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Abstract

Sextic double solids, double covers of P? branched along a sextic surface, are the lowest
degree Gorenstein Fano 3-folds, hence are expected to behave very rigidly in terms of
birational geometry. Smooth sextic double solids, and those which are Q-factorial with
ordinary double points, are known to be birationally rigid. In this article, we study sextic
double solids with an isolated compound A,, singularity. We prove a sharp bound n < 8,
describe models for each n explicitly and prove that sextic double solids with n > 3 are
birationally non-rigid.

Contents
1. Introduction 2
2. Preliminaries 5
2.1. Singularity theory . . . . . . . . .. 5
2.2. Divisorial contractions . . . . . . . . .. 6
2.3. Sarkisov links . . . . . ... 7
3. Constructing sextic double solids with a cA,, singularity 11
3.1. Splitting lemma from singularity theory . . . . . . . . ... ... ... 12
3.2. Isolated cA, singularity . . . . . . . . .. ... 13
Theorem A . . . . . 14
3.3. Other cA, singularities . . . . . . . . . ..o 20
4. Weighted blowups 21
4.1. Weight-respecting maps . . . . . . . . . . ..o 21
4.2. Kawakita blowup in analytic neighbourhoods . . . . . . .. . ... ... .. 22
4.3. Kawakita blowups on affine hypersurfaces . . . .. .. ... ... ... .. 24

*The author was supported by the Engineering and Physical Sciences Research Council (grant 1820497)
while in Loughborough University, and the London Mathematical Society Early Career Fellowship
(grant ECF-1920-24) while in Imperial College London.

"Department of Mathematics and Computer Science, University of Basel, Spiegelgasse 1, 4051 Basel,
Switzerland.



5. Birational models of sextic double solids 26

Theorem B . . . . . . . . 26

5.1. Singularities after divisorial contraction . . . . . . . . ... ... 26
5.2. cAysmodel . ... 27
5.3. cAsmodel . . . .. 31
5.4. cAgmodel . . .. 33
5.5. cA7 family 1 model . . . . . .. ..o 35
5.6. cA7 family 2model . . . . ... 37
5.7. cA7 family 3model . . . . . ... 40
5.8. cAgmodel . . . .. 42

A. Computer code 43
References 46

1. Introduction

We work with projective varieties over C. Classification of algebraic varieties is one of the
fundamental goals in algebraic geometry. The Minimal Model Program says that every
variety is birational to either a minimal model or a Mori fibre space. Two Mori fibre spaces
are birational if they are connected by a sequence of Sarkisov links (see [Sar89], [Rei91],
[Cor95], [HM13]). In the extreme case, the Mori fibre space is birationally rigid, meaning
that it is essentially the unique Mori fibre space in its birational class.

Examples of Mori fibre spaces include Fano varieties. The first birational rigidity result
was in the seminal paper by Iskovskikh and Manin [IM71] for smooth quartic 3-folds in P*.
A wealth of examples of birationally rigid varieties was given in [CPR00] and [CP17],
by showing that every quasismooth member of the 95 families of Fano 3-folds that are
hypersurfaces in weighted projective spaces is birationally rigid. One major consequence of
birational rigidity is nonrationality. Birational rigidity remains an active area of research
(see [Prol8], [Kryl8], [AO18], [dF17], [CG17], [CS19], [EP18]).

Among smooth Fano 3-folds, the projective space has the highest degree (64), and
sextic double solids, double covers of P? branched along a sextic surface, have the least
degree (2). In [Isk80], it is proved that smooth sextic double solids are birationally rigid.
It is interesting to see how this changes as we impose singularities on the variety. The
paper [Puk97] proved that sextic double solids stays birationally rigid if we impose an
ordinary double point, meaning the 3-fold A; singularity z% 4+ 23 + 23 +23. A sextic double
solid can have up to 65 singular points (see [Bar96], [Bas06], [JR97], [Wah98]), and for
each n < 65, there exists a sextic double solid with exactly n ordinary double points and
smooth otherwise (see [CC82]). A sextic double solid with only ordinary double points is
birationally rigid if and only if it is factorial, which is true for example if it has at most 14
ordinary double points (see [CP10]).

The next natural question is to consider more complicated singularities in the Mori
category. We study sextic double solids with an isolated compound A, singularity, also
called a cA,, singularity, meaning that the general section through the point is the Du Val
A, singularity z12o+25"". A cA, singularity is locally analytically given by z125+h(z3, 74)
where the least degree among monomials in h is n + 1. The first main result of the paper
is describing sextic double solids with an isolated cA,, singularity.

Theorem (see Theorem A). If a sextic double solid has an isolated cA,, point, then n < 8.
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Moreover, in Theorem A we explicitly parametrize all sextic double solids with an
isolated cA,, singularity for every n < 8. These form 11 families, as there are 4 families
for cA;. A very general member of every family, except for the family 7.4, is a Mori fibre
space.

We say a few words on bounding the number of cA, singularities. It is clear that an
isolated cA,, singularity has Milnor number at least n2. Since the third Betti number
of a smooth sextic double solid is 104 (see [IP99, Table 12.2]), an argument similar to
[AK16, Section 3.2] shows that the total Milnor number of a sextic double solid which is
a Mori fibre space is at most 104. This gives the bounds that a Mori fibre space sextic
double solid can have up to 1 cAg singularity, or up to 2 cA; singularities, or up to 2
cAg singularities, ..., or up to 26 cA, singularities. We do not expect these bounds to
be sharp, as already for ordinary double points it gives an upper bound of 104, far from
the actual 65. Using Theorem A, it is possible to construct sextic double solids with a
cAg point, a cAz point and two ordinary double points with both total Milnor and total
Tjurina number at least 66.

The second main result is the following theorem:

Theorem (see Theorem B and Section 5.3). A general sextic double solid which is a Mori
fibre space with an isolated cA,, singularity where n > 4 is not birationally rigid.

Birational non-rigidity for a sextic double solid X is proved by describing a birational
model, meaning a Mori fibre space T" — S such that X and T are birational. We find
the birational models by explicitly constructing a Sarkisov link for each family of sextic
double solids, under the generality conditions described in Condition 5.1. Table 1 gives an
overview of the Sarkisov links X + Y, --+» Y5 — Z and the birational models, which are
either fibrations Yo — Z or Fano varieties Z. In the latter case, Yo — Z is a divisorial to
the given singular point. The morphism Yy — X is a divisorial contraction with centre
the cA,, point. The birational maps Yy --» Y5 are isomorphisms in codimension 1.

Note that when we say that a birational map Yy --+ Y7 is k& Atiyah flops, then we mean
that algebraically it is one flop, contracting k curves to k points and extracting k curves,
and locally analytically around each of those points, it is an Atiyah flop. Similarly for
flips. Also note that the Sarkisov link to a sextic double solid with a cA, singularity
was already described in [Okal4, Section 9, No. 9], starting from a general quasismooth
complete intersection X5¢ C P(1,1,1,2,3,4).

We briefly describe the proof. The first step in the Sarkisov link starting from a Fano
variety X is a divisorial contraction ¥ — X. Kawakita described divisorial contractions
to cA,, points locally analytically, showing that they are certain weighted blowups. To
construct Sarkisov links, we need a global description. In Proposition 4.5 and Lemma 4.8,
we show how to construct divisorial contractions to cA, points algebraically on affine
hypersurfaces, and use this in Section 5 to construct divisorial contractions ¥ — X for
(projective) sextic double solids X. Using unprojection techniques (see [PR04] for a general
theory of unprojection), we find an embedding of Y inside a toric variety 7', such that the
2-ray link of T restricts to a Sarkisov link for X (following [BZ10] and [AZ16]).

If we try the same methods as in the proof of Theorem B on sextic double solids with
a cA, singularity where n < 3, then we do not find any new birational models. More
precisely: a (3,1, 1, 1)-Kawakita blowup of a cA3 singularity on a general Mori fibre space
sextic double solid initiates a Sarkisov link to itself X --» X. A (2,2,1,1)-Kawakita
blowup for a cAs singularity, a (2, 1, 1, 1)-Kawakita blowup for a xyzs + 23 + x3 singularity
and the (usual) blowup for an ordinary double point on a general Mori fibre space sextic



Table 1. Birational models for general sextic double solids that are Mori fibre spaces with
an isolated cA,, singularity

Yo ------ » Y5
/ \d)J
cA, € Xg CP(14,3) Z
weighted weighted
cAn blowap © > blowup or 7
e fibration
1
cAy  (3,2,1,1) 10 Atiyah flops (1,13) é(llp),&é?)% % %’6
C 4

cAs  (3,3,1,1) 4 Atiyah flops (3,3,1,1) cAs € Zg C P(14,3),

X 22 7 if general

2 Atiyah flops, then
(4,1,1, -2, —1;2)-flip
two (4,1,1,—-2,—1;2)-
flips
Atiyah flop, then
two (4,1, —1, —3)-flips
cA7,3  (4,4,1,1) 2 Atiyah flops dP»-fibration P!

cAs  (5,4,1,1) (4,1,1,-2,—1;2)flip  (3,2,2,1,5) Dy € Zy3 C P(1°,2)

cAg  (4,3,1,1) (3,1,1,1) cAs € Zs CP(14,2)

cAr, 1 (4,4,1,1) (1,1,1,1)  ODP € Zs, C P(14,2?)

cAr, 2 (4,4,1,1) (3,3,2,1)  cAy € Zoy CP(1°,2)

double solid initiate ‘bad links’, which end in either a non-terminal 3-fold or a K3-fibration.
These are 2-ray links which are not Sarkisov links, where in the last step of the 2-ray game
only K-trivial curves are contracted, leaving the Mori category. We expect that general
Mori fibre space sextic double solids with a cAj singularity are birationally rigid, and with
certain cAs or cA; singularities are birationally superrigid.

Organization of the paper

In Sections 2.1, 2.2 and 2.3, we give known results that we use respectively in Sections 3, 4
and 5. In Section 3, we construct a parameter space of sextic double solids in Theorem A
with an isolated cA, singularity. In Section 4, we explain the relationship between
algebraic and local analytic weighted blowups, and in Proposition 4.5 and the technical
Lemma 4.8, show how to construct divisorial contractions to cA, points algebraically
on affine hypersurfaces. In Section 5, we construct birational models for general sextic
double solids which are Mori fibre spaces with an isolated cA,, singularity where n > 4,
thereby showing that they are not birationally rigid. We treat the 7 families separately.
Appendix A contains the computer code, in particular the splitting lemma from singularity
theory (Proposition 3.2) in Listing 1, which we use for constructing the parameter space
and the divisorial contractions for sextic double solids.
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2. Preliminaries

All varieties we consider are irreducible and over C.
We study sextic double solids, which are double covers of the projective 3-space branched
along a sextic surface. We use the following equivalent characterization:

Definition 2.1. A sextic double solid is an irreducible hypersurface given by the zero
locus of w? + ¢ in the weighted projective space P(1,1, 1, 1,3) with variables x, vy, z, ¢, w,
where g € C|z, y, z,t] is a homogeneous polynomial of degree six.

2.1. Singularity theory

We recall some results from the singularity theory of complex analytic spaces and on
terminal singularities.

We denote the variables on C" by @ = (z1,...,z,), where n is a positive integer. Let
C{x} denote the convergent power series ring. The zero set of an ideal [ is denoted by
V(I), where I is either an ideal of regular functions or holomorphic functions, depending
on context. Given a regular or holomorphic function f on a variety or space X, denote
the non-zero locus of f by X;. Given positive integer weights w = (w1, ..., w,) for x, we
can write a non-zero polynomial or power series f as a sum of its weighted homogeneous
parts f;. Then, the weight of f, denoted wt(f), is the least non-negative integer d such
that f; # 0. We define wt(0) = oo. If w = (1,...,1), then d is called the multiplicity,
denoted mult(f). A hypersurface singularity is a complex analytic space germ (not
necessarily irreducible or reduced) that is isomorphic to (X,0) where X C C" is given
by the zero set of some f € C{x}. A singularity is isolated if it has a smooth analytic
punctured neighbourhood.

Definition 2.2 ([GLS07, Definition 2.9]). Let f, g € C{x}.

(a) We say f and g are right equivalent if there exists a biholomorphic map germ
@: (C",0) — (C",0) such that g = f o ¢.

(b) We say f and g are contact equivalent if there exists a biholomorphic map germ
@: (C",0) — (C",0) and a unit u € C{zy,...,x,} such that g = u(f o ¢).

Remark 2.3 ([GLS07, Remark 2.9.1(3)]). Two convergent power series f,g € C{x} are
contact equivalent if and only if the complex analytic space germs (X, 0) and (Y, 0) are
isomorphic, where X C C" is given by the zeros of f and Y C C" is given by the zeros
of g.

We use the following proposition in Section 3 to parametrize sextic double solids with a
cA; singularity:

Proposition 2.4 ([GLS07, Remark 2.50.1]). Let f,g € C{z1,...,z,} be two contact
equivalent power series with zero constant term. Then their multiplicity m is the same
and furthermore, f,, and g,, are the same up to an invertible linear change of coordinates.

We use the following proposition in Section 3 to construct sextic double solids with a
cA,, singularity where n > 2, as well as in Section 4 to describe weighted blowups of cA,,
points:

Proposition 2.5. Let F =23+ ...+ 2+ f and G =23 + ... + 17 + g, where f and g
are convergent power series in C{xyi1,...,x,} with zero constant term. Then F and G
are contact (respectively, right) equivalent if and only if f and g are contact (respectively,
right) equivalent.



Proof. By a result of Mather and Yau [MY82] (see also [GLS07, Theorem 2.26]), f and
g are contact equivalent if and only the Tjurina algebras T and T, are isomorphic. A
simple computation shows that Ty = T and T, = T, which proves the proposition for
contact equivalence.

The proof for right equivalence is similar. Namely, we use a statement analogous to
[MY82]: two elements h,k € C{x} with zero constant term are right equivalent if and
only if the Milnor algebras M; and M), are isomorphic as algebras over the ring C{t},
where t acts on My, respectively My, by multiplying by h, respectively k (see [GLS07,
Theorem 2.28]). O

Reid defined in [Rei80, Definition 2.1] that a compound Du Val singularity is a
3-dimensional singularity where a hypersurface section is a Du Val singularity, also called
a surface ADE singularity. The singularity is denoted cA,,, ¢D,, or cE,,, respectively, if the
general hyperplane section is an A,, D,, or E, singularity, respectively. Reid showed in
[Rei83, Theorem 0.6] that a 3-dimensional hypersurface singularity is terminal if and only
if it is an isolated compound Du Val singularity.

In this paper, we focus on the most general class of compound Du Val singularities,
namely cA, singularities. Since a surface A, singularity is given by z? + % + 2", we
have the following almost immediate corollary:

Corollary 2.6. Let n be a positive integer. A singularity is of type cA, if and only if it is
isomorphic to the complex analytic space germ (X,0) where X C C* is given by the zero
set of * + y* + g>ni1(2,t) with variables x,y, z,t where g € C{z,t} is a convergent power
series of multiplicity n + 1.

The simplest example of a cA; singularity is the ordinary double point, given by z? 4
y? + 22 + t2. Note that terminal sextic double solids have only hypersurface singularities,
therefore only cA,,, ¢D,, and cF, singularities.

2.2. Divisorial contractions
The first step in a Sarkisov link for a Fano variety is a divisorial contraction.

Definition 2.7. Let ¢: Y — X be a proper morphism with connected fibres between vari-
eties with terminal singularities. We say ¢ is a divisorial contraction if the exceptional
locus of ¢ is a prime divisor and — Ky is g-ample.

Theorem 2.10 says that divisorial contractions to cA,, points are weighted blowups.
First, we recall the definition of a weighted blowup in both the algebraic and the analytic
categories.

Definition 2.8. We say that two birational morphisms of varieties (or bimeromorphic
holomorphisms of complex analytic spaces) ¢: Y — X and ¢': Y’ — X’ are equivalent
if there exist isomorphisms X = X’ and Y = Y’ such that the diagram

Y — Y’

E |

X —X

commutes. We say o and ¢’ are locally equivalent if there exist isomorphic open subsets
U C X and U’ C X' containing the centres of the morphisms ¢ and ¢’ such that the
restrictions ¢ 1 : @ U — U and @ | g : @10’ — U’ are equivalent.
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If we consider the complex analytic space corresponding to a variety or when we wish to
emphasize that we are working in the category of complex analytic spaces, we sometimes
say analytically equivalent or locally analytically equivalent.

Definition 2.9. Let w = (wy,...,w,) be positive integers, called the weights of the

blowup. Define a C*-action on C"™ by X - (u, 21, ..., 2,) = (A u, A2y, ..., \¥"x,) and
define T by the geometric quotient (C"™\ V(zy,...,x,))/C* (or its analytification). Then,
the morphism ¢: T — C", [u,x1,...,z,] = (xiu®, ..., zu*") is called the w-blowup

of C" at the origin 0. If Z C C" is a subvariety (or a complex analytic subspace) containing
0 and Z is its strict transform, then the restriction ol Z — 7 is called the w-blowup
of Z at 0. Let 1p: Y — X be a birational morphism of varieties (or bimeromorphic
holomorphism of complex analytic spaces). Given an open subset U C X containing the
centre of 1) and an isomorphism U = X’ C C™ taking a point P € X to 0, v is called the
w-blowup of X at P if the restriction ¢|¢,1U 17U — U is equivalent, through the
given isomorphism U = X’| to the w-blowup of X’ at 0.

Note that a weighted blowup crucially depends on the choice of coordinates, that is, on
the isomorphism U = X', even though it is not explicit in the notation.

Kawakita [Kaw03] described divisorial contractions to cA,, points. Notational differences
from [Kaw03, Theorem 1.13] are that below we have left out the description for cA;
singularities and an exceptional case for cA,;. Also, we have written out the converse
statement more explicitly (that being a Kawakita blowup implies that it is a divisorial
contraction).

Theorem 2.10 ([Kaw03, Theorem 1.13]). Let P be a cA, point where n > 3 of a variety
X with terminal singularities. Let ¢:Y — X be a morphism of varieties such that
the restriction ¢ly\p: Y \ E — X \ {P} is an isomorphism, where the reduced closed

subvariety E is given by o Y{P}. If ¢ is a divisorial contraction, then ¢ is locally
analytically equivalent to the (ry,r,a,1)-blowup of V(xizo + g(x3,24)) € C* at 0 with
variables x1, xo, x3, x4 where

1. a divides r1 + r9 and is coprime to both ri and rs,

2. g has weight ry + ro, and

3. the monomial xérﬁm)/a appears in g with non-zero coefficient.

Moreover, any ¢ which is locally analytically equivalent to a weighted blowup as above is a

divisorial contraction, even for n = 2.

Any weighted blowup that is locally analytically equivalent to ¢ in Theorem 2.10 for
n > 2 is called a (ry,rq, a,1)-Kawakita blowup, or simply a Kawakita blowup.

2.3. Sarkisov links

One of the possible outcomes of the minimal model program is a Mori fibre space:

Definition 2.11. A Mori fibre space is a morphism of normal projective varieties
p: X — § with connected fibres such that

1. X is Q-factorial and has terminal singularities,

2. the anticanonical class —Kx is ¢-ample,

3. X/S has relative Picard number 1, and

4. dim S < dim X.



If dim .S > 0, then we say ¢ is a strict Mori fibre space.

The main examples of Mori fibre spaces we see in this paper are Fano 3-folds that are
projective, Q-factorial, with terminal singularities and Picard number 1, considered as a
morphism over a point.

Any birational map between two Mori fibre spaces is a composition of Sarkisov links (see
[Cor95] or [HM13]). Below, we describe the two possible types of Sarkisov links starting
from a Fano variety.

Definition 2.12. A Sarkisov link of type I (respectively II) between a Fano variety X
and a strict Mori fibre space Y, — Z (respectively Fano variety Z) is a diagram of the
form

where X, Yy, ..., Y%, Z are normal, projective and Q-factorial, the varieties X, Yy, ...,
Y: have terminal singularities, Z has terminal singularities if it 3-dimensional, X has
Picard number 1, ¢: Yy — X is a divisorial contraction, Yy --+ ... --» Y}, is a sequence of
anti-flips, flops and flips, and ¢: Y, — Z is a strict Mori fibre space (respectively divisorial
contraction). If we do not require the varieties X, Yy, ... Yy (respectively XYy, ... Y, Z)
to be terminal and we do not require — Ky, to be g-ample and we do not require —Ky, to
be ¢-ample but all the other properties hold, then the diagram above is called a 2-ray
link ([BZ10, Definition 2.1]).

Definition 2.13. A Fano 3-fold X that is a Mori fibre space is birationally rigid if for
any Mori fibre space Y — S such that X and Y are birational, we have that S is a point
and X and Y are isomorphic.

In Section 5, we show that a general sextic double solid X with a cA,, singularity with
n > 4 which is a Mori fibre space is not birationally rigid. We show this by explicitly
constructing a Sarkisov link between X and another Mori fibre space. We find the Sarkisov
link by restricting from a toric 2-ray link, as described in Construction 2.14.

See [Cox95] for the definition of Cox rings for toric varieties (where it is called the

homogeneous coordinate ring), and [HK00, Definition 2.6] for the definition of Cox rings
for Mori dream spaces. Note that isomorphic varieties can have different Cox rings. By
[Cox95, Theorem 3.7], closed subschemes of a toric variety T with only cyclic quotient
singularities are given by homogeneous ideals in the Cox ring Cox 7', which is a polynomial
ring.
Construction 2.14. Let X be a Fano variety embedded in a weighted projective space P,
where X is a Mori fibre space, and let Yy — X be a divisorial contraction from a projective
Q-factorial variety Y. By [AK16, Lemma 2.9], the divisorial contraction Y, — X is part
of a Sarkisov link only if Y{ is a Mori dream space.

By [HKO00, Proposition 2.11], we can embed a Mori dream space Y; into a projective
toric variety Ty with cyclic quotient singularities such that the Mori chambers of Yj are
unions of finitely many Mori chambers of Tj. Moreover, we can embed Y} in such a way
that Y{ is given by a homogeneous ideal Iy in Cox Ty, and the toric 2-ray link

777777777777 s Ty s e s T,

/\/\/\



restricts to a 2-ray link

——————————— > Y] -5 e -2 Y
where each Y; C T; is given by the same ideal Iyy C CoxTy = ... = Cox T, and X; C Tk,
is given by the ideal Iy N Clvy, ..., vs], where Tk, is given by ProjClw, ..., vs] for some

polynomials v; € Cox Tj that depend on i (see [AZ16, Remark 4]). In this case, Cox(Tp)/Iy
is a Cox ring for Y and it is said that Iy 2-ray follows T} ([AZ16, Definition 3.5]).

Note that some of the small birational maps T; --+ T;,; may restrict to isomorphisms
Y; — Y. If all the varieties Y; are terminal and the anticanonical divisor — Ky, of Y is
inside the interior int(Mov Y;) of the movable cone, then the 2-ray link for Y is a Sarkisov
link (see [AK16, Lemma 2.9]), otherwise it is called a bad link.

In Section 5, where X is a sextic double solid and the centre of Yy — X is a cA,, point,
we use a projective version of Corollary 4.9 to construct the divisorial contraction Yy — X,
which is the restriction of a toric weighted blowup Tj — P. This gives us an embedding
Yy — V(Iy) C Ty where Iy might not 2-ray follow Ty. We use unprojection to modify
T, to find an embedding Y, — V(Iy) C T, such that Iy 2-ray follows Ty. See [Rei00,
Section 2.1] for a simple example of unprojection, and Sections 5.2, 5.5, 5.6 and 5.8 for
applications of unprojection.

To explain the notation we use for 2-ray links, we do an example in detail, namely
the 2-ray link for the ambient space of the sextic double solid with a cA4 singularity in
Section 5.2.

Example 2.15 (2-ray link for P(1,1,1,1,3,5)). Denote the variables on P(1,1,1,1,3,5)
by x,y,z,t,a,&. We perform the weighted blowup 7y — P(1,1,1,1,3,5) with weights
(1,1,2,3,6) for variables y, z, t, v, £, where the centre is the point P, = [1,0,0,0,0,0].

We define Ty as a geometric quotient. By a slight abuse of notation we denote the
variables on C7 by u,z,y, 2, a, &, t, repeating the symbols for P(1,1,1,1,3,5). Define a
(C*)2-action on C7 for all (A, u) € (C*)* b

) - (w200 6,8) = (-, A, Ay, Az, N pP o, XpB€, Mit).

Define the irrelevant ideal Iy = (u,z) N (y,z,a,&,t), and define Ty by the geometric
quotient C™\ V(Zy)/(C*)%. We use the notation

u x|y z a &t
T < 0 11 1 35 1)
“\-10|113 6 2/)
to describe this construction of Tj. Note that we order the variables u, x,...,t such that
the corresponding rays (%), (§), ..., (1) are ordered anti-clockwise around the origin.

The vertical bar indicates that the irrelevant ideal is (u, z) N (y, 2, o, &, t). The Cox ring of

Ty is given by Cox Ty = Clu, x,y, z, , &, t]. The weighted blowup Ty — P(1,1,1,1,3,5) is
given by

[u, 7,9, 2,0, &, 1] = [2, uy, uz, u’t, uda, u®E]. (2.1)

We describe the cones of the toric variety Ty. By [HKO00], Ty is a Mori dream space.

The Picard group of Tj is generated by V(u), the reduced exceptional divisor, and V(x),
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Ty
Y, 2, T%,
T
x P(14,3,5)
u
(a) Rays in N1(Tp) (b) Ample models of Ty

Figure 1. Cones of Tj

the strict transform of a plane not passing through P,, which have bidegree ( %) and (}),
respectively. The variety Ty is Q-factorial, and any two divisors with the same bidegree
are linearly equivalent. As in [BZ10, Section 4.1.3], the effective cone Eff(7T}) is given by
(V(u),V(z)), a cone in the group N'(Ty) of divisors of Ty up to numerical equivalence with
coefficients in R. As in [AZ16, Section 3.2], the movable cone Mov(Ty) is (V(z), V(£)),
and it is divided into the nef cone Nef(Ty) = (V(z), V(y)) of Ty and (V(y), V(£)), which is
the pull-back of the nef cone of the small Q-factorial modification 77 of Ty. The cones
(V(x),V(y)) and (V(y),V(§)) are called Mori chambers. The variety T; is defined by

u oy z alf t

T_(O 111351)
VU1 011 3|6 2)

Here, T is the geometric quotient (C7\ I;)/(C*)?, where the irrelevant ideal I; is given
by (u,z,y,z,a) N (£, t), which is indicated by the position of the vertical bar in the
action-matrix. The Cox ring of T} is equal to the Cox ring of Tj, namely Cox 1] =
Clu, z,y, z, a, &, t].

The weighted blowup morphism Ty — P(1,1,1,1,3,5) can be read off from the action-
matrix of Ty. Consider the ray given by V(z) in N'(T,). The union of the linear systems
|(%)| where n > 0 has a C-algebra basis x, uy, uz, u*t,u*a, u€. So, the ample model (see
[BCHM10, Definition 3.6.5]) of the divisor class V() is the morphism

Ty — Proj @ H(Ty, Og,(n (1)) = Proj Clw, uy, uz, u’t, v’a, u®¢] = P(1,1,1,1,3,5)

n>0
given by
[u, 2,1y, 2, o, &, ] = [z, uy, uz, v’t, ua, ub€],
which is precisely the weighted blowup Ty — P(1,1,1,1,3,5) given in Equation (2.1).

As in [BZ10, Section 2.1], there are two projective morphisms of relative Picard number
1 from T up to isomorphisms, corresponding to the ample models of divisors in the two
edges of the nef cone of Tj. The ample model of any divisor in the interior of the nef cone

of Ty gives an embedding of Tj into a weighted projective space. The ample model of
V(y) € NY(Ty) is given by

To — ProjCly, z, a, u&, ut, z&, xt] CP(1,1,3,5,1,6,2)
[u7 x’ y7 z7 a? é—? t] H [y’ Z? a’ u£7 Ut7 SE£7 wt]'
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Denoting Tx, = Proj Cly, z, o, u&, ut, x&, xt], we see that the morphism 7 — T, contracts
V(&,t) to the surface P(1,1,3) C Ty, and is an isomorphism elsewhere. The ample model
of V(y) € NY(T}) is given similarly by

Ty — ProjCly, z, a, u, ut, x&, xt] = Tx,,

contracting V(u,z) to P(1,1,3). This induces a birational map Ty --» T3, a small Q-
factorial modification, given by

[u7x7y7z7a7§7tj| '_> I:u7‘/L‘7y7 Z7a7§7t:|'

The diagram Ty — T, < 11 is a flop.

Note that multiplying the action-matrix of Ty or 77 with a matrix in GL(2,Q) is
equivalent to choosing a different basis for the group (C*)?, so the geometric quotients
Ty and T; stay the same (see [Ahm17, Lemma 2.4]). If we multiply with a matrix with
negative determinant, then we change the order of the rays in N'(7p) from anti-clockwise
to clockwise.

Similarly, there are only two projective morphisms of relative Picard number 1 from 77:
the contraction T} — T, and the ample model of V(£). We multiply the action-matrix of
T) by the matrix (g :?) with determinant 4 to find

ORI
- O I

y oz
11
11

w w 9

u
5
(]

The ample model of V(£) is given by

o)

T, — P(1,1,1,2,3,4)

[u, x,y, 2, a, &, t] — {t%u,t%y,t%z,t%x,t%a,f} )

Note that this is a morphism of varieties despite having fractional powers (see [BB13]).
The 2-ray link that we have found for P(1,1,1,1,3,5) is summarized by the diagram

below.
Ty
14,3, 5) T%,

For more examples on toric 2-ray links, see [BZ10, Section 4].

P( P(1%,2,3,4)

3. Constructing sextic double solids with a cA,, singularity

In this section, we give a bound n < 8 for an isolated cA,, singularity on a sextic double
solid, and we explicitly describe all sextic double solids that contain an isolated cA,
singularity where n < 8. The main tool we use for this is the splitting lemma from
singularity theory, first introduced in [Tho72], which is used for separating the quadratic
terms and the higher order terms of a power series.

11



3.1. Splitting lemma from singularity theory

Before we go into details, let us recall the statement of the splitting lemma. Here the
statement is taken from [GLS07, Theorem 2.47|, with a slight modification in notation.
Specifically, we write v(x + p) instead of x + g, where v is a unit in the power series ring
and p does not depend on z, as we use this form in Section 5 for constructing birational
models.

Theorem 3.1 (Splitting lemma). Let m be a positive integer and let y denote variables
(Y1, Ym). Let f € Clz,y} be a convergent power series of multiplicity two, with
degree two part of the form z* + (terms in y). Then, there exist unique v € C[[z,y]| and
p, h € C[[y]], where v is a unit and the multiplicity of p is at least two, such that

f=+p)+h

Moreover, the power series h,p and v are absolutely convergent around the origin, and the
multiplicity of h is at least two. It follows immediately that f is right equivalent to x* + h.

Proof. 1t is proved in [GLS07, Theorem 2.47] that there exist unique g € C[[z,y]] and
h € C[[y]], where the multiplicity of g is at least two, such that f = (x+ g)?+h. Moreover,
it is proved that the power series g and h are absolutely convergent around the origin, and
the multiplicity of h is at least two.

By the Weierstrass preparation theorem (see [GLS07, Theorem 1.6]), there exists a
unique unit v € C{z,y} and a unique p € C{y} such that z + g = v(z + p). ]

Below we give explicit recurrent formulas for g, h, p, v of the splitting lemma in terms of
the coefficients of f, which is implemented in Listing 1 in Appendix A.

Proposition 3.2 (Explicit splitting lemma). Below, we use the same notation as in the
splitting lemma Theorem 3.1 and its proof. Denote

f=> a'fia 9= g, h=> hg, pP=>_ D v= Y 2'vg

4,d>0 1,d>0 d>0 d>0 i,d>0

where fi 4, 9i.d» N, Pa, Via € Cly] are homogeneous of degree d. Then,

910 =0,
1 d min(i+1,i+d—k—1)
9id = 5 (fi+1,d -3 > gj,kﬂi-i—l—jd—k) , if (i,d) # (1,0), (3.1)
k=0 j=max(0,2—k)
d—2
ha = foa— Y 90.j90,4—;> (3.2)
=2
d-1
Pd = Jod — D Vod—;Dj, (3.3)
=2
vo,0 = 1,
d
Vid = Gis1,a — O (Vit1.a—p;) . if (i,d) # (0,0). (3.4)
7j=2

Proof. Taking the degree d part of the coefficient of ™! in f = (z + g)* + h where
i > 0, we find Equation (3.1). Taking all degree d terms of f = (z + ¢)* + h that are not
divisible by z, we find Equation (3.2). Taking the degree d part of the coefficient of x*!
in x4+ g =v(x+ p) where i > 0, we find Equation (3.4), and taking all degree d terms not
divisible by z, we find Equation (3.3). O
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Example 3.3. Using the notation of Proposition 3.2, the first few homogeneous parts of
h are given in terms of coefficients of f by

ha = fo2
hs = fos
f2
hs = fou— %
2
hs = fon — f1,24f2,1 B f1,22f1,3
he = | fiafso N fiafoe  fiafsa n fiafisfor  fiafia  [fis
6 = foe — — — - —=.
' 8 4 4 2 2 4

3.2. Isolated cA,, singularity

Now, we apply the explicit splitting lemma (Proposition 3.2) to the case we are most
interested in, that is, sextic double solids. First, we describe the equation of a sextic double
solid X C P(1,1,1,1,3) that has a singular point P. The following argument shows that
without loss of generality, we can move the singular point to P, = [1,0,0, 0, 0] using an
automorphism of P(1,1,1,1,3). Denote P = [Py, Pi, P5, P3, P;]. Since X does not contain
the point [0,0,0,0, 1], there exists 0 < i < 3 such that P, # 0. After interchanging the
variables if necessary, we find Py # 0. Now, the automorphism of P(1,1, 1,1, 3) given by

(r,y,z,t,w) — | —ixz—&mt—&xw—&f
Y, 25 Ly 'Y PO ’ PO ) PO ) Péi

takes P to P,.
Below, the subindices denote degree and V(f) denotes the zero locus of a polynomial f.

Notation 3.4. Define the variety X by
X:V(f)CP(1,1,1,1,3),
with variables x,y, z,t,w where

f= —w? 4+ 242 x4§2
+ 23 (4t%ag + 4t%ay + 2tay + as)
+ 22(2t*bg + 2t3by + 2t%by + 2tbs + by)
+ 2(2t%¢o + 2t*c; + 2t%cy + 2t%c3 + 2tey + c5)
+t%dy + 2t°d, + t1dy + 2t3ds + t2dy + 2tds + dg,

where the polynomials &;, a;, b, ¢;,d; € Cly, z] are homogeneous of degree j.
Now, define the following technical conditions:

2. & = 0.

3. a3 =0.

4. by = a3.

5. c5 = 2asb3 — 4ara3.

6. dg = 2ascy + b3 — 8ajasbs — 2a3by + dapas + 16a3a3.
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7. There exist unique ¢, 7, s,e € Cly, z] where r and s do not have a common prime
divisor, and ¢ and e do not have a common prime divisor, such that
as = qr
bs = gs + 4aqr
cy = 2a,qs — 6agq’r® + 8aiqr + er
ds = 2byqs — 8alqs — es — big*r* + csqr,

and ¢, r, s, e are respectively homogeneous of degrees

7.1) 0,2,3,2 and ¢ = 1,

7.2) 1,1,2,3 and the leading coefficient of ¢ under the ordering y < z is one,

7.3) 2,0,1,4and r =1, or

7.4) 3,%,0,5and r =0 and s = 1 (since r = 0, ‘«” denotes that r is homogeneous of
any non-negative degree).

(
(
(
(

8. Condition (7.1) holds and there exists a unique Ay € C and a unique polynomial
By € Cly, z] homogeneous of degree 1 such that

€9 = 4A0T2 + b2 - 60,%
C3 = 6&083 — 4A0$3 + 4@0&17“2 — 8A0(117"2 -+ 317’2 + 2@1()2 — 4@1;
d4 = —28331 -+ 16T‘§A(2) - 8b2T2A0 + 16(1%7”2/10 -+ 4b183

— 8agays3 — 2bgT3 + 29Ty + b3 — 4a2by + 4aj.

Notation 3.4 describes 11 families of sextic double solids, namely when conditions 1 to
n are satisfied for some n < 8. For n = 7, there are 4 families. Below, general means ‘in
a Zariski open dense subset of the family’, and very general means ‘outside a countable
union of proper Zariski closed subsets of the family’ Using the above notation, we state
the main theorem of this section, describing sextic double solids with an isolated cA,
singularity.

Theorem A.
(a) If a sextic double solid has an isolated cA, singularity, then n < 8.

Furthermore, for every positive integer n < 8:

(b) Every sextic double solid with an isolated cA,, singularity P is isomorphic to some
X satisfying conditions 2 to n in Notation 3.4, with the isomorphism sending
P+— P,=[1,0,0,0,0].

(¢) Every X that satisfies conditions 2 to n in Notation 3./ and has otherwise general
coefficients is smooth outside a cA, singularity at P,.

(d) A very general sextic double solid with an isolated cA,, singularity is factorial and
has Picard number 1, except for the family (7.4) in Notation 3.4. No member of the

family (7.4) is Q-factorial.

Remark 3.5. Note that if n = 1, then the set of conditions 2 to n is empty, so every
variety with a cA; singularity is isomorphic to some X in Notation 3.4, and every X
in Notation 3.4 that has general coefficients has a cA; singularity at P, and is smooth
elsewhere. Note that zero is homogeneous of every non-negative degree, so for example in
condition (7.1) of Notation 3.4, the term e can be zero. Also, note that in conditions (7.1)
and (7.2), the terms r and s must both be non-zero, otherwise either r or s is a common
divisor of both r and s.
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Before we prove Theorem A, we state a few lemmas needed for the proof.

Lemma 3.6. If X in Notation 3.4 satisfies conditions 2 to 6 and P, is an isolated
singularity of X, then either as # 0 or by # 0.

Proof. 1f conditions 2 to 6 hold and ay = b3 = 0, then a3 = by = ¢5 = dg = 0. Let C be
the curve defined by the ideal (t,w,2zcy 4+ 2d5). Taking partial derivatives, we see that
every point of C' is a singular point of X. Since C' passes through P,, X does not have an
isolated singularity at P,, a contradiction. O

Lemma 3.7. Let r,s € Cly, z] have no common prime divisors, and let ¢ € Cly, z] be
non-zero. Let h, € Cly, z| be of the form h, = ¢®(r’C, — s7C,) where C,., C, € Cly, z] and
a, B, are non-negative integers. Then

h, =0 <= there exists C' € Cly, 2] such that C, = s7C" and C, = r°C.

Lemma 3.8. If X in Notation 3./ satisfies conditions 2 to 7 and P, is an isolated
singularity of X, then q and e do not have a common prime divisor in Cly, z].

Proof. If ¢ and e have a common prime divisor D, then D divides as, b3, c4, ds, and D?
divides ag, by, c5,dg. Let C' be the curve defined by the ideal (D,t,w). Taking partial
derivatives, we see that X is singular at every point of C', so P, is not isolated, a
contradiction. O

Lemma 3.9. Denote the parameter space of all possible f in Notation 3.4 satisfying
conditions 2 to n by P,. Denote the parameter space of all f € P, where V(f) has a
singular point with x, t and w-coordinate zero by A,,. Then dim A, < dimP,, — 2.

Proof. Let P =10, 3,7,0,0] be a singular point of V(f) where f € A, and 3,7 € C. We
find

of Odg of Ody of
f(P) = ds(P), %(P) = c5(P), @(P) = afy(P), g(P) = g(P), E(P) = 2d5(P).

Define the polynomial [ = vy — fz. Since P is a singular point, we have
[ divides ¢, d5 and dg, and [ divides ds. (3.5)

We use the divisibility constraint (3.5) repeatedly below.

1. If n < 5, then there are no restrictions on dg or ds in P,. For A,, we have the
restrictions that [% | dg and [ | d5. In particular, dg has a square factor which is also

a factor of ds. We find that dim A, < dim P, — 2.

2. If n = 6, then there are no restrictions on ds, as, bz or ¢4 in P,. We have c5 =
as(2bs — ajaz) and dg = ay - (...) + b3. Below we consider f € A,,.
If [ divides ag, then using the divisibility constraint (3.5), we find that [ divides bs.
So, there are at least two less degrees of freedom in choosing as, b3 and ds.

If [ does not divide ay, then [ divides 2b3 — ayaz, and from [ | dg we find that [ also
divides 8¢y — 4asby + 8aga’ + a?ay. So, after fixing ag, a;, as and by, there are at least
two less degrees of freedom in choosing b3, ¢4 and ds.

In either case, we see that dim A,, < dimP,, — 2.

15



3. If n =17, then

cs = 4¢%r(2s + air)
ds = —es + q(2bys — ais — 4b1qr® + c3r)
de = 4q(er? + q(s* + a1rs — 8agqr® — byr® + air?)).

Let us consider f € A,. If I | g, then since ¢ and e are coprime, we have [ | r
and [ | s, a contradiction. If [ | r, then since [ | dg, we find [ | s, a contradiction.
Therefore, [ divides neither ¢ nor r.

So, [ divides 2s+ayr. Using I? | dg, we see that [? divides —32agq*r — 4byq+ 3a3q+ 4e.
After fixing ag, a1, bs, ¢ and r, we see that there are at least two less degrees of freedom
in choosing s and e. So, we have dim A,, < dimP, — 2.

4. If n =8, then

cs = 2ra(s3 + 2a179)

ds = r9(ro By — 85340 — 8a1m3Ag + 6agss — biry + dagary + 2a1by — 4a})
+ 53(by — 2a?)

dg = ro(8r5 Ag + 4ays3 — Sagrs + 4a’ry) + s

We consider f € A,,. If [ | ry, then [ | s3, a contradiction. So, [ divides s3 + 2a;73.
Since [ divides dg, we have [ | r3(Ay — ag). So, Ay = ag. Since [ divides ds, we
see that [ | r3(B; — by). We find that the coefficients of f have at least three less
degrees of freedom, namely Ay = ag, and the polynomials By, by and s3 + 2a;75 have
a common prime divisor. So, we have dim A,, < dim P,, — 2. O

Lemma 3.10. Denote the parameter space of all possible f in Notation 3.4 satisfying
conditions 2 to n by P,. Denote the parameter space of all f € P,, such that V(f) has a
singular point at P, =[0,0,0,1,0] by B,,. Then, dimB,, = dimP,, — 4.

Proof. We find

of of od, Of od,  Of
P)=d —(P) =2 —(P) =2—, —(B)=2—, —(F) =06d,.
f( t) 0, ax( t) CO7 ay( t) ay ) az( t) az ) at ( t) 0
For B,,, we have dy = ¢y = d; = 0. So, there are 4 less degrees of freedom in choosing
coefficients for f € B,,, therefore dim B,, = dimP,, — 4. O

To show Q-factoriality and that the Picard number is 1, we use the following proposition
by Namikawa:

Proposition 3.11 ([Nam97, Proposition 2]). Let X be a Fano 3-fold with Gorenstein
terminal singularities and D its general anti-canonical divisor. Then, the natural homo-
morphism Pic(X) — Pic(D) is an injection.

Corollary 3.12. In the notation of Proposition 3.11, let X be smooth along D. Then
Cl(X) — Pic(D) is an injection.

Proof. Let U be the smooth locus of X. Since X \ U is of codimension at least 2 in X,
we have Cl(X) = Cl(U). It follows from the proof of Proposition 3.11 that Pic(U) injects
into Pic(D). O
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Proof of Theorem A. Note that every X above with a cA, singularity at P, is irre-
ducible.

(b) We prove that every sextic double solid Y C P(1,1,1, 1,3) with a cA,, singularity
is isomorphic to some X above, with the isomorphism sending the cA,, point to P, =
[1,0,0,0,0]. After applying a suitable automorphism of P(1,1,1, 1, 3), the cA,, point is
at P,. From Corollary 2.6, we know that a cA, singularity is isomorphic to a complex
analytic space germ (V(a? + 3% + H),0) with variables a, 3,7, where H € C{v,d} has
multiplicity n+1. Consider the affine patch Y, given by inverting x. Using Proposition 2.4,
we find that after a suitable invertible linear coordinate change, Y, is given by V(—w? +
t2 + g2y, 2, t)) in C* with variables y, z, t,w, where g € Cl[y, 2, t] has multiplicity at least
two and the degree 2 part g, is contained in C[y, z]. So, Y has the required form V(f),
proving the case n = 1.

Applying the splitting lemma on the affine patch where x is non-zero, we find that X is
locally analytically of the form V(—w?+#%+h(y, 2)) in C* with variables y, z, t, w for some
h € C{y, z} of multiplicity at least two. Any cA, singularity is isomorphic to a complex
analytic space germ (V(a? + 3% + H),0) with variables a, 3,7, where H € C{v,d} has
multiplicity n + 1. By Proposition 2.5, X has a cA,, singularity at P, if and only if
hy = hy = ... = h, =0 and h,; # 0 as polynomials in C[y, z]. We have hy = &, so
hy = 0 is equivalent to condition 2, namely {; = 0. We can show that hz = a3z, so hy =0
is equivalent to condition 3, namely a3 = 0. Similarly, using the explicit splitting lemma
(Proposition 3.2), it is straightforward to compute that hy = ... = h,, = 0 is equivalent to
satisfying conditions 2 to n when n < 6, even if P, is not isolated. This proves part (b)
for n <6.

In the rest of the proof of part (b), using that fact that the singularity P, of X is
isolated, we show that hy = ... = h, = 0 is equivalent to satisfying conditions 2 to n for
any n < 8.

By Lemma 3.6, either ay # 0 or by # 0. We write ay = qr and b = qs + 4a1qr, where
q € Cly, z] is a (homogeneous) greatest common divisor of as and bs, and r and s € Cly, 2|
have no common prime divisor. In the rest of the proof of parts (a) and (b), we repeatedly
use Lemma 3.7.

If conditions 2 to 6 hold, then using the explicit splitting lemma (Proposition 3.2), we
compute in Listing 3 of Appendix A that

hr = q(r(=12a0q?rs + 4byqs — 2b1¢°r* + 2c3qr — 2ds) — 5(2c4 — 4a,qs)).

Using Lemma 3.7, we find that h; = 0 is equivalent to the existence of a homogeneous
e € Cly, #] such that

¢y = 2a1qs — 6agg’r® + 8a%qr +er

ds = 2baqs — 8atqs — es — biq*r® + caqr.

We defined ¢ as a homogeneous greatest common divisor of a, and b3. Every non-zero
complex multiple of ¢ is another greatest common divisor. Therefore, there is redundancy
in choosing ¢, r, s,e. We eliminate this redundancy by choosing ¢ = 1 in condition (7.1),
leading coefficient of ¢ equal to one in condition (7.2), 7 = 1 in condition (7.3), and s =1
in condition (7.4). By Lemma 3.8, ¢ and e have no common prime divisor in C[y, z].

This proves part (b) for n = 7, namely that hy = ... = h; = 0 is equivalent to conditions
2 to 7 if P, is an isolated singularity of X.
Now, we show that if hy = ... = hg = 0 and one of the conditions (7.2) to (7.4) holds,

then the singularity P, is not isolated. In condition (7.2), we calculate that hg + e*r? is
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divisible by ¢, giving r = Cq for some C' € C. Substituting into hg, we compute that
hg — 2qes? is divisible by ¢?. Therefore ¢ and s have a common prime divisor, giving that r
and s have a common prime divisor, a contradiction. So, P, is not an isolated singularity
of X. Conditions (7.3) and (7.4) are similar.

Hence, if ho = ... = hg = 0 and P, is an isolated singularity, then condition (7.1) holds.
Using the explicit splitting lemma, we calculate hg in Listing 3 in Appendix A, and using
Lemma 3.7, we can show that ho = ... = hg = 0 is equivalent to conditions 2 to 8.

(a) If conditions 2 to 8 are satisfied, then similarly to proof of part (b), P, being a
cA,, singularity where n > 9 implies that hg = 0. Using the explicit splitting lemma, we
compute hg in Listing 3 in Appendix A, and using Lemma 3.7, we find that this implies
that there exists By € C such that

Ao = Qo
By = b
d3 = —SgB() + 2b083 — 2@%83 + cir9 — 4&0()1’/‘2

+ 16a§a1r2 + b1by — dagaiby — Za%bl + 8a0a?

co =198y — 6&37’2 + 2a0by + 2a1b7 — 12@061%.

Substituting into f gives

w3ag 4+ 22by + xc5 + dg = (83 + 2a179 + 75)?

23ay 4+ 223 + xcy + ds = (83 + 2a175 + 272)(—2a0ry + by — 2a7 + 2xway + 1?).

Define the curve C' by the ideal (w,t, s3 + 2a1ry + x1y). Taking partial derivatives, we find
that X is singular at every point of C. Therefore, P, is not an isolated singularity of X.

(c) We consider varieties X satisfying conditions 1 to n. We show that a general X has
no other singular points apart from P, = [1,0,0,0,0]. Denote the parameter space of all
possible f in Notation 3.4 satisfying conditions 2 to n by P,.

If P # P, is a singular point of V( f) with t-coordinate zero, then one of y or z-coordinate
is non-zero. A suitable change of coordinates of the form x — = + ay or x — = + az,
where a € C, takes the point P to P’ with z, t and w-coordinate zero. Note that this
coordinate change fixes the point P,, keeps the form of f given in Notation 3.4, and f will
continue to satisfy conditions 2 to n after this coordinate change. Using Lemma 3.9, we
find that the parameter space of all f such that V(f) has a singular point P # P, with
t-coordinate zero is at most (dim P,, — 1)-dimensional.

If P is a singular point of V(f) with ¢-coordinate non-zero and n > 2, then a suitable
change of coordinates given by = — x + a,t, y — y + aut and z — z + a,t, where
Qg, ay, o, € C, takes the point P to P, = [0,0,0,1,0]. Note that this coordinate change
fixes the point P,, keeps the form of f given in Notation 3.4, and f will continue to
satisfy conditions 2 to n after this coordinate change. Using Lemma 3.10, we find that the
parameter space of all f such that V(f) has a singular point P with ¢-coordinate non-zero
is at most (dim P, — 1)-dimensional, under the condition n > 2. If n = 1, then instead we
perform a suitable coordinate change given by x — x4+ a,t, y — y + aut, 2 — 2z + .t and
t — tort— 2t, composed with a coordinate change of the form ¢ — B,y + 3.2 + Bt where
By, B. and B; € C depend only on a, a,, a, and the coefficients of x1&,, such that this
composition takes the point P to P;, fixes the point P, and keeps the form of f given in
Notation 3.4. This extra coordinate change ¢ — B,y + 8.2z + Bt is needed to keep the form
of f in Notation 3.4, namely to diagonalize the quadratic part with respect to ¢, that is, to
remove the quadratic monomials yt and zt, and set the coefficient of ? to one. Similarly,
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using Lemma 3.10, we find that the parameter space of all f such that V(f) has a singular
point P with ¢-coordinate non-zero is at most (dim P,, — 1)-dimensional when n = 1.

This shows that a general X satisfying 2 to n is smooth outside a cA,, singularity at P,.

(d) Since X has local complete intersection singularities, it is Gorenstein ([Eis95,
Corollary 21.19]). A terminal Gorenstein Fano 3-fold is Q-factorial if and only if it is
factorial [Kaw88, Lemma 6.3]. To see that in family (7.4) we do not have any Q-factorial
members, suffices to note that V(t,q¢ —w) and V(¢,¢ + w) are not Cartier on the sextic
double solid.

In all other families apart from (7.4), a very general sextic double solid X satisfies that
the hyperplane section V(z) is a very general sextic double plane. More precisely, fix a
positive integer n < 8 and a connected component of the parameter space of sextic double
solids with an isolated cA,, singularity described in Remark 3.13, other than cA; family 4.
Consider the 28-dimensional parameter space of sextic double planes

V(—w?+g) CP(1,1,1,3)

with variables y, z,t, w where g € Cly, 2, t] is homogeneous of degree 6, where the sextic
double plane corresponds to a point in C?® given by the coefficients of y%, y°z, ..., t5. For
cAy, cAs, cAg and cA; families 1-3, the image of the parameter space of sextic double
solids, under taking the hyperplane section V(z), contains a Zariski open dense set of
the parameter space of sextic double planes. We show this by computing the rank of the
Jacobian matrix corresponding to this projection morphism, and showing it is 28 for some
particular point. For cA; family 4, respectively cAg, it gives set which is open dense in a
subvariety of codimension 3, respectively 1. For cAg, using additionally the coordinate
transformation ¢ — ay + Sz + t where a, 5 € C on the image of the parameter space
of sextic double solids, we get a Zariski open dense set of the parameter space of sextic
double planes.

Since a very general sextic double plane has Picard number 1, by Corollary 3.12 a very
general sextic double solid X has Class number 1, except for cA; family 4. Therefore, X
is factorial and has Picard number 1. O]

Remark 3.13. Consider the tuples n of coefficients of &, a;, b;, ¢;, d; in Notation 3.4. These
form the parameter space C™". As in the proof of Theorem A, we can locally analytically
write X with a cA, singularity by V(wt + h) C C* where h € C{y, z} has multiplicity
n+ 1. Requiring that all the coefficients of h, ., are zero gives us n + 2 conditions. If these
conditions are algebraically independent and if A, is not zero after imposing these, then
we would expect the parameter space for cA, .1 to have dimension n + 2 less. Counting
parameters in Notation 3.4, we see that this is precisely the case. Table 2 shows the
dimensions of the parameter spaces.

The parameter space for n+1 lies in the Zariski closure of the parameter space for n. Note
that the parameter space for cA; has four connected components, each of dimension 44.

The automorphisms of P(1,1,1,1,3) that keep the form of a general f when n > 2 are
of the form

T a1 Qg9 O3 [87) x
Yy as Qg Qy Yy
Z | ag Qg O z
t o’ t
w +1/) \w

These automorphisms form a 10-dimensional algebraic group. When n = 1, instead of
polynomials f, we can consider polynomials F of the form —w? + 2*Ey + 23 A5 + 2°By +
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xCs + Dg where E;, A;, B;, C;, D; € Cly, z, t] are homogeneous of degree i. The parameter
space of polynomials F' is 80-dimensional, and the automorphisms of P(1,1, 1,1, 3) that
keep the form of a general F' form a 13-dimensional algebraic group. If the course moduli
space of sextic double solids with an isolated cA,, singularity exists, then we expect it to
have dimension 10 less than the parameter space in Notation 3.4.

Table 2. Dimension of the space of sextic double solids with an isolated cA,
n 1 2 3 4 5 6 7 8

parameter space dim 77 74 70 65 59 52 44 35
expected moduli space dim 67 64 60 55 49 42 34 25

Remark 3.14. In some cases it suffices if X is general in Theorem A part (d), as opposed
to very general. For example, if n = 1, then a general X has only one singularity which
is an ordinary double point, and every such X is factorial and has Picard number 1,
that is, X is a Mori fibre space. If n = 2, then a general X has the singularity given by
T179 + o3 + 23, and is a Mori fibre space by [CM04, Remark 1.2]. If n = 4, a general
X is a Mori fibre space, since in Section 5.2 we construct a Sarkisov link to a complete
intersection Z5¢ C IP(1,1,1,2,3,4) which is a Mori fibre space if it is general.

3.3. Other cA, singularities

Although the primary interest is in isolated cA,, singularities since these are terminal, it is
also possible to study non-isolated singularities with the same methods.

Remark 3.15. It follows from the proof of Theorem A that every f that satisfies conditions
2 to n defines a sextic double solid with a singularity at P, which is either cA,, (possibly
non-isolated) where m > n, or it is the germ (Z,0) where Z = V(22 + 23) C C* with
variables x1, xo, 3, 4.

We describe a family of examples of sextic double solids with a non-isolated cA,
singularity for all 9 < n < 11.

Proposition 3.16. Let 9 < n < 11. If X in Notation 3.4 satisfies conditions 2 to 8,
and in addition satisfies conditions 9 to n and does not satisfy condition n+ 1 from the
following:

9. there exists By € C such that

Ao = ag
Bl = b1
d3 = —83B0 + 2b083 — 2@883 + cirg — 4@0[)17"2

+ 16a8a1r2 + biby — daga by — 2a%b1 + 8a0a?

cy =198y — 6(137“2 + 2a0bs + 2a1b; — 12a0a§.

10 B() == b()
d2 = 260T2 — 8&0607"2 + 16&37“2 + Qb[)bg — 4&362 + b% — 8(10&11)1 — 4&%60 + 24&3&%

cl = 2&0[)1 + 2(11()0 - 12@3&1,
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11. ¢o = 2agby — 4a
d; = bob; — 2a3b1 — 4agai by + Sa?)al,
12. dy = b3 — 4ajby + 4ag,
then P, is a non-isolated cA,, singularity of a non-terminal sextic double solid X .

Proof. Repeatedly applying the divisibility condition (3.5) similarly to the proof of part (b)
of Theorem A. O

Remark 3.17. If 9 < n < 11, then the variety X in Proposition 3.16 is singular along the
curve C': V(t,w, s3+2a,r9+x713) passing through P, (see the proof of part (a) of Theorem A).
We can compute that at a general point of C, the singularity is locally analytically C! x ODP,
that is, it is isomorphic to the germ (Z,0) where Z is V(2% + 23 + 22) C C* with variables
X1, X9, T3, Ty.

Remark 3.18. Translating the point P, = [0,0,0,1,0] to [1,0,0,0,0], we find similar
conditions to Theorem A for having a cA, singularity at P, € X, which can be used
to construct general sextic double solids with two cA, singularities. It is also easy to
construct simple examples with only two cAs singularities, such as the variety below with
cAjs singularities at P, and at P,

V(—w? + 2 + 2% + 5 + 25 CP(1,1,1,1,3).

4. Weighted blowups

In this section, we discuss weighted blowups from both algebraic and local analytic points
of view. In Proposition 4.5 we show that to check whether a weighted blowup is a Kawakita
blowup (see Theorem 2.10), it suffices to compute the weight of the defining power series.
Using this, in the technical Lemma 4.8 we show how to algebraically construct Kawakita
blowups of cA,, points on affine hypersurfaces.

4.1. Weight-respecting maps

Let n and m be positive integers. Let @ = (z1,...,x,) and y = (y1,. .., yn) denote the
coordinates on C" and C™, respectively. Choose positive integer weights for  and y.

Definition 4.1. Let X C C", X’ C C™ be complex analytic spaces containing the origins.
We say a biholomorphic map ¢ : X — X' is weight-respecting if denoting its inverse by 6,
we can locally analytically around the origins write ¢ = (¢1,...,%,,) and 0 = (04, ...,0,)
where for all ¢ and j, the power series ¢); € C{z} and 6, € C{y} satisfy wt(¢;) > wt(y;)
and wt(6;) > wt(x;).

It is known that a biholomorphic map taking the origin to the origin lifts to a unique
biholomorphic map of the blown-up spaces under the usual weights (1,...,1) (see for
example [GLS07, Remark 3.17.1(4)]). It is easy to come up with examples where a
biholomorphic map does not lift under weighted blowups. We give one example below.

Example 4.2. Let X C C? be the complex analytic space given by V(f) where
f = x3x3 + 2% + ax 23 + bad

for some a,b € C*. Define X’ C C® by V(f’) where f' = f(x1, 29, —72 + x3). Choose
weights (1,1,2) for (xq, 22, 23). Then, X and X’ are biholomorphic and wt f = wt f’, but
the weighted blowups of X and X’ are not locally analytically equivalent.
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Proof. Let ¢v: X — X’ be any local biholomorphism taking the origin to the origin.
Composing with a suitable weight-respecting biholomorphic map and using Lemma 4.3,
it suffices to consider the case where v is a linear biholomorphism. Since the elliptic
curve defined by f in P? with variables 1,5, x5 has only two automorphisms, there
are only four possibilities for a linear biholomorphism X — X’ namely (zi, z9,z3) +—
(r1, X9, £29 + T3).

Let Y — X and Y’ — X’ be the (1,1, 2)-blowups of X and X’ respectively. Then Y is
given by V(g) where

2 3 2. 2 3,3
9(u, 21, T2, x3) = ursws + 7 + aurixs + bu’xs.

Denoting the points of Y and Y’ by [u, 1, z2, 3], the lifted map 1y : Y — Y is given
by [u,x1, T2, 3] = [u, x1, £x9, £29/u + 23], which is not holomorphic on the exceptional
locus V(u). O

On the other hand, a weight-respecting coordinate change does lift to weighted blowups:

Lemma 4.3. The weighted blowups of X C C™ and X' C C™ at the origin are analytically
equivalent if there exists a weight-respecting biholomorphic map X — X' taking O to 0.

Proof. Let ¢: Y — X and ¢': Y’ — X’ be the weighted blowups at the origin and let
: X — X' be a weight-respecting biholomorphic map. We define the holomorphism
Yy = (Yyo, Yy, Yym): Y — Y’ by choosing ¢y = u and for all j > 1, ¢y,; =
(1 0 ) /u™ti). Similarly, we define 6: Y’ — Y by 6y = u and 6; = (¢; ' o ¢') /u™t@),
Since ¢ and ¢! are weight-respecting, the maps ¢y and 6 are indeed holomorphic.

The map 6 o 1)y coincides with the identity map on a dense open subset of Y: namely,
for all [1,x] € Y, we have (0 o ¢y)[1,x] = 0[1,9(x)] = [1,x]. Since coincidence sets are
closed, the map 6 o vy is the identity. Similarly, 1y o @ is the identity, giving 6 = 1y

Also, we have (¢’ o ¥y )[1, x| = ¥(x) = (¢ o p)[1, x|, showing that the diagram

y Oy

)

XLX’

commutes. Therefore, p and ¢ are analytically equivalent. O]

4.2. Kawakita blowup in analytic neighbourhoods

In the following, we focus on Kawakita blowups (see Theorem 2.10). Unlike Example 4.2,
for cA,, singularities, having the correct weight for the defining power series is enough for
the local analytic equivalence of weighted blowups.

Notation 4.4. We choose positive integer weights w = (71,79, a, 1) for variables =
(71,2, 73, 74) on C* and define n = (r; + ry)/a — 1 such that

e a divides r; 4+ ro and is coprime to both r; and 79,

e 71 > 179, and

o« n > 2.

Proposition 4.5. Using Notation 4.4, let f € C{x} be such that V(f) has an isolated
cA, singularity at the origin and f has weight vy + ry. Then, the w-blowup of V(f) C C*
1s a w-Kawakita blowup.
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Proof. First, we remind that the terms homogeneous, degree and multiplicity are with
respect to the standard weights (1,...,1). Let the quadratic part of f denote the homoge-
neous part of f of degree 2. After a suitable invertible linear weight-respecting coordinate
change, the quadratic part of f is xyxs.

We find that f = z129 + 211G + H, where G € C{xy,..., 24} has weight at least ry
and multiplicity m > 2, and H € C{zy,x3,24}. The coordinate change xo — x5 — Gy,
where G,, is the homogeneous degree m part of G, takes f to xixo + v1G’ + H', where
G’ has multiplicity at least m 4+ 1. By induction, this defines the unique formal power
series K € Cl[[z1, ..., z4]] of multiplicity at least 2 and weight at least o such that the
transformation zy — x5 + K takes f to the form z129 + H” where H” € C[[xs, 23, 24]].
Similarly, we transform f into z12o + h where h € C[[x3, z4]], using x; — 1 + L where
L € C[[za, x5, 24]]. At the end of the proof, we show how to find a convergent weight-
respecting coordinate change.

Since the singularity is cA, where n = (r; +rp)/a — 1, h must contain a monomial
of degree (r; + ry)/a. Since w1z + h has weight r; + ro, if @ > 1, then the coefficient

of 2772/ in h is non-zero. If a = 1, then after a suitable invertible linear coordinate
change on C{zs, 74}, the coefficient of 2" *"/* in h is non-zero.

We found that we can transform f into the form x;25+h where the coefficient of xg’“*’”?)/ “

in h is non-zero, by using only weight-respecting coordinate changes. By Lemma 4.3, the
weighted blowup of f is locally analytically equivalent to the weighted blowup of xyxs + h,
which is precisely a Kawakita blowup.

Lastly, we discuss convergence. Instead of the coordinate changes zo — x5 + K,
21 — 21 + L, which might not be convergent, we do a coordinate change with truncated
power series K<y and L<y of homogeneous parts of K and L of degree at most N. The
coordinate change V: z1 — x1 4 129, T2 — T — 125 takes 125 into x% + a:% Now we use
the splitting lemma, which gives a convergent coordinate change ® which respects the
weighting when N is large enough, to give f the form 22 + 3+ h(z3, z4) where h converges.
Applying ¥, we get x125 + h. Note that the coordinate changes ¥ and ¥~! might not
respect the weighting w, but the total coordinate change U~! o ® o U is weight-respecting
if N is large enough. [l

Given a variety X with an isolated cA,, point P, we show that any two w-Kawakita
blowups Y — X and Y/ — X of the point P are locally analytically equivalent. Note
that they need not be globally algebraically equivalent. For example, [CM04, Remark 2.4]
describes two different (2,1, 1, 1)-Kawakita blowups of a cA, singularity on a quartic 3-fold.

Proposition 4.6. Any two w-Kawakita blowups of locally biholomorphic singularities are
locally analytically equivalent.

Proof. Let f = xyx9 + g(x3,24) and [ = x129 + ¢'(x3,24) be contact equivalent, where
9,9 € C{xs, x4} have weight ry + 7 and :Eérﬁm)/a appears in both ¢ and in ¢’ with
non-zero coefficient. Suffices to show that the w-blowups of V(f) C C* and V(f’) C C*
are locally analytically equivalent.

Since f and [’ are contact equivalent, there exists a unit u € C{x} and a local
biholomorphism ¢ : (C*,0) — (C*,0) such that f’ = u(f o). Note that f and f o1 have
the same weight ry + 79, and :L‘g"lm)/ “ appears in f o1 with non-zero coefficient. Since
the germs (V(f’),0) and (V(f o), 0) are equal, it suffices to show that the w-blowups of

V(f) and V(f o) are locally analytically equivalent.
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Using arguments similar to the proof of Proposition 4.5, we can find a weight-respecting
biholomorphic map germ 6: (C* 0) — (C*,0) such that f o o6 is of the form zz + ¢”
where ¢" € C{xs, 74} contains x("*72)/% and has weight r; + 7. It suffices to show that
the w-blowups of V(f o1 o0 6) and V(f) are locally analytically equivalent.

By Proposition 2.5, g and ¢” are right equivalent, meaning there exists an automorphism
® of C{zs, 24} such that ®(g) = ¢”. Since 2" 7™* has non-zero coefficient in both
g and ¢”, and both g and ¢” have weight r; + ro, the image of x5 has weight a under
both ® and ®~'. Define the biholomorphic map germ ¢: (V(f o 08),0) — (V(f),0)
by © — (x1, T, ®(x3), P(74)). By Lemma 4.3, the w-blowups of V(f o of) C C* and
V(f) C C* are locally analytically equivalent. ]

4.3. Kawakita blowups on affine hypersurfaces

In this section, we see how to construct weighted blowups for affine hypersurfaces with a
cA,, singularity where n > 2 such that locally analytically they are Kawakita blowups.
Most cA,, singularities do not admit (ry, ry, a, 1)-Kawakita blowups where a > 2. Below
we define the type of an isolated cA,, singularity, which for n > 2 is equal to the highest
integer a such that it admits some (71,79, a,1)-Kawakita blowup locally analytically.
General sextic double solids with an isolated cA,, singularity have a type 1 cA,, singularity.

Definition 4.7. Let (X, P) be the complex analytic space germ of an isolated cA,
singularity. Let a be the largest integer such that (X, P) is isomorphic to some germ
(V(z129 + g),0) where g € C{x3, 24} has weight a(n + 1) under the weighting (a, 1) for
(z3,74). Then, we say that the cA, singularity is of type a.

It is not obvious how to globally algebraically construct a Kawakita blowup for variety
with a cA,, singularity. We show this for affine hypersurfaces in the technical Lemma 4.8.
We use a projectivization of Corollary 4.9 in Section 5 for constructing Kawakita blowups
of sextic double solids.

We describe the notation for Lemma 4.8. Choose n > 2 and weights

w = Wt(O{, Ba T3, 'T4) = (Tla o, a, ]-)
as in Notation 4.4. Let F' € Clzy, x9, 3, 4] have multiplicity at least 3, and let
f=—ai+a3+F

be such that V(f) € C* has terminal singularities and has a cA, singularity of type
at least a at the origin. Let ¢,w be the power series when splitting with respect to x;
(Theorem 3.1), and p, v be the power series when splitting with respect to xs, that is,

f==(a1+quw)*+ ((z2+p)v)* + 1 (4.1)

where ¢ € C{xg, 23,24} and p € C{x3, x4} both have multiplicity at least 2, and w €
C{x1, 22,23, 24} and v € C{xy, 3,74} are units, and h € C{x3, x4} has multiplicity at
least 3. Choose weights

w' = wt(a, 8, 21, 22, 23, 14) = (r1, T2, m, min(ry, mult p), a, 1)

for the variables on C°, where m = min(ry, mult ¢). If a > 1, then perform a coordinate
change on x3,7z4 for f such that h has weight r + r,. Writing a power series s &€
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C{z1, 29, 23,24} as a sum of its w'-weighted homogeneous parts s = >.7°,s;, let s
denote )7, s; and s>y denote 37,5 s;. Define the ideal

I= (f7 —o+ (Il + Q<T1)w<n—m + (x2 +p<r1)v<r1—r27 _ﬁ + X2 +p<r2)7

where v, _,, is defined to be 1 when ry = r9, and w,, _,, is defined to be 1 when r; = m.
Note that the affine varieties V(f) C C* and V(I) C C® are isomorphic.

Lemma 4.8. Using the notation above, the w'-blowup of V(I) is a w-Kawakita blowup.
Proof. The morphism
p: Ct =t
(21,22, 03, 04) = ((T1 + Gry )Wary—m + (T2 + Pary sy —rys Ta + Pryy T3, T4)

has a local analytic inverse ¢!, given by

e~ (C*0) — (C0)

(o, B, 23, 24) = (0 = (B = Pery + D)V ) — ¢, B = Dryy T3, 24)
where u € C{a, 8, x3,24} is a unit, v = vep, (8 — Pary, 3, 24) and ¢ = gy (6 —
P<ry, T3, %4). Define the map germ

Y: (C*0) — (C%0)
(o, B, w3, 74) = (a0, B, 0 (a, B, 73, 14)).

The restriction of ¢ to V(I) — V(f o) is a weight-respecting local biholomorphism, whose
inverse is a projection. Therefore, the w-blowup of V(f o)) is equivalent to the w’-blowup
of V(I). If the w-weight of f o1 is r; 4+ 72, then by Proposition 4.5, the w-blowup of

V(f o) is the w-Kawakita blowup map germ. Using Equation (4.1), it suffices to show
that

wt[((z1 + Qw + (g + p)v) oY) =1y (4.2)
wt[(— (21 + @w + (22 + p)v) 0 Y] = 75 (4

(]
w
~—

Since v is weight-respecting, we have

—

wt[(z1 + Q)wsr—m 0 )
Wt[q>r Wery —m © V)
wWt[(zg + P)vspy—p, 0 Y
(G

wt [pZﬁ V<ry—ry ©

vV IV IV IV

I s
=

[

Since ((21 4+ gery ) Wery—m + (T2 + Payy JV<ry—ry) © ¥ = v, this proves Equation (4.2). Using
in addition that wt[(zs + p<y, )V<r,—r, © ¥] = 19, Equation (4.3) follows. O

Corollary 4.9. Using the notation above, if ' € Clxq, x3,24], or equivalently, if ¢ = 0
and w =1, then define the ideal J C Cla, 5, 2, w3, x4] by

J = (—(Oé - (x2 +p<r1)U<T1—T2)2 + l’% +F, =+ x +p<r2>, (44)

where vy, is defined to be 1 if ry = ro. Then, V(J) and V(f) are isomorphic affine
varieties, and the (11,9, min(ry, mult p), a, 1)-blowup of V(J) is a w-Kawakita blowup. If
in addition r1 = ry, then define the ideal J' C Clxq, 5, x9, x3,14] by

J = (f,—B+z2+ pery)- (4.5)

Then, V(J') and V(f) are isomorphic affine varieties, and the (ry,rq, min(rq, mult p), a, 1)-
blowup of V(J') is a w-Kawakita blowup.
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Proof. The isomorphism between V(/) and V(J) is a projection, with inverse given by
1 =« — (B — P<ry + Dary )V —ry, Which is weight-respecting. If 7 = 79, the isomorphism
between V(J) and V(J') is given by xy — o — 3, which is weight-respecting. O

The power series p, v, ¢, w can be expressed in terms of the coefficients of F' using the
explicit splitting lemma, Proposition 3.2.

5. Birational models of sextic double solids

In this section, we prove Theorem B on birational non-rigidity of certain sextic double
solids. First, we give generality conditions we use.

Condition 5.1. Let the sextic double solid X be given as in Notation 3.4, and let P(1, 1, 3)
have variables v, z, w and P! have variables y, z. Then we have the following conditions,
depending on the family that X lies in:

(cAy) V(2way + c5,w? — dg) C P(1,1,3) is 10 distinct points,

(cAs) V(ag, —w? + dg) C P(1,1,3) is 4 distinct points,

(cAg) c4 — 2a1by — agby + 2aga3 + 6atay € Cly, 2] is non-zero, and V(ay) C P! is two
distinct points, and for both of these points P, either b3(P), c4(P) or ds(P) is
noN-Zero,

) V(—es + 4agra + by — 6a7) C P is two distinct points,

(cA7, 2) ry and ¢y are coprime in Cly, 2],

) g2 € Cly, 2] is not a square,

(CAB) Qo 7& Ao.

Theorem B. A sextic double solid, which is a Mori fibre space containing an isolated cA,,
singularity with n > 4 and satisfying Condition 5.1, has a Sarkisov link starting with a
weighted blowup of the cA,, point.

We treat each of the 7 families separately. We use the notation in Construction 2.14
and Example 2.15 for the 2-ray links. We write the cA4 case in more detail. Below, when
we say that a birational map is k& Atiyah flops, then we mean that the base of the flop
is k& points, above each we are contracting a curve and extracting a curve, and locally
analytically above each of the points it is an Atiyah flop (see [Rei92, Section 1.3] for Atiyah
flop). Similarly for flips. Below, for a morphism ®: T, — P, ®*: Cox P — Cox T denotes
a corresponding C-algebra homomorphism of Cox rings (described explicitly in the proof
of Proposition 5.4).

5.1. Singularities after divisorial contraction

Before proving Theorem B, we show that for any Kawakita blowup Yy — X (Theorem 2.10)
of a sextic double solid X with an isolated cA,, singularity, the variety Y, has only up to
two singular points if X is general, which are quotient singularities. We do not give the
generality conditions of Proposition 5.3 explicitly. We do not use this proposition in the
proof of Theorem B. First, we give an elementary lemma:

Lemma 5.2. Let a,b € Cly, z| be non-zero homogeneous polynomials with dega > degb
such that for every homogeneous polynomial ¢ € Cly,z]| of degree dega — degb, the
polynomial a+ be is divisible by the square of a linear form. Then a and b are both divisible
by the square of the same linear form.
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Proof. Suffices to prove that for non-zero polynomials f, g € Clz], if f+ Ag has a repeated
root for all A € C, then f and g have a common repeated root. This holds if there exists
zo € C which is as a repeated root of f 4+ A\g for infinitely many A. Since g and f/g + A
have only finitely many repeated roots, the claim follows. O]

Proposition 5.3. Let X be a general sextic double solid with an isolated cA,, singularity
P and Yy — X a divisorial contraction with centre P, which is a (r1,79,1,1)-Kawakita
blowup. Then, Yy has a quotient singularity 1/ri(1,1,r1 — 1) if r; > 1 and a quotient
singularity 1/ro(1, 1,79 — 1) if 79 > 1, and is smooth elsewhere.

Proof. By Theorem A, a general X is smooth outside P. So, it suffices to show that
Yy has only up to two quotient singularities on the exceptional divisor and is smooth
elsewhere. Since Yy — X is a (r1, 79, 1, 1)-Kawakita blowup, we can consider the local
analytic coordinate system around P where X is given by wt + h(y, z) where h € C{y, z}
has multiplicity n 4+ 1. The variety Y is locally analytically around the exceptional
divisor given by wt + —t+h(uy, uz) inside the geometric quotient (C° \ V(w,t,y, z))/C*
where the C*-action is given by A« (u, w, t,y, z) = (A" u, A\"'w, A\"™2t, Ay, \z). Taking partial
derivatives, the singular locus of Y} is given by

ahn—&—l ahn—&—l
dy = 0z

SingYy =V <u,w,t, Pyt ,hm) U{Putitr > 1 U{Pititr > 1,

where h; denotes the homogeneous degree ¢ part of h, and P, and P, are the points
[0,1,0,0,0] and [0,0,1,0,0], respectively. To prove the claim, it suffices to show that if X
is general, then no square of a linear form divides h,, 1, that is, h,1 is squarefree.

Considering the 11 families of Theorem A separately, it is easy to compute using the
explicit splitting lemma (Proposition 3.2) and Lemma 5.2 that h,.; is squarefree when X
is general. For example, for a cAg singularity, we compute that

hg = Q — 2d37’g = 8(@0 — Ao)Sg + TQR;

where @, R € Cly, z] are homogeneous of degrees 9 and 7 respectively, and @ does not
contain the polynomial d3. If the affine cone of Y} is not smooth for a general X, then the
affine cone of Yj is singular for all X. In that case, Lemma 5.2 shows that a prime factor
of ro divides hg, which implies that it divides s3, a contradiction. Similarly for the other
10 families. O]

5.2. cA, model

Note that Okada described a Sarkisov link starting from a general complete intersection
Zss € P(1,1,1,2,3,4) to a sextic double solid (see entry No. 9 of the table in [Okal4,
Section 9]). We show the converse:

Proposition 5.4. A sextic double solid with a cAy singularity satisfying Condition 5.1
has a Sarkisov link to a complete intersection Zss C P(1,1,1,2,3,4), starting with a
(3,2, 1, 1)-blowup of the cAy point, then 10 Atiyah flops, and finally a Kawamata divisorial
contraction (see [Kaw96]) to a terminal quotient 1/4(1,1,3) point. Under further generality
conditions (Proposition 5.3), Z is quasismooth.
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Proof. We exhibit the diagram below.

10>< (1,1,-1, —1)

A W

cAy € X CP(14,3 1/4(1,1,3) € Zss C P(1%,2,3,4)

The corresponding diagram for the ambient toric spaces is given in detail in Example 2.15.
First, we describe the sextic double solid X. By Theorem A, any sextic double solid X
with an isolated cA4 singularity can be given by

V(f) €P(1,1,1,1,3)
with variables x,y, z,t, w where
f=—w?+ 2% + 22%tas + 232 A; + 222 + 2°t By + xCs + D,

where ay € C[y, 2] is homogeneous of degree 2, and A;, B;, C;, D; € Cly, z,t] are homoge-
neous of degree i. Define the bidegree (5,6) complete intersection X, isomorphic to X,
by

X:V(f,—z&+a*— Dg) CP(1,1,1,1,3,5)

with variables x,y, z,t, a, £, where
f ==&+ 2aay + 2axt + 2* 2 Ay + 1t Bs + Cs.
The isomorphism is given by
XX
[r,y,2,t,w] — [:p, y,z,t, o, 2d ay + 20/ wt + 2*t* Ay + xtBs + Cs
where o = w + 2%t + xay, with inverse
(2,9, 2,t,0,&] = 2,9, 2,1, a — 2%t — zay).

We describe the divisorial contraction ¢: Yy — X. Define the toric variety

t
2)
2 Y

as in Example 2.15. Let ® be the ample model of V(z), that is,

w w Q2
S Ot iy

Yy oz
11
11

O~ K

u
0
Toi (_1

®: Ty — P(1,1,1,1,3,5)

[u,2,y, z,a, &, t] — [x,uy,uz,u2t7u3a,u6§].

Let Yj be the strict transform of X. Let ®* denote the corresponding C-algebra homomor-
phism, namely

®*: C[l’, y7 Z7 t’a7 5] _> Cl:“?'q;’y? Z’a7 57{:]
O x s x, Yy uy, 2= uz, teu’t, o uda, € ubE
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Define
Ay = Ai(y, z, ut), By = Bs(y, z, ut), Cy = Cs(y, z, ut), Dy = Dg(y, z, ut)
and define the polynomial g = ®* f /u®, that is,
g = —uf + 2aay + 2axt + 2*? Ay + 2tBy + Cy.
Then, Yj is given by
Yo: V(Iy) C Ty where Iy = (g, —2€ +a® — Dy).

We will see later that Iy 2-ray follows Tj. Note that there exist other ideals that define
the same variety Yy C Tp (see [Cox95, Corollary 3.9]), but where the ideal might not 2-ray
follow Tp. Also note that we have not (and do not need to) prove that the ideal Iy is
saturated with respect to u, although in general, saturating might help in finding the ideal
that 2-ray follows Tj. The morphism Yy — X is the restriction of Ty, — P(1,1,1,1, 3,5).
Locally, (Yp), — X, is the (3,2, 1, 1)-blowup of V(f’) C C* with variables a,t,y, z, where

' = —a® 4 2aas + 20t + t* Ay + tBs + Cs + Dg.

Since wt f' = 5, by Proposition 4.5, (Yp), — X, is a (3,2, 1, 1)-Kawakita blowup.

The first diagram in the 2-ray game for Y; is 10 Atiyah flops, under Condition 5.1. We
describe the diagram Y, — Xy < Y; globally. Multiplying the action matrix of Ty by the
matrix (1 ¢), define

u r oy z al|& t
T'(0111351)
V=1 =100 01 1)

Define Y; by V(Iy) C T;. Define the morphisms Yy — Xy and Y3 — X, as the ample
models of V(y). The exceptional locus of Yy — X is By = V(&,t) C Yy, the exceptional
locus of Y — Xg is Ef = V(u,z) C Y}, and the base of the flop is

{Pz} = V(QQQQ + 05(y7 Z, 0)7 052 - D6<y7 Z, O)) g ]P)(la 17 3) g %07

where P(1, 1, 3) has variables y, z, a. If aq, C5(y, 2,0) and Ds(y, z,0) are general enough,
that is, if Condition 5.1 is satisfied, then the base of the flop is 10 points {P; }1<i<10, and
both E; and Ei are 10 disjoint curves mapping to {P;}1<i<1o-

We show that locally analytically, the diagram Yy — Xy < Y7 is 10 Atiyah flops. Let
P € X, be any point in the base of the flop. Then, P has either y or z coordinate non-zero.
We consider the case where the y-coordinate is non-zero, the other case is similar. Since
the base of the flop is 10 points, the point P is smooth in P(1,1,3). By the implicit
function theorem, we can locally analytically equivariantly express o and z in terms of
the variables u, x, &, t on the patches (Yp),, (X0), and (Y7),. So, the flop Y5 — Xo + V) is
locally analytically a (1,1, —1, —1)-flop, the so-called Atiyah flop, around P.

The last morphism Y; — Z in the link for X is a divisorial contraction. Multiplying the

action matrix of Ty by the matrix (g :?) with determinant 4, we see that

e

t

o)

AN~
N S8
_ =
— =W
w w QR
= O i
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Let Y7 — Z be the ample model of %V(ﬁ), that is,

Y, - Z
u,x,y, 2z, o &t — t%u ti tiz t%x t%oz .
[ ) 7y7 ) 757 ] |: b y’ ) ) )

Then Z is the bidegree (5,6) complete intersection
Z:V(h, —x& + o* — Dg(y, z,u)) CP(1,1,1,2,3,4)

with variables u, y, z, x, a, £, where the h is given by applying the C-algebra homomorphism
t — 1 to g. The morphism Y; — Z contracts the exceptional divisor V(¢) C Y] to the
point Pr = [0,0,0,0,0,1]. On the quasiprojective patch (Y7)¢, we can express u and z
locally analytically equivariantly in terms of y, z, o, t. So, the morphism Y} — Z is locally
analytically the Kawamata weighted blowdown (see [Kaw96]) to the terminal quotient
singular point P of type 1/4(1,1,3). ]

Remark 5.5. We explain below how we found the variety X. We start with the variety
X, given by Theorem A. Next, we perform the coordinate change X — X given in
Equation (4.4) of Corollary 4.9, with (r1,72,a,1) = (3,2,1,1), po = as and vy = 1. We see
that X is isomorphic to

X:V(f) CP(1,1,1,1,3)
with variables z, vy, z,t, o, where
f = a(—a+ 222 + 2zay) + 23 A) + 2°tBs + 2C5 + Dg.
We construct a (3,2, 1, 1)-Kawakita blowup Yy — X. Define the toric variety T, by

t
2)
by

u Ty z
—.<0111
-1 01 1

w w Q2

In other words, T} is given by the geometric quotient

_ CO\V((u,z) N (y,z,a,t))
: P '

Let @ be the ample model of V(z), and let Yy C Ty be the strict transform of X. By Corol-
lary 4.9, Yy — X is a (3,2, 1, 1)-Kawakita blowup. Alternatively, we use Proposition 4.5 on
the patch (Yy), — X, to show it is a (3, 2,1, 1)-Kawakita blowup, like in Proposition 5.4.

We show that Iy does not 2-ray follow 7. We describe the next (and the final) map in

the 2-ray game for Tj. Acting by the matrix (% j), we can write T by
t

( o)

The ample model of the divisor V(y) is the weighted blowup

12

Ty

[
= O W

x
1
2

— o
w o R

Ty — P(1,1,1,2,3)

[u,x,y, z,a, t] = |y, 2z, ut, xt, o,
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where the centre is the surface P(1, 1,3) given by V(u,z) C P(1,1, 1,2, 3) with variables
Yy, z,u,x,a. Above every point in P(1,1,3), the fibre is P!. Define

Z:V(h) CP(1,1,1,2,3)

where B
h = a(—ua + 22% + 2xay) + 22 Ay + 2By +2Cy +uDy,

where
Ay = Ai(y, z,u), By = Bs(y, z,u), Cy = Cs(y, z,u), Dy = Dg(y, z,u).

We show that when restricting the weighted blowup to Y; — Z, the exceptional lo-
cus is 1-dimensional. After restricting to Yp, the exceptional divisor V() becomes
V(t, z(2aas + Cs(y, 2,0)) + u(—a? + Dg(y, 2,0))). By Condition 5.1, there are exactly 10
points P, ..., Py € P(1,1,3) C Z such that 2aay + Cs(y, 2,0) and —a? + Dg(y, z,0) have
a common solutlon Above each of those points, the fibre is P'. Above any other point,
the fibre is just one point. Therefore, the morphism Yy — Z contracts 10 curves onto 10
points, and is an isomorphism elsewhere. This shows that Y does not 2-ray follow T,
since a 2-ray link ends with either a fibration or a divisorial contraction.

The problem with the previous embedding was that g belonged to the irrelevant ideal
(u, ). We “unproject” the divisor V(u,z), to embed Y} into a toric variety T, such that
Yy 2-ray follows Ty. The varieties Yy C T are defined as in the proof of Proposition 5.4.
We see that Y} is isomorphic to Yy through the map

Oé2 — Dy
I:qu?y?Z?a?t] '_> u? x?y’ Z? a’ €T 7t *

The map is a morphism, since we have the equality

a? — Dy _ 2aay + 2axt + 2?2 Ay + xtBy + Cy

T u

in the field of fractions of Clu, z,y, z, o, t], and either x or u is non-zero at every point
of Ty. For more details on this kind of “unprojection”; see [Rei00, Section 2] or [PR04,
Section 2.3].

Now, the coordinate change Yy — Yj induces a coordinate change X — X, where X is
defined as in the proof of Proposition 5.4.

5.3. cAs; model

Proposition 5.6. A sextic double solid X which is a Mori fibre space with a cAs singularity
satisfying Condition 5.1 has a Sarkisov link to a sextic double solid Z with a cAs singularity,
starting with a (3,3,1,1)-blowup of the cAs point in X, then four Atiyah flops, and finally
a (3,3,1,1)-blowdown to a cAs point. If in addition c, is general after fixing a;, b; and dg
in Notation 3.4, then X and Z are not isomorphic. Under further generality conditions,
both X and Z are smooth outside the cAs point.

Proof. We exhibit the diagram below.

e S v
(3,3, y \ / (3,3,1,1)
CA5€XCP14 CA5€Z§IP(14,3)
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We construct X and a (3,3, 1, 1)-Kawakita blowup Yy — X. Using Theorem A, and
performing the coordinate change in Equation (4.5) of Corollary 4.9 (with ps = as), we
can write a sextic double solid X with a cAsy singularity by

X:V(f,—-f+at+ap) CP(1,1,1,1,2,3),
with variables x, vy, 2, t, 3, w where
f = —w?+2B(2b3 — 4Ba; + 8xta, + xf) + 42*t?ag + 1*t* By + 2tCy + Dg,

where B;, C;, D; € Cly, z,t] are homogeneous of degrees i. Define T by

t
y
5 )
Let ®: Ty — P(1,1,1,1,2,3) be the ample model of V(z), Yy C Ty the strict transform
of X, and Yy — X the restriction of ®. Then, Yj is given by

u

Ty z w
0 1/1 1 3
TO'(—10113

w N ™

Yo: V(Iy) € Ty where Iy = (®*f/u®, —uf + ot + as),

and Yy — X is a (3,3, 1, 1)-Kawakita blowup.
We show that the first map in the 2-ray game for Y, is a flop, locally analytically 4
Atiyah flops, under Condition 5.1. Acting by the matrix ( 1 ), we find

u X
0 1
T°:<—1 1

The base of the flop in P(1,1,3) C X, is given by V(as, —w?* + Dg(y, 2,0)) C P(1,1, 3).
If ay and Dg(y, z,0) are general, that is, Condition 5.1 is satisfied, then this is exactly 4
points. In this case, any such point P is a smooth point in P(1, 1, 3). Consider the case
where the y-coordinate of P is non-zero, the case where z is non-zero is similar. Locally
analytically equivariantly, we can express z and w in terms of u, z, 3, in Yy, Xy and Y.
So, the diagram Yy — X, < Y] is locally analytically four Atiyah flops.

The last map in the 2-ray game of Yj is a weighted blowdown Y; — Z. After acting by
(g :f) on the initial matrix of Ty, we find that T} is given by

2

y z w Bt
11 3 2 1>
000 11

u Ty z w|f t
T_<231130—1>
"\12113|1 0)

We see that Z C P(1,1,1,1,2,3) with variables 3, u,y, z, z, w is given by the ideal
Iy = (h,—uf 4+ z + as),
where h is given by sending ¢ to 1 in ®* f/u®, namely
h = —w® + 13(2b3 — 4uBa; + 8ra; + x3) + 4x°ag + 2°By + 2Cy + Dy

and
Bz = By(y, z,u), Cy = Cyly, z,u), Dy = Dg(y, z,u).
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Substituting * = uf8 — as into h, we find that Z is a sextic double solid. Applying the
explicit splitting lemma (Proposition 3.2), we find that the complex analytic space germ
(Z, P3) is isomorphic to (V(hana), 0) C (C*,0) with variables w, u, y, z, where

hana = —’UJ2 + U2 + dﬁ — (bg — 2@1@2)2 + (hOt n Y, Z),

where (h.o.t in y, z) stands for higher order terms in the variables y, z. So, Ps € Z is a
cAs singularity. On the patch where [ is non-zero, we can substitute u = xt + as, so
the morphism (Y7)s — Zj is a weighted blowup of a hypersurface given by a weight 6
polynomial. By Proposition 4.5, Y1 — Z is a (3,3, 1, 1)-Kawakita blowup.

We show that X and Z are not isomorphic when as # 0 and ¢4 is general, using
a dimension counting argument similar to [GLS07, Theorem 2.55]. Using the explicit
splitting lemma, we find that the complex analytic space germ (X, P,) is isomorphic to
(V(fana),0) C (C*,0) with variables w, t,y, z where

fana = —w? + 12 + dg — 2asc4 + 2a3by — dagal — (bs — 4ajas)* + (h.o.t in y, 2).

If X and Z are isomorphic, then this implies that the complex analytic space germs (X, P,)
and (Z, Ps) are isomorphic, implying by Propositions 2.5 and 2.4 that the degree 6 parts
of fana(0,0,7,2) and han,(0,0,y, z) are the same up to an invertible linear coordinate
change on vy, z. Fixing ag, a1, as, by, by and dg, we see that h,,.(0,0,y, 2) is fixed, but
Jana(0,0,y, ) has 5 degrees of freedom. Since there are only 4 degrees of freedom in picking
an element of GL(C, 2), the polynomials f,,.(0,0,y, 2) and ha,.(0,0,y, 2) are not related
by an invertible linear coordinate change when ¢4 is general. This shows that if X is
general, then the varieties X and Z are not isomorphic. O]

5.4. cAs model

Proposition 5.7. A sextic double solid that is a Mori fibre space with a cAg singularity
satisfying Condition 5.1 has a Sarkisov link to a hypersurface Zs C P(1,1,1,1,2) with a cAs
singularity, starting with a (4,3,1,1)-blowup of the cAg point, then two (1,1, —1, —1)-flops,
then a (4,1,1,—-2,—1;2)-flip, and finally a (2,2,1,1)-blowdown to a cAs point. Under
further generality conditions, the singular locus of Z consists of 3 points, namely the cAs
point, the 1/2(1,1,1) quotient singularity and an ordinary double point.

Proof. We exhibit the diagram below.

2><(11—1—1) (4,1,1,—2,— 12

“V\/\/Y”

cAg € X CP(14,3 cAs € Zs C P(14,2)

We construct X and a (4,3, 1, 1)-Kawakita blowup Yy — X. Using Theorem A and
Corollary 4.9 with py = as and p3 = b3 — 4ajao, we can write a sextic double solid X with
a cAg singularity by

X: V(fa _ﬂ +at + a2) c P(L 17 17 17 273)7
with variables x, vy, 2, t, 3, w where

f=a(—a+2(bs — 4Bay + 4xtay + xf3))
4 2B(cy — Bby + 2wthy + 22Bay + 2%ag — 6xtPag + 62°t%ay)
+ 2*t3 By + xt*Cy + tDs
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where B;, C;, D; € Cly, z,t] are homogeneous of degree i. Define Tj by

)

Let ®: Ty — P(1,1,1,1,2,3) be the ample model of V(z), Yy C Ty the strict transform
of X, and Yy — X the restriction of ®. Then, Y} is given by

u

rT|lYy z
0 1]/1 1
T0'<—1011

=~ w O
w N ™
DN —

Yo: V(Iy) € Ty where Iy = (®*f/u’, —uf + ot + as),

and Yy — X is a (4,3, 1, 1)-Kawakita blowup.

We show that the first diagram Yy, — Xy < Y; in the 2-ray game for Y} is locally
analytically two Atiyah flops under Condition 5.1, namely that V(ay) C P! with variables
y, z consists of exactly two points, and for both of the points P, either bs(P), c4(P) or
ds(P) is non-zero, where Dy = t3dy + 2t*d; + t3dy + 2t?ds + tdy + 2d5. Acting by the matrix
(fl ’13), we find

u T |y z a [t
T'(34110_1_2>
\-1 —-1]0 0 1 1 1
Under the above condition, after a suitable linear change of coordinates on y, z, we find that
ay = yz. Let P =V(z) € P! C Xy, the case where P = V(y) is similar. On the patch where
y is non-zero, we can substitute z = u8—xt. The contracted locus is P* = V(«, §,t) C (Y5),,
and the extracted locus is V(u,z) = V(u, z, abs(1,0) + Becy(1,0) + tds(1,0)) C (Y3),. By
Condition 5.1, we can express one of «, 3,t equivariantly locally analytically in the other
variables. So, the flop diagram Yy — Xy + Y7 is locally analytically a (1,1, —1,—1)-flop
above both of the points.

We show that the next diagram in the 2-ray game of Yy is a (4,1,1, —2, —1;2)-flip (this

is case (1) in [Bro99, Theorem 8]). The toric variety 7 is given by

y zla [t
1 110 -1 —2>
o o1 1 1)

u T
3 4
The base of the flip is P, =[0,0,0,0,1,0,0]. On the patch where « is non-zero, we can
express u locally analytically and equivariantly in terms of x,y, z, 8,t. After substitution,
the ideal is principal, with generator f' = —f - (22 +...) + 2t 4+ as. Under Condition 5.1,
ay has a non-zero coefficient in f’, so the flip diagram corresponds to case (1) in [Bro99,
Theorem 8]. The flips contracts a curve containing a 1/4(1, 1, 3) singularity and extracts
a curve containing a 1/2(1,1, 1) singularity and an ordinary double point. The ordinary
double point on Y5 is at [ug,0,0,0,2,1, 1] for some u, € C.
We show that the last map in the 2-ray game of Y} is a weighted blowup Yo — Z, where
Z is isomorphic to a hypersurface Z5 C P(1,1, 1, 1,2) with variables u,y, z, 5, . Acting
by the matrix (g :%) on the initial action-matrix of 7p, we find that 75 is given by

t

Yy B
1 0—1)
1 1 0 )

N — O

z
1
1

o w8y

u
2
(2
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Define the bidegree (5,2) complete intersection Z: V(h,as —uf +x) C P(1,1,1,1,2,2)
with variables u,y, z, 8, x, a, where

h = a(—ua + 2(bs — 4ufay + 4zay + z5))
+ 2B(cy — uBby + 2wby + 22801 + 2u*B2ay — 6uzrPag + 61%ay)
+2°By +2Cy + Dy,

where
Bz = Bi(y, z,u), Cy = Cs(y, z,u), Dy = Ds(y, z,u).

The morphism Y, — Z given by the ample model of V() is a weighted blowdown with
centre Py and exceptional locus V(t). Substituting

r=uf — as (5.1)

into h, we find that Z is isomorphic to a hypersurface Z5 C P(1, 1,1, 1, 2) with variables
u,y, 2z, B,a. The substitution (5.1) does not lift onto Y. Instead, on the patch Zz, we
can substitute v = (ag + x)/f. This substitution lifts to (Y3)s. By Condition 5.1, Ps € Z
is a cAjs singularity and the hypersurface Zz is given by a weight 4 polynomial. By
Proposition 4.5, (Ya2)s — Zs is a (3,1, 1, 1)-Kawakita blowup.

Note that Z has an ordinary double point at [ug, 0,0, 1, 2] for some g € C. O

5.5. cA; family 1 model

Proposition 5.8. A Mori fibre space sextic double solid with a cA; singularity in family 1
satisfying Condition 5.1 has a Sarkisov link to Zs, C P(1,1,1,1,2,2) with an ordinary
double point, starting with a (4,4,1,1)-blowup of the cA; point, then two (4,1,1, -2, —1;2)-
flips, and finally a blowdown (with standard weights (1,1,1,1)) to an ordinary double
point. Under further generality conditions, Z has exactly five singular points, namely two
1/2(1,1,1) singularities and three ordinary double points.

Proof. We exhibit the diagram below.

2x(4,1,1, 2—12)

Yy — ¥y -l
(4,4V \ / &11
cA; € X CP(14,3) ODP € Zs, C P(1%,2?)

We construct X and a (4,4, 1, 1)-Kawakita blowup Yy — X. We can write a sextic
double solid X with an isolated cA; singularity in family 1 by

X V(f,ﬁ-&?t—?”g,’}/—évﬁ—Sg) QP(1717171727373)
with variables x,y, z,t, 3,7y, w, where

f=—w?+~2 = 2tyes + 28%5 + 2tBes + dtyby — 23%by — 2t3%by + 4zt Bby
+ 22%t*by — 16tya? + 165%a? + 4Bva, — 83%ag + 122t 5%ag + xt3Cy + 12Dy,

where C;, D; € Cly, z,t] are homogeneous of degree i. Define T, by

O = 8
_ =
— =W
~ w8
w2
w N ™
N — o+
~—

u
0
T()Z <_1
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Define Y by
Yy: V(Iy) C Ty where Iy = (®*f/ub, uB —ry — at, uy — s3 — z3).

The ample model of V(z) C Yj is a (4,4, 1, 1)-Kawakita blowup Yy — X.
We show that the diagram Yy — Xg < Y7 induces an isomorphism Yy — Y;. Acting by

the matrix (fl - ), we find

u x|y z w vy B 1
T§<341100_1_2>
"\ -1 -1jo0 1 1 1 1)
Define T}, respectively Ty, with the same action as Ty but with irrelevant ideal (u, z,y, z) N
(w,, B,t), respectively (u,z,y,z,w,v) N (B,t). Define Y7 C T} and Yy C T5 by the same
ideal Iy. The base of the flop Ty — Tk, < T} restricts to V(ry, s3) C P! C X,, which is
empty. Therefore, Yy — Xy and X, < Y are isomorphisms.

We show that the next diagram Y; — X; < Y5 in the 2-ray game of Yj is locally
analytically two (4,1,1, -2, —1;2)-flips. The only monomials in ®* f/u® that are not in
(u,z,y,2,0,t) are —w? and v2. Therefore, the base of the flip is two points, [1,1] and
[—1,1] € P! with variables w and v inside X;. We make a change of coordinates w’ = w—+,
respectively w’ = w + =, for the flip above [1, 1], respectively [—1,1]. On the patch where
7 is non-zero, we can substitute u = s3 + x3 in ®* f /u®, and express w’ locally analytically
and equivariantly above [1, 1], respectively [—1, 1], in terms of z,y, z, 8, t. After projecting
away the variables u and w’, we are left with the principal ideal (8s3 — 75 + 3% — xt).
Since it contains both ry and zt, by case (1) in [Bro99, Theorem 8|, it is a terminal
(4,1,1,—2,—1;2)-flip above both [1,1] and [—1,1]. The flip contracts two curves, both
containing a 1/4(1, 1, 3) singularity, and extracts two curves, both containing a 1/2(1,1,1)
singularity and a cA; singularity. The cA; points are both ordinary double points if 7o is
not a square of a linear form, and are both 3-fold A, singularities (given by x? +x2+ 22 +x3)
otherwise. On Y5, the cA; singularities are at [0,0,0,0,1,1,1,1] and [0,0,0,0,—1,1,1,1].

We show that the last map in the link for X is a divisorial contraction Y5 — Z’. Acting
by the matrix (3 :%) on the initial action-matrix of 7y, we see that

u x Yy z w y|lB t
T’i(2311110_1>
" \1 2112 2|1 0)
Define Z' C P(1,1,1,1,2,2,2) with variables u,y, z, ,w, v,z by the ideal Iz, where I
is the image of the ideal Iy under the homomorphism ¢ — 1. Let Y5 — Z’ be the ample
model of V(3). On the affine patch Zj, we can express v and z locally analytically
and equivariantly in terms of y, z,w,~v,3,t. This coordinate change lifts to Y5. By
Condition 5.1, we can compute that P; € Z' is an ordinary double point, and Y, — Z' is
locally analytically the (usual) blowup with centre Pg.
The variety Z' is isomorphic to a complete intersection Z3, C P(1%,2?), by projecting
away from x. The variety Z is given by

Zza: V(=83 + Bry +uy —uB® h) CP(1,1,1,1,2,2)
with variables u,y, z, 8, w, v, where

h=—w?+ 72 + 2b0r§ — 4Bbyry — 4uBbyrs — 125%agry — 2ves + 26%ey + 2Bc3 + 4by
— 2B8%by + 2uf%by + 2uB2by — 167va3 4+ 165%a2 + 4B8var + 4uB’ag + (uf — r2)Cy + Dy,
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where C; = Cy(y, z,u) and Dz = Dy(y, z,u). The variety Z has two cA; singularities at
[0,0,0,1,1,1] and [0,0,0,1, —1, 1]. 0

Remark 5.9. We explain how we found the variety X. Using p, = 2 and p3 = s3, we can
write a sextic double solid with an isolated cA; in family 1 by X : V(f, 2%t + xry + 53 — 7)
inside P(1,1,1,1, 3, 3) with variables x,y, z,t, w, ¥, where f is given as in Theorem A. The
(1,1,4,4,2)-blowup Yy — X for variables y, z,w, 7, is a (4,4, 1, 1)-Kawakita blowup, but
the 2-ray game of Y, does not follow the ambient toric variety T, 0. Namely, the toric
anti-flip T, — Ty, < T, restricts to Yy — Xy « Y3, where Yy — X, is an isomorphism
and X, < Y; extracts P2, a divisor on Y;. The reason why Y; was not the correct variety
is that one of the generators of the ideal of Y} is g1 = x*t + a7y + uss — u?, which is
inside the irrelevant ideal (u,z). We find the correct variety Yy by “unprojecting” g; = 0
with respect to u,z. By “unprojection”, we mean the coordinate change Yy — Yj, an
isomorphism. See [Rei00, Section 2| or [PR04, Section 2.3] for more details on this type of
unprojection. This coordinate change induces the coordinate change X — X, where X is
given as in the proof of Proposition 5.8.

5.6. cA; family 2 model

Proposition 5.10. A Mori fibre space sextic double solid with a cA; singularity in family 2
satisfying Condition 5.1 has a Sarkisov link to a complete intersection Zo 4 C P(1,1,1,1,1,2)
with a cAs singularity, startz’ng with a (4,4,1,1)-blowup of the cAz point, followed by one
Atiyah flop, then two (4,1, —1,—=3)-flips, and finally a (3,3,2,1)-blowdown to a cAs point.
Under further generality condztzons, the variety Z is smooth outside the cAs point.

Proof. We exhibit the diagram below.

yo QAThoD acaa ooy
(447 \ / \ / &,3,2;1)
cA; € X C ]P) 14 cAs € Z274 - ]P(15,2)

We describe the sextic double X. Define X C P(1,1,1,1,2,3,3,3) with variables z, y,
z, t, B, w, v, & by the ideal

Ix = (f —2e3¢, B—qur1 — at, v — s — 23, —§ +tsy — fry), (5.2)
where
f = —w?+~2 4 2tBes + Atyby — 28%by — 2t3%by + 4xt?Sby + 22°t1b
— 16tvya? + 165%a2 + 4Bva; — 8B%ag + 122t 3%ag + 2t*Cy + 12Dy
where C;, D; € Cly, z,t] are homogeneous of degree i.
We describe the weighted blowup Yy — X, restriction of ®: Ty — P(1,1,1,1,2,3,3,3).
Define Ty by
t
1
)

g — 26357 Uﬂ — Q11 — :L‘tv uy — q1s2 — xﬁa
_U’é—i_tSQ _Brb _xf‘i‘BSQ — 7T, _Q1§+t’7_527

w N ™
ol W M

z w7y
1 3 3
1 4 4

Define Yy C Ty by the ideal Iy with the 6 generators
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where g = ®* f /u®. On the affine patch X, we can express 3,¢ and £ in terms of w, v, ¥, 2,
to get a hypersurface in C* given by fiy, € Clw,,y, z]. Note that these coordinate changes
lift to (Yp),. Since fny, has weight 8, by Proposition 4.5, Yy — X is a (4,4, 1, 1)-Kawakita
blowup.

We show that the first diagram Yy — Xy < Y7 in the 2-ray game of Yj is an Atiyah
flop, provided that m and ¢ are coprime in Cly, z]. Acting by the matrix (_41 ’13> on the

action-matrix of Tj, define T} by

u

r y zlw vy [B & t
3 4 1 1|]0 0 -1 -3 =2
T1 . < ) .
-1 -1 001 1 1 2 1
Define Y; C T; by the ideal Iy. The base of the flop is V(¢q;) C P! with variables v, z,
which is one point. Perform a suitable invertible linear coordinate change on y, z such
that ¢; = z and ry = y. Since uf8 — q;r; — «t is in Iy, we can substitute z = uf — xt on
the patch where y is non-zero. The coefficients of § in —ué + tsy — fy € Iy and ~ in
—x€ + sy — vy € Iy are non-zero on the patch where y is non-zero. Therefore, we can
locally analytically equivariantly express [ and  in terms of u, x, w,t. After substituting
z, 3,7, we find that the diagram Yy — X, < Y7 is locally analytically the Atiyah flop.

The next diagram in the 2-ray game of Yj is the flip Y; — X; < Y5. The base of the flip
is V(7?2 — w?) C P! with variables w,~, which is two points [1,1] and [—1,1]. We consider
the point P = [1, 1], the flip for the other point is similar. Perform a coordinate change
w’ = w — 7. On the patch where v is non-zero, we find u = ¢155 + 23 and t = ¢, £ + %
Writing ¢; = 2z and r; = y as before, we find y = —x& 4+ [Fso. We are left with the
principal ideal in C[z, z, v/, 3, €] generated by —w'(2 + w') 4 terms not involving w’. So,
we can locally analytically equivariantly express w’ in terms of x, z, 3,£. So, the diagram
Y1 — X1 + Y3 is locally analytically two (—4,—1, 1, 3)-flips.

The next diagram in the toric 2-ray game 75 — T%, <— T35 restricts to isomorphisms
Yy — Xy < Y5. The reason is that the base of the toric flip Ps restricts to an empty set
in X, since Iy contains the polynomial ty — 5% — ¢€.

We show that the last diagram in the 2-ray game of Y} is a divisorial contraction Y3 — Z.
Multiplying the action-matrix of T} by (23 ), we see that T3 is given by

u Bl1E t

3 110 —1
Is: < 1 1{1 0 )
Consider the variety Z C P(1,1,1,1,1,2,2,2) with variables &, u,y, z, 3, x,w,y where
Y3 — Z is the ample model of V(£). On the patch Z¢, we can substitute u = sy — fry,
x = sy —ry and z = v — 32, and compute that Z is a hypersurface given by a weight
6 polynomial, with a cA, singularity at P € Z, of type at least 2 (see Definition 4.7).

These substitutions lift to (Y3)¢, showing that Y3 — Z is a (3, 3,2, 1)-Kawakita blowup
with centre P. If the coefficients are general, namely when

[NCING S

y z
2 2
11

o ow 8

~
3
2

—2es + 8B%agrs — 23%bs + 12526% € Cly, g

is not a full square, where r5 = ri(y,—f3%), esg = es(y,—f5%), ag = a1(y,—3%) and
bs = ba(y, —(3?), then the point P is exactly of type 2.

The variety Z is isomorphic to a complete intersection Zs4 C P(1,1,1,1,1,2) with
variables u, v, z, 3, &, w. We see this by substituting x = uf — ¢;m and v = @& + 3%. We
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find that Z is isomorphic to Zs4: V(—ué + sy — fry, h), where

h=—w’+ 5261% — 2e3€ + 54 + 2bOQ%T% —4B8biqar — 4uPBboqir — 1252610611?"1 +4Ebaq
— 16€aiq) + 4Barqy + 23°Eqn + 2Bcs + 28%by + 2uB*by + 2u*B%by + 45%a; + 4uBiag
+ (uf — q1r1)Cz + Dy,

where C; = Cy(y, z,u) and Dz = Dy(y, z,u). O

Remark 5.11. We explain below how we found the embedding of X. Using Theorem A
and the coordinate change in cA; family 1, we can write a sextic double solid X with an
isolated cA7 in family 2 by

X: V(f - 263(t82 - /BTI)u /8 —axl — qiry, Y — I'/B - 9132) g ]P(17 ]-7 ]-7 17 27 37 3)

with variables x,y, z,t, 3, v, w. B B B
We construct a (4,4, 1, 1)-Kawakita blowup Yy — X. Define Ty by

t
)
5 )
Let To — P(1,1,1,1,2,3,3) be the ample model of V(z) and Yy C Tp the strict transform
of X. Then Yj is given by the ideal Iy = (g1, ..., 7s), where

u x|y 2
—.<0111
-1 01 1

e~ w 8
B~ W 2
W N @

g1 = ug + 2e3(Br1 —ts3), G = uf —qir1 — at, g3 = uy — 152 — 3,
g1 = g + 2e3(yr1 — Bs2), G5 = q1g + 2e3(B8° — t7)).

The morphism Yy — X is a (4,4, 1, 1)-Kawakita blowup, as can be checked on the patch
(Yo)s = Xo.

Note that we do not prove that Iy is saturated with respect to u. In fact, the saturation
will not be Iy if we do not use assume some generality conditions, similarly to cAg and cA;
family 1. As a heuristic argument to see why I3 might be saturated in the general case
(“general” meaning a Zariski open dense set of the parameter space), we can use computer
algebra software, pretend that a;, b;, ¢;, d;, q1, 1, S2, e3 are algebraically independent
variables of a polynomial ring over Q or Z, for a large prime p, and calculate that the
saturation in that case indeed equals the ideal Iy .

Similarly to the diagram Yy — Xy < Y] in the proof of Proposition 5.10, the diagram
Yy — Xo < Y; is an Atiyah flop, provided r; and ¢, are coprime.

We show that Iy does not 2-ray follow Ty, namely that the diagram Y, —» X « Y,

contracts a curve and extracts a divisor. Acting by the matrix ( A _13> on the action-matrix

of Ty, define T} by
u

x oy z|lw v [t
T_<3 4 1100—1—2)
"\-1 -100f1 1 1 1)
and define Y; C T} by the zeros of Iy. We consider the toric flip T — ngl « T and
restrict it to }71_—> X, « Y,. Since Iy is the zero ideal when restricting to V(u,z,y, z, 8,1),
the base P! C T%, of the toric flip restricts to P* C X; with variables w,~. The morphism

Y; — X; contracts a curve P! to both of the points [1,1] and [1, —1] in the base P* C X;
and is an isomorphism elsewhere. The morphism X; + Y5 extracts a curve P! for every
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point in the base P! C il, so extracts a divisor on Y. The diagram Y, = X1 « Y; is not
a step in the 2-ray game of Yy, so Iy does not 2-ray follow Tj. The reason for this was
that the ideal Iy is contained in (u,x,y, 2), so the surface V(u,z,y, z) C T exists on Ys,
but does not exist on T7.

We “unproject” g; = gs = g5 = 0 with respect to u, z,y,z in Y; C T}, to find a variety
Y; C T,. We explain below what we mean by this. We can write the system of equations
g1 = g4 = g5 = 0 in the matrix form

g 0 0 pry—tsy z

0 g 0 vry—fsoy J =0.
5 1

00g pB"—1ty %s

If the above equations hold, then we have

0 0 pBry—tssy g 0 p[ri—tsy g 0 pBri—tsy g 0 0
g 0 ~r— Bsy 0 0 7r1— fBs2 0 g r1i—Bs2 0 g 0
0g -ty 0g -ty 00 -ty 00y
U B —x a Q1 a —2e3
Calculating the determinants and dividing by —g?, we find the equalities
t82—57”1:582—77’1:t7—52:i (5.3)

u x 0 2es’

between elements of the field of fractions of Clu,z,y,z,w,~,3,t]/Iy. Using the Equa-
tions 5.3, we see that the morphism Y; — Y] given by

S — 5?"1 ]

t
[u7x’y7z7w77’/67t:|H[“)'T’y?Z’w”Y’/B u

is an isomorphism, where Y; is described in the proof of Proposition 5.10.
The coordinate change Y; — Y7 induces an isomorphism X — X, giving the variety X.

5.7. cA; family 3 model

Proposition 5.12. A Mori fibre space sextic double solid with a cA; singularity in family 3
satisfying Condition 5.1 has a Sarkisov link to a degree 2 del Pezzo fibration, starting with
a (4,4,1,1)-blowup of the cAz point and followed by two Atiyah flops.

Proof. We exhibit the diagram below.

2,,,(},1,:1,:1,) Y, =5 Y,
(4,4, V \ / YPTﬁbration
cA7eXCIP’14,3 P!

First, we define X and a (4,4, 1, 1)-Kawakita blowup Yy — X. Any sextic double solid
with an isolated cA; family 3 can be given by a bidegree (6,2) complete intersection

X:V(f,—=€+ts; —qo—at) CP(1,1,1,1,2,3)
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with variables x,y, z,t, &, w, where
f=—w?+2%6% — 26ey + E3(s + 4ay sy + 2ws) — 20y + 1642 + 4xa; + 8ay)
+ t(ts] + dtar s} — St?agss — 2687 + 2thyst — 2t°bys] — 8€ays] + 24t€agst
+ 12:1:152@03% — 2.%58% + 2tcgsy + 4t€Ebi s, + Axthys; — 165&%51 — 4x€ay s,
— 24€%ags, — 24xtlags, — 26cy — 4x€by — 2620y — dxtéby + 22%t3by 4 162€a?
+ 122€%ag + xt*Cy + tDy),

where C;, D; € Cly, z,t] are homogeneous of degree i. Define

t

)

L

Define ®: Ty — P(1,1,1,1,2,3) by the ample model of V(z), and define Yj as the strict
transform of X. Then, Y} is given by

u

Ty z
0 1/1 1
TO'(—1011

e~ w &
N RS

Yo: V(Iy) C Ty where Iy = (®*f/u®, —u?¢ + uts; — qo — xt),

Using Proposition 4.5, we see that Yy — X is a (4,4, 1, 1)-Kawakita blowup.
We describe the flop Yy — X < Y. Multiplying the action-matrix of Ty by (§ '), we
find
u x|y z w & t
T’i(l 100—1—2—1)
o=\ -1 0|11 4 4 2)

The base of the flop is given by V(¢,) C P! C X,. After a suitable coordinate change on
Yy, z, we find go = yz. Consider the flop over V(y), the flop over the other point is similar.
Since ¢o and e4 have no common divisor, on the patch where z is non-zero, we can express
y and & locally analytically equivariantly in terms of u, z,t, w. So, Yo — Xy < Y} is locally
analytically two Atiyah flops.

The morphisms Y; — X; « Y5 are isomorphisms, since w? has a non-zero coefficient
in ®* f/u®.

We show that Y5 is a degree 2 del Pezzo fibration. Multiplying the original action-matrix
of Ty by the matrix (3 % ) with determinant —1, we find

u x Yy z wl|€ t
T'<O 111 3|2 1)
>*\1 211 2/00)
The ample model of V(¢) is
Yo — P(2,1)

[u7 x? y? Z? w? 57 t] |_) [57 t]'

Since P(2, 1) is isomorphic to P!, we see that Y3 is a fibration onto P'. On the patch (Y5),,
we can substitute x = us; — ¢a — u2€, to find that the general fibre is a weighted degree 4
hypersurface in P(1, 1, 1,2), so a degree 2 del Pezzo surface. O
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5.8. cAg model

Proposition 5.13. A Mori fibre space sextic double solid with a cAg singularity satisfy-
ing Condition 5.1 has a Sarkisov link to a complete intersection Zs3 C P(1,1,1,1,1,2)
with a cDy singularity, starting with a (5,4, 1,1)-blowup of the cAg point, followed by a
(4,1,1,—1,-2;2)-flip, and finally a (3,2,2,1,5)-blowdown to the cD, singularity. Under

) Y Y

further generality conditions, the singular locus of Z consists of 3 points, namely the cDy
point, the 1/2(1,1,1) singularity and an ordinary double point.

Proof. We exhibit the diagram below.

~ (471717_17_272) ~
AN VY, Sy,

(l,l,ly \ / W,lﬁ)
X

cAg € Xg C ]P)(14, 3) cD, € Z373 - ]P)(15, 2)

First, we describe X and the weighted blowup Yy — X. A sextic double solid with a
cAg singularity can be given by a multidegree (6,2,3) complete intersection

X:V(f, p—at—ry,v—axp—s3) CP(1,1,1,1,2,3,3),
with variables x, vy, 2, t, 3,7, where

f = 863(140 — (lo) —f- f(—f + 2*)/ — 8tAOT2 + thg — 4ta% —|— 45a1)
+ (=16t BAZry + 2t Bcy + 4tyby — 25%by — 2t3%by + 4at* Bby — Styaga; + 88%apa;
+ 12Bvag — 2tyBy + 28%B; + 16t 3% A2 — 162t>BA2 — 83y Ay + xt>Cy + 12 Ds)

where C;, D; € Cly, z,t] are homogeneous of degree i. Note that By € Cly, z]. Define

t
)
5 )
Let ®: Ty — P(1,1,1,1,2,3,3) be the ample model of V(z) and let Yy C T} be the strict
transform of X. Then Y is given by

w N ™
Tl W M

Y
1
1

— =N
= w2

Yo: V(Iy) C Ty where Iy = <<I>*f/u9, uf — xt —ro, uy — x5 — 33) ,

and Yy — X is a (5,4, 1, 1)-Kawakita blowup.

The first diagram in the 2-ray game of T} restricts to a isomorphisms Yy — Xy < Y7,
since 15 and s3 are coprime.

The second diagram in the 2-ray game of Tj restricts to a (4,1,1,—1,—2;2)-flip V] —
X, < Y5. Define the toric variety 77 by multiplying the action matrix of Tj by the matrix

(473).

waxoy 2|y B§ 0t
T,(34110—1—3—2)
\2 31 1]1 0 -1 —-1/)

On the patch where ~ is non-zero, we have u = zf + s3 and we can write £ locally
analytically equivariantly in terms of x,y, z, 8,t. We are left with the hypersurface given
by 232 + s3 — xt — ry in C® with variables z,y, z, 8, t with weights (4,1,1,—1,—2). The
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polynomial contains zt and 79, so this corresponds to case (1) in [Bro99, Theorem 8], a
(4,1,1,—1,—2;2)-flip. Similarly to Proposition 5.8, the flip contracts a curve containing
a 1/4(1,1, 3) singularity, and extracts a curve containing a 1/2(1,1, 1) singularity and a
cA; singularity, which is an ordinary double point if 75 is not a square and is a 3-fold A,
singularity otherwise. The cA; singularity on Y5 is at [0,0,0,0, 1,1, —2aq, 1].

The third diagram in the 2-ray game of Tj restricts to isomorphisms Yy — X5 < Y3,
under Condition 5.1, namely that ag # Ag. On the patch where 3 is non-zero, the base of
the toric flip restricts to V(Ay — ag, u, z,y, 2,7, &, t) C Xs.

We describe the weighted blowdown Y3 — Z. Multiplying the action matrix of Ty by
the matrix (3 j’), the toric variety T3 is given by

U &t
3 0 —1
7 () L o)

The ample model of V(§) is Y3 — Z where Z is the tridegree (3,2, 3) complete intersection

y B
2 1
1 1

— N W

v
3
2

(NI S

Z:V(h,uf —x —re, uy —af —s3) CP(1,1,1,1,1,2,2)
with variables u, vy, z, 3, &, x, v, where

h = 8,63(140 - CL()) + {(—u§ + 2’}/ - 8A07“2 + ng - 4&% + 46@1)
- 1651437’2 + 2562 + 4’}/1)1 - 2B21)1 - 2Uﬁ2b0 + 41’5()0 - 87@0@1 + 852(1()@1
+12Bvag — 2vB; + 26%B; + 16uB? A2 — 1628A2 — 83vAg + 2Cy + Dy

where Cy = C1(y, z,u) and Dy = D3(y, z,u). Substituting = ufS — 5, we see that
Z is isomorphic to a complete intersection of bidegree (3,3) in P(1°,2) with variables
u,y, 2, 5,&,7v. The variety Z has a cA; singularity at [0,0,0, 1, —2ag, 1]. We can compute
that the point Py € Z is a ¢D, point, by showing the complex analytic space germ (Z, FP)
is isomorphic to (V(u? + 267, — s3 + h.o.t),0) C (C* 0) with variables u, 3,vy, z, where
h.o.t are higher order terms in y, z, 3. We can compute that Y3 — Z is the divisorial
contraction to a ¢D, point described in [Yam18, Theorem 2.3]. O

A. Computer code

The code below is for the computer algebra system Maxima [Max18]. To use the splitting
lemma library, copy the code below to a file named “Splitting lemma.mac”, start Maxima
in the same folder as that file, and load the library using load ("Splitting lemma.mac") ;.
Alternatively, just copy-paste the code below to Maxima.

Listing 1. Splitting lemma library

/* Language: Maxima 5.42.1 */

splitting(str, poly, inDeg, splitVar, dummyVar, outDeg) := block(
/* Assume f[0, 0] = f[1, 0] = £[0, 1] = f[1, 1] = 0 and f[2, 0] = 1 */
[simpPoly, outFun, outPoly],
local(f, h, g, p, V),
simpPoly : ratexpand(poly),
/* Memoizing functions f[i, d] instead of f(i, d) for performance */
fli, d] := coeff(coeff(simpPoly, splitVar, i), dummyVar, inDeg-i-d),
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/* Use apply + makelist instead of sum to avoid dynamic scoping issues */
h[d] := ratexpand(
f[0, d] - apply("+", makelist(glO, jl*g[0, d-jl, j, 2, d-2))
),
gli, d] := if i = 1 and d = O then
0
else
ratexpand(1/2x(f[i+1, d] - apply("+", makelist(apply("+", makelist(
glj, kl*gli+1-j, d-k1, j, max(0, 2-k), min(i+1, i+d-k-1)
), k, 0, d)))),
pld]l := ratexpand(glO, d] - apply("+", makelist(v[0, d-jl*pl[jl, j, 2, d-1))),
v[i, d] := if i = 0 and d = 0 then
1
else
ratexpand(gli+1l, d] - apply("+", makelist(v[i+1, d-jl*p[(jl, j, 2, d))),
for i : 1 thru 4 do
if str = ["h", "g", "p", "v"]1[i] then outFun : [h, g, p, v][i],
outPoly : if member(str, ["h", "p"]) then
apply ("+", makelist(dummyVar~ (outDeg-d)*outFun[d], d, O, outDeg))
else if member(str, ["g", "v"]) then
apply ("+", makelist(apply("+", makelist(
dummyVar~ (outDeg-k) * splitVar~i * outFun[i, k-i], i, O, k
)), k, 0, outDeg))
else
"Splitting error: first argument must be ’h’, ’g’, ’p’ or ’v’.",
return(outPoly)
)3

We give an example below how to use the splitting lemma library.

Listing 2. Splitting lemma example — quartic surface

/*
Language: Maxima 5.42.1

Example of a quartic surface in projective space with an

A_{19} singularity. We use the splitting lemma twice to verify that
the singularity type is A_{19}, so it is locally analytically given
by x72 + y"2 + z720.

of rational double points on quartic surfaces}, Proc.~Japan
Acad.~Ser.~A Math.~Sci.~\textbf{58} (1982), no 2, p 72--75.
doi:10.3792/pjaa.58.72,
\url{https://projecteuclid.org/euclid.pja/1195516147}.

Here t is the dummy homogenizing variable, x and y are the splitting
variables. We check the singularity type of the point [0, O, O, 1].
*/

*
*
*
*
ES
*
ES
* The quartic polynomial is taken from M.~Kato, I.~Naruki, \emph{Depth
*
*
*
*
*
*
*

load("Splitting lemma.mac");
f @ 1/16%(16%(x72 + y~2)*t72 + 32*x*z7 2%t — 16%y 3%t + 16%z74 - 32*y*z~3
+ 8% (2*x72 — 2*xxy + by~ 2)*z72 + 8x(2xx73 - Bkx"2ky — Bxx*y"2 - T*y~3)*z
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+ 20%x™4 + 44*x"3xy + BEFx"2xy 2 + 40kx*y~3 + 41xy~4);
splitQuartic(poly, outDeg) := block(

[splitPoly],

splitPoly : splitting("h", poly, 4, x, t, outDeg),

return(subst (1, t, splitting("h", splitPoly, outDeg, y, t, outDeg)))
)3
/* Output: 0 */
splitQuartic(f, 19);
/* Output: z~20 */
splitQuartic(f, 20);

We use the code below in Section 3 to find the equations of sextic double solids with a
cA,, singularity.

Listing 3. Construct sextic double solids with a cAn singularity

/* Language: Maxima 5.42.1 %/
load("Splitting lemma.mac");
splitSDS(poly, n) := subst(l, x, splitting("h", poly + w™2, 6, t, x, n));
fGen : -w"2 + xT4*xt"2
+ X"3%(4*%t"3%a_0 + 4%t 2%a_1 + 2xt*a_2 + a_3)
+ x 2% (2%t~ 4xb_0 + 2%t"3%b_1 + 2%t~ 2%b 2 + 2%t¥b 3 + b_4)
+ x*(2%t75%c_0 + 2*xt74d*xc_1 + 2*%t73%c_2 + 2%t"2xc_3 + 2xt*c_4 + c_5)
+ £76%d_0 + 2%t~B5kd_1 + t~4*d 2 + 2%xt"3%d 3 + t~2%d 4 + 2%tkd 5 + d_6;
h_3 = splitSDS(fGen, 3);
sub3(poly) := ratexpand(subst(0, a_3, poly));
h_4 = splitSDS(sub3(fGen), 4);
sub4(poly) := ratexpand(subst(a_272, b_4, sub3(poly)));
h_5 = splitSDS(sub4(£fGen), 5);
sub5(poly) := ratexpand(subst(2*a_2*b_3 - 4*a_1%a_2"2, c_5, sub4(poly)));
h_6 = splitSDS(sub5(£fGen), 6);
sub6(poly) := ratexpand(subst(2*a_2*c_4 + b_372 - 8%a_lx*a_2%b_3 - 2*a_272x%b_2
+ 4*a_0*a_273 + 16*a_1"2%a_272, d_6, subb(poly)));
h_ 7 = splitSDS(sub6(fGen), 7);
sub7(poly) := ratexpand(
subst(g*r, a_2,
subst (g*s + 4*a_1*qg*r, b_3,
subst (2*a_1*q*s - 6%a_0*q~2*r~2 + 8%a_1"2*qg*r + e*r, c_4,
subst (2xb_2%q*s - 8xa_1"2xq*s - exs - b_1*q "2*xr"2 + c_3*qg*r, d_5,
sub6 (poly)))))
);
sub71(poly) := ratexpand(subst(l, q, subst(r_2, r, subst(s_3, s, subst(e_2, e,
sub7(poly))))));
h_8Familyl = splitSDS(sub71(fGen), 8);
sub72(poly) ratexpand(subst(q_1, q, subst(r_1, r, subst(s_2, s,
subst(e_3, e, sub7(poly))))));
h_8Family2 = splitSDS(sub72(fGen), 8);
sub73(poly) := ratexpand(subst(l, r, subst(q_2, q, subst(s_1, s, subst(e_4, e,
sub7 (poly))))));
h_8Family3 = splitSDS(sub73(fGen), 8);
sub74(poly) := ratexpand(subst(l, s, subst(0, r, subst(q_3, q, subst(e_5, e,
sub7 (poly))))));
h_8Family4 = splitSDS(sub74(fGen), 8);
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sub8(poly)

:= ratexpand(

subst (4*xA_O*r_2 + b_2 - 6*a_1"2, e_2,

subst(r_2*B_1 - 4%s_3%A_0 + 6xa_0*s_3 + 4*a_O*a_1*r_2 - 2*xa_l*e_2 + 4*a_1%b_2
- 16*%a_173, c_3,

subst (-2*s_3*B_1 + 16*r_272%A 072 - 8%b_2*r_2xA 0 + 16*a_172*r_2xA 0
+ 4xb_1%s_3 - 8%a_O0*a_1xs_3- 2%b_0*xr_272 + 2%c_2%r_2 + b_272 - 4xa_1"2xb_2
+ 4%a_174, d_4,

sub71(poly))))

)3
h_9 = splitSDS(sub8(fGen), 9);
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