT and MEM are compared in estimating the power spectrum density

of a time-dependent test signal. The power spectrum density S(f) as a function of the
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frequency f is defined by the Wiener-Khinchin (W-K) theorem,

S(f) =
1

2π

∫ ∞

−∞
C(τ)e−i2πfτdτ (1)

where C(τ) is the autocorrelation function, which depends on the time delay τ , and i is

the imaginary unit. In practice, any recorded experimental data have their finite data

length, therefore the integral in Eq. (1) cannot be rigorously performed. Instead, the

power spectrum density is estimated by giving certain assumptions for data outside the

record length.

The most commonly used method for estimating the power spectrum density is FT

via the fast FT (FFT) algorithm. In using FT for the power spectrum density estimation,

the data with a finite length is assumed to repeat itself outside the record length. This

assumption is reasonable for the data which are actually periodic, for example for the

spatial distribution of a physical quantity in the poloidal or the toroidal direction in

torus plasmas. However, in the time domain, the data is usually not periodic, therefore

discontinuities appear at both ends of the data. In order to avoid this problem, various

window functions, such as the Hanning window or the Tukey window, are often used.

Applying a window function on the data reduced the relative importance of the data

points near both ends. To compensate this effect, an overlapping moving average of

the power spectrum density is performed for data with a long record length. However,

FT with a window function does not necessarily perform well when the number of data

points is limited, which is often the case for spatially sampled data.

A completely different methodology called MEM was introduced by Burg [22] in
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1967 for estimating the power spectrum density particularly from data with a limited

record length. MEM estimates the power spectrum density by extrapolating the

autocorrelation function to an infinite lag in such a way that the entropy density is

maximized. The entropy density of a fluctuation data in a stationary Gaussian process

is defined as

h ∝
∫ fN

−fN
logS(f)df =

∫ fN

−fN
log

[
1

2π

∫ ∞

−∞
C(τ)e−i2πfτdτ

]
df, (2)

where fN is the Nyquist frequency. On the one hand, maximizing the entropy density

holding consistency of S(f) in the recorded portion is regarded as a variational problem

that can be directly solved by the method of Lagrange multiplier [24, 25]. On the other

hand, maximizing the entropy density in extrapolating the autocorrelation function

corresponds to maintaining the maximal ambiguity for the unavailable information

but being consistent with the known information [24, 25, 27]. This extrapolation is

equivalent to the linear prediction (LP) by autoregressive model fitting for the raw

data, i.e.,

x̂
(M)
k =

M∑
j=1

ajxk−j, (3)

where x̂
(M)
k is the linearly predicted value of a time series xk, aj is the LP coefficients,

and M is the number of data points used for LP. The MEM spectrum estimate is given

by the LP coefficients aj as

S
(M)
MEM(f) =

∆tPM

|1−∑M−1
j=1 aj exp(−i2πfj∆t)|2

, (4)
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where ∆t is the data sampling time and PM is the variance of the estimation error, i.e.,

PM = N−1
N∑
k=1

|xk − x̂
(M)
k |2. (5)

The LP coefficients aj are obtained so as to minimize PM , which is equivalent to

maximizing the entropy density.

The windowed FT and MEM are compared using test data. The test data is defined

as a simple cosine wave, cos(2πft), where f = 10.5 and t continues infinitely. For the

data analysis, 100 points is taken with 0.01 sampling interval and labeled as t = 0

to 0.99. At the sampling, the white Gaussian noise with the standard deviation of

0.2 is superposed. In order to perform ensemble averaging, 100 datasets are created.

One of the test data series is shown in Fig. 1 (a). Results of the windowed FT with

three different window functions (rectangular, Hanning, and Tukey) and MEM with the

data points for LP of M = 9 are displayed in Fig. 1 (b). The frequency resolution

of MEM, which can be arbitrarily set, is 0.1 Hz. MEM provides the power spectrum

density that is sharpest and closest to the true spectrum, i.e., the Dirac delta function of

S(f) = δ(f −10.5). Meanwhile the power spectrum densities obtained by the windowed

FTs show peaks broadened to some extent. In particular, FT with the rectangular

window gives a very wide tail much above the noise floor at O(∼ 10−5) likely due to the

discontinuity of the repeated data as discussed below. The power spectrum density with

the Tukey window appears with two sidebands at both sides of the peak. The result

with the Hanning window is better than the other two window function cases, but still

shows a substantial peak width.
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(a)
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Figure 1. (a) Test data and (b) its power spectrum densities obtained by the Fourier transform

with various window functions and the maximum entropy method.

Calculating the autocorrelation function from the obtained power spectrum

densities provides a much clearer insight into the difference between the windowed FT

and MEM. The autocorrelation function is given by

C(τ) ∼
∫ fN

−fN
S(f)ei2πfτdf, (6)

where the approximately equal sign is due to the integration truncated at the Nyquist

frequency fN. Figures 2 (a-d) correspond to the autocorrelation functions obtained using

Eq. (6) with various values of τ . An envelope modulation with the period of τ = 1 is

seen in all the autocorrelation functions for FT. In contrast, MEM provides an almost

complete cosine wave with a constant amplitude of unity. The fluctuation frequency is

consistent with the test data frequency of f = 10.5, as expected of the W-K theorem.

In order to discuss how the autocorrelation function is modulated for the FT cases

and why not for the MEM case, the autocorrelation function is directly calculated from
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(a) FT (Rectangular)

(b) FT (Hanning)

(c) FT (Tukey)

(d) MEM

(e) 

(f)

(g)

(h)

ACF from PSD with W-H theorem (solid) &
ACF from windowed raw data (dashed) Raw signal with windows or LP applied

Figure 2. (a-d) Autocorrelation functions obtained by power spectrum densities in Fig. 1 (b)

through the Wiener-Khinchin (W-K) theorem, (e-g) repeated raw data multiplied by window

functions (rectangular, Hanning, and Tukey, respectively), and (h) raw data extrapolated by the

linear prediction (LP). Autocorrelation functions directly obtained by data in (e-h) are overlaid

in (a-d) by dashed curves.

the test data in the time domain. Figure 2 (e) is the repeated test data with the

rectangular window function, i.e., no window function. Here, no statistical noise is

applied to the data for simplicity. There are discontinuous points at t = 0 and 1, since

the test cosine wave and the sampled data length are not synchronizing. The period of

discontinuous jumps in the wave phase corresponds to the lifetime of this wave, which

causes the envelope modulation in the autocorrelation function. Applying the window

functions removes discontinuous points as shown in Figs. 2 (f) and (g), but in return

modulates the data amplitude. The autocorrelation functions directly calculated from
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the data in Figs. 2 (e-g) are overlaid on Figs. 2 (a-c), which almost completely agree with

those obtained via Eq. (6). The finite lifetime of the wave is reflected to the spectral

peak width shown in Fig. 1 (b), where the half widths at the half maximum of the

peaks are almost identical to the windowed FT results, although the tail shapes are

very different. Note that the phase difference between two curves in Fig. 2 (d) gradually

increases as |τ | increases. This is because the peak frequency of the MEM spectrum has

1 % error.

Input for the direct calculation of the autocorrelation function in the MEM case

is the raw data extrapolated by the LP scheme, which is plotted in Fig. 2 (h). Here,

M = 9 is again used as the number of points for LP. By LP, the almost complete cosine

wave is reproduced for t < 0 and t > 1, which therefore maximizes the entropy density

as a result. LP extends the lifetime of the data extremely long, which is reflected in

the sharp spectral peak of MEM as shown in Fig. 1 (b). The autocorrelation function

directly calculated from the extended raw data is overlaid on that obtained via Eq. (6),

showing a good agreement here as well.

In the actual application of MEM, the result is sometimes sensitive to the choice of

the parameter M . Too large value of M can cause an overfitting in the estimated power

spectrum density. There is a scheme to systematically specify the most appropriate

value of M according to the Akaike final prediction error (FPE) criterion [34, 24, 25].

The value of M for the current example is chosen based on this scheme, which has

provided plausible results. However, the M value provided by the Akaike FPE criterion
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is not necessarily always most reasonable in practice, and a heuristic determination ofM

is occasionally inevitable. In contrast, FT is stable in most of the situations. Therefore,

if there is no specific need in using MEM, e.g., the limitation of the data points, it is

safe to use FT.

3. Two-dimensional FT-MEM for the frequency-wavenumber spectral

decomposition

The frequency-wavenumber resolved power spectrum density is calculated by applying

FT and MEM to data in the time-space domain. The analysis procedure is shown in

Fig. 3. First, FT is applied in the time domain to signals at each channel to compute

the complex Fourier component as a function of the frequency. The complex MEM

[26] is then operated in the space domain for each frequency, providing the complex

frequency-wavenumber resolved FT-MEM component X(f, k). The power spectrum

density is calculated as ⟨X(f, k)X(f, k)∗⟩, where ∗ and ⟨⟩ denote the complex conjugate

and the ensemble averaging, respectively. As X(f, k) is a complex quantity, the cross

spectrum or the cross coherence can also be calculated, although they are out of the

scope in this paper. See Appendix for an example of the python code for the complex

MEM calculation.
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Figure 3. Analysis procedure of the two-dimensional FT-MEM for the frequency-wavenumber

spectral decomposition.

4. Application I: Numerical simulation data

The proposed analysis method is applied to the results of a numerical simulation for the

cylindrical plasma turbulence performed in the Numerical Linear Device (NLD) [35].

The simulation code provides the three dimensional distribution of plasma quantities,

including in the azimuthal direction (the poloidal direction for the torus geometry)

distribution. By using the entire azimuthal circumference for the spatial spectrum

estimation, the true power spectrum density is obtained since the cyclic boundary

condition is naturally satisfied. Meanwhile, by limiting the available azimuthal angle,

the experimental situation is simulated and the capability of the FT-MEM (for the

time-space domain) method is evaluated by contrasting that of the conventional FT-FT

method and the two-point estimation [14].

The model for the numerical simulation is the global three-field Hasegawa-Wakatani

reduced fluid model for the electron density, the electrostatic potential, and the ion

flow velocity parallel to the magnetic field direction (the axial direction) [36]. The
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Figure 4. Spatiotemporal evolution of the electron density fluctuation in the Numerical Linear

Device (NLD) fluid simulation.

plasma profiles and the turbulence dynamics are self-consistently evolved by the applied

sources. The spatially inhomogeneous equilibrium profiles in the electron density, the

electrostatic potential, and the parallel flow may drive the resistive drift wave, the

Kelvin-Helmholtz instability, and the parallel flow shear driven instability (D’Angelo

mode), respectively. The excited waves saturate nonlinearly and also back-interact with

the equilibrium profiles, forming a variety of the plasma flow structures [36, 37]. The

plasma parameters are given according to the nominal values in the actual cylindrical

plasma discharge experiment [38]. In the present case, an azimuthally inhomogeneous

parallel momentum source is applied to observe the nonlinear interaction between

turbulence and the background flow structure.

Figure 4 shows the spatiotemporal evolution of the electron density fluctuation at

the mid-radius of the cylindrical plasma. Turbulence is excited with a large relative

amplitude that occasionally shows spatially isolated intermittent bursts. The phase

propagation direction seems to be in the positive direction of the azimuthal angle,

corresponding to the electron diamagnetic direction.
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Figure 5. Power spectrum densities of the electron density fluctuation in NLD obtained with

various method: (a) FT-FT with the entire azimuthal circumference, (b) FT-FT with 25 % of

the azimuthal angle, (c) FT-MEM with 25 % of the azimuthal angle, and (d) two-point statistical

method based on FT.

Here, the mode number m is used for describing the spatial scale of the fluctuation

instead of the wavenumber k. It is defined asm = kr, where r is the radius of the cylinder

of interest and m > 0 corresponds to modes with the electron diamagnetic propagation.

The frequency-mode number resolved power spectrum densities obtained with various

methods are shown in Fig. 5. The original data has a simulation mesh of 128 points in

the azimuthal direction. Figure 5 (a) shows the FT-FT power spectrum density using

all the azimuthal data points, which corresponds to the true power spectrum density.

In order to simulate the experimental situation, where measurement is only performed

in a limited spatial domain, eight data points with an interval of four data points are

taken. By this data sampling, one fourth of the entire azimuthal circumference is used

for estimating the power spectrum density. Figures 5 (b) and (c) show the results of



14

(a)
# 156774

 �����
��	�
�


(b)
ch 49

ch 50
ch 51

ch 52
ch 53
ch 54
ch 55
ch 56

ch 49

ch 56

Figure 6. (a) Measurement location and (b) the raw data of the BES in LHD.

the FT-FT method with the Hanning spatial window and the FT-MEM method. Here,

M = 1 is used as the data points for LP for MEM. Although the Akaike FPE criterion

suggests M = 2 as the most appropriate value but with a marginal difference against

other values nearby, M = 1 is chosen to avoid having possible mimic spectral peaks. The

FT-MEM method provides a better mode number resolution than the FT-FT method

that has less pronounced mode number peaks.

In addition to the FT-FT method and the FT-MEM method, the two-point

statistical method based on FT [14] is also applied for comparison. Although the rough

features of the spectrum are captured, statistical convergence seems to be insufficient

because of the lack of simulation data points particularly for high frequency fluctuation

components.

5. Application II: Experimental data

The FT-MEM method is applied to an experimental data in the Large Helical Device

(LHD). The target data is the poloidal distribution of the electron density fluctuation
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Figure 7. Power spectrum densities of the BES data obtained with various methods: (a) FT-

FT, (b) FT-MEM, and (c,d) two-point statistical method between ch49-ch50 and ch49-ch54,

respectively.

measured by a beam emission spectroscopy (BES) recently installed in LHD [39].

Figure 6 (a) shows the measurement location of the BES in LHD for the shot number

of # 156774. The electron density data are obtained by 8× 8 radial-vertical sight line

array with a sampling rate of 200 kHz and an analog bandwidth of 100 kHz. One

column of the array slightly inside the plasma edge (the second rightmost column) is

extracted to examine the poloidal distribution of the fluctuation. Figure 6 (b) is the

time evolution of the electron density fluctuation at different vertical positions. The

phase of the dominant fluctuating mode propagates from top to bottom, the electron

diamagnetic direction.
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The frequency-wavenumber resolved power spectrum densities estimated with

different methods are shown in Fig. 7. Positive wavenumber corresponds to modes

with the electron diamagnetic propagation. For MEM, M = 1 is again used. Larger M

values were also examined and the results were found to be insensitive to the choice of

M except for exaggerated noise peaks in higher frequency range. As is demonstrated

for the numerical simulation data, the FT-MEM power spectrum density gives the most

sharpest peaks at each frequency. In contrast to the simulation example shown in section

4, the poloidal coverage of the measurement is much smaller fraction, approximately 4

to 5 % of the entire poloidal circumference. Because of this, the wavenumber resolution

in the FT-FT method is extremely poor. The two-point statistical method using two

adjacent channels (Fig. 7 (c)) also exhibits a less focused wavenumber spectrum, even

though the number of ensembles is large enough (∼ 200 periods of the dominant

frequency components). When the channel interval for the two-point statistical method

is increased, the wavenumber resolution becomes finer and the wavenumber spectrum

peaks are sharpened as shown by Fig. 7 (d). As a result, the spectral shape resembles to

that obtained by the FT-MEM method. However, as the channel interval is increased,

the Nyqvist wavenumber is reduced and the observable range of the wavenumber shrinks

accordingly. The FT-MEM method reconciles the wide dynamic range and the fine

resolution for the wavenumber decomposition. The averaged wavenumbers of the peaks

at f = 1 − 2 kHz and f = 3 − 5 kHz are 0.6 m−1 and 7.2 m−1, which correspond to

the poloidal mode number of m = 0 − 1 and 4 − 5, respectively. Note that m = 0
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may be excluded because a poloidally symmetric MHD mode is not realistic. Unlike the

examination of the methods using the numerical simulation, the true spectrum cannot

be referred to, therefore, it is impossible to judge the performance of each method in this

case. However, considering that the fluctuation is driven by MHD instabilities [39], the

power spectrum density with coherent peaks provided by the FT-MEM method seems

to the the most plausible result.

6. Summary

In this paper, we documented the method for estimating the frequency-wavenumber

resolved two-dimensional power spectrum density through combining the Fourier

transform and the maximum entropy method. Aiming to improve the wavenumber

resolution in a situation, in which available spatial points are severely limited, the

maximum entropy method was employed for the spatial structure decomposition. The

proposed method was applied to numerical fluid simulation data and experimental data

obtained by the beam emission spectroscopy in LHD. Through those examinations,

it was found that the proposed method can provide more plausible power spectrum

densities than the conventional two-dimensional Fourier transform method or the two-

point statistical method.
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Appendix

The python subroutines for obtaining the MEM estimate [26] is shown below. The main

routine mcme_k calculates the complex MEM cross spectrum from a multichannel time

series of data. The subroutine fx2fk_k performs MEM to the multichannel Fourier

components in spacial dimension for each frequency, i.e., the procedure from the second

panel to the third panel in Fig. 3. For this spacial MEM, only the auto spectrum

calculation is used.

#!/usr/bin/env python

# coding: utf -8

#

# Python subroutines for calculating complex MEM.

# Written by Tatsuya Kobayashi (National Institute for Fusion Science ).

# Email: kobayashi.tatsuya@nifs.ac.jp

import numpy as np

def fx2fk_k(dx, dk, Ns, sigRe , sigIm ):
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# dx: Spatial resolution

# dk: Desirable wavenumber resolution

# Ns: Number of data points for the linear prediction

# sigRe: sigRe(frequency , space), Real part of input spectrum

# sigIm: sigIm(frequency , space), Imaginary part of input spectrum

nf = sigRe.shape [0]

nx = sigRe.shape [1]

mk = dx/2.

kwave = np.arange(-mk , mk+dk , dk)

nk = len(kwave)

y = np.zeros((nx , 1), dtype=np.complex)

spct = np.zeros ((nf, nk, 1))

for i in range(nf):

y[:,0] = sigRe[i,:] + sigIm[i ,:]*1j

spct[i,:,0] = np.abs(mcme_k(y[:,:], dx, kwave , Ns)[:,0 ,0])

return kwave , spct

def mcme_k(y, dt, freq , Ns):

# y: y(time ,space), Input complex two -dimensional data

# dt: Time resolution

# freq: Frequency vector on which MEM is calculated

# Ns: Number of data points for the linear prediction

df = len(freq)

z = np.exp(-2*np.pi*1j*freq*dt)

Nd = y.shape [0]

p = y.shape [1]
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Nk = min(Ns, Nd -1)

spct = np.zeros ((df,p,p), dtype=np.complex)

F, B, Pm , Pd = mcmecof_k(y, Ns)

for i in range(df):

iFz = np.linalg.inv(np.sum(F[:Nk+1,:,:]* zext(z[i], Nk, p),axis =0))

spct[i,:,:] = dt*np.dot(np.dot(iFz.conjugate ().T,Pm),iFz)

return spct

def zext(z, n, p):

return np.repeat(z**-np.arange(n+1),p**2). reshape(n+1,p,p)

def mcmecof_k(y, Ns):

Nd = y.shape [0]

p = y.shape [1]

Nk = min(Ns, Nd -1)

F = np.zeros((Nd ,p,p), dtype=np.complex)

B = np.zeros((Nd ,p,p), dtype=np.complex)

Pm = np.zeros ((p,p), dtype=np.complex)

F[0,:,:] = np.eye(p)

B[0,:,:] = np.eye(p)

for i in range(p):

for j in range(p):

Pm[i,j] = np.sum(y[:,i]*y[:,j]. conjugate ())/Nd

Pd = Pm.copy()
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er_f = y[1:Nd ,:]

er_b = y[0:Nd -1,:]

for N in range(1,Nk+1):

NN = N

er_f , er_b , Pm, Pd, F, B = mcmecof_calc_k(er_f , er_b , Pm, Pd, F, B, NN)

return(F, B, Pm, Pd)

def mcmecof_calc_k(er_f , er_b , Pm, Pd, F, B, N):

Nd = F.shape [0]

p = F.shape [1]

M = Nd - N

Wm = 1./ float(M)

Fp = np.zeros ((Nd,p,p), dtype=np.complex)

Bp = np.zeros ((Nd,p,p), dtype=np.complex)

er_fp = np.zeros((Nd -1,p), dtype=np.complex)

er_bp = np.zeros((Nd -1,p), dtype=np.complex)

Em = np.zeros ((p,p), dtype=np.complex)

Gm = np.zeros ((p,p), dtype=np.complex)

Bm = np.zeros ((p,p), dtype=np.complex)

exCOEF = np.zeros ((p**2,p**2), dtype=np.complex)

C = np.zeros(p, dtype=np.complex)

for i in range(p):

for j in range(p):
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Em[i,j] = np.sum(Wm*er_f[:M,i]*er_f[:M,j]. conjugate ())

Gm[i,j] = np.sum(Wm*er_b[:M,i]*er_f[:M,j]. conjugate ())

Bm[i,j] = np.sum(Wm*er_b[:M,i]*er_b[:M,j]. conjugate ())

iPm = np.linalg.inv(Pm)

for i in range(p):

for j in range(p):

for k in range(p):

for l in range(p):

exCOEF[i*p+j,k*p+l] = Bm[i,k]*int(l==j) + np.sum(Pd[i,k]*iPm[l,:]*Em[:,j])

C = -2.*Gm.reshape(p**2)

Cm = np.dot(np.linalg.inv(exCOEF),C). reshape(p,p)

Cd = np.dot(np.dot(iPm ,Cm.conjugate ().T),Pd)

Fp[0,:,:] = F[0,:,:]

Bp[0,:,:] = np.dot(F[0,:,:],Cd)

for i in range(1,N):

Fp[i,:,:] = F[i,:,:] + np.dot(B[i-1,:,:],Cm)

Bp[i,:,:] = B[i-1,:,:] + np.dot(F[i,:,:],Cd)

Fp[N,:,:] = np.dot(B[N-1,:,:],Cm)

Bp[N,:,:] = B[N-1,:,:]

F = Fp.copy()

B = Bp.copy()

Pmp = Pm - np.dot(np.dot(Cm.conjugate ().T,Pd),Cm)

Pdp = Pd - np.dot(np.dot(Cd.conjugate ().T,Pm),Cd)
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for i in range(Nd-N-1):

er_fp[i,:] = er_f[i+1,:] + np.dot(Cm.conjugate ().T,er_b[i+1,:])

er_bp[i,:] = er_b[i,:] + np.dot(Cd.conjugate ().T,er_f[i,:])

er_f = er_fp.copy()

er_b = er_bp.copy()

Pm = Pmp.copy()

Pd = Pdp.copy()

return(er_f , er_b , Pm, Pd, F, B)

def mcme_fpe_k(y, Ns_max ):

Nd = y.shape [0]

p = y.shape [1]

Ns = min(Ns_max , Nd -1)

fpe = np.zeros(Ns)

for i in range(0, Ns):

N = i + 1

F, B, Pm, Pd = mcmecof_k(y, N)

fpe[i] = np.real(np.linalg.det(Pm))*( float(Nd+1.+p*N)/float(Nd -1.-p*N))**p

return fpe
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