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Abstract. The analytical or exact mathematical formulation of stresses and
displacements for plate buckling structure become impossible to develop if the
plate geometry is so complicated. Numerical technique is one another approach to
solve this problem and it is chosen in this study for plate structure under in-plane
and out-plane load. The formulation of elastic stiffness matrix (k.) and geometric
nonlinear stiffness matrix (kg) of the plate structure due to buckling is presented
and based on virtual displacement principle. The geometric nonlinear stiffness
matrix (kg) is found function of internal stresses. The direct iteration technique is
applied to find nodal displacements. Under this technique, the Gauss points
stresses are initialized as zeros, then the kg matrix is updated, and then a new nodal
displacement vector is found for the next approximation of internal stresses.
Iterative process is done until convergence of displacement is satisfied. The
rectangular plate with one fixed edge supported is used to test the proposed
nonlinear formulation and procedure. The compressive in-plane load and moment
is considered and applied for the tested plate. The plate is discretized with
appropriate number of triangular finite element mesh. It is found that, the
convergence of displacement is satisfied by using direct iteration technique. The
load - deflection curve shows nonlinear relationship and approach to critical load.
This finding shows that the direct iteration method can be accepted for the
analyzing of plate buckling by considering geometric nonlinear assumption.

1. Introduction

Plate is a two-dimensional structure which its thickness is very small compared to other dimensions. It
can present either flat or curve surface. Plate can serve either as complete structure like slab or as
structural component. One typical of structural components in engineering structures can be classified
as plates is that the web of [ beam [1].

While a plate is subjected to in plane load, initial deformation occurs in-plane directions which
called in plane displacement. But, increasing the in-plane load leads to changing the behaviour of plate
from flat state to curved state (transverse deformation). This load must be considered as load buckle
which make the plate unstable [2].

The first mathematical approach of plate problem was done by Euler [1]. He found solution for
vibration analysis of plate problems. Another impetus to plate vibration research was done by the
German physicist Chladni who discover various modes of free vibrations. Sophie Germain developed
a plate differential equation that lacked the warping term. Cauchy and Poisson were first to formulate
the problem of plate bending on the basis of general equations of theory of elasticity [3]. Also Navier
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consider the plate thickness in the general plate equation as a function of rigidity, D. He introduces
governing differential equation of plates subjected to transverse load. He also introduced an exact
solution for plate problem by using Fourier trigonometric series.

The first complete and extended theory of thin plate bending was developed by Kirchhoff [1]. His
very important contribution to plate theory was the introduction of supplementary boundary forces. He
also contributes to the theory of plate that consider large deflection. On the other hand, Reissner and
Mindlin introduce theory of plate bending for moderately thick plate. The plastic analysis of plate, a
well known as yield line theory application was introduced by Johansen, but the material is assumed
perfectly plastic.

The numerical methods normally used to analyse plate structure is finite difference method and
finite element method. Finite difference method is a straightforward to solve governing differential
equation proposed by Navier. It limitation is just for rectangular shape of plate and limited to linear
elastic analysis. The finite element method is an advanced numerical technique to analyse plate
problems. In this technique, the plate is discretized into quadrilateral or triangular elements and can be
used to analyse the elastic plates, plastic plates or geometric nonlinear plates.

Generally, there are not many studies carried out about the behaviour of plate under compression
load to satisfy a good level of safety because any changing of the plate or web (I steel beam)
conFigureurations lead to the failure. Most of previous studies were presented rely on the plate
subjected to transverse load [4,5]. Furthermore, if the compression load is present on plate, most of
studies focus on in-plane displacement due to compression load and ignoring the buckling or
geometric nonlinear effects [6,7].

Newton-Raphson method is the technique normally used in finite element method to perform
structural analysis for plastic or nonlinear materials. In this technique, the member forces or stresses
are initializing as zeros or any initial values, then a new member forces and stresses are updated using
iteration process. The convergence of member forces and stresses are successfully satisfied for one-
dimensional, beam and two-dimensional elasto-plastic structures [8].

In the present work, a formulation for nonlinear geometric analysis of plate structure is develop and
presented. The formulation is derived based on virtual displacement principle. Based on sample of
plate structure, the analysis is conducted by applying direct iteration technique. The plate structure is
modelled by finite element mesh, stresses at Gauss points are initialize to zeros, the direct iteration
technique is applied until convergence of stresses is satisfied. The convergence, by using direct
iteration technique is studied for a sample plate problem.

2. Geometric nonlinear formulation

2.1 Bending strain formulation
Figure 1 shows a triangular plate element with displacements u;, vi, wi at node 1, displacements u5, v2,
ws at node 2 and displacements u3, v3, ws at node 3.
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Figure. 1. Triangular plate element with deformation variables.

The deflection function, w(x,y), is a assumed a polynomial of the form
w(x,y) =a, +a,x+a,y+a,x’ +axy+a,y’ +a,x +a (x2y+xy2)—i-a9y3 =Xa (D)
where

X:[l x y ¥ x ¥y X xXy+x’ yﬂ

})

T
=[a, a, a, a, a; a; a, a; a,]

The slopes, which are dependent variables to w(x,y) are given as follow

ow
0. =—=0a, +0a,x +a, +0a,x” + a,x +2a,y +0a,x’ +a, (xz + 2xy) +3a,y’

oy
_ aw_ 2 2 2 3
9},——a———Oal—a2—0a3y—2a4x—a5y—0a6y —3a,x —a8(2xy+y )—Oa9y
x

Apply boundary conditions, the constants ai, az, ... as are found and given as follow

a=X q (2)
where
B 2 2 3 2 2 3]
L x » x hoh X XY +xNn Y
0 0 1 0 x 2y 0 X +2x,, 3y;
0 -1 0 -2x, -y 0 =3x —(2xy+)) 0
Lx oy X %y, oy % BnEny
X={0 0 1 0 x, 2y, O X +2xy, 3y | and
0 -1 0 -2x, -y, 0 =3x - (2x2y2 +y3 ) 0
I x xsz X33 y32 x§ x32y3 +x3y32 y;
0 0 1 0 X 2y, 0 X +2x, ), 3y;

0 -1 0 -2, -y 0 -3¢ —(2x3,4)7) 0

0

T
y3:|

q:[Wl 0, 0, w, 0

x2 y2 W3 9

x3

Substituting Equation (2) into Equation (1), gives

w(x,y)=XX q 3)

From Kirchhoff’s plate theory assumption [1], the bending and shear strains can be related to
deflection as follow

o*w
-z
gb 6x2
x 2
O P D )
Ve »
xy 2
e ow
oxoy

Substituting Equation (3) into Equation (4), and re-arrange, it is found that
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g’ =Bq (5)
where
B=—zLX
00 0 2 0 0 6x 2y 0
L={0 0 0 0 0 2 O 2x 6y
000020 0 4x+y) 0

Constitutive equation of classical plate material is given by [1]

o)
o’ = aﬁ =D¢’ (6)
7,
where

1 v 0
D= ~|v 1 0
1-v -

e
2

and E is modulus of elasticity, and vis a Poisson ratio of the plate.

2.2 Axial strain formulation
The axial strain formulation is derived based on second order effect. The in-plane displacements,
u(x,y) and v(x,y), are assumed linear functions and given follow:

u(x,y) = Nu, + N,u, + N;u, =Nq, (7
v(x,y) =Ny, +N,v, + N,v; =Nq, (®)
where
N= [N1 N, N3]
T
q, = [”1 U, ”3]

q, = [Vl V, W ]T

N, :i(al+ﬂlx+y1y); N, :i(az+ﬁ2x+72y); N, :i(a3+ﬁ3x+7/3y)
a = (xzys _x3y2) a, = (xByl _x1y3) a; = (xlyZ _xzyl)
ﬂ1=(y2—y3) ﬂzz(ys_y1) Bi=y -
7/1=(x3—x2) 7’2:(x1_x3) 73=(x2—x1)
A = Area of triangular element

The axial strains, &* and &, are formulated based on second order effect, as follow

2
S, ©)
ox 2\ ox
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2
ov 1(ow
e 27|22 10
& 6y+2{8y] (10)

The axial stresses, of and o}, are derived by substituting Equation (9) and (10) into equations
o) =E¢; and o} = E¢;, and then considering Equation (3), (7), (8) for w, u and v, respectively. The
detail derivation is given as follow:

2
o';’ = Eg: =F 8_u+l(a_wj :E{E(Nqu)*—li(Xilq)i(XXIq)}
’ ox 2\ ox Oox 2 0x ox

(1)
N  10X—1 0X=1
N g LA EX
{6xqu+28x 1o q}
2
ov 1(ow 0 10 (ot \O (!
gt =Bl Y L 2 2 gl (Ng )+ L2 (xX g )2 (xX
ao [ay 2[ayn {ay( 1) XX 5 q)} 02

2.3 Formulation of Stiffness Matrix

Figure. 2 shows a triangular plate element under real forces. Each node has five internal forces, i.e.
out-plane load P, bending moments My and M,, and in-plane loads Nx and Ny,. The load P and
moments M and My are the forces normally considered in the normal plate bending without buckling.

Figure 2. System of real forces.

The stiffness matrix is found by using principle of virtual work for deformable bodies. Under this
principle, the deformable structure is in equilibrium state under a system of forces if the virtual
external work done by the real external forces and moments acting through the virtual external
displacements and rotations is equal to the virtual strain energy stored in the structure. Thus,

v

5q'F+5q,N,+5q,'N, = (&) o av+[seictay +[ seioidv (13)
—_— 14 14

bending
axial stability

where
T
F = I:Pl Mxl Myl PZ MxZ MyZ P3 Mx3 My3:|

N)cl ul Nyl Vl
N)c = NX2 5 qu = uZ 5 Ny = NyZ 5 qv = V2
N, U, Ny3 Vs
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and o denote virtual term.
Substituting Equation (5), (6), (9) and (10) into Equation (13), gives

; ; N T, ou 1(owY ] .,
5q'F+5q,N, +5q,N, = [ [B5q] De dV+_V[5[g+5(—j cldV +

ox
, (14)
J- @ + l(a_w] ‘dv
vy 2\
Substituting Equation (5) into Equation (14) and re-arrange, we found that
5q"F+5q,’N, +6q N, =5q" [ B'DBdV +j(a5”j otdV + j(‘mj oUdV +
o )
(15)

3] ol oo

The first, second and third terms at right-hand side of Equation (15) represent linear terms which
come from first order bending and axial effects. The last two terms at right-hand side of this equation
represent nonlinear term which come from second order effect of axial stresses.

Substituting cx* = Edu/0x and ,* = EOv/dy on linear terms of Equation (15), gives

5q'F+5q,N, +5q/N, =5q" [ B'DBdV +j[a5“j EM a4 j(a5vjEﬁvdV
x

Ox s\ 0y oy
1 (ow) 1 (@ (1
[ —5[—] oldv +[| o v o'dv
w12 \ox 12 oy
Substituting Equation (7) and (8) into Equation (16) and re-arrange the equation, gives
T T N _ saT T oON’ 8N
5q'F+05q, N, +5q,'N, = 5q (jVB DBdV)q+5 [ [=- A J q, +
(17)

(E [ ala_Nde ! (%5[%@2}:&@ ! [%5(%]2Ja;dV

Application of variational calculus to the last two terms in Equation (17), leads

é'qTF+5quTNx+5qVTNy=5qT(IVBTDBdV)q+5qu [ Iaia_NdVJ

(18)
Ej‘ala_NdV I(Gé’wj@wajdV+J~ 0w | ow odV
o\ ox )ox oy Joy i

v

Substituting Equation (3) into Equation (18) and cancelled out the virtual displacement vectors at
left and right hand side of the equation, the expanded form yields
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[ B'DBay 0 0
F q
T
=N = 0 EjaN Ny 0 q, +
: v Ox Ox
N ON” ON A
0 0 E[———dr
i y Oy 0Oy
K,
(19)
. ) ) B ]
(x7) j(é—xj (a—x)ade+I[a—X] (a—xjajdV X' 00
s\ Ox ox AW V q
0 0 0|iq,
0 0 0||q,

kﬁ

Equation (19) is a proposed equilibrium equation for isotropic plate under buckling. The in-plane
displacement vectors, qu and qy, are additional variables to normal plate without buckling. The first
matrix at right-hand side of Equation (19) represent the linear stiffness matrix which is under normal
plate without buckling. The second matrix at right-hand side of this equation represent the proposed
nonlinear stiffness matrix of plate under buckling state.

2.4 Analysis procedure using direct iteration technique
Once formulations has been setup, the analysis procedure of plate structure considering geometric
nonlinear analysis is suggested as follow:

1.

Nk

&

9.

Discretize the plate structure into a number of triangular elements.

Calculate ke matrix (Equation (19)) for all elements

Initialize the stresses, ox* and G,%, at every Gauss points equal to zeros.

Calculate k; matrix (Equation (19)) for all elements

Assemble all elements k. and k, matrices to form K. and K, matrices, respectively. Then find
the structure stiffness matrix K.

Solve for the nodal displacement vector, Q, using Q = K''R, where R = Nodal external force
vector

Extract the element displacement vector ¢, qu and qv, from Q for each and every element in
the structure

For each element, calculate the new stresses, ox* and oy® at every Gauss points by using
Equation (11) and (12).

Check the convergence of o* and o, If not converge, repeat steps 4 through 8 as many times
as possible until convergence.

A schematic representation of the above procedure is shown in Figure. 3 for a one degree of
freedom structure. In performing the above procedure, the complete load-deflection response of the
plate can be traced, and the stability limit point is obtained as the peak point of this load-deflection

curve.
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Load

KAK: KA KK ..

M Displacement

Figure 3. Direct iteration technique for instability plate analysis.
3. Implementation of proposed formulation to plate sample

3.1 Analysis of plate sample

The proposed formulation given in Equation (19) and the convergence of direct iteration technique
applied to plate problem are tested to sample plate structure shown in Figure. 4. The plate is meshing
by 36 triangular elements with 28 nodes. The bottom edge of the plate is fixed and the left and right
edges are restrained in x direction. The load variable, P, is applied to the plate and the constant
moment, My, is applied at top edge of the plate to initiate the instability. The modulus of elasticity, E,
Poisson’s ratio, v, and thickness of the plate are 200 kN/mm?, 0.2 and 8 mm, respectively.

¥
Ip P P P P P P P
5 kNm
o }ij_\]'m @)1,921&“ @)1521@&:. @)wzlorm @)l,gzldm @)1,921@[:“ bl.yzlorm
>
(D) @ © € &
265 mm
s
O @ @ (B) (®) @
2] 3| (6] [&] [i0] i
5 =] =] 71 &1 2]
1
5 0 Pl o Vi o Vil o Vil o Vi Y I |

\ 500 mm |
| ‘

Figure 4. Plate structure with triangular element meshing.

The analysis is done iteratively for eight load levels, i.e. P =1.92 kN, 3.84 kN, 7.68 kN, 15.36 kN,
17 kN, 20 kN, 22 kN and 23 kN using the procedure given in Section 2.4 and with the aid of
MATLAB software [9]. The first step is to introduce four Gauss points coordinates in each triangular
element. Then, for each element, find ke matrix by using the first part formula at right-hand side of
Equation (19). We use Gaussian quadrature formula with four Gauss points to evaluate all integrations
in ke matrix given in Equation (19) [9]. The k, matrix in Equation (19) is evaluated by initiating the
stresses, ox* and o,%, at every Gauss points equal to zero, then evaluated numerically for all
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integrations by using four points Gaussian quadrature formula. Once all k. and k, were found for all
elements, standard assembly process of k. and k, matrices is done. Then, the nodal displacements are
found. By using Equation (11) and (12), the values of ox* and &," at every Gauss points are evaluated.
The new value of k; matrix is evaluated and updated again for each element and the process of
analysis (previously explained) is repeated until all o,* and o,* converge to a certain value.

3.2 Results and discussion

Table 1 shows the deflections at node 25 for several load levels and a few iteration steps. It is found
that, when the load levels less or equal to 7.68 kN, the convergence of deflection is achieved at second
iteration. For load levels between 15.36 kN and 20 kN, the convergence of deflections is achieved at
fourth iterations. For load levels 22 kN and 23 kN, the convergence is achieved at iteration 6 and 10,
respectively. This finding shows that the direct iteration technique with the proposed nonlinear
formulation given in Equation (19) can be used to analyse the plate instability structure.

Table 1. Deflections at node 25 for different load levels and iteration steps.

Load, P Deflections (mm)

(kN) Iteration 2 | Iteration4 | Iteration 6 | Iteration 10 | Iteration 12
1.92 0.0065 0.0065 0.0065 0.0065 0.0065

3.84 0.0592 0.0592 0.0592 0.0592 0.0592

7.68 0.0726 0.0726 0.0726 0.0726 0.0726

15.36 0.1313 0.1309 0.1309 0.1309 0.1309
17 0.1584 0.1576 0.1576 0.1576 0.1576
20 0.2536 0.2483 0.2483 0.2483 0.2483
22 0.4215 0.3887 0.3878 0.3878 0.3878
23 0.629 0.529 0.515 0.5128 0.5128

It is also found that, when the load level is greater than 23 kN, such as 24 kN, the convergence of
deflection is not satisfactory. This result show that the 23 kN is an estimated critical load for the
sample plate chosen and the convergence of deflection is cannot achieve when the load level is greater
than the critical load.

Based on the results given in Table 1, the load, P versus deflection is plotted and shown in Figure.
5. From this Figureure, the shape of load-deflection graph is nonlinear and the load converge to limit
load or critical load, P.. The slope of the graph decreased and show that the deflection increment or
instability of the plate is increased at higher load level. The deformed shape of the plate or geometric
effect will play important role to reduce the stiffness of the plate. Based on these results, predictions
using equilibrium equation given in Equation (19) and considering direct iteration technique in
analysis of plate structure are found satisfactory.
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Figure 5. Nonlinear P-deflection graph.

4. Concluding remarks
To conclude this paper, the following remarks are noted.

1.

2.

The stiffness matrix for plate structure considering geometric nonlinearity or instability is
successfully develop and based on the principle of virtual work for deformable bodies.

By using direct iteration technique, the convergence of iteration process at any load steps for
plate structure considering geometric nonlinearity is successfully achieved.

The nonlinearity of load-deflection graph was found and the predicted loads converge to
critical load, P;.

5. References

(1]
(2]

R. Szilard, Theories and Applications of Plate Analysis (John Wiley & Sons, New Jersey, 2004)
R.M. Jones, Buckling of bars, plates, and shells (Bull Ridge Publishing, Virginia, 2006)

E. Ventsel, T. Krauthammer, Thin Plates and Shells — Theory, Analysis, and Applications (Marcel
Dekker, New York, 2001)

H.S. Abbas, S.A. Bakar, Z. Harun, M. Ahmadi, J. Croatian Assoc. Civil Engineers (GRADEVINAR), 67,
225 (2015)

F.R. Mansour, S.A. Bakar, 1.S. Ibrahim, A.K. Marsono, B. Marabi, Construction and Building Materials,
75, 112 (2015)

M. Ahmadi, S.A. Bakar, J. Croatian Assoc. Civil Engineers (GRADEVINAR), 66, 1 (2014)

M. Ahmadi, S.A. Bakar, H.S. Abbas, J. Croatian Assoc. Civil Engineers (GRADEVINAR), 66, 831
(2014)

D.R.J. Owen, E. Hinton, Finite Elements in Plasticity: Theory and Practice (Pineridge Press Limited,
Swansea, 1980)

H.A. Ali Al-Gaifi, Development of Finite Element Formulation for Plate Buckling Structure (M.Eng.
thesis, UTM, 2013)

Acknowledgements
The authors would like to thanks to the Research University Grant (Tier 2 - Q.J130000.2622.15J43)
for funding this project.

10



