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LOWER CENTRAL WORDS IN FINITE p-GROUPS

IKER DE LAS HERAS AND MARTA MORIGI

Abstract: It is well known that the set of values of a lower central word in a group G
need not be a subgroup. For a fixed lower central word =, and for p > 5, Guralnick
showed that if G is a finite p-group such that the verbal subgroup ~,(G) is abelian
and 2-generator, then ~,.(G) consists only of y,-values. In this paper we extend this
result, showing that the assumption that ~,(G) is abelian can be dropped. Moreover,
we show that the result remains true even if p=3. Finally, we prove that the analogous
result for pro-p groups is true.
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1. Introduction

A word w in k variables is an element of the free group Fj with
k generators. For any group G, this word can be seen as a map from the
Cartesian product of k copies of G to the group G itself by substituting
group elements for the variables. The image of this map is called the set
of w-values of G and is denoted by G,. The subgroup generated by this
set is called the verbal subgroup of w in G and is denoted by w(G).

In this paper we will focus on the lower central words. These words
are defined recursively by the rule v1(z1) = 27 and

P)/’l“(x17 LR 7x7“) = [7’!‘71(1‘17 .o 71.7‘71)7:'57’]

for r > 2. Thus, the verbal subgroup 7, (G) of the word ~, in a group G
coincides with the r-th term of the lower central series of G. In this
context, it is well known that the set of 7,-values need not be a subgroup.
In other words, G, may be a proper subset of v, (G).

However, several families of groups have been found for which the
equality 7,(G) = G, holds. The study of this property started with the
case r = 2, that is, when the word -, is the common commutator word
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and its verbal subgroup is just the derived subgroup of the group. One
of the main results in this case is the proof by Liebeck, O’Brien, Shalev,
and Tiep in [13] of the so-called Ore Conjecture, according to which
every finite simple group G satisfies the condition G’ = G.,.

In the opposite direction, still in the case r = 2, the result is also true
for nilpotent groups with cyclic derived subgroup, as proved by Rodney
in [17]. If, instead, we drop the nilpotency assumption, the result fails to
hold. Namely, in [14], Macdonald provides some examples of groups G
with G’ cyclic and G" # G,,. For finite nilpotent groups or, equivalently,
for finite p-groups, Rodney addressed the simplest cases, showing that
G' = G,, if G’ is 3-generator and central or if G’ is elementary abelian of
rank 3 ([18]). Guralnick extended Rodney’s results proving that if G’ is
abelian, then G’ = G, whenever G’ can be generated by 2 elements ([8,
Theorem A]) or whenever G’ can be generated by 3 elements and p > 5
([8, Theorem B]). In addition, Guralnick himself showed that the result
is no longer true if G’ is 3-generator and p = 2 or p = 3 ([8, Example 3.5
and Example 3.6]).

On this basis, G. A. Ferndndez-Alcober and the first author in [7]
and [5] improved Guralnick’s results, showing that the condition that G’
is abelian can be removed. Moreover, Macdonald ([15, Exercise 5, p. 78])
and Kappe and Morse ([11, Example 5.4]) had already shown that for
every prime p there exist finite p-groups with 4-generator abelian derived
subgroup such that G’ # G,,. Therefore, for r = 2, the study of this
property for finite p-groups in terms of the number of generators of the
derived subgroup is already completed.

For the case r > 2, however, much less is known. The first results
were due to Dark and Newell in [4], where they generalized Macdonald’s
and Rodney’s results in [14] and [17] to lower central words. So far, the
main results in this context were proved by Guralnick: he showed in [9]
and [10] that if G is a finite p-group, p > 5, such that +,(G) is 2-generator
and abelian, then +,(G) = G,,. In addition, he found an example of a
2-group such that 7, (G) # G,,., but the case p = 3 remained unknown.

The goal of this paper is to generalize again Guralnick’s result, show-
ing that the condition that +,.(G) is abelian is not necessary. Moreover,
we prove that the result is also true if p = 3, closing in that way the gap
between the primes 2 and 5.

Theorem A. Let G be a finite p-group and let r > 2. If v,.(G) is cyclic
or if p is odd and ~,.(G) can be generated with 2 elements, then there
exist T1,...,Tj—1,Tjq1,--.,Tr € G with 1 < j <1 such that

’Y’I‘(G) = {[xla"'7‘rj*1agvxj+1v“'7xr] ‘ g€ G}
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As in [7] and [5], we will also prove the analogous version of Theo-
rem A for pro-p groups. In the case of a pro-p-group G, 7,-(G) denotes the
topological closure of the subgroup generated by the set of all 7,-values.

Theorem B. Let G be a pro-p group and let v > 2. If v,.(G) is procyclic
or if p is odd and ~,.(G) can be topologically generated with 2 elements,
then there exist x1,...,%j—1,Tj4+1,...,%r € G with 1 < j <r such that

")/T(G) = {[IEl, . ,Ij_l,g,$j+17 . ,ZL'T] ‘ g S G}

Notation and organization. Let G be a group. If L is a normal sub-
group of G, then [L,; G] = [L,G] denotes the subgroup generated by
all commutators [x,y] with z € L and y € G, and we define recursively
[Lint1 G] = [[Lyn G],G] for all n > 1. If H < G and z € G, then we
set [z, H] = {([x,h] | h € H). Moreover, H" will denote the subgroup
generated by all n-th powers of elements of H. We denote the Frattini
subgroup of G by ®(G) and if G is finitely generated, d(G) stands for
the minimum number of generators of GG. Finally, if G is a topological
group, we write Clg(H) to refer to the topological closure of H in G and
we write H <, G to denote that H is an open normal subgroup of G.

We start with some general preliminary results in Section 2 that will
be used frequently along the paper. Then we split the proof of Theorem A
into three sections, dealing separately with two different cases: first, in
Section 3 we prove the result when v, (G) is cyclic, and then, in Section 5
and Section 6 we prove it when d(v,(G)) = 2 and p is odd, making an
additional distinction on the position of a certain subgroup inside the
group. However, the proof for the non-cyclic case in Sections 5 and 6 will
require further preliminaries that will be developed in Section 4. Finally,
we prove Theorem B in Section 7.

2. Preliminaries
Throughout the paper we will use freely the following well-known
commutator identities (see, for instance, [16, 5.1.5]).
Lemma 2.1. Let x, y, z be elements of a group. Then
() [=9]= [y, 2]
(i) [y, 2] = [x,2]"[y, 2], and [z,y2] = [z, 2][x, y]*.
(ii1) 2,y =[y,2]"", and [e™" 9] = [y,a]" .
(iv) [z,y7 % 2)Y [y, 27 L, 2)? [z, 27, y]® = 1 (the Hall-Witt Identity).
The next standard properties are consequences of the identities above

and for the reader convenience we collect them in a lemma that will be
often used without mentioning.
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Lemma 2.2. Let G be a group. Then

(i) If L and N are two normal subgroups of G and n € N, then
[L™,N] < [L,N)"[L, N, L].

(ii) If L is a normal subgroup of G, then [L,v;(G)] < [L,; G] for ev-
ery ¢t € N.

We will also use without mentioning the fact that if N < L are two
normal subgroups of G such that [L : N| = p?, then [L,G, G] < N, while
if L/N is cyclic, then [L,; G] < LP'N for each i € N.

The following lemma is essentially the well-known Hall-Petresco Iden-
tity (see [2, Appendix A.1]).

Lemma 2.3. Let x, y be elements of a group and let n € N. Then for
each i = 2,...,n there exists ¢; € v;({y, [z,y])) such that
raal” =l i) o),

Outer commutator words, also known under the name of multilinear
commutator words, are words obtained by nesting commutators, but
using always different variables. More formally, the word w(z) = x in one
variable is an outer commutator word; if o and 8 are outer commutator
words involving different variables, then the word w = [«, ] is an outer
commutator, and all outer commutator words are obtained in this way.
Thus, lower central words are particular instances of outer commutator
words, and as Lemma 2.5 below shows, the verbal subgroup of such words
in finite p-groups is powerful whenever it can be generated by 2 elements
(a finite p-group is said to be powerful if GP < G’ for odd p or if G* < G’
for p = 2). Hence, the theory of powerful p-groups will be essential in
this paper. These groups are usually seen as a generalization of abelian
groups since they satisfy, among others, the following properties:

(i) ®(G) = GP. In particular, |G : GP| = p¥(&).

(ii) d(H) < d(G) for every H < G.

(iii) GP = {g" | g € G}.

(iv) If G = {x1,...,2,), then Gp—<x§',...,xﬁ>.

(v) The power map from GP'/GP to GP'/GP'T that sends gGP'
to gPGP' s an epimorphism for every ¢ > 0.

Background in such groups can be found, for instance, in [6, Chapter 2]
or [12, Chapter 11].

In order to prove Lemma 2.5 we first need the following result, which
is a basic fact about finite p-groups.
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Lemma 2.4. Let G be a finite p-group and N, K normal subgroups
of G. If N < KNP[N,G], then N < K.

Proof: Factor out K and just note that if N is non-trivial, then N[N, G|
is a proper subgroup of N, which is a contradiction. O

Lemma 2.5. Let G be a finite p-group and w an outer commutator
word. If d(w(G))=2, then w(G)’gw(G)pQ. In particular, w(G) is pow-
erful.

Proof: By Theorem 1 of [3] the result is true if w is the commutator word,
so we assume w(G) < v3(G). In order to show that w(G) < w(G)p2 we

may assume that w(G)p2 =1, and by Lemma 2.4 we can also assume

[w(G)', G] = (w(G))? = 1.
Since dw(G)) =2, we have |w(G): ®(w(G))|=p?% and so [w(G), G, G] <
®(w(@Q)). Observe first that
[@(w(@)), w(@)] = [w(G)Pw(G), w(G)] < (w(G))lw(@), w(@)] =1,
so, in pgarticular, O (w(@)) is abelian and ®(w(G))P = (w(G)?)P(w(G) )P =
w(G)P" = 1. Moreover,

(1)

We consider now two cases in turn: [w(G), G]<®(w(G)) and [w(G), G] £
O(w(@)).
If [w(G),G] < ®(w(G)), then by (1) we have
[@(w(G)), G] < [w(G), GIP[w(G), G, w(G)]
< 2(w(G))[@(w(@), w(G)] = 1.

Hence,
w(G) = [w(G), w(G)] < [w(G),73(G)]
< [w(G),G,G,G] < [(I)(w(G)%G} =1,
as desired.
Suppose now [w(G),G] £ ®(w(G)). By (1), we have

£
[w(G),G, G, G, G < [0(w(G)),G,G]
< [[w(G), G [w(G), G, w(G)], G]
< [w(G), G, GPw(G),G. G, G, G, G]
< ®(w(@))P[w(G), G, G, G, G, G

= [w(G)7 G7 G7 G7 G7 G}7
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so [w(G),G,G,G,G] = 1. In addition, the quotient group
w(G)/[w(G), G]®(w(G))
is cyclic. Hence,
w(G) = [w(G), [w(G), Gl2(w(G))]
< [UJ(G), G7 G7 G7 G] = 17

and the proof is complete. O

Therefore, as we will deal with 2-generator verbal subgroups, we will
always assume that v, (G) is powerful. Moreover, the next lemma, proved

in Lemma 2.2 of 7], shows that actually all the subgroups of 7,.(G) are
also powerful.

Lemma 2.6. Let G be a powerful p-group. If d(G) = 2, then every
subgroup H of G is also powerful.

The following result is a particular case of Lemma 3.1 of [5], where it
is proved more generally for potent p-groups.

Lemma 2.7. Let G be a powerful p-group with p > 3. If N < L are

two normal subgroups of G, then |N : NP'| <|L: LP"| for all i > 0. In
particular, |LP?" : NP'| < |L: N]|.

In order to prove Theorem A we will construct a series of subgroups
from ~,(G) to 1 with the property that every element of each factor
group of two consecutive subgroups in the series can be written as a
yr-value in a suitable way. Lemma 2.10 below will then allow us to
go up in this series, proving that actually all the subgroups in the series
consist of y,-values until we reach ~,.(G). The key part of the proof is the
following lemma, which is a generalization to outer commutator words
of Lemma 2.1 in [1].

Lemma 2.8. Let G be a group and let w be an outer commutator
word in r variables. Let yi,...,yj—1,hYjt1,--.,yr €G. Then there exist
hi,... h, € (R)C such that for every g € G,

w(ylv oo ayjflvghvijle s 7y7“)
h hj_ .k .
= w(ylla e ayjillaghjvyjj;ilw <. )y:} )w(y1’ cee 7yj—17h7yj+1a e ayT)'
Proof: We proceed by induction on the number of variables appearing
in the outer commutator word w. If such number is 1, i.e. if w = =,
then the result is obvious. Hence, assume w = [a, 8], where « and
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are outer commutator words involving k and r — k variables with k& < r,
respectively. Assume also that j > k, so that

w(yh cee 7yj717ghayj+17' .. ayr>
= [a(yh i '?yk)76(yk+17 e 7yj—1agh7yj+1a s ay’!‘)]'

By induction, we have

BWkt1s-- 2 Yj—1, 90 Yjt1, - - Yr)

h hj_ . hj "
:B(yk-ll,-p o 7yjillvgh17yji45_1a s 7y7}} )B(yk-‘rl? .. 'ayj—lahayj-‘rh o 7y7“)7

where hyi1,...,h, € (R)C.
For simplicity, write z; = ,B(ijrl, .. ,y?fll ,gh, ;’ﬁl, .. ,yfr), 29 =
ﬂ(yk+17 s Y51, h’u Yj+1s-- y’r‘)7 and notice that

zZ2

[a<y17 cee 7yk); 2122] = [a(yh e 7yk)a 22][06(:(/1’ e 7yk)7zl]
st
= [a(ylv--~7yk)azl] 2 [a(yla"'vyk)az2]'
Since clearly zo € (h)€, the result follows.

The case j < k is similar. O

The following result is an easy consequence of Lemma 2.8; it is also
proved in [19, Proposition 1.2.1].

Corollary 2.9. Let G be a group. Then, for everyi=1,...,n and for
CVETY G, G1s -+ -5 i1, Git1,- - - Gn € G, h € 75(G), we have

(9155 Gi—1,9R, Giv1, -5 Gn]
E[glv ce9i-1,959i4+15 - - 'agnMglv .. '7gi*17hvgi+1v <. ,gn] (m0d7n+S(G))

In particular, if h € G', then

915+, 9i-1, 9N, Git1, - -5 Gnl
= [917"'agiflagagi+17"'7gn] (mOd fYTH»l(G))

Lemma 2.10. Let G be a group and w an outer commutator word on
r variables. Let N < L < G with N normal in G and suppose that for
S0Me T1,...,Tj—1,Tj+1,---,Tr € G, the following two conditions hold:

(i) LC Ugec Nw(yi, - Yj—1,9:Yj+1,-- -, Yr) for every y; € %G
(i) N C{wys, - Yj-1,9:Yj+1,----¥r) | g € G} for every y; € z§.
Then, L C {w(y1, .-, Yj—1,9:Yj+1,-- -+ Yr) | g € G} for every y; € z§.
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Proof: Take an arbitrary coset Nw(yi,...,yj—1,R, Yj41,...,4r) of N
in L, with y; € :r? and h € G. Take hy,...,h, as in Lemma 2.8 and
let z be an arbitrary element of N. By assumption, there exists u € G
such that z = w(y!", ... ,y;lfll,u,y;lﬁl,...,yfr) and we may also as-
sume that u is of the form u = ¢g" with g € G.

So, by Lemma 2.8 our arbitrary element zw(yi,...,¥j—1, 8, Yjt1,-- -,
yr) of the above coset can be written as

h h,_ . hy )
w(ylla"'7y_j1117gh]ayj-];ila"'7y?7)w(y1a"'ayj—lahayj—i-l,-",yr)

- w(yla v 7yj—17ghayj+17 e 7y7’)7

as desired. O

We end this section with the following three technical lemmas, which
will be basically used to introduce powers inside commutators in the
factor groups of the series of 7,.(G) mentioned before Lemma 2.8. In
particular, Lemma 2.13 will be especially useful to prove that these factor
groups consist only of some suitable v,.-values.

Lemma 2.11. Let G be a finite p-group such that for some r > 2 we
have d(v-(G)) < 2 if p is odd or d(v(G)) =1 if p=2. Then

k k k+1
[1,..., 2.0 =[lz1,..., 25" ,2j41,...,27] (mod 7 (G)P )
foreveryxy,...,x,€G, k>0, and2 < j <r. Moreover, if [x1,...,x;] €
R for some normal subgroup R of G and 1 < i < j, then
k k k+1
[@1,..., 2.7 =[z1,..., 2P ,zj41,...,2,] (mod [R,—; GIP ).
Proof: The first assertion follows immediately from the second one. We
fix r, and we will prove by induction on r — j that the assertion holds for
all k. Thus, assume [z1,...,2;] € R for some normal subgroup R of G
and some 1 < ¢ < j. For r = j the result is clear, so assume j < r and
k k pk:+1

[@1,...,2. )P =[z1,...,2j01)" ,zj42,..., 2] (mod [R,,—; G] ).

By the Hall-Petresco Identity, we have

k k P:)
[3}1,...,12j+1]p = [[$1,...,$j]p ,1‘j+1]62 "'Cpk
with ¢, € v (([x1, ..., 2j41], [T1,...,7;])) for 2 < n < p*. Since j > 2,

it follows that

cn € [Rnj—iv1 G) < [Ryj—iyo(n-1)+1 G]
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for every n. Note that pF—("=2)| (ﬁ:) if p is odd and pk_(”_1)|(p:) if p=

2. We denote with [s] the smallest integer which is greater or equal to s.
So, if p is odd, we get
k

(")

k—(n—2)
cn '€ [R7j7i+2(n71)+1 G] Ip ]7

and if p = 2, we get
¢ cip .
Cn S [ »j—i+2(n—1)+1 ]

Since d(y,(G)) < 2, it follows by Lemma 2.5 that 7,(G) is powerful.
By Lemma 2.6 we then obtain that for all m > 0, [R,;_; G]?" is also
powerful and d([R,;—; G]P"") < 2, so

"2k7(n71)'|

[R,j—i GIP" :[Rj—; GI" | < p?

for all m > 0. This implies, in particular, that
m—+41

([R,—i GI*",G,G] < [R,;—; GIP",

for all m > 0, and therefore,
k—(n—2) k41
[Rj_iran—1)11 G]'P V<[R,_is1 G
Now, if p is odd, using the inductive hypothesis with k£ + 1 in place of k,
we have

P G < ([Ryy—ir G ] G

S [Rar—i G}pk*—l

[R,j—it2(n-1)+1 G

If p = 2, the result follows arguing in the same way, taking into
account the fact that, in this case, 4,(G) is cyclic and hence

m 27n+1

HRar—i G}Q 7G] S [Rar—i G] D
Lemma 2.12. Let G be a finite p-group such that for some r > 2 we
have d(v-(G)) < 2 if p is odd and d(v-(G)) =1 if p = 2. Assume that
H and K are normal subgroups of G, with K generated by v;_1-values.
Then for every k > 0 and for every j with 1 < j <r, we have
(K, H”,,_; G) < [K,H,_; GF".

Proof: We use induction on k. The case k = 0 is trivial, so assume k = 1
first, and suppose p > 3 (if p = 2, the proof follows in the same way).
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As p divides () for 2 < i < p and y3(((K, H],H)) < [K,H, H, H], the
Hall-Petresco Identity yields

[K,H”) < [K,H|P|K, H, H, H).

Note that [K, H] is generated by elements of the type [x1,...,2;_1,2;],
where z1,...,2;1 € G and z; € H, so by Lemma 2.11, we have
[K,H,—; G] < |K,H,—; GP.
On the other hand, v,.(G) is powerful by Lemma 2.5. Thus, it follows
from Lemma 2.6 that
(K, Ho—j G 2 [K, H,poj GIP| < p?,

so we get

[K,H,H,H,_; G] < [[K,H,—; G],G,G]
<[K,H,_; G’

Hence,
[Kv Hpﬂ“*j G] < [[Kv H]p[K’H’H7 H]]ﬂ‘*j G] < [K7 Hﬂ“*j G]p’

as desired.
Assume now k > 2. Then, by induction,

k—1

(K, B G < [K, (HPY" 5 G

k—1
<I[K,H"_; G
k—1

< ([K’ H’T—j G]p)p

and since [K, H,,_; G] is powerful by Lemma 2.6, we have

k—1 k

([K,H,.—; G]P)P [K,H,_; G]F. O

Lemma 2.13. Let G be a finite p-group and let N, L be normal sub-
groups of G such that v.(G)? < N < L < ~,.(G) with r > 2 and |L :
N|=p. Assume that there exist some j with1 < j <r and z1,...,z;_1,
h,zjt1,...,2r € G such that

L= <[x17'"axj—hhvxj—i-l""axrbN'

Let H be the normal closure of (h) in G and assume also that one of the
following conditions holds:

(i) p is odd, d(v-(G)) < 2, and the subgroup
[,YJ (G)a Ha Harfj G]

is central of exponent p modulo NP.
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(ii) p =2, the subgroup ~,(G) is cyclic, and

[xla"'7Ij—lahaxj+1a"'7x'f]2
= [wl,...,xj,l,h2,xj+1,...,x,~] (mod N?).
Then
k
[‘rla"'7xj—17ha‘rj+la"'7x7‘]p
k k
=[z1,...,25-1, A" ,zj41,...,2] (mod N?")
for every k > 0. In particular,
k k k
L? = <['T’17"'7$j—17hp 7zj+1a"'7xr]>Np .

Proof: We use induction on k. If kK = 0, there is nothing to prove and,
if p =2 and k = 1, then the result follows from the hypothesis. Thus,
assume k > 1 if p is odd or k > 2 if p = 2 and suppose, by induction,
that
k—1 k—1
[xl,...7I’j_1,h,f£j+1,...7l‘r}p :[Il,...7l‘j_1,hp ,Ij+1,...,l‘7«]y

f—
for some y € NP "

Letu=[z1,...,2j_1, A 17xj+1,...,xr] € 77(G). Note that (uy)? =

uPyPewhere c€ [N?" ' 4. (G)] < [N, G,G] < (N?" " )P=N?". Thus,
k—
([I‘]_,...,.’L'jf]_,hp 1,£Cj+]_,...,$,,-]y)p
=[z1,...,xj-1, R 71,xj+1,...,:1:,«]p (mod Npk).

Moreover, by Lemma 2.12, we have

k—1

i1(G), H” o G < [7;1(G), Hyrj GJP
<y (@ < N

k+1

so using Lemma 2.11 with R = [;_1(G), H?" "] we obtain

k

[{1717...,.’L'jfl,h7$j+17...,fll'7a]p
k—1
E[.’L‘l,...,.%‘j_l,hp ,l‘j+1,...,$r]p
k—1 k
E[[Ilv"'azj—lvhp ]pvxj-‘rla"'vxr] (mOd NP )

Suppose now p is odd. We first prove that

k—1 k—1

(2) [v-1(G), H?"  H? ,,_; G] is central of exponent p modulo NP
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If k£ = 1, the claim follows from the hypothesis, so we may assume
k > 2. Recall that L, N, and [y;—1(G), H, H,.—; G] are powerful by
Lemmas 2.5 and 2.6. From Lemma 2.12 we then get

k—1 k—1

[,)/j—l(G)aHp ’HP sr—j+1 G] < [’Yj—l(G)aH7 H7T—j+l G]pk71
S (Np)pk—l S Npk
and

1 k—1 k—1

k—
i (G), H?  HY oy GIP < ([7-1(G), H, H oy G )P
< (Np)pk—l < Npk.
This proves (2).
By the Hall-Petresco Identity, since p > 3, we get
[1'1, cees Tj—1, hpk_l]p = [$1, cees Tj—1, hpk]ZgZ;:;,

where z; € v;({[x1, ... ,xj,l,Hpkfl],Hpkﬂ» for i = 2,3. Write

k—1

R=[y;_1(G),H" " H" ],

so that zo € R and z3 € [R, G].
On the one hand, by (2) we have

k
[237xj+17"'7x7‘] € [R77‘7j+1 G] S NP .

On the other hand, it follows from Lemma 2.12 with H = R and K =
G and from (2) that

&
[Zgaxj+17"'7x7'] € [Rﬂ“—j G]p < NP,
Therefore,
k
[xlv"-7$j717h7xj+17"'7m7“]p
k
= [[xl,...,xj_l,hp ]2523,Ij+1,...,1‘7~]
k k
=[z1,...,2-1, A" J2j41,.. ., 2] (mod NP)

as we wanted.

If p = 2, since v,.(G) is cyclic, we have L = 7,.(G), N = ~,.(G)P,
and the inductive step easily follows from the Hall-Petresco Identity.
Namely,

[l‘l, e ,J)j_l, h2k71]2 = [.131, e ,$j_1, hzk]ZQ,
where 2 € [y;_1(G),G*"",G*']. By Lemma 2.12 we have
k—1 k—1
[j-1(G),G* ,G* i G <7 (G) <%(G)

so the result follows as above. O

92k—2 gk+1

— N2
=N?,
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3. Proof of Theorem A when ~v,(G) is cyclic

Dark and Newell already proved Theorem A when ~,.(G) is cyclic
in [4], but we will give an alternative simpler proof in Theorem 3.4
below. In addition, we will also prove the case p = 2, which was omitted
in [4] since it was pointed out to be very technical. Moreover, even if
Theorem 3.4 can be modified so that it works for all primes, we will
prove the case in which p is odd separately in Theorem 3.3, since in this
case the proof turns out to be much shorter. First, however, we need the
following simple but very helpful lemma.

Lemma 3.1. Let N be a cyclic normal subgroup of a group G. Then
[N,G'] =1.

Proof: Since N is cyclic, the automorphism group Aut(N) of N is abelian.
Hence, G/Cq(N) is also abelian, which means that G’ < Cg(N). O

We will also need the following result, which is Lemma 2.3 of [7].

Lemma 3.2. Let G be a group and let N < L < G, with N normal
in G. Suppose that for some x € G the following two conditions hold:

(i) L/N C{N[z,g]| g € G}.
(ii) N C{[z.g]| g€ G}
Then L C {[z,9] | g € G}.
Theorem 3.3. Let G be a finite p-group with p odd and ~.(G) cyclic.
Then
7(G) ={lgr,--- 9] | 91, -, 9r € G}.

Proof: Let v.(G) = ([z1,...,x,]) with z1,...,2, € G. Then

k k
Y (GP = ([x1,..., 207 )
for every k > 1. By the Hall-Petresco Identity, we have

k
k k P
[$1,...7$T]p :[$1;-~-7$£]ng)---c

pk

with ¢; € vi({[z1, ..., 2], 2,)). When i < p¥, we have ¢; € 7,45-1(G) <
i Pk
(@), and so cl( 0 € *y,«(G)le since p > 3. If i = p*, then ¢, €
b
Yript—1(G) < 1 (G)P " <4 (G)P"". Therefore,
k k
(@) = (e, 27 ])
for every k > 0. Moreover, since [z, ... ,xfk,G] < - (G)P

[z1,..., mfk]i = [x1,.. ., xipk] (mod 7, (G)?

k+

)

for every i > 0, so the result follows from Lemma 3.2. O

1
, we have
k+1
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Theorem 3.4. Let G be a finite 2-group with ~,.(G) cyclic. Then

’YT(G) :{[glaw-agr] |91’-~-,gr EG}

Proof: Define C = Cq(v,-(G)/7-(G)*). Since 7,.(G) is cyclic, the quotient
group v, (G)/v-(G)* has order 4, so that |G : C| < 2. Let v,.(G) =
([x1, ..., x.]) with zq, ..., 2, € G and let j be the maximum number such
that z; € C. Assume, in addition, that [x1,...,,] is, among all v,-values
which are generators of 7, (G), the one with maximum j (observe that
Jj > 2 since G' =[G, C)).

For every i = 1,...,r consider an arbitrary element y; € &, so that
yi = xi[z;,g] for some g € G. Since v,41(G) < 7,.(G)?, it follows from
Corollary 2.9 that

Y1, sye] = [21,. .., 2] (mod 7,.(G)?),
and since 7, (G)? = ®(,(G)), we have

7 (G) = [y1, - yrl)-
Therefore,
k k
(G = lyr,- - url®)
for every k > 1. We claim that
2k‘+1

]Qk E[yl,...,y?k,...,yT] (mod ~,-(G) )

for every y; € & and k > 1. Take k = 1 first. By Lemma 2.11 we have

Y1,y

sy = - )% Yjets - we] (mod 7, (G)Y),

and observe that

[yl""vyjzw"ayr] = [[yla"'ayj]2[y17"'7yjayj]7yj+1a"'ay7“]'

If
[ Y Yis Yitts - - - Y] € 1 (G)Y,
then
'errl(G) = ’YT(G)2 = <[y17‘ <5 Y55 Y55 Yj+1 - - 7y7“]>7
and so

77‘(G) = <[y1a e Y55 Y5 Yi+1, - - 7y7-—1}>7
which contradicts the maximality of j in the choice of the gener-
ator [z1,...,2,].
Hence,
[, Y3 Y Yists - U] € 1 (G)Y,
so that

Wiy = Y1y yJQ-, ooyr] (mod . (G)Y).
The claim follows now from Lemma 2.13 with L = 7,.(G), N = v,.(G)?.



LowER CENTRAL WORDS IN FINITE p-GROUPS 257

Now, we can conclude our proof. Let 2™ be the order of v,.(G). We
will prove by induction on m — k that

(@ < {lgrs.- 90 | g1s- - 90 € G}

The result is true when k = m, so assume k& < m and
%"(G) g{[g11~~~7gr]|gla~~~,gr€G}.
We apply Lemma 2.10 with L = 7,(G)?" " and N = ~,(G)%". As

k
L:[ylv"'uy?’ 7ayT]NUNg U Pyr(y17"'ayj717g7yj+l7"'7y’l“)N
geG

2Ic+1

for every y; € :z:iG, by Lemma 2.10 we get

(@ < {lg1,-- 90 | g1+, 9, € G}

In particular, when k = 0 we obtain
’YT(G) g {[glﬁ""gT] | gla"'agT S G}7
as we wanted. O

Thus, combining Theorems 3.3 and 3.4 we get the result for all primes
when ~,(G) is cyclic.

4. Preliminaries for the proof of Theorem A when
7r(G) is generated by 2 elements

We will use the following notation: if H, K are subgroups of a
group G, by U maxy K we mean that U is maximal among the proper
subgroups of K which are normalized by H, while U max K simply means
that U is a maximal subgroup of K.

The subgroups defined in Definitions 4.1 and 4.2 will be essential in
our proof.

Definition 4.1. Let G be a finite p-group and let U maxg v, (G) for
some r > 2. We define

Dy(U) = Oy, () (G/U).

In other words, for z€~,_1(G) we have z€ D, (U) if and only if [z, G] <
U.

Definition 4.2. Let G be a finite p-group and let U max,, _, (a)7-(G)
for some r > 2. We define

E,(U) = Caltr1(G)/0)
In other words, « € E,.(U) if and only if [z,v,-1(G)] < U.
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Remark 4.3. The subset E(U) may not be a subgroup of G if U is not
normal in G.

The significance of these subgroups becomes clear in the following
lemma.

Lemma 4.4. Let G be a finite p-group and let r > 2. Then, for x €
Yr—1(G), we have v,(G) = [z, G| if and only if

T g U{DT(U) | U maxqg ’YT(G)}
Similarly, v (G) = [v--1(G), y] if and only if
y & HE(U) | Umax,, () 7(G)}-

Proof: The proof is essentially the same as the one of Lemma 2.9 of [7].
Let z € ~,_1(G). Since [z,G] is a normal subgroup of G, we have
[z,G] < 7+(Q) if and only if x € D, (U) for some U maxg 7,(G), and
the first assertion follows. Similarly, since [v,_1(G),y| is normalized
by Yr—1(G), we have [v,—1(G),y] < 7(G) if and only if y € E,.(U)
for some U max,, _,(a) 7 (G). O

Lemma 4.5. Let G be a finite p-group with d(~,(G)) = 2 for somer > 2.
Let U, V,W maxg v, (G) with V # W and R, S, Tmax, () 7(G) with
S #£T. Then

(i) D,(U nw 1(G) and E,(R) # G.
(i) D.(V)N D (W) < D (U) and E,(S) N E.(T) C E,(R).
(ili) I U # R, then [D,(U), E(R)] < 7, (G)".

Proof: (i) is obvious, since D,.(U) = v,_1(G) implies that v,.(G) < U
and similarly F,.(R) = G implies that +,.(G) < R, and in both cases we
have a contradiction.

We now prove (ii). As d(y,(G)) = 2, the subgroup v, (G) is powerful
by Lemma 2.5, so 7.(G)? = ®(v,.(G)). Hence, VNW < ~,.(G)? < U
and SNT < 7,.(G)? < R. Then, the result follows from the fact that
x € D.(V)ND, (W) if and only if [z, G] < VNW and y € E.(S)NE,.(T)
if and only if [y,7,-1(G)] < SNT.

(i) is true because [D,(U), E.(R)] <UNR < ~,.(G)P. O

The following subgroup plays a fundamental role in [8], [7], and [5],
and so does in our proof.

Definition 4.6. Let G be a finite p-group. We define
Cr(G) = Ca(v+(G) [ (G)P).
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Lemma 4.7. Let G be a finite p-group with d(v,.(G)) = 2 for somer > 2.
Then

() 1G: C.(O)] <.
(ii) We have G = C(G) if and only if vr+1(G) < v (G)P. In this case,
all subgroups U such that v,.(G)? < U < ~v,.(G) are normal in G.
Otherwise, C.(G) # G and there is only one normal subgroup U
of G such that v.(G)P < U < 7.(Q), namely U = v, 1+1(G)v-(G)?.
(iii) We have [y (G)?", Co(@)] < 4 (G)P"™" for all k > 0.

Proof: By Lemma 2.5 the subgroup ~,.(G) is powerful, so v,.(G) /7-(G)?
is an elementary abelian p-group of rank 2. Now, (i) follows from the
fact that the quotient group G/C,.(G) embeds in a Sylow p-subgroup of
the automorphism group of v, (G) /v (G)P.

To prove (ii), we may assume that +,.(G)? = 1. There are precisely
p + 1 non-trivial proper subgroups of v,.(G), all cyclic of order p, and
each of them is normal in G if and only if it is central. In addition, all
such subgroups are central if and only G = C,.(G), which is equivalent
to ¥r4+1(G) = 1. If there exists a non central subgroup U of G with
1 # U < 7v-(G), then the conjugacy class of U has size p, C,.(G) # G,
and v,11(G) # 1 is the only non-trivial normal subgroup of G properly
contained in v, (G). This proves (ii).

The proof of (iii) is an easy induction on k. The base of the induction
is given by the definition of C,.(G), and if k > 0, then

1 (G, C ()] < (G CH@ P Iy (G, CH (@), 7 (G)P ]
<GP (G (@) < (G

by using the inductive hypothesis and the fact that ~,.(G) is powerful. O

In the case r = 2, i.e. when we deal with the common commutator
word, we will also need the next lemma, which is just Lemma 2.9 (i)

of [7].

Lemma 4.8. If G is a non-abelian finite p-group with d(G') < 2, then
for every U maxg G', we have D2(U) < C3(G).

5. Proof of Theorem A when C,(G) = G

In order to apply Lemma 2.13 we will first find in Lemma 5.1 suitable
generators for the verbal subgroup +,-(G). Then, as mentioned before,
we will conclude by applying Lemma 2.10.
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Lemma 5.1. Let G be a finite p-group with d(v,(G)) = 2 for some r >
2. If C.(G) = @G, then there exist an integer j with 1 < j < r and
Ti,e- s Tje1,Tj41,-- -, € G such that

PYT(G) = <[y1a"'ayj—lagayj-l-la"'vyr] ‘ g e G>
for every y; € 2.

Proof: We may assume that ®(,(G)) = 1, so using Lemma 4.7 (ii)
we also have v,41(G) < 7,.(G)? = 1. Notice that it suffices to find an
integer j and x1,...,2j-1,Zj41,...,%, € G such that

’YT(G) = <[$17 sy Lj—1,9, L5415 - - 71‘7“] ‘ g S G>7

since if y; € xiG, then y; = x;h; for some h; € G, so it follows from Corol-
lary 2.9 that [y1, .. ., i—1,9,Yj+1y-- - S Yr] =121, .. s Li—15,9,Tja1y .- , Ty

We will proceed by induction on r. If r = 2, then the result is true
by the aforementioned Theorem A of [7].

Now, if there exists « € G, _, such that 7,(G) = [z, G], then we are
done. Hence, suppose [z, G| < 7, (G) for every z € G, _,. Observe that
all subgroups U such that ,(G)? < U < 4,(G) are normal in G by
Lemma 4.7 (ii), so we have

U maxg 7,-(G) for every U max~,(G).

If

D= [ D:V)<%malG),
V max v, (G)

then we could choose a ~,_1-value not belonging to D, which contradicts
Lemma 4.4. Therefore, assume

H D.(V) = 7-1(G).

V max v, (G)

Thus, by (i) and (ii) of Lemma 4.5, there exists U max~,(G) such
that D,.(U) properly contains N{D, (V) | V max~,(G)}, and therefore
[D,-(U),G] =U. Now, by Lemma 4.5 (iii), we have [D.(U),E.(V)] =1
for all V' # U, and so
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Hence, as G can not be the union of two proper subgroups, we can choose

:ETGG\<ET(U)U 1T ET(V)>7

V max v, (G)
U#V

and observe that by Lemma 4.4 we have
¥ (G) = [r—1(G), z,].
Define now C,, = C,, _,()(%,) and notice that C,, is normal in G since
[er, Gwrr} S [77‘71(0% G,JIT] S ’7r+1(G) =1.
Thus, we consider the quotient group G/C;, . Since v,4+1(G) = 1, the map
n: 7T—1(G) — ’YT(G)
g — lg, ]
is a group epimorphism whose kernel is C;, , so
Yr-1(G/Cy, ) = p*.
Furthermore, since v,41(G) = 1, we have C,_1(G/C,,) = G/C,,. By

inductive hypothesis, there exist an integer j with 1 < j < r — 1 and
L1yene ey Tjo1, Lj41y---y Tr—1 € (G such that

’erl(G) = <[.’IJ17. .. 7$jflagﬂxj+1a cee 7:1;7‘71] | g S G>Ca:,

Finally,
7 (G) = [yr-1(G), =]
=[([z1,...,zj—1, 9, Tjq1, ..., xr_1) | g € G)Cy,, xr]
= ([z1,. ., %j-1,9,Tj1,-- ., Tr_1, 2] | g € G),
and this concludes the proof. O

Theorem 5.2. Let G be a finite p-group with p odd and d(~,(G)) = 2. If
C,(G) = G, then there exist an integer j with1 < j <r andx1,...,z;_1,
ZTjt1,---,2r € G such that

WT(G) = {[:Elu"'7xj717g7xj+17“‘7$’r] ‘ ge G}

Proof: By Lemma 5.1, there exist an integer j with 1 < 57 < r and
1,y Tj—1,Tjt1,s---,Zr € G such that

Y (G) = ([Yy1,- -1 Yj=1,9:Yj+1,- - Yr) | g € G)
for every y; € . Choose arbitrary y; € z§ for all i. We have
Y (G) = (Y15 Yi—1, 91, Yt 15 - Yrls (Y15 -+ Yi—15 925 Yjtts - - -5 Ur])
for some g1, g2 € G. Let
U={ly1, - Yi-1,92,Yj+1, - - - Y )7 (G)P,
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and notice that it is normal in G since C,.(G) =G. Observe that v, +1(G) <
7(G)P, and 4,(G)? is central of exponent p modulo v,(G)?" by (iii) of
Lemma 4.7. Therefore, we apply Lemma 2.13 to both quotients

v (G)/U and U/v.(G)P

and we get
k k

k
’VT(G)p = <[y1a"'7yj71ag:f 7yj+la--~7yr]>Up

and
k k k+1

U =ly1, - ¥j-1,95 Yj+1s- - 9y (G)P
for every k > 0. Furthermore, as 7,+1(G) < v.(G)P, it follows from
Corollary 2.9 that

[yla e Yi—1,91,Y541, - - - 7y7‘]85[y13 v 7yj—lagiqayj+1, .. 'ayr] (HlOd U)

and

[yh e Yi—15,92, Y5415 -0 yT‘]S
E[yla'"ayjflvggaijrla-",yr] (mOd PYT(G)p)
for each integer s. Thus, using Lemma 2.13 and the aforementioned

property (v) of powerful p-groups it can be easily proved that

k

W15 s Yim15 00 S Yjrts oY)
k
= [yla e Yi—-1,91,Y541, - - - 7yr}5p

9 k
([yh e ayjfhgi?yj‘l*h e 7yr]u)p
k

"
[yla"'ayj—lvgigp 7yj+17"'7y7"] (mOd Up )7

where u € U, and similarly

k
D s
W1, j—1592 aijrl,-",yr]
k+1

).

k
= [y17"'7yj—lag§p ’yj-‘rl?"'ay?‘] (mOd ’YT(G)p
Hence, for each k£ > 0 we have
p" p”
(@GP < v, gm0 Y410 u)U
g€G
for every y; € xiG, and similarly

k
Up g U ’YT(yla"'7yj—lvgayj+l7'"7y7‘)77‘(G)p
geG

k+1

for every y; € x&.



LowER CENTRAL WORDS IN FINITE p-GROUPS 263

The result now follows by repeatedly applying Lemma 2.10 to the

subgroups of the series
1

L= (G S UM < (@ < <@ S U < < (),
where p® is the exponent of v,.(G). O

6. Proof of Theorem A when C,(G) # G

To end the proof of Theorem A, we need a further technical definition.

Definition 6.1. Let G be a finite p-group and let r > 2. We define
Cr(G) = v-(G)P and

Ci(G) = Ch6)(G/C111(G))
forall2<i<r—1.
As in Section 5, we start finding suitable generators for 7, (G).

Lemma 6.2. Let G be a finite p-group with d(v,(G)) = 2 for somer > 2
and C(G) # G. Let U = v, 11(G)v-(G)P. Then, there exist an integer j
with2<j<r, z1,...,xj1 € G, and c € C,.(G) such that

’yT(G> = <[y17 e Y156, G541, - - agT]>U

for every yp €x§ withk = 1,...,j—1 and every g;+1, - .., 9, € G\C.(G).
Moreover, [v;(GQ), C(Q)] < CI(G) for every j <i <r.

Proof: We proceed by induction on r. Suppose first » = 2 and take an
arbitrary z € G\ C2(G). Since C3(@G) is maximal in G by Lemma 4.7 (i),
we have G = (2)C3(G). Also, as D2(U) < C3(G) by Lemma 4.8, we have
x & Do(U). Moreover, by Lemma 4.7 (ii), U is the unique subgroup such
that U maxq v-(G), so by Lemma 4.4 we have G = [z, G']. Thus we get

G' = [z, G] = [z, (2)Ca(G)] = [z, C2(G)].

In addition, [G7, Co(G)] < (G')? = C3(G), as desired.

Take then r > 3 and write C' = C,.(G) for simplicity. We may assume
v(G)P = CI(G) = 1. Suppose first there exist z1,...,2,—1 € G such
that v,.(G) = [z1,...,2,—1,C]. Since [7.(G),C] = 1 and since 2y =
x;[x;, g] for every g € G, it follows from Corollary 2.9 that

’YT(G> = [yla s Yr—1, C]
for all y; € :rf Hence, we may assume there is no such an element. In
other words, if z € G, _,, then [z, C] # ~,(G). Note, however, that [z, C|
is normal in G since, as above, [z, C]9 = [29,C] = [z, C]. Since U is the
only non-trivial normal subgroup of G properly contained in v, (G), we
get [x,C] < U for every 7,_1-value x. Since v,_1(G) is generated by all
~r—1-values, we have [v,_1(G),C] < U. This, in particular, implies that
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C < E,(U), and since E,(U) # G by Lemma 4.5, we have C = E,.(U).
Note that we have V max, . (g)7:(G) for every V max~,(G) since
[PYT(G)a’Yr—l(G)] < [VT(G)aG/ < [VT(G%GvG] =1
On the other hand, U = v,.41(G), so for every V max~,.(G) with V £ U
we have [v.(G), E.(V)] <UNV =1, and then E.(V) < C. Therefore,
W{E-(V) | Vmaxy,.(G)} € C
and then, by Lemma 4.4, we get

’YT(G) = ['Yr—l(G),g]

for every g € G\ C.
As [v(G),vr—1(G)] = 1, the map
Ng: Yr-1(G) — 1 (G)
x— [z,9]
is a group epimorphism for every g € G\ C whose kernel is C., _, (g)(g).
Choose an arbitrary g € G\ C, write Cy = C,,_,(g)(g) for simplicity,
and note that
[Cg,G] = [Cga <g>C] = [Cg,C] < [fYTfl(G)7C] <U< Cg,

where the last equality holds since U < Z(G). Thus, the subgroups Cy are
all normal in G, and we can consider the groups G/C;. Now, v,_1(G/Cy) =
Yr—1(G)/Cy is isomorphic to v,(G), so it has order p? and exponent p.
In addition 7, (G) £ Cy since otherwise [v,(G), g] = 1, which contradicts
the fact that g ¢ C. Thus,

G/Cg # Cr—l(G/Cg)-
Moreover, since [v,—1(G),C] < U < Cy, it follows that
Cr1(G/Cq) = C/Cy

for all g € G\C. By Lemma 4.7 (ii), there is only one normal subgroup R
of G with Cy < R < 7,—1(G), so R = Cy7-(G).

We apply now the inductive hypothesis to all groups G/C,,. It follows
that for each g € G'\ C, there exist j, > 1, 214,...,25,-1,4 € G, and
¢g € C such that

’erl(G) = <[y1,g’ s Yjg—1,90Cgs Gjg+1s - - - ,gr,1]>Cg’yT(G)
for every y;.4 € xgq, i=1,...,j,—1, and every g; 41,...,9-—1 € G\ C.
Moreover, if we define

Cig/Cy = Cz_l(G/Cg%
then we have [v;(G),C] < C; 4 for all j, <i<r—1.
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Define now
=%(@) [T G
geG\C
which is, of course, normal in G.

We claim that U* = Cyv,-(GQ) for all g € G\ C. For that purpose,
fix g€ G\ C and take h € G\ C arbitrary. Then CyC}, is normal in G,
so either CyC, = v,—1(G) or Cp, < Cyy,(G). In the first case we would
have

Y (G) = [1r—1(G), h] = [ChCy, h] = [Cy, h] < Cy,
which is a contradiction since [, (G), g] # 1. Hence, C, < Cyv,(G), and
so Cyvr(G) = CCyyr(G). Since this holds for all h € G\ C, it follows
that Cyvy,(G) = U*, and the claim is proved.

Take now j = max{j, | g € G\C}. Then, there exist 1,...,z;-1 € G
and ¢ € C such that

Vr— 1(G) = <[y13 e Yi—-1,6, 95415 - - 7gr71]>U*

for every y; € 2, i = 1,...,7 — 1, and every gji1,...,g-—1 € G\ C.
Moreover, because of the choice of j, we have

ﬂ Ci,g
geG\C
for all j <i <r — 1. Let us prove that
ﬂ Cig < CI(QG) for every i such that j <i<r—1.
geG\C

We proceed by induction on r — 4. If r —¢ =1, that is, if i = r — 1,
then C,_1 , =Cy = C,,_,(5)(9), and since G = (G \ C), it follows that

() Co=0C, . ()(G)=C_,(G).
geG\C

Assume now 7 < r — 2. Then

{ m Oi,va] < m Ci+17g§O{+1(G)a

geEG\C geG\C
by the inductive hypothesis, and so
[ Ciy <CHG)
geG\C

as claimed.
Since [v+(G),C] =1 = CL(G), we have [v;(G), C] < CI(G) for every i
such that j <7 <.
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Finally, take g, € G\ C arbitrary. Observe that
U*, 9:] = [Cy, 7 (G), gr] = [7-(G), 9-] = U,
where the last equality holds since 1 # [v,(G), gr] < Y¥r+1(G). Hence,
7 (G) = [v-1(G), 9]
=y, 951695401, 901U, 91
=[ly1,-- - yj-1, 69541, gr1]), 90U
= (lyrs- - yi-15¢. 9541, 9T,

and the proof is complete. O

Theorem 6.3. Let G be a finite p-group with p odd and d(v,(G)) = 2 for
some r > 2. If C.(G) # G, then there exist an integer j with 1 < j <r
and T1,...,%j—1,%jy1,..., %, such that

v (G) ={lz1,...,zj—1, ¢ %541, ..., zr) | c € Cr(G)}.

Proof: Let U = 4,41(G)7,-(G)? and write C = C,.(G) for simplicity. By
Lemma 6.2, there exist an integer j with 1 < j <rand z,...,2;1 € G,
c € C, such that

/VT(G) = <[y17 s Yi—1,6,95+15 - - - agr]>U

for every y; € ¢, i =1,...,j—1, and every gj1,..., g, € G\ C. More-
over, [v;(GQ),C] < CI(G) for every j < i <.

Write = [y1,...,y;j—1]. It follows from the Hall-Witt Identity and
standard commutator calculus that

['7:7 C, gj+1] = [C7 gj+17x]_1[gj+17x7 C]_lz
for some z € ;12(G). On the one hand, we have
[Zagj-‘rQa re. agT] S 77'+1(G) S U.
On the other hand,
[9j+1,2,¢c] € [v;(G), C] < CJ(G) Nv;+1(G),
and since [C](G),G] < C7{(G) for every i <r — 1, we have
[CJT(G) N ,Yj+1(G>7gj+2, .. agT] S Crfl(G) N ,YT(G) S U7

where the last inequality holds since C!_;(G) N, (G) is normal in G but
(@) £ C7_1(G). Thus,

[.’E, CGj+1s--- agr] = [l‘, [Ca gj+1]agj+2a cee 7.97"] (mOd U)’

so, in particular,

'YT(G> = <[$’ [C? gj+1]7gj+27 cee 79T}>U'
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Take now g,11 € G\ C arbitrary. Since, clearly, we have [U,g,4+1] <
¥ (G)P, it follows that
U= <[£L', [67 gj-‘rl]a gj+25 - 79T+1]>77‘(G)p-
Now observe that, on the one hand, we have
[vi-1(G),C, Cyr—j G] < [7;(G), Cr;j G
< [C;(G)ar—j G]
< CH(G) =w(G)P,

which is central of exponent p modulo U? and, on the other hand, we
have

[ij—l(G)v Gl) Glﬂ'—j G] < 77'+3(G) < Up’

which is central of exponent p modulo %(G)T’Z. Therefore, we can apply
Lemma 2.13 to both quotients

v (G)/U and U/~.(G)?

and we conclude in the same way as in the proof of Theorem 5.2. O

7. Proof of Theorem B

Now, we prove Theorem B using a similar idea as in Theorem B of [7]
and Theorem A’ and Theorem B’ of [5].

Proof of Theorem B: We first claim that there exists 1 < j < r such
that for every N <, G there exist gy 1,...,9N,-1,9N,j+1,---,gN,r € G
such that

Y (G)N/N = {[gn1s---,9Nj—1,9, 9N j+1:-- - 9N | N | g € G}.

For every N <, G, write jn for the smallest integer such that there exist
gN,15--+s9N,jn—1s9N,jn+1s -+ s GN,r € @ such that

W(G)N/N ={lgn1;- - 9N jx-1:9 9N jn+15- - 9NN | g € G}
Note that the existence of jy is guaranteed by Theorem A.

Let M be an open normal subgroup of G for which j; is maximal in
the set {jn | N <o G}. We will prove that j = jps has the required prop-
erty. Indeed, take N <, G arbitrary and consider the intersection NNM,
which is also open and normal in G. Now, as N N M < M, we have
im < jnnm and, by maximality, it follows that jy; = jnna- Again,
since NN M < N, we have

’YT'(G)N/N = {[9N,17- .. 7gN,jM717.gugN,jM+17 cee 7gN,7’]N | g S G}a

and the claim is proved.



268 I. DE LAS HERAS, M. MORIGI

Now, for every N <, G, write

XN = {(91,-~-,gj—1,gj+1,---79r) EGXT" X G|
Y (G)N/N ={[g1,---,9j-1, 9, Gj4+1.-- -, 9r]N | g € G} }.
Clearly, the family {Xn}n<,¢ has the finite intersection property, and

. r—1 .
since G X --+ x G is compact,

m Xy # 2.

N<G

Thus, if (g1,...,9j-1,9j+1,g-) belongs to this intersection, write

K(G) ={lg1.---,9j-1.9:gj+1.- -, 9:] | 9 € G},
so that we have
7 (G)N/N = K(G)N/N
for all N <, G.

Now, note that I(G) is closed in G, being the image of a continuous
function from G to G. Thus,

(@) = [ wGN= [ KGN =Cla(K(G)) = K(G)

NG NG

and the proof is complete. O
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