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Abstract

In this paper, we introduce two new convolutions associated with the Mellin transform
which exhibit factorization properties upon the use of certain weight functions. This is
applied to the solvability analysis of classes of integral equations. In particular, we present
sufficient conditions for the solvability of an integral equation and a system of integral
equations of convolution type.
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1 Introduction

Integral transforms and its associated convolution operators have been studied and used for
a long time to solve many problems in applied mathematics, mathematical physics and engi-
neering science. A well-known and useful integral transform is the Mellin transform. It was
H. Mellin (1854-1933) who first gave a systematic formulation of Mellin transform and its in-
verse. Although a change of variables shows that the Mellin transform is closely related to
the Laplace and Fourier transforms, there are certain applications where it is convenient to
operate directly with the Mellin transform. Besides the applications to other sciences, also in
mathematics the Mellin transform is an important tool to the study of the behavior of many
important functions such as the zeta function and Dirichlet series occurring in number theory,
and also the gamma function occurring in the complex function theory (cf., e.g., [10, 13} 14]).
The Mellin transform shows to be also important in many other different subareas, as e.g. it is
the case of analysis of certain algorithms and probability theory (cf., e.g., [11]).

*Accepted author’s manuscript (AAM) published in [J. Class. Anal. 16(2) (2020), 65-77] [DOIL:
dx.doi.org/10.7153/jca-2020-16-08]. The final authenticated version is available online at: http:http://files.
ele-math.com/articles/jca-16-08.pdf.

TCIDMA-Center for Research and Development in Mathematics and Applications, University of Aveiro,
Portugal, castroQua.pt

fCIDMA Center for Research and Development in Mathematics and Applications, University of Aveiro,
Portugal, anabela.silvaQua.pt

$Department of Mathematics, VNU University of Education, Viet Nam National University, Hanoi, Vietnam,
nguyentuan@vnu.edu.vn


http:http://files.ele-math.com/articles/jca-16-08.pdf
http:http://files.ele-math.com/articles/jca-16-08.pdf

Convolutions are frequently used to help in the modeling of applied problems. If considered
in different ways and types, they allow distinct possibilities of “multiplication”, as well as
different kinds of integral equations of convolution type. Additionally, the convolutions of
mathematical physics are often represented in form of some integrals. Therefore, one of the
important applications of convolutions is their association to corresponding integral equations
of convolution type (cf., e.g., [1, Bl 4, B, 6, [7, 8, 9]), and the consequent possibility to consider
new integral classes (cf., e.g., [12]).

In this paper, we introduce two new convolutions and show how they can be applied to
obtain the solutions of integral equations or systems of integral equations associated with
them. Throughout this paper, we will operate with the Mellin transform as well as its classical
associated convolution. Those will interact with our new convolutions and, altogether, will
allow us to obtain the below results. In view of this, we start by presenting some topics from
the theory of Mellin integral transforms which will be useful in our further analysis.

Let Ry := (0,00) be the set of positive real numbers and let L'(R,) be the space of all
(Lebesgue) measurable complex-valued functions f : R, — C with the finite norm

I f Il 2y ¢=/0 | f (u)|du.

In this sense, for some a € R, we denote by L'({a} xiR) the set of all functions g : {a} xiR — C
with g(a + i) € L'(R).

In what follows, for s € C, we always denote such complex numbers by s = a + ib, with
a,beR.

Definition 1. If f : Ry — C is a function such that f(z)x*~1 € LY(R,), for some s € C, then
the Mellin transform is defined by the following identity

(MF) (s) = f(s) = /0 T HOEdt, s € {a) x iR, (1.1)

The inverse Mellin integral transform for a function f* € L'({a} x iR) is defined as

ft) = (M7 f(s) (2) L/%m f*(s)t~*ds, t >0,

T omi ),
where the integral is understood in the sense of Cauchy principal value.

If f(x)z* ! € LY(R,), for some a € R, then the Mellin transform exists for all s € C, and
the integral is absolutely convergent. Moreover, the Mellin transform f* is a continuous
function on the line {a} x iR (cf. [2]). In this sense, let us describe an appropriate spaces
framework for which the Mellin transform exists.

Definition 2. Let us consider the weight function w(x) =z~ for some a € R. The weighted
Lebesgue space L'(R,,w) is defined by

LYRy,w):={f: R, = C: f(x)z* ' € L'Y(R,)} (1.2)

with the associated norm given by

s = 1@ s = [ @)



For f: R, — C, a € R, h € R, we define the Mellin translation operator by
(5 f)(x) = h°f(hx),  x € Ry.

The Mellin translation operator 7¢ : L'(R,,w) — L'Y(R,,w), for a,a € R, h € R, is an
isomorphism with (7;)~! = 7{, and

Il @) = h @y, f € LRy, w) (1.3)
(ct. [2]).

Let f x g be the classic Mellin convolution of two functions f, g : R, — C defined by

(f*g)(x) = /Ooof <§> g(u)%u, reR,

whenever the integral exists. There hold the following properties.

Theorem 1. [2, Theorem 3]

(a) If f,g € LY(R,,w), then the convolution f x g exists (a.e.) on R, , belongs to L'(R,, w)
and one has

1f * gllo @y < Il @ w9l o @y w)-

In addition, x®f(x) is uniformly continuous and bounded on Ry, then f g is continuous
on R+.

(b) (Convolution Theorem) If f,g € L'(R,,w), then
(M % g)l(s) = (MS)(s)(Myg)(s), s € {a} x iR.
(¢) The convolution product is associative and commutative. In particular,
(LY (R, ,w),+,*) is a Banach algebra.
(d) The Parseval equality
ctico

/0°° / (%) g(t)% = ﬁ fr(s)g"(s)x*ds

holds true.

Note that the Mellin integral transform can be obtained from the Fourier integral transform
by the exponential substitution and rotating the complex plane by a right angle:

(Mf)(s) = / " fee e = / " fe e de = / T fe e e tar = (Fg)(b),

with g(z) = f(e ®)e . In the same way, the inverse of the Mellin transform and its classical
associated convolution can be obtained by the same substitutions from the inverse of the Fourier
transform and its associated convolution.



2 New convolutions

In this section, we propose two new convolutions associated with Mellin integral transform.
One of the most important properties of a convolution is to satisfy a factorization property
which is typically associated with one or more than one integral operators (i.e., a Convolution
Theorem). In most of the cases, such factorization property is fundamental to solve consequent
integral equations which can be characterized by those convolutions. In this sense, we show
that the introduced convolutions exhibit certain factorization identities when considering the
integral operator under study. The Mellin convolution operator plays an essential role in the
further discussion.

Definition 3. For any f and g € L*(R,,w) (w(z) = 2°71), we define the convolution operator

@ by
(@9 // 257 (2) gl P (2.1)

v u

Theorem 2. Let f and g € L'(Ry,w) (w(x) =z '). Then the convolution & of functions f
and g belongs to L*(R,w) and satisfies the following weighted factorization identity associated
with Mellin integral transform

M(f D g)(s) = v(s)(M[)(s)(Mg)(s), (2.2)
where 1(s) =27371T (£), s € C.

Proof. Let f,g € L*(Ry,w). Using the identity [;° e 21t = 2=5-1 (2) (for Re(s) > 0),

we obtain
2"’1F / f)r— 1dt/ g(u)u*tdu

/OOO e vs_ldv/o e at /OOO g(w)u* " du
= /OO e w (f = g)(y)y*dy
A
4,

P(s)(MF)(s)(Mg)(s)

([ ety
(// g(w)dgwd—;>y51dy

M(f D g))(

Let us now prove that f &g € L'(R,,w). For that purpose, using the change of variable z = £



and considering ([1.3]), we obtain that

1 @ 9) (@)@ = /OOI(fEBg)( Vo da

< / |/ / (E) Ua/ 67222za’1dzd—0@
Y 0 vy
d d
= / |/ f (E> v y e 2z22a71d2
Yy vy
= / |/ 2w d_vd_y e 22071z
Yy vy Jo
o [e's) )
— / a ldy/ ( ) Ua—ldv/ 6—2,2 za—ldz
0 0
= Mol Sl [ o
0
= gllzr@ew 1l 2 @y Pl 2t 24 0)
where p(z) = e72*°, z € R,.. Since p € L'(R,,w), we conclude that f & g € L' (R, w). O

Let us proceed with an additional convolution and its respective factorization property.

Definition 4. For any f and g € L*(R,,w) (w(z) = %), we define the convolution operator

® by
Gone= [ [ e (2ot 2.3

v u

Theorem 3. Let f and g € L*(Ry,w) (w(x) = x2*7'). Then the convolution ® of functions f
and g belong to L*(R,,w) and satisfies the following weighted factorization identity associated
with Mellin integral transform

[(M(f ©g)l(s) = p(s)(Mf)(s)(Mg)(s), (2:4)
where (s) = 27°T" (s).

Proof. Let f,g € L'(R4,w). Using the identity [ e 2t"'dt = 27°T (s) (for Re(s) > 0) and
changing variables z = ¥, we obtain

() MF)(s)(Mg)(s) = 27°T(s / Fedt / o)y dy

= [Terea / Foear [ty
- /OOO ) (z)z*da
e A
_ 0“’ [/ / (g>g(v>%%}zs—ldz
o 9ls).

= M(fog



Let us now prove that f ®g € L'(Ry,w). For that purpose, using the change of variable z = z
and considering ([1.3]), we obtain that

I(fod@lne,w = /0 I(f © g)(x)|z" tdx

e >~ u o dv du

< _ a —2z a—1 e

< /0 \g(v)l/o f(v) u /0 ez dzv _u
> e u dudv [ _, .,

= _ a _ Z a d
|t [ (3w e

— > = E a—1 d_U = —2z a—1

= [t [ ()|ealt [ et

_ OO a—1 > —a g a—1 > —2z c—1

= [T [T (5w [T e

[e.e]
= ol Flog | e s
0

= gl wllfllor@ewllallr @, w)

where ¢(z) = e7?*, z € Ry. Since q € L'(R,,w), we conclude that f ® g € L'(R,,w). O

3 Convolution integral equations

In this section we will apply our new convolutions to solve integral equations in which those
convolutions can be somehow considered. In view of this, let us consider the following integral
equation in L'(R, w):

Ap(z) + /Ooo /Ooo e (U) g(U)@d—u = h(),

u Vv u

ANeC,xeR,,g,he LR, ,w) and p € L}(R,,w) is to be determined.
We will use the notation

A(s) = A+ 1(s)(Mg)(s), (3.1)
where ¢(s) =2727'T (£), s € {a} x iR.

Proposition 4. (a) If A # 0, then A(s) # 0 for every s € {a} x iR outside a finite interval.

(b) Assume that X # 0 and A(s) # 0 for every s € {a} x iR. Then Mh € L*({a} x iR) if
and only if 24 € L'({a} x iR).

Proof. (a) Let us first observe that (Mf)(s) = [~ z* te®8@ f(z)dz. By the Riemann-
Lebesgue Lemma, for any a which lies in the strip of analyticity of Mellin transform of f(z),
lim (Mf)(a+ib) =0,
|b|]—o00
i.e., the Mellin transform is of f(x) vanishes at infinity in the strip of its analyticity (cf. [2]
Theorem 2]). Consequently, limjy_., A(s) = A. Since A # 0, the result follows from the
analyticity of A(s) along the vertical line Re(s) = a.
(b) Assume that Mh € L'({a} xiR). By the analyticity of A and lim_, A(a+ib) = X # 0,
there is R > 0 such that infjy~ 5 |A(s)| > €, for any €; > 0. Since A is analytic in {a} x iR
and does not vanish in the compact set S(0, R) = {a +ib € C: |b] < R}, there exists €, such
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that infj,<p |A(s)| > €. We then have supse{a}xm(ﬁ) < max{1l/e;,1/e5} < oo. It follows

that the function @ is bounded on {a} x iR. Since Mh € L'({a} x iR), we have that
Mh ¢ [1({a} x iR).

Conversely, from the assumption 24" € L'({a} x ¢R) and the function 1/A(s) is analytic on
{a} x iR, we can deduce that Mh € L'({a} x iR) and the proposition is proved. O

Theorem 5. Assume that A(s) # 0 for every s € {a} x iR and one of the following conditions
holds:

(i) 24t e L'({a} x iR);

(i) X # 0 and Mh € L'({a} x iR).
Then, equation (3.1)) has a solution in L*(R,,w) if and only if M~ (%) € L*(R,,w). More-
over, if the last condition holds, then the solution is given by

=M1 <%) c L'(Ry,w).

Proof. Let us first assume that (i) is fulfilled. Suppose that equation (3.1)) has a solution
¢ € L'(R,,w). Applying M to both sides of equation (3.1)) and using the factorization property
(2.2]), we obtain

A(s)(Mep)(s) = (Mh)(s),

where M is the unknown function. Since A(s) # 0 for s € {a} x iR, it follows (Myp)(s) =

(/\Z]ZS))(S). As Mh ¢ L1({a} x iR), we apply the inverse of Mellin transform to obtain

e (M
QD—M(A.

Suppose now that ¢ = M™1 (%) is the solution of equation (3.1)). It implies that ¢ €
LY (R,,w). Applying the Mellin transform, we have My = %, and thus, we have

A(s)(Mp)(s) = (Mh)(s).

Using factorization identity ([2.2]), we obtain

M ()\cp(s)—l—/ooo /OOO e—iff@(“>g(u)d_“> (M),

u (%

By the uniqueness of M, ¢ fulfills equation (3.1 for s € {a} x iR.
Assume now that (ii) is fulfilled. In this case, the proof follows from Proposition [4] ]

4 Systems of integral equations

In this section we will be considering systems of integral equations generated by the previously
introduced convolutions. Namely, let us consider the following system of integral equations

{ 10+ 00900 =20 )
@)+ Mol © @) = a(z), |



or equivalently,
{ +/\1 fooo fooo _2%2h(2) g(”)%%u :p(x)
+)‘Zfo fo e ?uk (u) f(u)%v = q(),

where, A\, \s € C, h, k,p,q € L*(R,,w), f and g € L}(R,,w) are the unknown functions.
Let us fix the notation

B(s) :==1— MAap(s)(s)M(k = h)(s), (4.2)
where ¢(s) = 27°T'(s) and ¢(s) = 2727 ().

Proposition 6. Assume that B(s) # 0 for any s € {a} +iR. Then Mh € L'(s € {a} +iR) if
and only if 2t € L'({a} +iR), for any h € L'(Ry, w).

Proof. Let A\, Ay € C and h,k € L'(R,,w). We first observe that
B(s)=1—-M(lx* (k& h))(s),

where ((z) = e72* € LY(R,,w). Tt follows that £ x (k@ h) € L*(R,,w).

Suppose that B(s) # 0 for any s € {a} + iR and assume that Mh € L'({a} +iR). By the
Riemann-Lebesgue lemma for Mellin transform (cf. |2, Theorem 2]), for any a which lies in the
strip of analicity of Mellin transform of ¢ x (k & h),

lim M(¢x (k@ h))(a+1ib) = 0.

|b|—o00

Consequently,
lim B(a+ib) = 1.

[b] =00
Thus, since B is analytic, there is an R > 0 such that
inf |B(s)| > 61, 01 > 0.

|B|>R

Since B is continuous in {a} 4 iR and does not vanishes in the compact set S(0, R) = {a+ib €
C : |b| < R}, there exists do > 0 such that

inf |B(s)| < a.

|B|I<R

1 1 1
sup — | < max{ } < 0.
se{a}xiR (B(S)) o1’ 52

It follows that 5 is bounded in {a} + iR. Since Mh € L'({a} + iR), we have that U ¢
L'({a} +iR).

Reciprocally, assume that 24 € L'({a} +iR) and the function 5 is bounded in {a} +iR.
We can deduce that Mh € Ll({a} +iR) and the proposition is proved

Then, we have that

]

Theorem 7. Suppose that the following conditions are verified:

(1) 1= Xdap(s)9(s)M(k x h)(s) # 0,



(i) M(p = Mi(h @ q))(s) € L'({a} x iR),
(iii) M(q = Xa(k © p))(s) € L'({a} x iR),

where 1(s) = 27271 (£) and p(s) = 27°T (s) for s € {a} x iR.
Then, the system (4.1) has the solution given in the form

M(p_/\l(h@Q))<S) > (x)

L — MAp(8)(s)M(k = h)(s) ’
o Ml (ko))

gl) = M (1 At Mk h><s>> (@), = € Ry

(
Proof. Let p,q € LY(R,,w). Thus, f(z)+ M (h®g)(z) € LY (R, w) and g(x) + Xao(k © f)(x) €
L' (R, ,w). Thus, we can apply the Mellin transform to both sides of the two equations and
use the factorization properties (2.2)) and (2.4). We obtain

fo) =

{ (MF)(s) + Mep(s)(Mh)(s)(Mg)(s) = (Mp)(s) (4.3)
(Mg)(s) + Aap(s)(ME)(s)(M[)(s) = (Mg)(s) ~ '
where ¢(s) = 27°T'(s) and ¢(s) = 2727 ().
We have that the determinant
) I MU MB)E) | L\ s oo A o) A

for all s € {a} x iR. Thus, we conclude that there exists a unique solution of the linear system
(4.3). Moreover, we have that

(Mp)(s) — Myp(s)(Mh)(s)(Mg)(s)

M) = T 3w (5)0(s) (ME) (5) (M) (s)
M= M(heq)s)
1= MAap(s)(s) M(K + h)(s)
and
Ma(s) — MO = Mol MBS (Mp) (5

L= X Aatp(s)p(s)(ME)(s)(Mh)(s)
_ M(g — Aa(k © p))(s)
L= MAp(s)p(s)M(k = h)(s)’

each one belonging to L*({a} x iR) from conditions (ii) and (iii) and Proposition [} Therefore,
we can apply the inverse of the Mellin transform and obtain

I M(p — M(h @ q))(s) .
flo) = M (1—m2¢><> (M <k*h><s>>( )
a1 (q— Xk ©p))(s)
gl@) = M (1—m2¢<> <s>M<k*h><s>>(x”“R+’
and f and g € L'(R, w). O
5 Examples

In this section we will exemplify the above achievements with specific examples.

9



5.1 Example 1

Let us consider the integral equation

3 (x / / 57 (2) g™ < ) (5.1)

v u

M

where h(z) = e 7, g(z) = 272" € LY(Ry,w) and f(z) is the unknown function. We have
that h,g € L*(R,).
We have that

A(s) = 3i + 27571 (f

) #0

for all s € {1} + iR (cf. fig[l).

02 0 02 04 06 08 10 12 14

Figure 1: The graph of A(s) for s € {1} +iR.

Moreover, A = 3i # 0 and (Mh)(s) = 1 (}1)7%8 I'(is) € LY({1} +4R). In fact,

o0 —1(144x)
1 /1) 2 1
—| = I'(=(1+=2
/o 2(4) <2( “‘”))

Thus, applying the inverse of Mellin transform, we obtain the solution

e (27T ()
flo) =M 3¢f2—s—1r2(§)

dr < 3.

5.2 Example 2

—X

Let us now consider the system of integral equations (4.1) with Ay = Ay = 1, h(z) =
k(z) = e p(x) = 2" and ¢(x) = 0, i.e.,

{ D)4 g e 2<>d—z—u=ze—r‘*

+f0 fo TH )dTTu:

10



where f and ¢ are the unknown functions.
We first observe that B(s) = 1 — o(s)ih(s)M(k * h)(s) = 1 — 272522 (5)I?(s) # 0 for
s € {2} +iR (cf. fig[).

0.0107

0.005

0.95 0.96

-0.0051

-0.010-
Figure 2: The graph of 1 — 272572[2 (£) I?(s) # 0 for s € {2} +iR.

Moreover, we have that

M(p—M(heq)(s) = %F (Z)
M(g—=Xa(k©p))(s) = —277T(s)0 G) : (Z) ‘
Since /OOO'%F (2—223]) dr <3
and /Ooo ‘_Q—Q—iI—QF(s)F (2 J;m) r (2 ZM’> dz < 0,2,

we conclude that

%r (2 Zm) e L'({2} +iR)

922D (g)] (2 J;m) T (2 Zm) e L'({2} +R).

Thus, conditions (i)—(iii) of Theorem [7| are satisfied. Therefore, we can conclude that

and

- o ()
A (1 —2E () F2<s>> "
L (22T ()T ()
9(w) = (1 93522 (%) I'2(s > (), z € Ry.

11
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