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Abstract—Low earth orbit (LEQO) satellite communications
are expected to be incorporated in future wireless networks,
in particular 5G and beyond networks, to provide global wire-
less access with enhanced data rates. Massive multiple-input
multiple-output (MIMO) techniques, though widely used in
terrestrial communication systems, have not been applied to LEO
satellite communication systems. In this paper, we propose a
massive MIMO transmission scheme with full frequency reuse
(FFR) for LEO satellite communication systems and exploit
statistical channel state information (sCSI) to address the dif-
ficulty of obtaining instantaneous CSI (iCSI) at the transmit-
ter. We first establish the massive MIMO channel model for
LEO satellite communications and simplify the transmission
designs via performing Doppler and delay compensations at
user terminals (UTs). Then, we develop the low-complexity sCSI
based downlink (DL) precoder and uplink (UL) receiver in
closed-form, aiming to maximize the average signal-to-leakage-
plus-noise ratio (ASLNR) and the average signal-to-interference-
plus-noise ratio (ASINR), respectively. It is shown that the DL
ASLNRs and UL ASINRs of all UTs reach their upper bounds
under some channel condition. Motivated by this, we propose a
space angle based user grouping (SAUG) algorithm to schedule
the served UTs into different groups, where each group of
UTs use the same time and frequency resource. The proposed
algorithm is asymptotically optimal in the sense that the lower
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and upper bounds of the achievable rate coincide when the
number of satellite antennas or UT groups is sufficiently large.
Numerical results demonstrate that the proposed massive MIMO
transmission scheme with FFR significantly enhances the data
rate of LEO satellite communication systems. Notably, the pro-
posed sCSI based precoder and receiver achieve the similar
performance with the iCSI based ones that are often infeasible
in practice.

Index Terms—LEO satellite, massive MIMO, multibeam satel-
lite, full frequency reuse, statistical CSI, user grouping.

I. INTRODUCTION

ATELLITE communication systems can provide seamless

wireless coverage so as to complement and extend terres-
trial communication networks and, as in recent standardization
endeavors [2], are expected to be incorporated in future
wireless networks, in particular 5G and beyond networks.
Low earth orbit (LEO) satellite communications, with orbits
at altitudes of less than 2000 km, have recently gained
broad research interests due to the potential in providing
global wireless access with enhanced data rates. Compared
with the geostationary earth orbit (GEO) counterpart, LEO
satellite communication systems impose much less stringent
requirements on, e.g., power consumption and transmission
signal delays. Recently, several projects, e.g., OneWeb and
SpaceX, on LEO satellite communication systems have been
launched [3].

In satellite communication systems, multibeam transmission
techniques have been widely adopted to increase transmission
data rates. As a well-know multibeam solution, a four-color
frequency reuse (FR4) scheme where adjacent beams are
allocated with non-overlapping frequency spectrum (or dif-
ferent polarizations) is adopted to mitigate the co-channel
inter-beam interference [4], [5]. To further enhance the spectral
efficiency of satellite communications, the more aggressive
full frequency reuse (FFR) schemes [4]-[8], where frequency
resources are reused across neighboring beams, have been
considered to increase the total available bandwidth in each
beam as that has been done in terrestrial cellular systems.
Yet, in FFR the inter-beam interference becomes a critical
issue, which has to be properly handled. In general, inter-beam
interference management can be performed at either the trans-
mitter via precoding or at the receiver via multi-user detection,
similar as in terrestrial cellular communication systems [9].
Compared with non-linear dirty paper coding (DPC) precoding
and multi-user detection, in practice linear precoding and
detection are more preferred in multibeam satellite commu-
nication systems due to their low computational complexity
and near-optimal performance [10].
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It is worth noting that most of the existing works on
downlink (DL) precoding in multibeam satellite communica-
tions, e.g., [4], [5], rely on precise instantaneous channel state
information (iCSI). However, obtaining iCSI at the transmitter
sides of satellite communication systems is usually difficult
and even infeasible due to a number of practical factors,
especially the long propagation delay between a satellite
and user terminals (UTs) as well as the mobility of UTs
and satellites. In particular, for time-division duplex (TDD)
systems, the coherence time of the channel is shorter than
the transmission delay, which makes obtaining accurate iCSI
via the UL-DL reciprocity a mission impossible. On the other
hand, in more common frequency-division duplex (FDD) sys-
tems, obtaining iCSI at the satellite side requires UL feedback
from UTs, which inevitably introduces a great amount of
training and feedback overhead due to mobility of UTs and
more importantly could become outdated as a result of the
long propagation delay.

In recent years, massive multiple-input multiple-output
(MIMO) transmission, where a large number of antennas are
equipped at a base station to serve many UTs, has been applied
in terrestrial cellular wireless networks, e.g., 5G [11], [12],
as an enabling technology. Massive MIMO can substan-
tially increase available degrees of freedom, enhance spectral
efficiency, and achieve high data rates. Motivated by this,
we propose to exploit massive MIMO along with FFR for
LEO satellite communication systems, where a large number
of antennas are equipped at the LEO satellite side. Our focus
is particularized on the physical layer transmission design
for massive MIMO LEO satellite communication systems.
We note that it is not necessary to perform predefined multiple
beamforming in fully digital-implemented FFR satellite com-
munication systems. Exploiting massive MIMO for satellite
communications with FFR can be seen as a technique without
predefined beamforming.

Albeit the existence of a large body of literature on massive
MIMO in terrestrial cellular communication systems [12],
so far massive MIMO has not been applied to satellite
communication systems. The performance of massive MIMO
systems relies substantially on the available CSI [13]-[15].
As mentioned above, obtaining accurate DL iCSI at the LEO
satellite side is generally difficult and even infeasible due to the
long propagation delay and the mobility of satellites and UTs,
which makes inapplicable of the existing terrestrial massive
MIMO transmission approaches relying on iCSI. Meanwhile,
the implementation complexity accompanied with massive
MIMO becomes a critical concern in satellite communica-
tion systems considering the payload limitation on satellites.
Consequently, incorporating massive MIMO into LEO satellite
communication systems is still an open and challenging task.

For massive MIMO, obtaining iCSI at the transmitter has
been a difficult problem even in terrestrial communication
systems, especially in high-mobility scenarios. Compared with
iCSI, statistical CSI (sCSI) varies much slower and thus can
be relatively easily obtained at both the satellite and the
UTs with sufficiently high accuracy. Hence, sCSI based DL
precoding has been proposed in terrestrial massive MIMO
systems [14]-[16]. For massive MIMO satellite communica-
tion systems, it is more practical to use sCSI, which can
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overcome the difficulty of acquiring iCSI and significantly
reduce the computational overhead of satellite payloads via the
much less frequent update of transmission strategies including,
e.g., DL precoding, UL receiving, and user grouping.

In this paper, we investigate massive MIMO transmission
for LEO satellite communication systems using FFR based
on sCSI. In particular, we focus on devising DL precod-
ing, UL receiving, and user grouping utilizing sCSI. While
this paper focuses on the LEO satellite communications,
the proposed massive MIMO transmission schemes can also
be extended to other non-terrestrial communication systems,
e.g., GEO satellite communication systems, and high-altitude
platform (HAP) communication systems. The major contribu-
tions of the current work are summarized as follows:

e We introduce massive MIMO into LEO satellite com-
munication systems using FFR and investigate low-
complexity and low-overhead transmission strategies
based on sCSIL.

o« We establish the massive MIMO channel model for
LEO satellite communications by incorporating the LEO
satellite signal propagation properties, and simplify the
UL/DL transmission designs via performing Doppler and
delay compensations at UTs.

« We develop the sCSI based DL precoder and UL receiver
in closed-form, aiming to maximize the average signal-
to-leakage-plus-noise ratio (ASLNR) and the average
signal-to-interference-plus-noise ratio (ASINR), respec-
tively, and theoretically prove that the proposed sCSI
based scheme asymptotically approaches the iCSI based
one.

o We propose a space angle based user grouping (SAUG)
algorithm using only the channel space angle information,
and show that the proposed algorithm is asymptotically
optimal in the sense that the lower and upper bounds of
the achievable rate coincide when the number of satellite
antennas or UT groups is sufficiently large.

o Simulation results demonstrate that the proposed mas-
sive MIMO transmission scheme with FFR significantly
enhances the data rate of LEO satellite communication
systems. Notably, the proposed sCSI based precoder and
receiver achieve the similar performance with the iCSI
based ones that are often infeasible in practice.

The rest of the paper is organized as follows. In Section II,
we investigate the channel model and the corresponding
transmission signal model for LEO satellite communication
systems. Based on the system model, we then investigate the
optimal DL and UL transmission strategies for LEO satellite
communications in Section III. In Section IV, we further
investigate user grouping. We present the numerical results
in Section V and conclude the paper in Section VI. The major
variables adopted in the paper is listed in Table I for ease of
reference.

II. SYSTEM MODEL
A. System Setup

Consider a LEO satellite communication system where
a satellite provides services to a number of single-antenna
UTs simultaneously. The satellite is equipped with a uniform
planar array (UPA) composed of M = MM, antennas
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TABLE I
VARIABLE LIST

Notation Definition
My, My Numbers of antennas of UPA
at x- and y- axes
g%}p, gz}p Complex channel gains for DL and UL
Py, Number of multipaths
Vieps V,Sc‘?;, vsat, V,‘Cl’tp Doppler frequencies
om0 T,;“i“, T, T,‘C‘fp Propagation delays
Vi,p» v’,; » v%’ p Vk DL array response vectors
ug, u’,;, u% UL array response vectors

DL and UL channel vectors
Complex channel gains after compensation
Angles

gl (t, 1), gl (¢, f)
g (¢, 1), g2 (¢, )
eicc,p’ gz,p’ 0;:’ 0%

9% 97 0 T 9 Space angles

Yk Channel power
Kk Rician factor
Nus, Nep Numbers of subcarriers and CP

Ty System sampling interval

Tus, Tep Lengths of OFDM symbol and CP

gg}&n, gz} on Effective DL and UL frequency domain
channel vectors after compensation

ggfzyn, g}cﬂ n Effective DL and UL frequency domain

channel gains after compensation

ggl, g};l DL and UL channel vectors
q,‘gl, q“1 DL and UL transmit power
by, wi Normalized DL precoder and UL receiver
ASLNRy, ASINRy DL ASLNR and UL ASINR
Gx, Gy Number of groups at x- and y- axes
Ax, Ay Lengths of space angle interval
at x- and y- axes
AEZ;T;) Space angle interval
Kg,r) Set of UTs in group (g, )

Rai, Rgib, R}ﬁ DL ergodic rate and its upper bound,

lower bound

where M, and M, are the numbers of antennas on the
x- and y-axes, respectively. Assume without loss of generality
that the antennas are separated by one-half wavelength in both
the x- and y-axes, and both M, and M, are even. The system
setup is illustrated in Fig. 1.

B. DL Channel Model

As different UTs are usually spatially separated by a few
wavelengths, it is reasonable to assume that the channel real-
izations between the satellite and different UTs are uncorre-
lated [17]. We focus on investigating the DL channel between
the satellite and UT k. Using a ray-tracing based channel
modeling approach, the complex baseband DL space domain
channel response between the LEO satellite and UT £ at
instant ¢ and frequency f can be represented by [18]-[20]

P—1
g(k{l (ta f) = Z gglp - €Xp {ﬁﬂ [th’,p - ka’,p]}
p=0
Vi € CMX1, )

where CM*N denotes the M x N dimensional complex-valued
vector space, J = \/—1, Py denotes the number of channel
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Fig. 1. Tlustration of the LEO satellite communication system setup.

propagation paths of UT k, and g, vk p, Thp» and vy, €
CMx1 are the complex-valued gain, the Doppler shift,
the propagation delay, and the DL array response vector
associated with path p of UT £, respectively. Note that the
channel model adopted in (1) is applicable over the time
intervals of interest where the relative positions of the LEO
satellite and UT £ do not change significantly, and thus the
physical channel parameters, Py, gjl',, Vk p, Th p» and vy ,, are
assumed to be invariant. When the LEO satellite and/or the
UT move over large distances, the above channel parameters
will vary and should be updated accordingly [19]. It is worth
mentioning that the ray-tracing based channel model in (1)
can be applied to different propagation scenarios, and further
analysis of the channel model will depend on the parameter
properties in the specific scenario. Hereafter, we detail some
propagation characteristics of the LEO satellite channels and
their impact on the modeling of the channel parameters in (1).

1) Doppler: For LEO satellite communications, assuming
that the scatterers are stationary in the considered interval of
interest, then the Doppler shift v, associated with propaga-
tion path p of UT k£ is mainly composed of two independent
Doppler shifts, V,fa;, and I/i.ltp that are caused by the motions
of the LEO satellite and the UT, respectively [21], [22].

It is worth noting that due to the relatively high altitude of
the LEO satellite, the Doppler shifts V,Scf‘; caused by the motion
of the LEO satellite can be assumed to be identical for different
propagation paths p of the same UT k [21], [22], and different
for different UTs. Thus, for notation simplicity, we omit the
path index of the Doppler shift 1/;“;) due to the motion of the
LEO satellite and rewrite the Doppler shifts as v} = vj*.
On the other hand, the Doppler shifts I/}C‘fp due to the motion
of the UT are typically different for different propagation
paths, which contribute the Doppler spread of the LEO satellite
channels [21], [22]. As the scattering characteristics around
the UTs mainly determine the Doppler shifts caused by the
movement of the UTs, the modeling of the Doppler spread
in LEO satellite communications can be similar to that in the
traditional terrestrial cellular communications [22].
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2) Delay: Due to the relatively large distance between the
LEO satellite and the UTs, the propagation delay 7, associ-
ated with path p of UT £ exhibits a much larger value than that
in terrestrial wireless channels. Denote by 7" = min,, {75, }
and 7" = max,, {71} the minimum and maximum values
of the propagation delays of UT k, respectively. The delay
spread of the LEO satellite channels 7/"®* — 7" might be
much smaller than that of the terrestrlal wireless channels
as observed in measurement results [22]-[24]. For notational
brevity, we define T,;‘tp £ Thyp — 7',?““. Note that due to, e.g.,
the long propagation delays in LEO satellite communications,
acquiring reliable iCSI at the transmitter sides is usually
infeasible, especially when the UTs are in high mobility. Thus,
it is more practical to investigate transmission design with,
e.g., sCSI, in LEO satellite communications.

3) Angle: The UPA response vector vy, in (1) can be
represented by [25], [26]

2
Vi,p =

= Vi () @ vy (V),) eC @

x ¥
Vip @ Vi

where @ denotes the Kronecker product, and v¢ k.p for deD#2
{x,y} is the array response vector of the angle with respect
to the x- or y-axis given by

1
My

exp {—j’lT(Md -1

vg (ﬁd ) =

[1 exp {—jm?%’p} -

T
V)]

denoting the transpose operation.
p and Uy are related to the

physical angles as ¥} , = sin (9%7])) cos (H’k‘}p) and 9y, , =

e CMax1, 3)

with the superscript (-)7
In (3), the parameters v

where 0F , and 9%71) are the angles with respect
to the x- and y-axes associated with the pth propagation path
of UT k, respectively. For satellite communication chan-
nels, the angles of all propagation paths associated with the
same UT, can be assumed to be identical due to the relatively
high altitude of the satellite compared with that of the scatter-
ers located in the vicinity of the UTs [27], i.e., ¥f , = ¥{.. Note
that the parameters ¢ can reflect the propagation properties of
the LEO satellite channels in the space domain, and we refer
to 19% as the space angle parameters. Then, the array response
vector can be rewritten as

Yy
cos (Qk,m

Vip = Vi = Vi ® V],
Vi (0F) @ vy (0F) € CMXY, @

which will be referred to as the DL channel direction vector
of UT Fk that is associated with the space angles ¥} and ¥;.
Note that when the number of antennas M, for d € D
tends to infinity, we can know from (3) and (4) that the
channel direction vectors of different UTs are asymptotically
orthogonal, i.e.,

i (vi) vl =5 (k- k). )

where (-)f denotes the conjugate-transpose operation.
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Based on the above modeling of the propagation properties
of LEO satellite communications, we can rewrite the channel
response in (1) as follows

g (t, f) = exp {72 [ty — frin] ) gil Vg, (6)

where g (¢, f) is the DL channel gain of UT k given by

Pr—1

dl
Z gk,p
p=0

—f (e = 7™ |}

Pp—1

ST gl exp {g2m [t — fr0]Y, (D)

p=0

(1>

B () vexp {727 [t (vip — i)

which will be convenient for derivation of the transmission
signal model later.

4) Gain: Note that the statistical properties of the fluctua-
tions of the channel gain g (¢, f) in LEO satellite commu-
nications mainly depend on the propagation environment in
which the UT is located. In addition, LEO satellite communi-
cation systems are usually operated under line-of-sight (LOS)
propagations and Rician channel model is widely accepted in
LOS satellite communication systems. In this work, we focus
on the case where both non-shadowed LOS and non-LOS
paths of the LEO satellite channels exist [6]. Then, the channel
gain gl (¢, f) exhibits the Rician fading distribution with
the Rician factor xj; and power E { | 95 f)‘ } = Yk
In other words, the real and imaginary parts of gk (t, f) are
independently and identically real-valued Gaussian distributed

. T . e .
with mean ( and variance 1) respectively.

2 I{kJrl)

C. UL Channel Model

Using the DL channel modeling approach presented in
the above subsections, we briefly investigate the UL channel
model for LEO satellite communications in this subsection.
Note that the UL channel response is the transpose of the
DL channel response in TDD systems, and similar channel
model can be obtained. Meanwhile, for FDD systems where
the relative carrier frequency difference is small, the physical
channel parameters, Py, Vup, Tip, U3, and 192’, are almost
identical between the UL and DL [28]-[30]. Thus, the major
difference between the UL and DL channels lies in the fast
fading path gain terms. Similarly as (6), the UL space domain
channel response between UT k and the LEO satellite at time
t and frequency f can be modeled as

21 (ta f) = exp {ﬁﬂ— [tljzat Inln] } g

ay, € CMXL (@)
where gi! (¢, f) is the UL channel gain of UT k given by

Pr—1

ey,
p=0

which exhibits the same statistical properties as the DL chan-
nel gain g§l! (¢, f), i.e., the real and imaginary parts of g! (¢, f)

cexp {22m [t — frt]h, )

Authorized licensed use limited to: University of Luxembourg. Downloaded on January 12,2021 at 13:23:55 UTC from IEEE Xplore. Restrictions apply.



YOU et al.: MASSIVE MIMO TRANSMISSION FOR LEO SATELLITE COMMUNICATIONS

are independently and identically real-valued Gaussian distrib-
3 (217:1) m respectively,
and uy is the UL channel direction vector given by

and variance

uted with mean

— X y
up = up @ uy,

= u, (U5) @ uy (¥9)) € CM*1 (10)

which exhibits a similar structure as the DL channel direction

vector v in (4) but with a center frequency offset for FDD

systems, and can be well approximated by v; when the

frequency separation between the UL and the DL is not

significant [31]. Similarly as the DL case, the LEO satellite

UL channel also exhibits the asymptotic orthogonality as
lim  (uf)” ud =5 (k— k).

M4—o00

(1)

Note that the channel models in (6) and (8) are general in
the sense that they take into account the LEO satellite chan-
nel propagation properties in the space, time, and frequency
domains.

D. DL/UL Transmission Signal Model

Consider a wideband massive MIMO LEO satellite com-
munication system employing orthogonal frequency division
multiplexing (OFDM) modulation [21] with the number of
subcarriers, Ny, and the cyclic prefix (CP), N, samples.
Denote by 75 the system sampling interval. Then, the OFDM
symbol length and the CP length are given by Tys = NysT5
and T¢, = NcpTs, respectively. Note that with the delay and
Doppler properties of the LEO satellite channels taken into
account, it is not difficult to select proper OFDM parameters
such that the effects of the intersymbol and intercarrier inter-
ference can be almost neglected [32].

Nus—1
Let {x}“n} be the DL transmit symbols during sym-
” n=0

bol /. Then, the transmitted signal x{! (t) € CM*! can be
written as [33]

Nys—1
n
X([?I (t) = Z le,ln * €Xp {ﬁﬂ-T_ } ’

n=0 us

12)

where —Tcp, < t—{(Top + Tus) < Tys, and the corresponding
received signal at UT £ is given by (where the noise is omitted
for brevity)

x T
J et 7] (13)

— 00

Vi (8) = x;! (t — ) dr,
where g{! (¢,7) is the inverse Fourier transform of g{! (¢, f)
in (6) in terms of 7.

Utilizing the Doppler and delay properties of the LEO satel-
lite propagation channels addressed previously, we proceed
to perform time and frequency synchronization. In particular,
with delay compensation 7,”" = 7 and Doppler compen-
sation v;"" = v} applied to the received signal at UT £,
the resultant signal can be represented by

dl,syn syn syn syn
Y () = yg,lz (t4+7") -exp{—2m (t + 7)) 7"}
(14)
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Then, the corresponding signal dispersion in the delay and
Doppler domains can be significantly reduced, and it is not
difficult to select proper OFDM parameters to mitigate the
intersymbol and intercarrier interference [33]. Consequently,
the demodulated DL received signal at UT k over subcarrier
n of OFDM symbol ¢ can be represented by

T _a
XEJN

yg}@,n = (g%,lf,n) (15)

where gj!',  is the DL channel of UT k over symbol £ and
subcarrier n given by [33]

8hitn = Vi " G € C, (16)

where g,‘j}&n =g (0 (Tus + Tep) y 0/ Tus)-

Besides, consider UL transmission employing OFDM mod-
ulation with similar parameters as DL transmission. Then, with
proper delay and Doppler compensations performed at the UT
side, the demodulated UL received signal at the satellite over
symbol ¢ and subcarrier n can be represented as

1 1 1 Mx1
Yin =gl nail, € CM (17)
k

where x}C‘}&n is the complex-valued symbols transmitted by
UT k, and gzl,n is the UL channel of UT & over subcarrier
n of OFDM symbol ¢ given by

1 1 Mx1
g}cl,f,n = Ug 'glg,é,n eCchx ) (18)

where gy . = gi' (0 (Tus + Tep) ,n/Tus). Note that the
transmission signal models in (15) and (17) are applicable
provided that delay and Doppler compensations are properly
performed via exploiting the delay and Doppler properties of

the LEO satellite channels described previously.

IITI. STATISTICAL CSI BASED DL/UL TRANSMISSIONS

In this section, we investigate DL precoder and UL receiver
design for LEO satellite communications based on the channel
and signal models established in the above section. Note
that the conventional designs of DL precoding vectors and
UL receiving vectors in MIMO transmission usually require
knowledge of iCSI. However, it is in general infeasible to
obtain precise iCSI at the satellite sides for DL of LEO
satellite communications. In addition, frequent update of the
DL precoding vectors and UL receiving vectors using iCSI
will be challenging for implementation on payload of practical
satellite communications. Hereafter, we focus on the design of
DL precoder and UL receiver utilizing slowly-varying sCSI for
satellite communications.

A. DL Precoder

We first consider DL transmission where K single antenna
UTs are simultaneously served in the same time-frequency
blocks, and the served UT set is denoted by K =
{0,1,..., K — 1}. For DL linear precoding performed at the
satellite, the signal received by UT k£ € K in (15) can be
rewritten as

T
= () st
S e

19)
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where the subcarrier and symbol indices are omitted for
brevity, ¢! is the transmit power allocated to UT k, by, €

CMx1 is the normalized transmit precoding vector satisfying
the [|bi|| = /b by, = 1, s is the signal for UT k with mean

0 and variance 1, and z{' is the additive circular symmetric
omplex valued Gaussmn noise with mean 0 and variance o',
ie., zt ~ CN (0,01).

Note that SLNR is a convenient and efficient design metric
widely adopted in DL multiuser MIMO transmission, and we
first review the SLNR maximization criterion based precoding
approach. In particular, the SLNR of UT k in the DL is given

by [34], [35]

2 dl
bi| g

SLNRy, = —
bi| ¢f + o

(&)
| (82)
(50) " bi|
)

P ; (20)
by| + ﬁ

Zi;ﬁk (g;ﬂ

where pil £ gl /ol is the DL signal-to-noise ratio (SNR)
of UT k. Then the precoder of UT k that maximizes SLNRy
in (20) can be obtained as

-1 *
1
<§ g (g") +—dIIM> gil . @
Pk

where (-)* denotes the conjugate operation and nglm is

the power normalization coefficient that is set to satisfy
|bi!™|| = 1. We mention that the SLNR maximization DL
precoder in (21) requires knowledge of iCSI ggl for all k.
However, it is in general difficult to obtain precise DL iCSI
for transmitter at the satellite side.

In the following, we investigate DL precoding for satel-
lite communications using long-term sCSI at the transmitter,
including the channel direction vector v and the statistics of
the channel gain gk ¢.n- We consider the ASLNR performance

metric as follows [36]
2
c{listy )

E{Zz;ﬁk‘( ) bk‘ +$}

_ T ‘(V’“)T b’“r (22)

T 2 i
Zi;sk%' (Vz) bk‘ + =

P

slnr _
bk’

%lrlr

ASLNR), 2

where the numerator and the denominator account for the aver-
age power of the signal and leakage plus noise, respectively.
The sCSI based precoder that maximizes ASLNR}, is presented
in the following proposition.

Proposition 1: The precoding vector
ASLNRy, in (22) is given by

that maximizes

*

-1
pesior — o <Z’ylvv - dl1 ) vi| 5 (23)
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where 7725“” is the power normalization coefficient that is set
to satisfy ||b#!""|| = 1, and the corresponding maximum
ASLNR value is given by

1
-1

ASLNR;CnaX =
1 _’kak (E 'YszV + IM) Vi

(24)

Proof: The proof is similar to the iCSI case in [35], and
is omitted for brevity. [ ]
Proposition 1 provides a sCSI based DL precoder that maxi-
mizes the ASLNR in closed-form. Note that the sCSI required
in the proposed approach are the channel direction vectors
and the average power of all UTs’ channels, i.e., v and ~g,
Vk. In addition, from the definition of the channel direction
vector in (4), only the space angles, ¥} and 192’,, are needed for
estimating vy. Thus, the number of parameters in statistical
CSI to estimate can be significantly reduced. As the proposed
sCSI based DL precoding design is independent of subcarriers
and OFDM symbols in transmission interval where the channel
statistics do not change significantly and thus is convenient
for practical implementation of the satellite payloads. Then,
the computational overhead for DL precoding design can be
reduced compared with the iCSI based approach.

B. UL Receiver

In this subsection, we investigate UL receiver design. The
UL received signal by the satellite in (17) can be rewritten as

=> g
k

where the subcarrier and symbol indices are omitted for
brevity, ¢! is the transmit power of one UT, s}! is the signal
sent by UT k with mean 0 and variance 1, and z"! is the
additive Gaussian noise distributed as CA (0, 0"'I;7). With a
linear receiver at the satellite, the recovered signal of UT &k
can be expressed by

§1};1 _ WTyul _ WT § gul / Sul 4 WTZul

qsy +2", (25)

(26)

where wy, is the linear receiving vector of UT k. Then the
SINR of UT £ is given by

‘WTgul|2qu1
Dtk \wi gzl‘ g + o [|wy ||

SINR;, =

‘Wk gh |

= (27)
D itk wig! ‘ ,)ul |Wk||

where p! £ ¢ /o is the UL SNR. It is not difficult to obtain
the receiver of UT k that maximizes SINRy in (27) as

—1
1
Slnl’ _ (Z g ul + FIJW> gzl

Note that the SINR maximization UL receiving vectors in
(28) are in general difficult to be computed in practical
satellite communications systems where the payload resource

*

(28)
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is limited, as they are needed to be updated more frequently
in time and frequency.

Similarly as the DL case, we investigate UL receiver design
for LEO satellite communications exploiting sCSI and con-
sider the ASINR performance metric given by

E{|wFep|” }
w1}

E {Z'L;ék |Wk gz ‘ ul
‘2

ASINR;, £

Yk ‘(uk)T Wi

(29)

T 2
()" w4 i

Ei;ék Vi

Using a similar proof procedure as in Prop0s1t10n 1, we can
obtain that the sCSI based UL receiver that maximizes
ASINRy, in (29) is given by

asmr _ <Z yiuu

with the corresponding maximum ASINR of UT k being
1

*

—1
IM) u | , (30

ASINR = ~ 1

1_’quk (E 'quzu + )ulI ) Uy
(3D

Note that the sCSI based UL receiver in (30) is presented in
closed-form, and is based on sCSI, i.e., the channel direction
vector uy and the statistics of the channel gain g,‘j}g’n, which
can thus mitigate the payload complexity and cost in practical
satellite communications.

C. DL-UL Duality

From (23) and (30), we can obtain the DL-UL duality
between the proposed sCSI based DL precoder and UL
receiver. Specifically, in the considered transmission interval
where the channel statistics do not change significantly, if the
DL data transmission SNR pgl equals the UL data transmission
SNR p"!, then the sCSI based DL precoding vectors in (23)
are equal to the sCSI based UL receiving vectors in (30) with
proper power normalization provided that the DL direction
vector v equals the UL direction vector uy, and the trans-
mission complexity can be further reduced. Note that different
from the UL-DL duality results based on the perfect iCSI
assumption in, e.g., [37] and [38], our result is established
using the sCSI at the satellite side.

D. Upper Bound of ASLNR/ASINR

In this subsection, we investigate the conditions under which
the DL ASLNR and UL ASINR metrics considered above can
be upper bounded.

Proposition 2: The maximum DL ASLNR value
ASLNR}™ in (24) is upper bounded by
ASLNRP™ < pdly, (32)

and the upper bound can be achieved under the condition that

vOTvi=0 or (vV)"V =0, VE£i.  (33)
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Besides, the maximum UL ASINR value ASINR;™ in (31)
is upper bounded by

ASINRP® < plily, (34)

and the upper bound can be achieved under the condition that

W) ur=0 or (u)w =0, Vk#£i (35

Proof: Please refer to Appendix A. [ ]
Proposition 2 shows that the DL. ASLNRs and UL ASINRs
of all served UTs with the proposed sCSI based precoder
and receiver can reach their upper bounds provided that the
corresponding channel direction vectors of different UTs are
mutually orthogonal. The result in Proposition 2 is physi-
cally intuitive as the DL channel leakage power and the UL
inter-user interference can be eliminated provided that the
conditions in (33) and (35) are satisfied.

From (5) and (11), we can observe that the optimal condi-
tions obtained in Proposition 2 can be asymptotically satisfied
when the number of antennas M tends to infinity. This
corroborates the rationality and potential of exploiting massive
MIMO in enhancing the transmission performance of satellite
communications.

Remark 1: When the channel direction vectors of the UTs
scheduled over the same time-frequency resource blocks sat-
isfy the conditions in (33) and (35) or the number of antennas
at the satellite side is sufficiently large, we can obtain from
the matrix inversion lemma that the proposed sCSI based
precoder/receiver in (23) and (30) will reduce to

asinr

aslnr
b wi,

= vy, = uy. (36)

Notably, the sCSI based DL precoder and UL receiver pre-
sented in (36) approach the ones using iCSI as the number of
antennas tends to infinity [11], which demonstrates the asymp-
totic optimality of the proposed precoder/receiver exploiting
sCSI.

Remark 2: Note that for the case with a sufficiently large
number of antennas at the satellite side, the precoder/receiver
in (36) will asymptotically tend to the discrete Fourier trans-
form (DFT) based fixed precoder/receiver as follows

b= o () o, ()]
i = i = [ (7) oy ()]

where 19k is the nearest point of ¥¢ in the DFT grid satisfying
ﬂk = —1+ 2n{/M, with n¢ € [0, M, — 1] being integers
and ‘ﬁk Vi < 2/My for d € D. In this case, the pre-
coding/receiving vectors for the simultaneously served UTs

in the same user group are orthogonal, and can be efficiently
implemented with fast Fourier transform (FFT).

(37

IV. USER GROUPING

From the results in the above section, we can observe that
the performance of the proposed sCSI based precoder and
receiver in massive MIMO LEO satellite communications will
largely depend on the channel statistics of the simultaneously
served UTs. As the number of the UTs to be served is usually
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much larger than that of antennas equipped at the satellites,
user grouping is of practical importance. Compared with the
terrestrial counterpart, user grouping is of greater interest as
the satellite service provider generally aims at serving all UTs
in satellite communications. In this section, we investigate user
grouping for massive MIMO LEO satellite communications.

A. Space Angle Based User Grouping

Although the conditions in Proposition 2 are desirable
for optimizing the performance of DL ASLNRs and UL
ASINRSs in satellite communications, it is in general difficult to
schedule the UTs that rigorously satisfy this condition, and the
optimal user grouping pattern can be found through exhaustive
search. However, due to the large number of existing UTs in
satellite communications, it is usually infeasible to perform an
exhaustive search in practical systems.

The optimal user grouping condition presented in Propo-
sition 2 indicates that the channel direction vectors of UTs
in the same group should be as orthogonal as possible. From
the definitions in (4) and (10), the channel direction vectors
are directly related to the channel propagation properties
in the space domain, i.e., the channel space angles. Then,
the conditions for achieving the upper bounds of ASLNR
and ASINR presented in (33) and (35) can be reduced to the
condition that the channel space angles should satisfy

P
=y, Yk #i, 38)

X X 2 X
Uy — 07 = —nj, orﬁ%—ﬁgzM

My
where both nj ; and nk , are non-zero integers. Motivated by
the condition in (38), we propose a space angle based user
grouping (SAUG) approach as follows. Specifically, we uni-
formly divide the space angle range [—1,1) into MGy and
MGy equal sectors in the x- and y-axes, respectively, where
Gx and Gy are both integers and their physical meaning will
be clear later. Then, the space angle intervals after division
can be represented by

(m,n) _ A L A
A(g,r) - {(d)xvd)y”d)x S |:¢g,m — 77¢g,m + 7) ,

)

where qbi , for d € D is the center space angle of the interval
in the x-/y-axis given by

A
dy € {rn—7fwaf% (39)

Ay
ab —1+7+(a+bGd)Ad,

where 0 < a < Gy—1,0 <b< My—1,and Ay = 2/ (MyGq)
is the length of the space angle interval in the x-/y-axis.

With the above definition of the space angle interval divi-
sion, the UTs can be grouped as follows. A given UT k is
scheduled into the (g, )th group if there exist 0 < m < My—1
and 0 < n < M, —1 such that the corresponding channel space
angles satisfy

(40)

(0%, 97) € AT

(@) - (41)

Denote by IC(g = { : (U%,09)) € A ()

whose space angles lie in the interval AEZ_L:)’). In the proposed

} the set of UTs
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SAUG approach, we always require }ICEZ;?) < 1 to avoid
intra-beam interference. Note that other UTs located in the
same space angle interval can be scheduled over different
time-frequency resources in a round-robin manner to preserve
fairness. Based on the above user grouping procedure, the UTs
are scheduled into at most GxGy groups, where the (g, r)th
UT group is defined as
m, n
U Ic(g r) "

(42)

Note that the UTs scheduled in the same group will per-
form transmission over the same time-frequency resources,
while UTs in different groups will be allocated with different
time-frequency transmission resources.

B. Achievable Rate Performance

In this subsection, we investigate the achievable rate per-
formance of the proposed SAUG approach. We focus on the
DL transmission case, and the UL results can be similarly
obtained.

From the DL signal model in (19) and the proposed SAUG
approach in the above subsection, the DL achievable ergodic
sum rate is given by

Gy—1Gy—1
Rq =
1 Tbaslnr2 dl
E{logy § 1+ — ‘g’“‘ ‘V | ,
Zzelc(g7) gkl} |vkbaslnr| qdl+0.

(43)

where b#*!"" is the sCSI based precoder of UT k presented
in (23), and Ky, is the UT group defined in (42). The
ergodic rate expression in (43) is in general difficult to handle.
Therefore, we resort to investigate the bounds of the achievable
ergodic rate for further analysis. In the following proposition,
we first present an upper bound of the DL achievable ergodic
sum rate.

Proposition 3: With linear precoder utilizing only sCSI,
the DL achievable ergodic sum rate R4 in (43) is upper
bounded by

Rai < RYP
Gx—1Gy—

Sy ¥

g=0 r= OkEIC(g,>

(1>

E {logy {1+ o' o]} }

(44)

GG

where the corresponding upper bound can be achieved pro-
vided that the channel direction vectors of the UTs served in
the same group satisfy

(v v¥ = Oor (v%)H vi=0, VkjieKygn,k#i,
(45a)
bl = (viov))", Vk. (45b)
Proof: Please refer to Appendix B. [ ]
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Proposition 3 provides some insights for optimal DL pre-
coding design with sCSI at the transmitter. In particular,
the channel direction vectors of the UTs scheduled to be
served over the same time-frequency resources should be as
orthogonal as possible. Meanwhile, the beamforming vector of
a given UT should be aligned with the corresponding channel
direction vector. Note that the previously proposed SAUG
approach attempts to schedule the UTs to satisfy the condition
in (45a), and the proposed ASLNR based precoding strives to
reduce the inter-user interference to approach the condition
in (45b) as remarked in (36).

In the following, we further investigate the asymptotic
performance of the proposed approach. Before proceeding,
we first provide an upper bound of the inner product ‘vf \Z]
for UTs k,j(Vk # j) that are scheduled over the same
time-frequency transmission resources via the proposed SAUG
approach. From (3), we have

Toy My
2

i Tox My
sin —=5

M, sin 7“'9"

sin
M, sin T

» VE#J. (46)

[vilvs] =

where g = 9§ — 0 for d € D. With the proposed SAUG
approach, it is not difficult to show that

2

2
—m—Ag < < — A 47
Mdm deOdfMdm-F s 47)

where 1 < m < My — 1, d € D. Then, we can further upper
bound the inner product ‘ka Vj‘ as

Sinw(l—é) sinﬂ'(l—GLy)

Mysin 7 (1= &) || Mysin - (1- &) |
(48)

|v,€1vj| <

for k # j. Thus, with sufficiently large numbers of groups
Gx and Gy, the inner product |ka Vj‘ can be sufficiently
small. Motivated by this, we present the asymptotic optimal-
ity of the proposed SAUG approach combined with sCSI
based DL precoder in each UT group in the following
proposition.

Proposition 4: The DL achievable ergodic sum rate Rq)
with the proposed sCSI based ASLNR maximization DL
precoder and the SAUG approach is lower bounded by

Gye—1Gy—
Rdl>Rl“GG Z Z )
9=0 =0 ke (g,
_ 541 () gl
Eqlos2 1+ #l‘cgk ‘ a2 B (( 2) ;Jlk dl
YK |98 E‘“l(e) 4 + oy,
(49)
where 69! (¢), g}i(e), and £4(e) are given by
dl 2 2.2
P P)/max) (Kmax - ]-) €
6dl €) = ( max , (Soa)
(€ e
1
dl
€) = : 50b
X () M+1+(Kmax_1)6 ( )
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dl (pg}ax,ymax)‘l 2 2
ki (6) = ﬁ(Kmax - ]-) €, (SOC)
(Pk ’Yﬂk)
1
£e) = 5
(1/pmm + Ymax + ’Ymax(Kmax - 1)6)
(50d)
respectively, with K .x = maX |IC(g s = max max
g k€K (g
dl
> = s x = , and
P pmln I{]llgl ke%gl . pk Yma: H_(;E}"X kenllC?j{r) Tk
Ymin = mMin min 7, provided that the inner product of
9,7 kEIC(g r)

the channel direction vectors of the UTs scheduled over the
same time-frequency resource blocks satisfies ‘ka Vj‘ < ¢ for
Vk # j and k,j € K(4,). Moreover, when € — 0, the lowed
bound of the DL achievable ergodic rate in (49) asymptotically
tends to be equal to the upper bound of the DL achievable
ergodic rate in (44), i.e.,

Gye—1Gy—
- gl S Y %
e—0 dr = G

=0 r=0 kek(g,n

E{logz {1 + 05 |gi| }} = Ri

Proof: Please refer to Appendix C. |
Proposition 4 shows that the proposed approach with SAUG
and sCSI based ASLNR maximization DL precoder per-
formed in each UT group is asymptotically optimal when
|vflvj| — 0. Note that this condition coincides with the
upper bound achieving condition presented in Proposition 2.
Therefore, when the number of satellite antennas M and/or the
number of scheduled UT groups is sufficiently large, the pro-
posed approach is asymptotically optimal, which indicates the
potential of adopting massive MIMO to serve a large number
of UTs in LEO satellite communications. In addition, when
the previously derived conditions are not rigorously satisfied
(which is the usual case in practice), the proposed sCSI based
precoder and receiver can mitigate the inter-user interference
and further enhance the transmission performance for satellite
communications.

(51

V. SIMULATION RESULTS

In this section, we provide simulation results to evaluate
the performance of the proposed massive MIMO transmission
approach for LEO satellite communications. The major sim-
ulation setup parameters are listed as follows. The numbers
of antennas equipped at the satellite side are set to be My =
M, = 16 with half-wavelength antenna spacing in both the
x- and y-axes. The channel Rician factor is set to be K, = kK =
10 dB, and the channel power is normalized as ~y, = MM,
for all UT k. In addition, the channel space angles ¥ p and
9 ;. p are independently and uniformly distributed in the interval
[—1,1) for all UTs. The numbers of UT groups in the proposed
SAUG approach are set to be equal for both x- and y-axes,
ie., Gx = Gy = G. The number of UTs to be grouped is set
as G2M

Note that massive MIMO has not been applied to LEO
satellite communications, and we consider and compare the
following DL precoding and UL receiving approaches in the
simulations:
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Fig. 2. Sum rate performance comparison between the proposed sCSI (using the true and the estimated sCSI that are obtained via averaging over 50 samples,

respectively) and iCSI based precoding/receiving approaches.
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Fig. 3.
adopted.

o IntF: An ideal interference-free (IntF) case where the
interference from other scheduled UTs over the same time
and frequency resource is “genie-aided” eliminated will
be considered as the performance upper bound.

o iCSI: Relying on the iCSI, the SLNR maximization DL
precoder in (21) and the SINR maximization UL receiver
in (28) are adopted, with the assumption that the iCSI can
be “genie-aided” obtained.

o SCSI: The proposed sCSI based ASLNR maximization
DL precoder and ASINR maximization UL receiver
in (23) and (30) are adopted, respectively.

o Fixed: DFT based fixed DL precoding and UL receiving
vectors in (37) are adopted.

In Fig. 2, we evaluate the performance of the proposed
sCSI based precoding/receiving approaches, and compare
them with the iCSI based ones where UTs are grouped
using the proposed SAUG with G = 1. We consider
both cases that utilize the true and estimated sCSI that is
obtained via averaging 50 samples. We can observe that in
both UL and DL transmissions, the proposed sCSI based
precoder and receivers exhibit almost identical performance

900
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100 | | | | | | | |
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(b) UL

Sum rate performance of SAUG with different transmission approaches versus the number of scheduled UT groups for different SNRs when FFR is

as the iCSI based ones, while having significantly reduced
computational overhead. In addition, the sum rate perfor-
mance loss utilizing the estimated sCSI can be almost
neglected.

In Fig. 3, we evaluate the performance of the proposed
SAUG approach with different precoding/receiving approaches
versus the number of scheduled groups G when FFR is
adopted across neighboring beams. We can observe that the
performance of the proposed sCSI based precoder/receiver can
approach that of the interference-free scenario, especially in
the case with a large number of scheduled groups, which
demonstrates the asymptotic optimality of the proposed trans-
mission approach. In addition, the performance gap between
the approach with fixed precoding/receiving vectors and the
proposed sCSI based ones becomes smaller as the number of
scheduled groups increases, especially in the low SNR regime,
which indicates the near-optimality of the approach with fixed
precoding/receiving vectors in the case where interference is
not dominated.

In Fig. 4, the performance between the proposed transmis-
sion approach with FFR and the conventional FR4 approach
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Fig. 4. Sum rate performance comparison between the proposed approach with FFR and the conventional FR4 approach under different Rician factors.

is compared for different SNRs and channel Rician factors.
Similarly as FFR, only one UT is scheduled per beam over
the same time and frequency resource in FR4. Note that
in the case of FR4, the UTs with the same color are a
group of UTs performing transmission over the same time
and frequency resource. For FR4, we consider two trans-
mission approaches where “FR4, Conventional” denotes the
fixed precoder/receiver in (37) and “FR4, sCSI” denotes the
proposed sCSI based precoder/receiver in (23)/(30) applied to
the group of UTs over the same time and frequency resource
for interference mitigation, respectively. We can observe
that the proposed sCSI based precoder/receiver applied to
FR4 show sum rate performance gains over the conventional
FR4 approach. Moreover, with FFR across neighboring beams,
the proposed sCSI based precoder/receiver combined with
SAUG can provide significant sum rate performance gains over
the conventional FR4 approach, especially in the cases with
high SNRs and large Rician factors. Notably, for both UL
and DL with an SNR of 20 dB and x = 10 dB, the pro-
posed transmission approach with G = 4 can provide about
eight-folded sum rate performance gain over the conventional
FR4 approach.

VI. CONCLUSION

In this paper, we have investigated massive MIMO trans-
mission for LEO satellite communications exploiting sCSI
with FFR. We first established the massive MIMO chan-
nel model for LEO satellite communications by taking into
account the LEO satellite signal propagation properties and
simplified the UL/DL transmission designs via performing
Doppler and delay compensations at UTs. Then, we developed
the sCSI based DL precoder and UL receiver in closed-
form, under the criteria of maximizing the ASLNR and the
ASINR, respectively, and revealed the duality between them.
We further showed that the DL ASLNRs and UL ASINRs can
reach their upper bounds provided that the channel direction
vectors of the simultaneously served UTs are orthogonal,
and proposed a space angle based user grouping (SAUG)

approach motivated by this condition. Besides, we showed
the asymptotic optimality of the proposed massive MIMO
transmission approach exploiting sCSI. Simulation results
showed that the proposed massive MIMO transmission scheme
with FFR significantly enhances the data rate of LEO satel-
lite communication systems. Notably, the proposed sCSI
based precoder and receiver achieved the similar perfor-
mance with the iCSI based ones that are often infeasible
in practice. Future work includes detailed investigation on
low complexity sCSI estimation, transmission designs for the
cases with UTs using multiple antenna or directive antennas,
low peak-to-average power ratio transmission signal design,
and extension to the multiple LEO satellite communication
systems, etc.

APPENDIX A
PROOF OF PROPOSITION 2

We focus on the proof of the DL case and the proof of the
UL case can be similarly obtained. We first show the upper
bound of ASLNR}™ in (32). From (24), we can obtain that
ASLNR}™ with the proposed sCSI based precoder can be
upper bounded by

ASLNRP™ = ! — 1
1— vl (Zﬂiwvfl + p%;lIM) Vi
(a) 1
S 1 -1
1 —ypvi (’YkaV;If + ﬁIM) Vi
=) pilly, (52)

where (a) follows from that v;v; v is positive semidefinite
for Vi, and (b) follows from the Sherman-Morrison formula
[39, Eq. (15.2b)].

We then show the achievability of the upper bound. From
the definition of vi in (4), the condition given in (33)
is equivalent to viv; = 0 for Vk # . Thus, we can obtain
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that
H 1 H
E ViViV; +ﬁIM VEVE
i P

1
= <’kakV£I -+ FI}w) Vkvi,{
k

1
= vivi <’7kaVkH + FIM> ) (53)

k
which yields

-1
1

E Yivivit + — I vivi
i Pk

1 —1
=vpvH (’YkaVk +WIM) . (54)
k

Taking the traces of both sides of (54), we can further obtain

~1
1

v <Z'yivivfl+ﬁIM> Vi
i k

—1

1

0 <’7kaVkH + ﬁIM> V. (55)
Pk

Thus, the inequality in (a) of (52) can be obtained when the

condition in (33) is satisfied. This concludes the proof.

APPENDIX B
PROOF OF PROPOSITION 3

The achievable ergodic rate in (43) can be upper bounded
by

@ 1 G
Rq < a.q Z Z Z
XYY g=0 r=0 ke (g,r)
E {log2 {1 + ! |gkl| |Vkrb251nr|2}}
w1 Gt
Saa X X > Elem {1eallal'},
X~y g=0 r=0 k)EK:(g’T)

(56)

where (a) follows from ||2 > 0, and (b) follows from the
Cauchy-Schwarz inequality.

We then examine the condition under which the upper
bound in (44) can be achieved. The inequality (a) in (56)
becomes tight when b2!"" is orthogonal to (v ® v})* for
i # k. In addition, as the equality in (b) can be achieved
when bZSlm = (v} ®VZ)* [40], [41], we can obtain that
for Vk #£ i € K g,r)» the channel direction vectors should
satisfy (vi@v)" (viev)) = (v vy (vk)HVf =0,
e, (v)Tvi=0o0r (v1)" v = 0. This concludes the proof.

APPENDIX C
PROOF OF PROPOSITION 4

We first define some auxiliary variables for clarity of further
proof. For notational brevity, we focus on a specific UT group,
namely, the (g,r)th UT group K(,,), and omit the group
index as the UTs in different groups are scheduled over dif-
ferent time-frequency transmission resources. For a given UT
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-1

k€ Kg,r), we define hzsmr = (Z yivivi + p%IM Vi.
From (23), we can have bzsmr = b“lnr / hzsm ) . Then,
the DL sum rate in (43) can be rewritten as
Ra
«—1Gy—1
aleven G Z DY
9=0 =0 keK(y,m
2 |va'1ilnr dl
| b'mlru 2 qk
E < lo 1+ [
g2 ik dl 2 |vk baslnr dl
2Ky, 19k | oo g + o)
(57)

In order to obtain a lower bound of Ry in (57), we provide

H bchSlnr for Vk # i, a lower bound

an upper bound of ‘v

baslnr 2
k B

2/‘_

2
of Hbaglm , and a lower bound of ‘ bZSlm

respectively, in the following.

2
for Yk # i

A
V = [Vl,...,VK
bu%lnr

A. Upper Bound of ‘vfh?smr

|, and T £

can be expressed by

diag{[fyl,...,'yK] Then Vi

the (k,7)th element of the following matrix

1 —1
A 2 VH <V1“VH+WIM> \%
Pk
-1
=) p=1_ ilr*(%r—leV) rt
Pk Pk

(58)

where (a) follows from the matrix inversion lemma. Let

B2 1" '+ VHV. Then, vi/b?™" can be further written
as
H1y. aslnr {_P‘“im [B_l} ki’ if ¢ 75 k
Vi b = (Al = T 1 e .
Ul g BT, =k
(59)

Denote by by ; the (k,j)th element of B, and D), (B) £
D in bkl = D2 }Vkij}. Then, according to Ger$gorin
disc theorem [42, Theorem 6.1.1], for an arbitrary eigen-
value A of B, there exists an integer 1 < p < K such
that

(b)
(K - 1)5 < (Kmax -

(a)
|>‘_bp,p| < D;) (B) < 1)57 (60)

where (a) follows from |vlv;| < e for all j # p, and
(b) follows from K < K ax. Denote by Apax and Ay the
largest and smallest eigenvalues of B, respectively. For Vi # k,
we can have the following inequality

B7] e

1/Amx\/ T
A B-1 \/ TB-1e.
1/>\min T 1/>\max ek €ry\/€; e;

)\max -

- Qe e figo B

= |e£B

a) R
< 1/)\111111

ki

—
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(1) 2 (Kpax — 1) €
< Z\ v max )~
o /\max + /\min

VB /B
()

< Ptactmax (Kmax = 1) /B, 0 /B],,

(d)
é (pg}axPYmax)2 (Kmax -

e, 61)

where e is the kth column of identity matrix, (a) follows
from Wielandt’s inequality [42, Eq. (7.4.12.2)], (b) follows
from (60), (c) follows from Weyl’s inequality [42, Corol-
lary 4.3.15], and (d) follows from Rayleigh quotient theorem
[42, Theorem 4.2.2(c)]. From (59) and the inequality in (61),
we can obtain

(p(rlr}ax')/max) !

)2 2 4 ﬁdl( )
T (o)

(62)

} Hbaslnr (Krnax _

for i # k.

B. Lower Bound of ‘ bastor ’

Defining (inax(X) as the maximum eigenvalue of matrix X.

baslnr 2

Then, a lower bound of ‘ b; can be obtained as

2 -2
‘ bzslnr — (VrvH + _ij> Vi
(a) 1
>
max (VFVH ar I]\l)
Pr
(®) 1
= 2
(1/P 4 Guax (VI VH))
(©) 1
= 2
(1/pm1n + Ymax + P)/maX(Kmax - 1)6)
S é’dl (6) , (63)

where (a) follows from Rayleigh quotient theorem [42, Theo-
rem 4.2.2(c)], (b) follows from Weyl’s inequality [42, Corol-
lary 4.3.15], and (c) holds by applying GerSgorin disc theorem
[42, Theorem 6.1.1] to matrix VI'VH

baslnr 2
k

/e

Before proceeding, we first present some preliminary

C. Lower Bound of ‘kabZSlm

2
baslnr

results. An upper bound of ‘ b, can be obtained as

) 2
baslnr
k

-1
|| VI‘VH+—IM) Ve,
k

—) [VB~'T ey
= e/T 'B'VIVB T ¢,

=) iQ {B—l (B — %r*) B—l]
Vi Pk kk
2

1 _ 1 ]
= %([B 1]k,k_p_2u[B 'T'B l}k,k)
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K

- - L
71% jzjl Pr. I'VJ kj
1 1

< =[B! (1—— B! >éndl,
'y,% [ }k,k p(]il,yk [ ]k,k k

(64)

where (a) follows from the matrix inversion lemma, and
(b) follows from the definition of I' and B. In addition,

[B~!], . can be lower bounded by
(a) (b)
5, S Y
’ )\max bp,p + (Kmax - 1)6
1 A dl
> = €),
7m+1+(Krnax_1)6 X ()
(65)

where (a) follows from Rayleigh quotient theorem [42, The-
orem 4.2.2(c)], (b) follows from Gersgorin disc theorem [42,
Theorem 6.1.1]. Moreover, the following inequality can be
obtained

K
= ‘[BBil]k,k‘ - Zb’w' [Bil]j,k
J=1

(a)
> ik [Bil}kyk - Z |bk,j| ‘ [Bil]j,k‘
J#k
®) —1 dl 2 2
> bk’,k’ [B }k,k - Z (pmaxr}/max) (Kmax - 1)6

ik
1 2
= ( +1> [B ]k ko (Pg}ax7maX) (Kmax - 1)2527
Pk V& ’

(66)
where (a) follows from the triangle inequality, and (b) follows
from |by, ;| = |Vkij| < € for Vj # k and the inequality
in (61). Then, we can obtain

1 1
[Bil]k,k P%l’Yk
(a) 1 2
21— =F pcxgax'ym x) " (Kmax —
[Bil]k’,k’ ( a )

1)%€?

) ? (Kmax -
x(e)

122
Vs gy,

(67)
where (a) follows from (66), and (b) follows from (65).
/

(;) 1— (pg}ax’ymax

baslnr

can be lower

Consequently, ‘ I bnglnr
bounded by

‘ baslnr

‘ baslnr

w (175 B

n! i

baslnr 2
k

b

1 1 @
= - 2150,
[B_l]k,k Pk
where (a) follows from the inequality in (64), (b) follows
from (59), (c) follows from the definition of n,‘jl in (64),

and (d) follows from (67).

(68)
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Combining (57), (62), (63), and (68), we can obtain a lower
bound of Rg; as

Ra
1 Gy—1Gy—1
= GG

IV g=0 r=0 k€K (4.

2
gi'|” (1= 6% (9) ¢ 4 plb
Eqlog2y 1t i#k a2 B a . a [ [ Rai

D2iEK (g |93 e & T 0%

(69)
Note that lim._qd% () = 0, lim.o3 () = 0, and
¢4(e) > 0, thus we can obtain lim,_,o R(iﬁ = RYP. This

concludes the proof.
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