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Abstract

In this paper we consider three lattices with cells represented in Fig. 1, 3 and 5 and we determine the
probability that a random segment of constant length intersects a side of lattice. (©2016 All rights reserved.
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1. Cell without obstacles.

Let R; (a) be the lattice with the fundamental cell C’él) rappresented in Fig. 1.
By Fig. 1 we obtain that
areaCél) = 5a?. (1.1)
We want to compute the probability that a random segment s of constant length [ intersects a side of
lattice, i.e. the probability P;,; that the segment s intersects a side of fundamental cell C(()l).
The position of segment s is determined by the center and by the angle ¢ that it formed with the line
BC.

*Giuseppe Caristi
Email addresses: gcaristi@unime.it (Giuseppe Caristi), maria.pettineo@unipa.it (Maria Pettineo),
marius.stoka@gmail.com (Marius Stoka)

Received 2015-07-03



G. Caristi, M. Pettineo, M. Stoka, J. Nonlinear Sci. Appl. 9 (2016), 75-82

76

A a H E D
a a
2a 2a
G a F
1
CO
B 3a C
Fig. 1

To compute the probability P;,; we consider the limiting positions, for a fixed value of ¢, of segment s. We

obtain the Fig.2
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and the formula

11
Cs" (9) = ¢V = 3 areaa; (9).
=1

To compute 631) (¢) we have that

l?

areaai (p) = areaayq () = areaay (@) = 7 sin 2¢,
2
areaas (p) = areaas () = alcosp — 7 sin 2,
3al . 2.
areaas (p) = — sing — sin 20,

al

areaag (p) = areaai; (p) = —sing — 7 sin 2¢,

2
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al .
areaag (p) = - sing,
() al 2
areaa = —cosp— —sin
8 \p D) 12 1 1)
al
areaayg (p) = = oS-
We can write that
11 3 2
Ai (@) = Z areaa; (p) = 3al (sin g + cos ) — = sin 2¢p. (1.3)
i=1

Replacing this formula in relation (1.2) we obtain
areaao(l) (p) = areaCél) — A1 (p). (1.4)

Denoting with Mj, the set of all segments s that they have center in the cell C’él), and with Nj the set of
all segments s entirely conteined in the cell C,, we have [2]:

p (N1) (1.5)
(M)’ '
where p is the Lebesgue measure in the euclidean plane.

To compute the measure p (Mp) and p (N7) we use the kinematic measure of Poincare [1]:

-Pintzl_

dk = dx Ndy N dp,

where x, y are the coordinate of center of s and ¢ the fixed angle.
For ¢ € [O, g] we have

p(My) = /2 dﬁﬂ// L, dedy = /2 (areaC’él)> dp = EareaC’(()l). (1.6)
0 {(x,y)eC(() )} 0 2

Then, considering formula (1.4) we can write

3

v = [Tae [ [
0 {@weCi )}
g

:/ [area@él) (cp)} dy

0

g
= / [areaC’él) - A (cp)} dy
0

o bl
= EareaC'él) —/ [A1 ()] de. (1.7)
0
The formulas (1.5), (1.6) and (1.7) give us
2 3
Pl =2 [F e (18)
mareaCy ' J0
By (1.3), we have that
B 312
; [A1 (p)]dp = 6al — —-. (1.9)

Replacing in (1.8) the relations (1.1) and (1.9) we obtain that

2
;o120 3 <l> . (1.10)

S5ra 107 \a
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2. Cell with obstacles triangular

Let R (a,m) be the lattice with the fundamental cell C’(()2) rappresented in Fig. 3
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Fig. 3

where m < 5. By Fig. 3 we have that
0(2) _ 2 2
areaCy” (@) = ba” — 3m~. (2.1)
We want to compute the probability PP that a random segment s of constant length [ intersects a side of

int
cell C§.
As in the paragraph 1, we have Fig .4
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and
R 14
areaC’(gQ) (p) = areaC’éQ) — Z areaa; (¢) . (2.2)

i=1

We have that

areaai (p) = areaas(p) = areaay(p) = 7m (siny — cos ),
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areaas (p) = areaas(yp) = al cosy — 5 cosyp — rsin 20,
l
areaag (p) = areaar(p) = areaais(p) = %n (sinp + cos @),
3al :
areaay (@) = —sing - Imsin @,
al .
areaai; (p) = - sing,
al 2
areaaig (p) = 5 Cosy — sin 20,
al Im
areaais (p) = —COSY — — COS Y,
2 2
at . .
areaag (p) = areaais(p) = 5 sing — Imsin .
We can write,
14 2
As () = Z areaa; (p) = 3al (sin g + cos ) — — sin 2¢p — —— cos . (2.3)
=1
As in the paragraph 1, we can write,
N2)
p@ _q_ 1N 2.4
int u (M2) ( )
We have that:
w (M) = /2 dy// dxdy = /2 (areaco(z)) dp = Iareaq@ (2.5)
0 {(x,y)eC’(()Q)} 0 2
and, considering (2.2) and (2.3),
p(Ng) = /2 d(p// dxdy = /2 (areaC(()Q)> dy
0 {(J:,y)sa((f)} 0
2 T 2
= / [areaC’éz) — A ((p)} dp = §areaC’(()2) - / [A2 (¢)] de. (2.6)
0 0
By (2.3) we have that
s l2
/2 [A2 (¢)] dp = 6al — 37 — 2lm. (2.7)
0
The relations (2.1), (2.4), (2.5), (2.6) and (2.7) give us
2) 21 3l
Pl = ——— —— —2m].
nt 1 (5a2 — m?) <6a 4 mn
For m = 0 this probability become
121 3 [1\?
52— _ 2 (Z 2
P Sma 107 <a> ‘ (28)

3. Cell with obstacles circular sectors

Let R3 (a,m) be the lattice with the fundamental cell 063) rappresented in Fig. 5
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where m < 5. By Fig. 5 we have that
3 2
areaCo(g) = 5a* — w;n . (3.1)

We want to compute the probability Pz(ri) that a random segment s of constant length [ intersects a side of
cell CSY.

As in the paragraph 1, we have the Fig. 6,
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and the formula .
area@é3) (p) = areaC(()?’) - Z areaa; (). (3.2)
=1
We have that

areaay (p) + areaas () = areaag () + areaar (@)

= areaaq (p) + areaas (¢)
12 <in 9 mm?
g ST Ty
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Ilm 2
areaas (p) = areaag(p) = alcosp — 5 cosp — rsin 20,
l 2
areaay (p) = areaag () = areaas () = 7m (sing + cos @) — mT (m—2),
(p) = 3—alin —lﬁin —gin2
areaas (p) = —-sing — —-sing — - sinZp,
al 2
areaais (p) = 5 Cosy — - sin 20,
al m
areaais (p) = 5 COSY — —-cosp,
al .
areaaiy (p) = 5 sing,
al . Im 2.
areaayg (p) + areaarr (¢) = - Sl — - sing — ~sin 2.
We can write that
17
12 —1)m?
As () = Z areaa; (p) = 3al (sing + cos ) — o sin 2 — M (3.3)
pt 4 2
Replacing this relation in (3.2) we have that
areaéég) (p) = areaCé3) — A3 (p). (3.4)
As in the paragraph 1, we can write that
p (N3)
Poy=1— . 35
t 1 (MS) ( )
For p € [0, %] we have that
p(Ms) = /2 d(p// ~dxdy = /2 (area053)> dp = EareaCo(g)
0 {(z,y)eCéd)} 0 2
and considering (3.4),
bl bl 3)
w(N3) = / dcp// R dzdy = / (areaCO ) do
0 {@y)eCP (@)} 0
= /2 [areaC(()g) — As (gp)} dp = gareaCé?’) — /2 [As (¢)] de.
0 0
(3.6)
From relation (3.3) follows that
B 32 3m(r—1)m?
[ tAatenap = oar - 2 - DI (3.7)

The (3.1), (3.5) and (3.7) give us

l2 -1 2
wnt ( 9 3 2) [12al — 37 — —37[- (7’[’ 5 )m
[ Ha? — =T
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For m = 0 this probability become

2
o120 3 (1"
Sra 107 \a

The relation (1.10), (2.8) and (3.8) give us the evident equality
50 = 5@ — 53,
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