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MALLIAVIN AND DIRICHLET STRUCTURES FOR
INDEPENDENT RANDOM VARIABLES

L. DECREUSEFOND AND H. HALCONRUY

ABsTRACT. On any denumerable product of probability spaces, we construct
a Malliavin gradient and then a divergence and a number operator. This yields
a Dirichlet structure which can be shown to approach the usual structures for
Poisson and Brownian processes. We obtain versions of almost all the classical
functional inequalities in discrete settings which show that the Efron-Stein
inequality can be interpreted as a Poincaré inequality or that the Hoeffding
decomposition of U-statistics can be interpreted as an avatar of the Clark
representation formula. Thanks to our framework, we obtain a bound for the
distance between the distribution of any functional of independent variables
and the Gaussian and Gamma distributions.

1. INTRODUCTION

There are two motivations to the present paper. After some years of development,
the Malliavin calculus has reached a certain maturity. The most complete theories
are for Gaussian processes (see for instance [30] [41]) and Poisson point processes
(see for instance [II, [36]). When looking deeply at the main proofs, it becomes
clear that the independence of increments plays a major role in the effectiveness of
the concepts. At a very formal level, independence and stationarity of increments
induce the martingale representation property which by induction entails the chaos
decomposition, which is one way to develop Malliavin calculus for Poisson [31], Lévy
processes [33] and Brownian motion. It thus motivates to investigate the simplest
situation of all with independence: That of a family of independent, non necessarily
identically distributed, random variables.

The second motivation comes from Stein’s method]. The Stein method which
was initially developed to quantify the rate of convergence in the Central Limit
Theorem [39] and then for Poisson convergence [9], can be decomposed in three
steps (see [13]). In the first step, we have to find a functional identity which
characterizes the target distribution and solve implicitly or explicitly (as in the
semi-group method) the so-called Stein’s equation. It reduces the computation of
the distance to the calculation of

sup (E [LiF(X)] + E L F (X)),

FEF
where F is the class of functions solutions of the Stein equation, which is related
to the set of test functions H induced by the distance we are considering, L; and
L5 are two functional operators and X is a random variable whose distribution we

1Giving an exhaustive bibliography about Stein’s method is somehow impossible (actually,
MathSciNet refers more than 500 papers on this subject). The references given here are only
entry points to the items alluded to.
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want to compare to the target distribution. For instance, if the target distribution
is the Gaussian law on R,

L1F(z) = xF'(z) and LoF(z) = —F"(x).
If the target distribution is the Poisson law of parameter A,
LiF(n)=n(F(n)— F(n—1)) and LyF(n) = AM(F(n+ 1) — F(n)).

In the next step, we have to take into account how X is defined and transform L, F’
such that it can be written as —LoF + remainder. This remainder is what gives
the rate of convergence. To make the transformation of L, F, several approaches
appeared along the years. One of the most popular approach (see for instance [5])
is to use exchangeable pairs: Construct a copy X’ of X with good properties which
gives another expression of L F', suitable to a comparison with Lo F. To be more
specific, for the proof of the CLT, it is necessary to create an exchangeable pair
(8,5") with S = Y7 | X;. This is usually done by first, choosing uniformly an
index I € {1,---,n} and then, replacing X; with X’ an independent copy of X7,
so that the couple (S, S’ =S — X;+ X’) is an exchangeable pair. This means that

(1) E[F(S)|1=a; Xy, b#a] =E[F(S)]| Xy, b#a).

Actually, it is the right-hand-side of ({]) which gave us some clue on how to proceed
when dealing with functionals more general than the sum of random variables. An
alternative to exchangeable pairs, is the size-biased [10] or zero biased [19] couplings,
which again conveniently transform L, F'. For Gaussian approximation, it amounts
to find a distribution X* such that

E[L F(X)] =E[F"(X")].

Note that for S as above, one can choose S* = S’. If the distribution of X*
is absolutely continuous with respect to that of X, with Radon derivative A, we
obtain

E[LiF(X)] = E[F"(X) A(X)],

which means that we are reduced to estimate how far A is from the constant random
variable equal to 1. This kind of identity, where the second order derivative is
multiplied by a weight factor, is reminiscent to what can be obtained via integration
by parts. Actually, Nourdin and Peccati (see [26]) showed that the transformation
step can be advantageously made simple using integration by parts in the sense of
Malliavin calculus. This works well only if there exists a Malliavin gradient on the
space on which X is defined (see for instance [I5]). That is to say, that up to now,
this approach is restricted to functionals of Rademacher [27], Poisson [15, [34] or
Gaussian random variables [32] or processes [IT], 12]. Then, strangely enough, the
first example of applications of the Stein’s method which was the CLT, cannot be
handled through this approach. On the one hand, exchangeable pairs or size-biased
coupling have the main drawback to have to be adapted to each particular version
of X. On the other hand, Malliavin integration by parts are in some sense more
automatic but we need to be provided with a Malliavin structure.

The closest situation to our investigations is that of the Rademacher space,
namely {—1,1}N, equipped with the product probability ®penpr Where puy is a
Bernoulli probability on {—1,1}.
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The gradient on the Rademacher space (see [27], B6]) is usually defined as

(2) DpF(Xy, -, Xn) =E[Xip F(X1, -, X)) | X1, | £ K]
:P(szl)F(le a+15"' ;Xn)
_P(Xk :_1)F(X17 7_17"' 7X’n.)a

where the +1 are put in the k-th coordinate. It requires, for its very definition
to be meaningful, either that the random variables are real valued or that they
only have two possible outcomes. In what follows, it must be made clear that all
the random variables may leave on different spaces, which are only supposed to be
Polish spaces. That means that in the definition of the gradient, we cannot use
any algebraic property of the underlying spaces. Some of our applications does
concern random variables with finite number of outcomes but it does not seem
straightforward to devise what should be the weights, replacing P(X; = 1) and

—P(X, = —1). Furthermore, many applications, notably those revolving around
functional identities, rely not directly on the gradient D but rather on the operator
number L = —§D where § is the adjoint, in a sense to be defined later. It turns out

that for the Rademacher space, the operators L = —6D defined according to (2]
and L defined in Definition do coincide. Our framework then fully generalizes
what is known about Rademacher spaces.

Since Malliavin calculus is agnostic to any time reference, we do not even assume
that we have an order on the product space. It is not a major feature since a
denumerable A is by definition in bijection with the set of natural integers and
thus inherits of at least one order structure. However, this added degree of freedom
appears to be useful (see the Clark decomposition of the number of fixed points
of a random permutations in Section B and bears strong resemblance with the
different filtrations which can be put on an abstract Wiener space, via the notion
of resolution of the identity [40]. During the preparation of this work, we found
strong reminiscences of our gradient with the map A, introduced in [6], B8] for the
proof of the Efron-Stein inequality, defined by

ApF(Xy,-, Xy) =E[F| Xy, , X3 —E[F| Xy, , Xi_1].

Actually, our point of view diverges from that of these works as we do not focus on
a particular inequality but rather on the intrinsic properties of our newly defined
gradient.

We would like to stress the fact that our Malliavin-Dirichlet structure gives a
unified framework for many results scattered in the literature. We hope to give
new insights on why these apparently disjointed results (Efron-Stein, exchangeable
pairs, etc.) are in fact multiple sides of the same coin.

We proceed as follows. In Section 2] we define the gradient D and its adjoint &,
which we call divergence as it appears as the sum of the partial derivatives, as in R".
We establish a Clark representation formula of square integrable random variables
and an Helmholtz decomposition of vector fields. Clark formula appears to reduce
to the Hoeffding decomposition of U-statistics when applied to such functionals.
We establish a log-Sobolev inequality, strongly reminding that obtained for Pois-
son processes [43], together with a concentration inequality. Then, we define the
number operator L = §D. It is the generator of a Markov process whose stationary
distribution is the tensor probability we started with. We show in Section [ that we
can retrieve the classical Dirichlet-Malliavin structures for Poisson processes and
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Brownian motion as limits of our structures. We borrow for that the idea of con-
vergence of Dirichlet structures to [8]. The construction of random permutations
in [23], which is similar in spirit to the so-called Feller coupling (see [3]), is an in-
teresting situation to apply our results since this construction involves a cartesian
product of distinct finite spaces. In Section Bl we present several applications of
our results. In subsection 5.1 we derive the chaos decomposition of the number of
fixed points of a random permutations under the Ewens distribution. This yields
an exact expression for the variance of this random variable. To the price of an
additional complexity, it is certainly possible to find such a decomposition for the
number of k-cycles in a random permutation. In subection [5.2] we give an analog
to Theorem 3.1 of [25] [34], which is a general bound of the Kolmogorov Rubinstein
distance to a Gaussian or Gamma distribution, in terms of our gradient D. We
apply this to a degenerate U-statistics of order 2.

2. MALLIAVIN CALCULUS FOR INDEPENDENT RANDOM VARIABLES

Let A be an at most denumerable set equipped with the counting measure:

L*(A) = {u : A= R, Z lua|® < oo} and (u,v)r2(4) = Z UaVq-
acA a€A
Let (E,,a € A) be a family of Polish spaces. For any a € A, let £, and P, be
respectively a o-field and a probability measure defined on E,. We consider the

probability space E4 = [[,c4 Fu equipped with the product o-field £4 = \/Ac‘:a
ac

and the tensor product measure P = ® P,.
a€A

The coordinate random variables are denoted by (X,,a € A). For any B C A, Xp
denotes the random vector (X,,a € B), defined on Ep =[] E, equipped with
the probability Pp = ® P,.

acB

a€EB

A process U is a measurable random variable defined on (A x E4, P(A) ® £4).
We denote by L?(Ax E4) the Hilbert space of processes which are square integrable
with respect to the measure ) |, , €4 @ P4 (where ¢, is the Dirac measure at point
a):
U1 2axn) = O E[UZ] and (U, V)i2axpa = 3 E[UdVal.
a€A acA
Our presentation follows closely the usual construction of Malliavin calculus.

Definition 2.1. A random variable F is said to be cylindrical if there exist a finite
subset B C A and a function Fp : Ep — L*(E4) such that F = Fg orpg, where
rp 1S the restriction operator:

rg : Ex — Ep
(Ta,a € A) — (4,0 € B).

This means that F' only depends on the finite set of random variables (X,, a € B).
It is clear that S is dense in L?(E4).

The very first tool to be considered is the discrete gradient, whose form has been
motivated in the introduction.

We first define the gradient of cylindrical functionals, for there is no question of
integrability and then extend the domain of the gradient to a larger set of functionals
by a limiting procedure. In functional analysis terminology, we need to verify the
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closability of the gradient: If a sequence of functionals converges to 0 and the
sequence of their gradients converges, then it should also converges to 0. This is
the only way to guarantee in the limiting procedure that the limit does not depend
on the chosen sequence.

Definition 2.2 (Discrete gradient). For F € S, DF is the process of L?(A x E4)
defined by one of the following equivalent formulations: For all a € A,

D F(Xa)=F(Xa) - E[F(Xa)]|Gd]
=F(X4) —/E F(Xa<a;%a) dPo(74)

a

= F(XA) - E [F(XA\aa Xz/z)]
where X! is an independent copy of X,,.

Remark 1. A straightforward calculation shows that for any F,G € S, any a € A,
we have

Do(FG) = F DyG + G DoF — DoF D,G —E[FG |G, + E[F|G.E[G|Gal.

This formula has to be compared with the formula D(FG) = F DG + G DF for the
Gaussian Malliavin gradient (see (I6]) below) and D(FG) = F DG+G DF+DF DG
for the Poisson gradient (see () below).

For F' € S, there exists a finite subset B C A such that F' = Fg orp. Thus, for
every a ¢ B, F is G,-measurable and then D,F = 0. This implies that

S IDFP| =B | Y D.FP

acA a€EB

hence (D, F,a € A) defines an element of L?(A x Ey).

IDF||72axp,) = E =E < o0,

Definition 2.3. The set of simple processes, denoted by So(I1>(A)) is the set of
random variables defined on A X E4 of the form

U= Uila,

acB
for B a finite subset of A and such that U, belongs to S for any a € B.

The key formula for the sequel is the so-called integration by parts. It amounts
to compute the adjoint of D in L?(A x E4).

Theorem 2.4 (Integration by parts). Let F € S. For every simple process U,

F Z D,U,

a€A

(3) (DF,U)r2(axEq) = E

Thanks to the latter formula, we are now in position to prove the closability
of D: For (F,, n > 1) a sequence of cylindrical functionals,

(Fn L7240 and DF,, ——= n) — 7 =0.
L2(Ey4) L2(AXE,)

Corollary 2.5. The operator D is closable from L?(E4) into L*(A x E4).
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We denote the domain of D in L?(E ) by D, the closure of the class of cylindrical
functions with respect to the norm

1
2
1Pz = (IFI3ez) + IDFIZsaxes) -

We could as well define p-norms corresponding to LP integrability. However, for
the current applications, the case p = 2 is sufficient and the apparent lack of
hypercontractivity of the Ornstein-Ulhenbeck semi-group (see below Section [2.2))
lessens the probable usage of other integrability order.

Since D is defined as a closure, it is often useful to have a general criterion to
ensure that a functional F', which is not cylindrical, belongs to D. The following
criterion exists as is in the settings of Wiener and Poisson spaces.

Lemma 2.6. If there exists a sequence (F,,, n > 1) of elements of D such that
(1) F, converges to F in L*(Ex),
(2) sup, ||DF,|p is finite,

then F' belongs to D and DF = lim,_., DF}, in D.

2.1. Divergence. We can now introduce the adjoint of D, often called the diver-

gence as for the Lebesgue measure on R™, the usual divergence is the adjoint of the
usual gradient.

Definition 2.7 (Divergence). Let
Dom§ = {U € L2(Ax Ey) :
9e>0,¥F € D, {DF,U)2(axsl < e Fllrm, |-

For any U belonging to Dom &, dU is the element of L?(E4) characterized by the
following identity

(DF,U)2(axE4) = E[F U], for all F € D.
The integration by parts formula @) entails that for every U € Dom§,
SU =Y DoUs.
acA

In the setting of Malliavin calculus for Brownian motion, the divergence of
adapted processes coincide with the Itd integral and the square moment of 60U
is then given by the Itd isometry formula. We now see how this extends to our
situation.

Definition 2.8. The Hilbert space D(I?(A)) is the closure of So(I12(A)) with respect
to the norm

+E

> U

acA

In particular, this means that the map DU = (D,Up, a,b € A) is Hilbert-
Schmidt as a map from L?(A x E4) into itself. As a consequence, for two such
maps DU and DV, the map DU o DV is trace-class (see [44]) with

trace(DU o DV) = Y~ DoU, DyVa.
a,be A

DD 1Dl

a€EAbEA

1UIBaz2(ay) = E
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The next formula is the counterpart of the Ité isometry formula for the Brownian
motion, sometimes called the Weitzenbock formula (see [36] Eqn. (4.3.3)]) in the
Poisson settings.

Theorem 2.9. The space D(1>(A)) is included in Dom . For any U, V belonging
to D((4),

(4) E [0U V] = E [trace(DU o DV)].

Remark 2. It must be noted that compared to the analog identity for the Brow-
nian and the Poisson settings, the present formula is slightly different. For both
processes, with corresponding notations, we have

|6U|22 = ||U||22 + trace(DU o DV).

The absence of the term |U||2, gives to our formula a much stronger resemblance
to the analog equation for the Lebesque measure. As in this latter case, we do
have here 61 = 0 whereas for the Brownian motion, it yields the Ito integral of the
constant function equal to one.

If A= N, let F,, = o{Xk, k < n} and assume that U is adapted, i.e. for all
n>1,U, €F,. Then, D,Ur =0 as soon as n >k, hence

> (.- B, |fn1])21 ,

n=1

E [6U°] =E

i.e. E [5U2} is the L*(N x En)-norm of the innovation process associated to U,
which appears in filtering theory.

2.2. Ornstein-Uhlenbeck semi-group and generator. Having defined a gra-
dient and a divergence, one may consider the Laplacian-like operator defined by
L = =D, which is also called the number operator in the settings of Gaussian
Malliavin calculus.

Definition 2.10. The number operator, denoted by L, is defined on its domain

E|> |D.F? <<>o}

Dom L = {F € L*(Ea)

ac€A

by

(5) LF = —DF ==Y D,F.
a€A

The map L can be viewed as the generator of a symmetric Markov process X,
which is ergodic, whose stationary probability is P 4. Assume first that A is finite.
Consider (Z(t),t > 0) a Poisson process on the half-line of rate | A|, and the process
X(t) = (X1(t), -, Xn(t), t > 0) which evolves according to the following rule: At
a jump time of Z,

e Choose randomly (with equiprobability) an index a € A,
e Replace X, by an independent random variable X/ distributed according
to Py,.
For every x € Ea, a € A, set .y = (x1,--+ , Ta—1, Tat1, -, T|4]). The generator
of the Markov process X is clearly given by

|4 Z |A| ( Ta, Tg) = F(x)) dP,(z;,) = — Z D, F(x)

a€A
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The factor |A| is due to the intensity of the Poisson process Z which jumps at rate
| A, the factor |A|~! is due to the uniform random choice of an index a € A. Thus,
for a finite set A, L coincides with the generator of X. If we denote by P = (P, ¢ >
0) the semi-group of X: For any « € F 4, for any bounded f : E4 — R,

Fif(x) = E[f(X(#))[ X(0) = «].
Then, (P;,t > 0) is a strong Feller semi-group on L (E4). This result still holds

when F4 is denumerable.

Theorem 2.11. For any denumerable set A, L defined as in (Bl) generates a strong
Feller continuous semi-group (Py,t > 0) on L>®(Ey).

As a consequence, there exists a Markov process X whose generator is L as de-
fined in @). It admits as a core (a dense subset of its domain) the set of cylindrical
functions.

From the sample-path construction of X, the next result is straightforward for
A finite and can be obtained by a limiting procedure for A denumerable.

Theorem 2.12 (Mehler formula). For a € A, z, € E4 and t > 0, let Xo(2q,t)
the random variable defined by

Xo(xg,t) = {

where X! is a Pg-distributed random variable independent from everything else.
In other words, if P*«! denotes the distribution of X,(z4,t), P*+! is a convex
combination of 5, and Pg:

Prot = (1—e e, +e'P,.
For any x € E4, anyt > 0,

PF(z) = / Fly) ® dPoi(y,).
Ea acA

To  with probability (1 —e™t),

X! with probability e ¢,

1t follows easily that (P, t > 0) is ergodic and stationary:

lim PF(x) = [ FdP and X(0) P — X(t) ' P.
—00 Ea
We then retrieve the classical formula (in the sense that it holds as is for Brow-
nian motion and Poisson process) of commutation between D and the Ornstein-
Uhlenbeck semi-group.

Theorem 2.13. Let F € L?(Ey4). For everya € A, x € Ey,
(6) D, P,F(x) = e 'P.D,F(x).

3. FUNCTIONAL IDENTITIES

This section is devoted to several functional identities which constitute the crux
of the matter if we want to do some computations with our new tools.

It is classical that the notion of adaptability is linked to the support of the
gradient.

Lemma 3.1. Assume that A =N and let F,, = c{X, k <n}. Forany F € D, F
is Fr-measurable if and only if D, F' =0 for anyn > k. As a consequence, DF =0
if and only if F = E[F].
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It is also well known that, in the Brownian of Poisson settings, D and conditional
expectation commute.

Lemma 3.2. For any F € D, for any k > 1, we have
(7) Dy, E[F|Fy] = E[DyF'| Fl.

The Brownian martingale representation theorem says that a martingale adapted
to the filtration of a Brownian motion is in fact a stochastic integral. The Clark
formula gives the expression of the integrand of this stochastic integral in terms of
the Malliavin gradient of the terminal value of the martingale. We here have the
analogous formula.

Theorem 3.3 (Clark formula). For A=N and F € D,
F=E[F]+) DyE[F|F].
k=1

If A is finite and if there is no privileged order on A, we can write

_ E!
F=E[F]+ ) (|B|> EZDI,E[FU(B].

BCA beB

The chaos decomposition is usually deduced from the Clark formula by iteration.
If we apply Clark formula to E [F'| Fi], we get

DyE[F|Fi) = ZDijE [F'| Fjnk] = DyE[F | Fi],
j=1

since j > k implies D,E [F' | Fj] = 0 in view of Lemma [31] Furthermore, the same
holds when k& > j since it is easily seen that D;D; = DpD;. For j = k, simply
remark that DDy = Dy. Hence, it seems that we cannot go further this way to
find a potential chaos decomposition.

As mentioned in the Introduction, it may be useful to reverse the time arrow.
Choose an order on A so that A can be seen as N. Then, let

HnZU{Xk, k>n}.
and for any n € {0,--- ,N — 1},
HY =M, NFy and HY = Fo={0, Ea} for k > N.

Note that H) = Fn and as in Lemma Bl F is Hj-measurable if and only if
D,F =0 for any n < k.

Theorem 3.4. For every F in D,

o0
F=EIF] +ZDkE[F|/Hk71]-
k=1
In the present context, the next result is a Poincaré type inequality as it gives
a bound for the variance of F' in terms of the oscillations of F'. In other context,
it turns to be called the Efron-Stein inequality [6]. It can be noted that both the
statement and the proof are similar in the Brownian and Poisson settings.

Corollary 3.5 (Poincaré or Efron-Stein inequality). For any F € D,
var(F) < | DF|Z2(axe.)-
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Another corollary of the Clark formula is the following covariance identity.

Theorem 3.6 (Covariance identity). For any F,G € D,

(8) cov(F,G) =E | Y_ DyE[F|Fy] DiG|.

kEA

As for the other versions of the Malliavin calculus (Brownian, Poisson and
Rademacher), from (@), can be deduced another covariance identity.

Theorem 3.7. For any F,G € D,

ZDkF/ ~'P,E [DG|Fy] dt] .
ke A

Then, using the so-called Herbst principle, we can derive a concentration in-
equality, which, as usual, requires an L* bound on the derivative of the functional
to be valid.

9) cov(F, G)

Theorem 3.8 (Concentration inequality). Let F for which there exists an order
on A with

= sup Z|DkF ) E[|DpF(X)|| Fi] < 0.
XGEAk 1

Then, for any x > 0, we have

2M

In the Gaussian case, the concentration inequality is deduced from the logarith-
mic Sobolev inequality. This does not seem to be feasible in the present context
because D is not a derivation, i.e. does not satisfy D(FG) = F DG+ G DF. How-
ever, we still have an LSI identity. For the proof of it, we follow closely the proofs
of [35, 43]. They are based on two ingredients: The It6 formula and the martingale
representation theorem. We get an ersatz of the former but the latter seems inac-
cessible as we do not impose the random variables to live in the same probability
space and to be real valued. Should it be the case, to the best of our knowledge,
the martingale representation formula is known only for the Rademacher space [42]
Section 15.1], which is exactly the framework of [35]. This lack of a predictable
representation explains the conditioning in the denominator of (0.

P(F — B[F] > ) < exp <—"”—>

Theorem 3.9 (Logarithmic Sobolev inequality). Let a positive random variable
G € Llog L(E4). Then,

O, — (0] |DkG|2
(10) E[GlogG] — E[G]logE G %E[ G|gk]

In the usual vector calculus on R3, the Helhmoltz decomposition stands that a
sufficiently smooth vector field can be resolved in the sum of a curl-free vector field
and a divergence-free vector field. We have here the exact counterpart with our
definition of gradient.

Theorem 3.10 (Helhmoltz decomposition). Let U € D(I*(A)). There exists a
unique couple (p, V) where ¢ € L*(E4) and V € L*(A x E4) such that E[p] =0,
0V =0 and

Uy =Dop+ Vg,
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for any a € A.

4. DIRICHLET STRUCTURES

We now show that the usual Poisson and Brownian Dirichlet structures, associ-
ated to their respective gradient, can be retrieved as limiting structures of conve-
nient approximations. This part is directly inspired by [8] where with our notations,
the X,’s are supposed to be real valued, independent and identically distributed
and the gradient be the ordinary gradient on R4.

For the definitions and properties of Dirichlet calculus, we refer to the first
chapter of [7]. On (E4,P4), we have already implicitly built a Dirichlet structure,
i.e. a Markov process X, a semi-group P and a generator L (see subsection 2.2)).
It remains to define the Dirichlet form €4 such that £4(F) = E[F LF] for any
sufficiently regular functional F'.

Definition 4.1. For F € D, define

> IDaFI?

acA

Ea(F)=E = [IDF(172(ax 50

The integration by parts formula means that this form is closed. Since we do
not assume any property on E, for any a € A and since we do not seem to have
a product rule formula for the gradient, we cannot assert more properties for £4.
However, following [8], we now show that we can reconstruct the usual gradient
structures on Poisson and Wiener spaces as well chosen limits of our construction.
For these two situations, we have a Polish space W, equipped with B its Borelean
o-field and a probability measure P. There also exists a Dirichlet form £ defined on
a set of functionals D. Let (En, An) be a sequence of Polish spaces, all equipped
with a probability measure Py and their own Dirichlet form €y, defined on D .
Consider maps Uy from Ey into W such that (Un).Py, the pullback measure of
Py by Uy, converges in distribution to P. We assume that for any F' € D, the
map F o Uy belongs to Dy. The image Dirichlet structure is defined as follows.
For any F' € D,

EUN(F) = EN(F o Uy).
We adapt the following definition from [g].

Definition 4.2. With the previous notations, we say that (Un)«Pn, N > 1)
converges as a Dirichlet distribution whenever for any F € LipND,

lim EVN(F) = E(F).
N—o0
4.1. Poisson point process. Let Y be a compact Polish space and My be the

set of weighted configurations, i.e. the set of locally finite, integer valued measures
on Y. Such a measure is of the form

oo
w = an ECna
n=1

where (¢,, n > 1) is a set of distinct points in Y with no accumulation point,
(pn, n > 1) any sequence of positive integers. The topology on Ny is defined by
the semi-norms

pr(w) =

3

> pn F(Gn)
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when f runs through the set of continuous functions on Y. It is known (see for
instance [22]) that 9y is then a Polish space for this topology. For some finite
measure M on Y, we put on Iy, the probability measure P such that the canonical
process is a Poisson point process of control measure M, which we consider without
loss of generality, to have total mass M(Y) = 1.

On My, it is customary to consider the difference gradient (see [14], 31} [36]): For
any z € Y, any w € Ny,

(11) D,F(w) =F(w+e¢;) — F(w).

Set

Dp = {F : Ny — R such that E [/ |D,F|? dM(:v)] < oo},
Y
and for any F € Dp,

(12) E(F)=E {/Y|DIF|2dM(3:)} :

To see the Poisson point process as a Dirichlet limit, the idea is to partition
the set Y into N parts, C{,--- ,C¥ such that M(C}) = pl¥ and then for each
ke{1,---,N}, take a point C,]CV into C,iv so that the Poisson point process w on Y
with intensity measure M is approximated by

N
wh =) weM EcN -
k=1

We denote by P the distribution of w’V. By computing its Laplace transform, it
is clear that Py converges in distribution to P. It remains to see this convergence
holds in the Dirichlet sense for the sequence of Dirichlet structures induced by our
approach for independent random variables.

Let (¢N, k=1,---,N) (respectively (pY, k = 1,---,N)) be a triangular array
of points in Y (respectively of non-negative numbers) such that the following two
properties hold:

1) the pi’s tends to 0 uniformly:

1
(13) pYN = sup pl =0 (—) ;
k<N N

2) the C,]CV ’s are sufficiently well spread so that we have convergence of Riemann
sums: For any continuous and M-integrable function f : Y — R, we have

N
(14) SR P A / f(x) dM(z).
k=1

Take f =1 implies that >, pY¥ tends to 1 as N goes to infinity.

For any N and any k € {1,---,N}, let ul¥ be the Poisson distribution on N, of
parameter pY. In this situation, let Ey = N¥ with 4~ = @Y u&. That means
we have independent random variables M{¥,--- M J]\\,’ , where M év follows a Poisson
distribution of parameter py for any k € {1,---, N}. We turn these independent
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random variables into a point process by the map Uy defined as
Uy : NV — 9y

N
(ma, -+ ,mn) — ka E¢N-
k=1
Lemma 4.3. For any F € Dp,
(15) &Y (F)
N oo oo 2
=2 D E (Z (Flwiy +tecy) = Flfy + mw)uzm) (o),
m=1£=0 7=0

where wgn) =D ktm M,ivaqév.

Proof. According its very definition,

N o) 2
EN(F)=>_E (F(wf\fn) +MYeex) =Y Flwihy + Tgcﬁ)uﬁ(7)>
m=1 =0

The result follows by conditioning with respect to MY, whose law is pl¥. O
Since the vague topology on My is metrizable, one could define Lipschitz func-

tions with respect to this distance. However, this turns out to be not sufficient for
the convergence to hold.

Definition 4.4. A function F' : My — R is said to be TV — Lip if F' is continuous
for the vague topology and if for any w, n € Ny,

|F(w) = F(n)| < distrv(w, n),

where dist 7y represents the distance in total varitation between two point measures,
i.e. the number of distinct points counted with multiplicity.

Theorem 4.5. For any F € TV — Lip N Dp, with the notations of Lemma [{-3

and ([2)),
UV (F) X2 g(F).

4.2. Brownian motion. For details on Gaussian Malliavin calculus, we refer to [30,
41]. We now consider P as the Wiener measure on W = Cy([0,1];R). Let
(hk, k > 1) be an orthonormal basis of the Cameron-Martin space H,
t
H= {f :[0,1] = R, 3f € L? with f(t) :/ f(s)ds} and ||fllg = ||/ |lz2-

0

A function F' : W — R is said to be cylindrical if it is of the form
F((U) = f((SBvlu T 753Un)7

where v1,--- , v, belong to H,

1
dpv = / v(s)dw(s)
0
is the Wiener integral of v and f belongs to the Schwartz space S(R™). For h € H,

(16) ViF(w) = ——(0Bv1,--- ,0BVy) hi.
—1 8$k
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The map V is closable from L?(W;R) to L?(W; H). Thus, it is meaningful to
define Dp as the closure of cylindrical functions for the norm

1F]

1.2 = 1F|lp2owy + IVEll 2w m)-

Definition 4.6. A function F : W — R is said to be H-C' if

o for almost allw € W, h+—— F(w + h) is a continuous function on H,
e for almost allw € W, h — F(w+ h) is continuously Fréchet differentiable
and this Fréchet derivative is continuous from H into R ® H.

We still denote by VF' the element of H such that

diF(w )| = (VFW), By
T 7=0

For N > 1, let
t
er (t) = VN 1jg_1)/n,k/n)(t) and b (t) = /0 er (s)ds.

The family (h), k=1,---,N) is then orthonormal in H. For (M, k=1,---,N)
a sequence of independent identically distributed random variables, centered with
unit variance, the random walk

N
W (t) =" My by (¢), for all ¢ € [0, 1],
k=1

is known to converge in distribution in W to P. Let Exy = RY equipped with the
product measure Py = ®I_ v where v is the standard Gaussian measure on R.
We define the map Uy as follows:

Uy : En — W
N

m=(mq,--- ,mN)»—>kahkN.
k=1

It follows from our definition that:

Lemma 4.7. For any F € L?>(W;R),
N 2
EV(F) =3 E [(F(WN) —E [F(wg{) + M) h{j)D } ,
k=1
where wg\]i) =wN — M, hkN and Mj, is an independent copy of My. The expectation
is taken on the product space RNT1 equipped with the measure Py ® v.

The definition of Lipschitz function we use here is the following:

Definition 4.8. A function F : W — R is said to be Lipschitz if it is H-C' and
for almost all w € W,

(VF(w), h)| < 1Al

In particular since eév > 0, this implies that

(VF(w), he)l < hi'(1) = hi'(0) =

2
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For F € Dg NH-C', we have
(17) F(w+h) = F(w) = (VF W), h)a + |4 12 e(w, ),
where £(w, h) is bounded and goes to 0 in L2, uniformly with as ||A]: tends to 0.

Theorem 4.9. For any F'€ Dg N H—Cl,

EVN(F) 25 B[ VR3] = ().

5. APPLICATIONS

5.1. Representations. We now show that our Clark decomposition yields inter-
esting decomposition of random variables. For U-statistics, it boils down to the
Hoeffding decomposition.

Definition 5.1. For an integer m, let h : R™ — R be a symmetric function,
and X1, -+, Xy, n random variables supposed to be independent and identically
distributed. The U-statistics of degree m and kernel h is defined, for any n > m by

-1
n
Uy =U(X1, -, Xn) = (m> > h(Xa)
A€([n],m)

where ([n],m) denotes the set of ordered subsets A C [n] ={1,---,n}, of cardinal-
ity m.

More generally, for a set B, (B,m) denotes the set of subsets of B with m
elements.

If E[|h(X1, -, X.)|] is finite, we define h,, = h and for 1 <k <m —1,
hk(Xlu"' 7X]€) = E[h(Xlu 7Xm) |X17"' 7X]€] .
Let 6 = E[h(Xy, -, Xm)], consider g1(X1) = h1(X1) — 0, and

k—1
ge(X1,- o Xp) = he(Xn, -, X)) =0 = > Y~ g;(Xp),
J=1 Be([k],5)

for any 1 < k < m. Since the variables X1, --- , X, are independent and identically
distributed, and the function h is symmetric, the equality

E[h(Xaus) | X8| = E[W(Xcus) | XB],
holds for any subsets A and C' of [n]\B, of cardinality n — k.

Theorem 5.2 (Hoeffding decomposition of U-statistics, [24]). For any integer n,
we have

(18) Up=0+> HP

where Hflk) is the U-statistics based on kernel g, i.e. defined by

H® = (Z) S g(Xn).

Bc([n],k)
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As mentioned above, reversing the natural order of A, provided that it exists, can
be very fruitful. We illustrate this idea by the decomposition of the number of fixed
points of a random permutation under Ewens distribution. It could be applied to
more complex functionals of permutations but to the price of increasingly complex
computations.

For every integer N, denote by &x the space of permutations on {1,---, N}.
We always identify &y as the subgroup of & 41 stabilizing the element N 4 1. For
every k € {1,---, N}, define J, = {1,--- ,k} and

JT=NxT2X - xIN.
The coordinate map from J to Jj is denoted by Ij,. Following [23], we have
Theorem 5.3. There exists a natural bijection I' between J and Gy .

Proof. To a sequence (i1, - ,in) where iy € Ji, we associate the permutation
F(il, e ,ZN) = (N, ’LN) ] (N — 1, ’L'Nfl) ... 0 (2,7,2)
where (4, j) denotes the transposition between the two elements i and j.

To an element o € Sy, we associate iy = on(N). Then, N is a fixed point
of oy_1 = (N, in) o on, hence it can be identified as an element on_1 of Sn_1.
Then, in—1 = on—1(IN — 1) and so on for decreasing indices.

It is then clear that IT" is one-to-one and onto. [l

In [23], T is described by the following rule: Start with permutation oy = (1), if
at the N-th step of the algorithm, we have iy = N then the current permutation is
extended by leaving N fixed, otherwise, N is inserted in o _1 just before i) in the
cycle of this element. This construction is reminiscent of the Chinese restaurant
process (see [3]) where iy is placed immediately after N. An alternative construc-
tion of permutations is known as the Feller coupling (see [3]). In our notations, it
is given by

o1=(1); on =on-10 (ox,(in), N).

Definition 5.4 (Ewens distribution). For some t € RY, for any k € {1,--- , N},
consider the measure Py defined on Ji by

1 s
irko1 HiEk
Pr({j}) = .
m fO?“j:k.

Under the distribution P = ®3Py, the random variables (I, k = 1,--- |N) are
independent with law given by P(Iy = j) = Pr({5}), for any k.

The Ewens distribution of parameter t on Gy, denoted by P?, is the push-forward
of P by the map I.

A moment of thought shows that a new cycle begins in the first construction for
each index where i, = k. Moreover, it can be shown that

Theorem 5.5 (see [23]). For any o € Gy,

. tcyc(o’)
P'({c}) = (t+1)(t+2) x--x(t+N—-1)

where cyc(o) is the number of cycles of o.
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For any F', a measurable function on &y, we have the following diagram

(j7 ®}]€V=1Pk)
Fl \F_ Fol
(&n. PY) R

We denote by i = (i1, ,in) a generic element of 7 and by o = I'(7).

Let C)(c) denote the number of fixed points of the permutation ¢ and C; =
Ci oT. For any k € Jn, the random variable Uy (o) is the indicator of the event (k
is a fixed point of o) and let U = UyoTl'. The Clark formula with reverse filtration
shows that we can write U ,ﬁv as a sum of centered orthogonal random variables as
in the Hoeffding decomposition of U-statistics (see Theorem [5.2)).

Theorem 5.6. For any k€ {1,--- |N},

(19) Ur = Y(1,=k) (1, £k, me{k+1,- ,N})-

and under P?, ﬁév is Bernoulli distributed with parameter tproy, where for any

ke{lv"'vN}7

N

1 j—1
= anday= J—r
Pe= i H t+j—1
j=k+1
Moreover,
) N
UYN = tppay, + (1(1k:k) - L‘Pk) H (1, #k)
m=k+1
N—-k—-1 N—k
t+k—1
— lpg Z m (l(lkﬂ:k) —pk+j) H L1, 00)-
7j=1 l=j5+1
Since
~ N ~
Cr=> Ui,
k=1
we retrieve the result of [4]:
~ tN
Blo]- W
Ui N—1

and the following decomposition of C; can be easily deduced from the previous
theorem.
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Theorem 5.7. We can write
~ t—1
Ci=t|ll— ———

! ( N+t—1>+l
(4 t—1
B N+t—1 l

-1

N-1 ¢ 1 N
R erpd (00~ 77=5) T 200

=2 k=1 m=Il+1

WE

~ N ¢ -1 N
DlUlN + Z PR D, <Z H 1([m7gk)>
=2

k=1m=Il

Il
-

N
'
(Lr=p) — Tz_l) IT 1.
m=Il+1

+
M=

Il
-

Remark 3. Note that such a decomposition with the natural order on N would be
infeasible since the basic blocks of the definition of C1, namely the Uy, are anticipa-
tie (following the vocabulary of Gaussian Malliavin calculus), i.e. Ug € o(Ig41,l =
0,---,N—k).

This decomposition can be used to compute the variance of C;. To the best of
our knowledge, this is the first explicit, i.e. not asymptotic, expression of it.

Theorem 5.8. For any t € R, we get

. Nt t 2?2 X 1
- 1- 2 - ).
Gl =l v TN Zt—i—k—l
k=1

We retrieve

var [C}] —— t,
N— 00

as can be expected from the Poisson limit.

5.2. Stein-Malliavin criterion. For (F,d) a Polish space, let 9% (F) the set
of probability measures on E. It is usually equipped with the weak convergence

generated by the semi-norms
p®) = | [ rap)
E

for any f bounded and continuous from E to R. Since E is Polish, we can find a
denumerable family of bounded continuous functions (f,, n > 1) which generates
the Borelean o-field on E and the topology of the weak convergence can be made
metric by considering the distance:

p(P,Q) => 27" ¢(ps, (P - Q))

n=1
where ¢(z) = x/(1+z). Unfortunately, this definition is not prone to calculations so
that it is preferable to use the Kolmogorov-Rubinstein (or Wasserstein-1) distance

defined by
R(P,Q) = sup /stP—/wdQ’
e€Lip, |JE E
where
@ € Lip, <= sup 7|<p(x) — o)l <r.

r#yeE d(l‘, y)
Theorem 11.3.1 of [16] states that the distances x and p yield the same topology.
When E = R, the Stein’s method is one efficient way to compute the « distance
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between a measure and the Gaussian distribution. If E = R", for technical reasons,
it is often assumed that the test functions are more regular than simply Lipschitz

continuous and we are led to compute
e [ paq)
E E

where H is a space included in Lip; like the set of k-times differentiable functions
with derivatives up to order k bounded by 1.

The setting in which we need to compute a KR distance is very often the situation
in which we have another Polish space G with a probability measure 1 and a random
variable F' with value in E. The objective is then to compare some measure P on F
and Pp = F,u the distribution of F', i.e. the push-forward of p by the application
F'. This means that we have to compute

/cde—/gpoqu’.
E G

As mentioned in Section [[I when using the Stein’s method, we first characterize P
by a functional identity and then use different tricks to transform (20) in a more
tractable expression. The usual tools are exchangeable pairs, coupling or Malliavin
integration by parts. For the latter to be possible requires that we do have a Malli-
avin structure on the measured space (G, u). In [25] [34], generic theorems are given
which link x# (P,Pr) with some functionals of the gradient of F. For instance, if
(G, i) is the space of locally finite configurations on a space g, equipped with the
Poisson distribution of control measure ¢ and P is the Gaussian distribution in R,

|

+/E [|D.F|?|D.L™"F|] do(z),
g

Ry (Pu Q) = Sup
pEH

(20) sup
YEH

(21) ky(P,Pp)<E H1 —/DZFDZL_leo(z)
9

where D is the Poisson-Malliavin gradient (see Equ. (1)), L = D*D the associated
generator and the Stein class F is the space of twice differentiable functions with
first derivative bounded by 1 and second order derivative bounded by 2. In [I7],
an analog result is given when P is a Gamma distribution and (G, p) is either
a Poisson or a Gaussian space. To the best of our knowledge, when pu is the
distribution of a family of independent random variables, the distance (P, Pr)
is evaluated through exchangeable pairs or coupling, which means to construct an
ad-hoc structure for each situation at hand. We intend to give here an exact analog
to (2I) in this situation using only our newly defined operator D. Our first result
concerns the Gaussian approximation. To the best of our knowledge, there does
not yet exist a Stein criterion for Gaussian approximation which does not rely on
exchangeable pairs or any other sort of coupling.

Remark 4. In what follows, we deal with functions F defined on E 4, that means
that F is a function of X4 and as such, we should use the notation F(X4). For
the sake of notations, we identify F' and F(Xa4).
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Theorem 5.9. Let P denote the standard Gaussian distribution on R. For any
F : Ex— R such that E[F] =0 and F € Dom D. Then,

#(P,Pp) <E|[1=> D,F (~DoL~")F

a€A

X8| [ (P F i) aPae) [Da1

The proof of this version follows exactly the lines of the proof of Theorem 3.1 in
[25] [34] but we can do slightly better by changing a detail in the Taylor expansion.

Theorem 5.10. Let P denote the standard Gaussian distribution on R. For any
F : Ex— R such that E[F] =0 and F € Dom D. Then,

(22) wu(P,Pp) < sup B |G(F
€Lipy

— 3 W(F(X',))DuF(~-DuL™)F

a€A

# B[ [ (P FOein) aPuG) 1D,

a€A

where X!, = Xa-q U{X.}.

This formulation may seem cumbersome, but it easily gives a close to the usual
bound in the Lyapounov central limit theorem, with a non optimal constant (see

[18]).

Corollary 5.11. Let (X,,,n > 1) be a sequence of thrice integrable, independent
random variables. Denote

02 = var(X ZO’ and 'Y, ——Z(Xj—E[Xj]).
Then,
(P, Py,) < &;1) Y E[X; -E[X;]].

Sn

Jj=1

Remark 5. If we use Theorem[2.9, we get

kn(P, Py, ) <E 1_25_2 —32 [1X; - E[X;] ]

j=1

and the quadratic term is easily bounded only if the X;’s are such that E [Xf] 18
finite, which in view of Corollary[5.11l is a too stringent condition.

The functional which appears in the central limit theorem is the basic example
of U-statistics or homogeneous sums. If we want to go further and address the
problem of convergence of more general U-statistics (or homogeneous sums), we
need to develop a similar apparatus for the Gamma distribution. Recall that the
Gamma distribution of parameters r and A\ has density

fr,)\(x) =

T

I(r)

2" e 1g. (2).
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Let Y;., ~ I'(r, )\), it has mean r/\ and variance r/A2. Denote by Y,y = Y,y —7/\.
As described in [21], Z ~ Y, x =Y, » — r/X if and only if E [L, »f(Z)] = 0 for any
f once differentiable, where

Liaf) =5 (v+5) /&) —vf ).

> =

The Stein equation

(23) Leaf(y) = 9(y) —E [g(Yr)]

has a solution f, which satisfies
/ !/ 1 /
(24) N follse < Mlglloo, 1fglleo < 2Amax {1, ) flg'l|o
A
and 17 < 22 (max (32 'l + 1”1 )

1
noting that f, is solution of ([23) if and only if hy : x — Xf(x — %) solves
oh!(z) + (r = An)h(z) = g(z) — E[g(Y20)],
studied in [2] [17].

Theorem 5.12. Let F is the set of twice differentiable functions with first and
second derivative bounded by 1. There exists ¢ > 0 such that for any F € Dom D
with E[F] =0,

1 T _
(25) #u(Pp, Py ) <cE||F + 5 - > D.F(-D.L™')F
acA
2
+¢Y E [/ (F(XA) - F(XAﬁa;x)) dP,(z) |DaL‘1F|} .
Ea

a€A

This theorem reads exactly as [I7, Theorem 1.5] for Poisson functionals and is
proved in a similar fashion.

Remark 6. The generalization of this result to multivariate Gamma distribution
will be considered in a forthcoming paper. The difficulty lies in the regularity es-
timates of the solution of the Stein equation associated to multivariate Gamma
distribution, which require lengthy calculations.

An homogeneous sum of order d is a functional of independent identically dis-
tributed random variables (X1,- -+, Xn,, ), of the form

Fo(X1,-+ Xn) = > falin, e ia) Xiy ... X,

1<dy, - ,ig<Np

where (N,,,n > 1) is a sequence of integers which tends to infinity as n does
and the functions f, are symmetric on {1,---, N, }? and vanish on the diagonal.
The asymptotics of these sums have been widely investigated and depend on the
properties of the function f,. For d = 2, see for instance [20]. In [29], the case of
any value of d is investigated through the prism of universality: roughly speaking
(see Theorem 4.1), if F},(G1,- -+ ,Gn, ) converges in distribution when Gy, -+ ,Gn,,
are standard Gaussian random variables then F,(Xy,---, Xy, ) converges to the
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same limit whenever the X;’s are centered with unit variance and finite third order
moment and such that

m?'X Z f'r27,(27227 7id)

1<ig,,ia<Np

n—oo

0.

For Gaussian random variables, the functional F}, belongs to the d-th Wiener chaos.
Combining the algebraic rules of multiplication of iterated Gaussian integrals and
the Stein-Malliavin method, it is proved in [28] that F,,(G1,--- , Gy, ) converges in
distribution to a chi-square distribution of parameter v if and only if
E [F2] ™2 2v and E [F}] — 12E [F?] — 1202 + 480 "% 0.

We obtain here a related result for d = 2 (for the sake of simplicity though the
method is applicable for any value of d) and a general distribution without resorting
to universality.

Let A= {1,---,n}. For f,g : A2 — R, symmetric functions vanishing on the
diagonal, define the two contractions by

(f 1 9)(i0) =Y fli, k)g(, k

keA

(f*59) (i) = > i, §)g(i, 5)-

JjEA

Theorem 5.13. Let X4 = {X;, 1 <i < n} be a collection of centered independent
random variables with unit variance and finite moment of order 4. Define

F(Xa)= > [f(i,j) X:X;
(i,§)€EAF

where (i,) € A7 means that we enumerate all the couples (i, ) in A% with distinct
components and f is a symmetric function which vanishes on the diagonal. Let
V=326 f2(i,5). Then, there exists ¢, > 0 such that

(26) H’H(PFa Py

v/2,1/2

) < e B [x1]°

x| > )+ 1w fllgecay + 1 = £ 2 flTean

(i,a)€A?
We now introduce Inf,(f), called the influence of the variable a, by

Info(f) =Y f*(i,a).

i€A

Y ortia) <> Y fPla Zf j,a

€A acA i

:ZZ]‘2 i,a) Inf,(f)

acA i

<
<v rgleazclnfa(f).

Remark that

The same kind of computations can be made for ||f x5 f]|? 712(4)- As a consequence,
we get the following corollary.
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Corollary 5.14. With the same notations as above,
2
(P, Py, , ) < e B X [maxTofu(F) 4 17— F 5} fl3aae) |

The supremum of the influence is the quantity which governs the distance be-
tween the distributions of F,(G1, -+ ,Gn,) and F, (X1, -+, Xn,) in [29], thus it
is not surprising that it still appears here.

Remark 7. A tedious computation shows that
(27) E[F'] —12E [F?] — 12° + 48v
= 3 FEHEXYT 46 S )6 RE XY

(i,j)eA# (i,3:k)€AF

+RE[XP ST AN FGR) FkD) Y )

(i,5,k)€AF (i,§)€ A7

488 > )G R F (R G) = f260) p =120 Y fAGL ).
(i,5,k)€A#* (i,j)€A#
The Cauchy-Schwarz inequality entails that the properties

n—oo

E [F] — 12E [F3] — 1207 + 48y =50

and
n— o0

K'H(PF, PY,, —0

share the same sufficient condition:

Z FAa) + 11 % f”%?(A) +If = f* f||%2(,42) 222500.
(i,a)€A#

/2,1/2)

However, we cannot go further and state a fourth moment theorem as we know,
that for Benoulli random variables, F,, may converge to Y, s 1/o while the RHS
of 28) does not converge to 0.

As another corollary of Theorem .13, we obtain the KR distance between a
degenerate U-statistics of order 2 and a Gamma distribution. Compared to the
more general [I7, Theorem 1.1], the computations are here greatly simplified by
the absence of exchangeable pairs.

Theorem 5.15. Let A= {1,--- ,n} and (X;,i € A) a family of independent and
identically distributed real-valued random variables such that
E[X1] =0, E[X{] =0¢” and E [X{] < .

Consider the random wvariable

Ja— > XX

n—1
(i,§)€AF

Then, there exists ¢ > 0, independent of n, such that

2
g 4
(28) ku(Pr, P71/211/202) <c _\/ﬁ E [Xl} .

Proof. Take f,,(i,7) =2/(n— 1) and apply Theorem [5.13 O
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Remark 8. The proof of Theorem[5.13 s rich of insights. In Gaussian, Poisson or
Rademacher contexts, the computation of L™ F is easily done when there exists a
chaos decomposition since L operates as a dilation on each chaos (see |25 26 [34] ).
In [37, Lemma 3.4 and below|, a formula for L= of Poisson driven U-statistics
is given, nmot resorting to the chaos decomposition. It is based on the fact that L
applied to a U-statistics F' of order k yields kF plus a U-statistics of order (k—1).
Then, the construction of an inverse formula can be made by induction. In our
framework, the action of L on a U-statistics yields kF' plus a U-statistics of order
k so that no induction seems possible. However, for an order k U-statistics which
is degenerate of order (k — 1), we have LF = kF. For k = 2, this hypothesis
of degeneracy is exactly the sufficient condition to have a convergence towards a
Gamma distribution.

6. PROOFS
6.1. Proofs of Section 2L

Proof of Theorem[24]. The process trace(DU) = (D,U,, a € B) belongs to L?(A x
E4): Using the Jensen inequality, we have

> DU

a€EB

(29) | trace(DU) 3> axp,) = E <2) E[U] < oo

a€EB

Moreover,

(DF,U)12(axpy) =E|Y_(F~E[F|G.)) Ua

a€A
=E Z(F_E[F|ga]> Us| =E | F Z(Ua_E[Ua|ga])] )
a€B a€EB
since the conditional expectation is a projection in L?(E4). O

Proof of corollary 2. Let (F,, n > 1) be a sequence of random variables defined
on S such that F,, converges to 0 in L?(E4) and the sequence DF;, converges to n
in L2(A x E4). Let U be a simple process. From the integration by parts formula

(&)

E|Y DuF, Us| =E |F, Y DalUs
acA acA
where Z DU, € L*(E4) in view of (29). Then,
a€A
(0, U)12axpa) = Im E [F, Y DoUa| =0,
a€A

for any simple process U. It follows that n = 0 and then the operator D is closable
from L2(EA) to LQ(A X EA). O

Proof of Lemma[Z8. Since sup,, || DF,||p is finite, there exists a subsequence which
we still denote by (DF,,n > 1) weakly convergent in L?(A x E4) to some limit
denoted by 1. For k > 0, let ng be such that |F,,, — F||2 < 1/k for m > ny.
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The Mazur’s Theorem implies that there exists a convex combination of elements
of (DF,,,m > ny) such that

My,
Z k
i=1
Moreover, since the ai—“ are positive and sums to 1,

My,
k
St
=1

We have thus constructed a sequence
My,
FF=Y"afF,,
i=1

such that F* tends to F in L? and DF* converges in L?(A x E4) to a limit. By
the construction of D, this means that F' belongs to D and that DF = 7. (I

1/k.

L2(A><EA)

<1/k.
L2(Ea) /

Proof of Theorem [2Z11l. To prove the existence of (P;,t > 0) for a countable set,
we apply the Hille-Yosida theorem:

Proposition 6.1 (Hille-Yosida). A linear operator L on L?(E4) is the generator
of a strongly continuous contraction semigroup on L?(E.) if and only if

(1) Dom L is dense in L*(Ey).

(2) L is dissipative i.e. for any X\ > 0, F € Dom L,

IAF = LE|[2(B4) = Al FllL2(54)-
(3) Im(AId —L) dense in L*(Ea4).

We know that S C Dom L and that S is dense in L?(Ey4), then so does Dom L.

Let (A, n > 1) an increasing sequence of subsets of A such that U,>14, = A.
For F € L?(E,), let F,, = E[F|Fa,]. Since (F,, n > 1) is a square integrable
martingale, F}, converges to F' both almost-surely and in L2(E4). For any n > 1, F),
depends only on X 4. Abusing the notation, we still denote by F,, its restriction to
E4,, so that we can consider Ly F),, where L,, is defined as above on E4, . Moreover,
according to Lemma B2 D, F,, = E[D,F | Fa,], hence

2
NNFal3 2z < AP0 = LuFulfog, ) = E </\Fn +y DaFn>
a€A

2
~E|E AF+ZDaF’fAn] TS AF = LE |2,

acA

Therefore, point (2) is satisfied.
Since A,, is finite, there exists G,, € L?(E,, ) such that

Fp=(Ad=L,)Gn(Xa,) = AGn(Xa,) + Y DaGn(Xa,)

acA,

= /\én(XA) + Z Daén(XA) = /\én(XA) + Z Daén(XA),
acA, acA
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where G,,(X4) = G (X4, ) depends only on the components whose index belongs
to A,. This means that F), belongs to the range of A\Id —L and we already know
it converges in L?(E4) to F. O

Proof of Theorem [2Z13. For A finite, denote by Z, the Poisson process of intensity 1
which represents the time at which the a-th component is modified in the dynamics
of X. Let 7, = inf{t > 0, Z,(t) # Z,(0)} and remark that 7, is exponentially
distributed with parameter 1, hence

E[F(X(t))1>7, | X(0) = 7]

=u—aﬂE[EﬂX<> )P, (x)

— (1— e ) BE[F(X(£)[Ga] | X(0) = a]
—E[E[F(X()|Ga] Lz, | X(0) = a].

(0) = x}

Then,

D,P,F(z) = P,F(z) — E[PF(z)| G
=E[(F(X(t) - E[F(X(1))|Ga])li<r, | X(0) = z]
+E[( (X(1) —E[F(X(t)]Ga])Lt>r, | X(0) = 2]
“'PD,F(x).

For A infinite, let (A,, n > 1) an increasing sequence of finite subsets of A such
that U,>14, = A. For F € L?>(E,), let F,, = E[F | F4,]. Since P is a contraction
semi-group, for any ¢, P,F, tends to P,F in L?(E4) as n goes to infinity. From
the Mehler formula, we known that P F, = P['F, where P" is the semi-group
associated to A,, hence

(30) DoP.F, = D,P'F, = e 'P"D,F,.
Moreover,
> IDuPF,*| =e ™ Y E[|PD,F,|*]
acA, a€A,
<e ™ > E[|D.F,]
a€A,
=e¢? > E[[E[DJF|Fa,]l?]
a€A,
<e > E[|DF]
a€A,
< e | DF ||

According to Lemma [2.6], this means that P;F belongs to D. Let n go to infinity

in (BQ) yields (@). O
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Proof of Lemma[Z9. For U and V in Sy(I2(A)), from the integration by parts for-
mula,

E[6U o0V] = (DS(U),V)12(axEA)

=E | Du(5U)V,
Lac A

- E Z V., DuDyUs
(a,b)e A2

—E Z V., DyD,U,
(a,b)e A2

=E| > DyV.D.Uy| = Eltrace(DU o DV)].

| (a,b)€A? ]
It follows that E [6U?] < ||U||]23(l2(A)). Then, by density, D({?(4)) C Domd and
Eqn. (@) holds for U and V' in Dom 4. O

6.2. Proofs of Section [3L

Proof of Lemmal3 1l Let k € A. Assume that F € Fi. Then, for every n > k, F
is G,-measurable and D, F = 0.

Let F' € D such that D,,FF = 0 for every n > k. Then F is G,,-measurable for any
n > k. From the equality Fi = nr;kgn, it follows that F is Fi-measurable. O

Proof of Lemmald For any k > 1, Fr, NG = Fr_1, hence

DyE[F|Fi] = E[F|F] — E[F | Fr—1] = E[DpF | Fi] .
The proof is thus complete. (Il
Proof of Theorem[3.3. Let F an JF,,-measurable random variable. It is clear that

FoB[F| =Y (BIF|A] - BIF|Fa)) =Y DB[F|F.
k=1 k=1

For F' € D, apply this identity to F,, = E[F | F,] to obtain

F,—E[F]=) DiE[F|F].
k=1
Remark that for [ > k, in view of Lemma [3.1]
(1)  E[DvE[F|A]DE[F|FR]=E[DD,E[F|F]E[F|F]] =0,

since Dy, E[F' | Fi] is Fr-measurable. Hence, we get

E(|F-E[F]] > E[|F, - E[F]] = Y E[DE[F| A
k=1
Thus, the sequence (DyE[F | Fi], k > 1) belongs to [?(N) and the result follows
by a limiting procedure.
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We now analyze the non-ordered situation. If A is finite, each bijection between
A and {1,---,n} defines an order on A. Hence, there are |A|! possible filtrations.
Each term of the form

DikE[F|Xi17"' 7Xik]

appears (k — 1)! (JA|] — k)! times since the order of X;,, -+, X, _, is irrelevant to

the conditioning. The result follows by summation then renormalization of the
identities obtained for each filtration. O

Proof of Theorem [34] Remark that

DL E[F|HY || =E[F|HLY ] —~E[F|HY 1 NG|
=E[F|H L] -E[F|H].

For F' € Fu, since the successive terms collapse, we get

F-E[F]=E[F|H)] - E[F|HY]
:ZDkE[F|H,]€V_1] :ZDkE[F|H1]cV—1],

k=1 k=1

by the very definition of the gradient map. As in (3I), we can show that for any
N

E [DyE[F|Hy ] DIE[F|HY,]] =0, for k #1.

Consider Fy = E [F' | Fy] and proceed as in the proof of LemmaB.3]to conclude. O

Proof of Corollary[3.3. According to (BIl) and (), we have

2
Y Dy E[F|F]
keA

var(F) =E

—-E Z‘Dk F|}'k‘

Lke A i
2

—E Z‘E[Dkﬂ]-"k]‘

LkeA

<E|) E[D.F|*|F]

Lke A

> IDyFP

keA

where the inequality follows from then Jensen inequality. O



MALLIAVIN AND DIRICHLET STRUCTURES FOR INDEPENDENT RANDOM VARIABLES9

Proof of Theorem[3.8. Let F,G € D, the Clark formula entails
cov(F,G) =E[(F - E[F])(G - E[G])]

=E Z DyE[F|Fk] DIE[G|F]
| kiea
=E|Y DiE[F|F] DE[G|Fy
LkeA

=E |)_ DyF DyE[G|F]
Lke A

where we have used (BI)) in the third equality and the identity Dy Dy = Dy in the
last one. [l

Proof of Theorem[37. Let F,G € L?(E,).

cov(F,G) =E Z DE [F|Fi] DvE [G|Fy)

kEA

DyE[F|Fe] | — h LPEI[G|F| dt
x oz (- | )
> DyE[F|F] (Z DiRE[G|F] dt)]

oo
_ / B
0 keA leA
o0
:/ e 'E
0

when we have used the orthogonality of the sum, (6) and the Fi-measurability of
P.DiE [G|Fy] to get the last equality. O

=E

> DiF P.DLE[G|Fy]
ke A

dt

Proof of Theorem[38. Assume with no loss of generality that F is centered. Ap-
ply [®) to 6F and e,

0|E [Fe’]| =0 [E|>_ DyF DiE ["" |}';€}1 ‘
k€A
<60 E[IDiF| ‘DkE [e7F | Fi] H .
keA

Recall that
DyE [T | F] = F [E (7| 7] - E [eGF(X*’“X’;) |]:k”
- E [E’ {EGF _ eHF(Xﬁ;C,X,’C)} ‘]_-k}
- E [eé)F B [1- e—eAkF] ‘}-4

where Ay F = F — F(X_x, X},) so that D F' = E' [A,F).
Since (x — 1 — e~ %) is concave, we get

DiE [T | F] <E[?F(1— e P5F) | 7] <0 E [ |DLF|| Fi) -



30 L. DECREUSEFOND AND H. HALCONRUY

Thus,

""" |DyF|E[|DyF|| Fi]
k=1

|E [FeM]| <0 E < MO E[F].

By Gronwall lemma, this implies that

92
E [eeF] < exp (?M) .

Hence,

2
P(F —E[F] > z) = P(?FElFD) > ¢07) < exp(—0z + % M).

Optimize with respect to 6 gives 8,5 = /M, hence the result. (I

Proof of Theorem[3.d. We follow closely the proof of [43] for Poisson process. Let
G € L*(EA) be a positive random variable such that DG € L*(A x E4). For any
non-zero integer n, define G,, = min(max(%, G),n), for any k, Ly = E[G,|F] and
Lo = E[G,]. We have,

n—1
Lnlog Ly — Lolog Lo = Y Lyy1log Lyt — Ly log Ly,
k=0
n—1 n—1
= Z log Ly, (L1 — L) + Z Lyy1(log Ly1 — log Ly,).
k=0 k=0

Note that (log Ly(Lx+1 — Lk), k¥ >0) and (Li41 — L, K > 0) are martingales,
hence

E|[L,log L, — Lo log L]

[n—1

=E Z Lyi1log Lg+1 — Lgyalog Ly — L1 + Lg
Lk=0

n—1

=E Y Li1logLyy1 — Lilog Ly, — (log Ly + 1) (L1 — Li)
k=0

n—1

=E | ) ULk, Lig1 — L) |,

Lk=0

where the function ¢ is defined on © = {(z,y) € R? : 2 > 0,2 +y > 0} by

l(z,y) = (v +y)log(x +y) — xlogz — (logz + 1)y.



MALLIAVIN AND DIRICHLET STRUCTURES FOR INDEPENDENT RANDOM VARIABLES31

Since ¢ is convex on O, it comes from the Jensen inequality for conditional expec-
tations that

3
|
-

n—1

S E[(Lk, Liyr — L)) = Y BUE[Gn | Fi], De 1[G | Frial)]
k=0

el
Il
=)

I
NE

E [((E Gy | Fr-1] . E [DiGr | Fi])]

E
Il
—

E [E [((E [Gn | Gk], DkGr) | Fil]

WE

E
Il
—

[
NE

E [((E[Gy |Gk, DikGr)]

~
Il
—

o

E[((E[G, | Gk], DrGr)] .

>
Il
—

We know from [43] that for any non-zero integer k, {(E [G,, | Gi]| , DiG,,) converges
increasingly to ¢(E [G | Gk], DxG) P-a.s., hence by Fatou Lemma,

E [GlogG] — E[G]logE [G i E[G|Gk], DrG)].

k=1

Furthermore, for any (z,y) € O, {(z,y) < |y|*/z, then,

- Dy.G|?
E[GlogG] — E[G]logE [G SZ {|(§|ék}

The proof is thus complete. (I

Proof of Theorem [310. We first prove the uniqueness. Let (¢, V) and (¢’, V') two

convenient couples. We have D,(¢—¢') =V, —V, foranya € Aand ), , Do(V,—
Va) = 0, hence
0=E |(p—¢) > Dal E | Dalp—¢) V) —Va)
acA a€A
=E|> (V] -V.)?
acA

This implies that V' =V’ and D(p — ¢') = 0. The Clark formula (Theorem [3:3)
entails that 0 = E[p — ¢'| = p — ¢'.
We now prove the existence. Since E [Dy¢|G,] = 0, we can choose

Va:E[Ua|ga]7
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which implies D, = D,U,, and guarantees V' = 0. Choose any ordering of the
elements of A and remark that, in view of (31,

E <iE[DkUk|]:k]> =E <kaE[Uk|]:k]>

k=1 k=1

o0 2 o0
—E|Y (DB F) | < Y B[DWUP] < IUBgsay,
k=1 k=1
hence
o= E[DyUsx| Fil,
k=1
defines a square integrable random variable of null expectation, which satisfies the
required property. ([l

6.3. Proofs of Section [

Proof of Theorem[{.5 Starting from (I3]), the terms with 7 = 0 can be decomposed
as

N
9N 2
D [(F(w(Nm) o) - Fwil) } (1) + RY.
m=1

Since F' belongs to TV — Lip,

N oo
R) < Z ZZQM%(Z) < 1 N(p™)?E [(Poisson(p™) + 2)%] < c2 N(p™)?,
m=1¢=2
where the ¢; and ¢y are irrelevant constants. As Np® is bounded, R{’ goes to 0 as
N grows to infinity. For the very same reasons, the sum of the terms of (I3 with
7 > 1 converge to 0, thus

N 2
lim EYY(F) = lim e~ E [(F(wgfn) +ecn) —F(w{fn))) ] P

N —o00 N—o00
m=1

Consider now the space M = Ny x {¢N, k=1,---, N} with the product topology
and probability measure Py =Py ® >, pkN €N Let

Y Ny x{¢G,k=1,---,N} — F

2
(@, ©) — (Flw = (@(Q) = Deg) = Flw - w(Q)ec)) -

Then, we can write
N 2 .

>0 B | (Fletly + 2) = Fliy) | o = [ 060,00 aPen0)

m=1 Y
Under Py, the random variables w and ¢ are independent. Equation (I4) means
that the marginal distribution of ¢ tends to M (assumed to be a probability measure
at the very beginning of this construction). Moreover, we already know that Py
converges in distribution to P. Hence, Py tends to P ® M as N goes to infinity.
Since F'is in TV — Lip, v is continuous and bounded, hence the result. O
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Proof of Theorem[{.9 For F € Dg N H-C', in view of (I7), we have

F(w™) = F(w(ly + M hy)
My — M;,

= (My, — My) (VF(w{}y), b ) u + Wi

s(w%, hY).

T[]
=
—

PY) —E [l + M| )2]

N
M, — M, 2
E[ My (VF(w(iy), hil )i + E {7’“ g(w{i),hff)] }
=2 B | (M i )

I
M=

E [(VE(@])), i)}] + Rem,

>
Il

1

and
sl N
N pNy2] Nooo
Rem < ,;_1 E [a(w(k),hk ) ] —=0,

by the Césaro theorem. It follows that £V~ (F') has the same limit as

N
Y E [<VF(wg{)), h{jﬁ{} .
k=1

As N goes to infinity, we add more and more terms to the random walk, so that
the influence of one particular term becomes negligible. The following result is well
known [8 Proposition 3|: For any k € {1,..., N}, for any bounded ¢ and ¢,

N — 00
E [0 (Mi)p(w™)] === B(My)] Efp(w)].
Since |[VF| g belongs to L™ and ||hY ||o tends to 0, this entails that for any k,

lim B [(VE@(). hi)y| = lim BVF@Y), b))

N —o0

= lim B [[|mv, VF@Y)II%] .

where 7y, is the orthogonal projection in H onto span{hl, k = 1,--- ,N}. We
conclude by dominated convergence. (|

6.4. Proofs of Section [5Gl

Proof of Theorem[5.3. Take care that in the argument of h, all the sets are con-
sidered as ordered: When we write B U C, we implicitly reorder its elements, for
instance

h(X(1330(2y) = h(X1, X2, X3).
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Apply the Clark formula,

oo () BB ) wgemnae

€([n],m) BCA
n m
- DyE [h(Xa)| X
(m> > (|B|> HY X PEhE|X
BC|[n] beB ADB
AE(fn],m)
n m
:(m) (|B|) HYX Y DBnCauc) Xl
BC|[n] beB Ce([n]\B,m—|B|)

It remains to prove that

= :)_1 Z (|B|> Bl Z Z DyE [h(XBuc) | XB].

BC[n],|B|<m beB Ce([n]\B, m—|B|)
for any integer n. For n = 1, it is straightforward that
91(X1) = h(X1) — 0 = D1 E [h(X1)|X4].

Assume the existence of an integer n such that ([82) holds for any set of cardinality
n. In particular, for any [ € [n + 1]

(7 0
> ()
k=1

- (Z)l Ciem <|B|> 18] > > DyE [(Xpuc) | X5],

BC[A/],] beB Ce([AI\B, m—|B|)
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where A; = [n+ 1]\{l}. Let m such that m <n. Then,

> (7)us,

k=1
m — n+1
=> g:(XB)
k_1<k k n+1_ 1= 1Be[Al]k)
- Zi’” DY wew
Thrl k) \k Ik B
=1 k=1 Be([A LK)

H
—
~N A3
- t
7 N
3 3
\_/

X Z (|7g|> 3] Z Z DyE [h(XBuc) | XB]

pelALTAlS beB Cc([A\B.m—|B))
n+1-— (n

S <|B|) FY X DER(Xpe)| X

BC[n+1],|B|I<m beB Ce([n+1)\B,m—|B|)

()

X Z (|B|> 3] Z Z DyE [h(XBuc) | XB],

BC[n+1],|B|<m bEB Ce(In+1]\B,m—|B|)

where we have used in the first line that each subset B of [n + 1] of cardinality k
appears in n 4+ 1 — k different subsets A; (for I € [n + 1]\ B), and in the same way,
in the penultimate line, that each subset B U C of [n + 1] of cardinality m appears
in n + 1 — m different subsets A; (for [ € [n 4+ 1]\B U C). Eventually, the case
m =n + 1 follows from

n+1

Z Z 9x(XB) = h(X[nH]) —0

k=1 Be([n+1],k)

-1

n+1 1

= Y ( ) — 3 DyE [h(Xjns1) | X5]
BC[n+1] |B| |B| beB

by applying the Clark formula to h. O

Proof of Theorem[5.8. By the previous construction, for
N

i= (i, in) €Tk =k)N [ (Im #k),

m=k+1

the permutation o = I'(¢) admits k as a fixed point. Hence,

N
{(m-kzm N <fm¢k>} c @) =1

m=k+1
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As both events have cardinality (IV —1)!, they do coincide. The values of pj, and «y
are easily computed since the random variables (I,,,, k < m < N) are independent.
According to Theorem [3.4]

N =E [Uﬂ + iv:DlE [ﬁk |Hl,1}
=1
—E [U,ﬂ +2N:E [U,gvml_l] ~E [U,gvml] .
=1

Since U,iv € Hi—1, DIE [Uk |H1_1} =0forl < k. Forl =k, we get

N
E |1(5,—x) H 11, #k) | 1k, Ik+17""|
m=k+1
N
—E |1(,=p H 1er, k) [ Trg1s Thgo, - 1
m=k+1
= (1(1k K — Pk {k}) H 11, k)
m=k+1
Forl=k+1,

N
| D g H 1(17n7ék)|jk+17]k+2a""|
m=k+1

N
—E |1 H 1(17n7ék)|jk+27jk+37""|

m=k+1

:tpk(1(1k+17ék) Ppi1({k}¢ ) H 11, 2k)
m=k+2

Z—fpk(lumzzc) Pri1 {k}) H L(1,, 2k)-
m=k+2

The subsequent terms are handled similarly and the result follows. ([

Proof of Theorem [57. By the very definition of Cy, we have

(33) C,=E {él} n ZN:XN:DlE [U,ﬁv |Hl_1} .
k=1 l=k
For k=1, E {U,gv | Hl_l] = 0 and for [ > k,

N
~ N B t B 1 _ 1
E{U’f |Hl*1}_t+k—1 %) U= El”m#’“)

=l

t+l H L)



MALLIAVIN AND DIRICHLET STRUCTURES FOR INDEPENDENT RANDOM VARIABLES37

It is straightforward that [ > k,

N
Dy (H 1(Im¢k)> = (1(11?6’6) -(1- t—l—l—l ) H 11, #k)
m=l

m=Il+1

:_<1(Iz—k) t—i—l—l) H L1, #k)-

m=Il+1
The result then follows by direct computations. (I

Proof of Theorem [5.8. Recall that for j # I, D|E [U,ﬁv | Hi— 1} and D;E [ | H;— 1]

are orthogonal in L2. In view of (33)), according to the integration by parts formula,
we have

M=
WE
=
=)
=
=
E
F
=
3_
?

Then, for [ > m > k,
E [U,ﬁv DiE [U,ﬁj | HH”

N
t
= 2l [ta=n IT 1020 <1<n—m> Hl > H L(1;m)

p=k+1 Jj=l+1
-1 N
tPL((k}) 1
s (P == B | I ez | B | 1] toewmy
p=k+1 p=Il+1

= O,
since, for any [ > m > k

1

E [Lu=mlazn] = B La=m] =Pi(im}) = —5—
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Furthermore, for [ > k,

E [U,ﬁv DE [ﬁ,ﬁv | HHH

N
t
T2l [Lu=n Il 1o (1(1L—k> t+l ) H Lz, 2k)
p=k+1 =141

N
- (t+z—1)t(t+z_2)P’“({k})E II 10

p=k+1
t2
Tl -D)E+I -2+ N 1)

as H]JDV:,CH 11,201 (1,=k) = 0, for [ > k. Finally, for [ = k, we get
E [U,ﬁv DE [U,ﬁv | HH”

N
=E [1u=n [[ 1o <1<1k—k> Hk > H L, #0)

p=k+1 p=k+1

B t t2 t+k—1
S \t+k-1 (t+k-12)t+N-1
B t(k —1)
C (t+E-1D(t+N-1)

It follows that

var [C1]
t? Al t Yok—1
Ct+N - 1ZZ (t+1-1) t+l—2)+t+N—1Zt+k—1
k:llkl k=1
N
t Nt 1
= N -2t — .
The proof is thus complete. (I

Proof of Theorem [5.10. We have to compute

sup E [¢(F) — Fe(F)],
peF

where F is the set of twice differentiable functions with second order derivative
bounded by 2. Since F is centered
E[Fp(F) =E[LL7'Fo(F)] =Y E| “YF Dap(F)].
acA
The trick is to use the Taylor expansion taking the reference point to be X’ instead

of X 4. This yields
Dup(F) = E' [p(F(Xa)) — (F(X!

-a’

X)) = ¢ (F(XL,))DoF + R,
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where

R=3 /O w [so” (0F(X70) + (1= O)F (X)) (F(Xa) - F<X4a>)2] d.

Hence
E[¢'(F) = Fo(F)]

=E [¢/(F) = Y ¢'(F(X',)) DuF (~Do L™ F

acA

+ Y E[R (-D,L7)F].
acA
The rightmost term of the the latter equation easily yields the rightmost of (22]).

Since ||¢"]|oo < 2, it is clear that ¢’ belongs to Lip, hence the formulation of the
distance with a supremum. (I

Proof of Corollary[5.11l Without loss of generality, we can assume that X; is cen-
tered for any ¢ > 1. Remark that

by Jo iR
IR X, it =k

Hence LY, =Y, and Y,, = L~'Y,,. According to Theorem [5.10]

X!
_u))xg

kn(P,Py, )< sup E
p€Lip,

o(F) 5 S w(F (v,

" icA Sn
1 n
noj=1 A

By independence, since 1 is 2-Lipschitz continuous,

1 X, — X!
E |6(F) - = Y o(F(h - Z—=0)) X2
5n jca 5n
1 X, — X
=|z D 0lE [wF)—w(F(Yn— - ))H
" icA "
22
2 ’ 3
< ZUZEHXl_Xz”S 53 Zai'
n ojeA o 4eA
Moreover,

B [/E (X, 2) P (a) |XZ-|] = B[|IX:*] + o2 [|1X,]]
<E[IX;]] +0® <2E [|X;f*]

according to the Holder inequality. Hence the result. O
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Proof of Theorem [5.12. According to the principle of the Stein method, we have to
estimate

(39 B|} (o(F)+ ) - PP

where ¢ and its derivatives satisfy (24)). For any a € A, thanks to the Taylor
expansion,

(35) = Dap(F) =E'[o(F(X™, X;)) — (F(X))] = =¢"(F)Da F + R,

where
(36) R= %/01(1—9)
¥ E/ [w” ((1 —O)F(X) + 0F(X™, X;)) (F(X) —F(X, X;))2] a9

According to (@) and to the definition of L,
(37) E[Fo(F) =E[LL 'Fo(F)] =E [-§(DL™'F)p(F)]
=E [(Do(F),=DL™'F)2(4)) -
Plug (B5) into (B7):
E [(Do(F), —DL™"'F)2(a)]
==Y E[Dup(F)D,(L™'F)]

a€A
==Y E[¢(F)DoFD.(L'F)] + > E[R Do(L™'F)]
a€A a€A

=E [¢/(F)(DF,—DL"'F)2(4)] + E[(R,—DL™'F)204)] .
Then,

E B(F + )P (F) — Fcp(F)} |
el (5]

+ |E[(R,—DL™'F)r2(4))]| = B1 + Bo.
Since ¢’ is bounded, we get

1 r _
B </ |oB || (7 + 5) = (DF DL Py

and from (B6]), we deduce that

By < ¢"llee Y E[|DJFI*ID, L7 F]] .
a€A

The proof follows from ([B4) and (24). O
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Proof of Theorem [5.13. For any a € A,

Xan ifa=1
D,(X;X;) =<K X; X, ifa=j
0 otherwise.
Then,
D.F= Y flaXiXe+ Y fla)X.X;=2 Y fli,a)XX
(i,a)e A% (j,a)€ A% (i,a)EA#
so that
1
LF=—) D,F =—2F and L 'F=-ZF
> an !

acA
With our notations, the first term of the right-hand-side of (28) becomes

2
(38) E|[2F+20-2) " Y [f(i,a)f(,a)XoX.X;|| <> A
i=1

a€A (i,j)€A2

where

a=2E | ¥ fGoExI-1)||.
| (i,a)€A2

Ay =2E [|[F=>" > [(i,a)[(j,a)XX:X;

a€A (i,j) € A*

We first control A;. According to the Cauchy-Schwarz inequality,

(i,a)€A2 (j,c)EA?

AT<4E | Y Y fla)f )(XX2—1)(X2X]2—1)]
4

where

An=E| Y [aXiX7-1)?%],

(i,a)€ A2

A= B Y Y P00 (XX - 12X - 1))

a€A (i,j)EAF

by orthogonality of the X;’s. On the one hand,

(39) Au< Y. fii,aE {(Xng—l)z}

(i,a)€A?

=EXT =) Y Faa.

(i,a)€A?
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On the other hand,

Ap=B| 3 3 602G a)(X2X? - )(X2X? - 1)

(i,j)#€A2 a€EA

< > fPla) P30 [(X2XF - 1D)(X2XF - 1)]

(i,j)7€A2 a€A

( X4—1 Z szaZfQL

(i,a)€ A2 JFi
(40) < (B[X{] = 1) If %2 fll72(a)

In a similar way, As < Asy + Asso, where

A21 =2E Z f(l,j)Xsz - Z Z f(laa)f(jv Q)Xin ] ?
L (i.j)eA# (i,j)€A7 a€A
A22 =2E Z Z f(lv a)f(]a a)Xin (th -E [Xg])| '
Ll (i,j)eA# a€A
As above,

(41) A3 <4E ( 3 (f(z'J)—Zf(m)f(j,a))xixj)
(

i,j)EA* acA
=4|f = f* flI5-

Furthermore, according to Cauchy-Schwarz inequality and by independence, we
have

Ap <2 Y E

(i,j)eA#

1/2
E {( > Y fa) e - 1))2}

(3,j)EA# a€A

fli,a) (X2~ 1)\]

a€A

1/2
(Z > fi,0)?f(G,a)B [X) - 1})
(

J)EAF acA
(42) <2(B X = 1)1 5 Flliza-

The remainder term is given by

ZE[/ (PO = P dPu(o) D17

acA
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Once again, using the orthogonality, we have

Ga(XA):[E (F(XA)—F(XAW;:C))QdPa(x)

—4E (Z fli, XX, — > £, a)XiX[l)2]
€A €A
=4F (Zf i,a) ) ]
€A
- 2 / /1\2
—4 (Z (i, a)Xi) E [(X, - X)%]
icA
=4 Zf (i,a) ) (X2 +1).
€A
Thus,
ZG,I(XA)Q] =16E | ) (Zfz a ) (X2 +1)
acA acA €A
=16 (E [X{] +3)E [X{] D) f*(i,a)
a€EAI€EA
+96 (B (X! +3)Y . > f(,a)f*Ga)
a€A (i,j)€A#
<16 (B [X1]+3)° D D" £, @) + 96 (B [X{] +3) £ x5 FlI3a(a)-
a€Ai€A
Moreover,
S B(DL P = 1 Y B(ID.FY]
acA acA
2
=) E Y fia)XiX,
acA (i,a)€ A#
(44) = > fia)=v
(i,a)€AF
Combine (39)—(4) to obtain (26]). O
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