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Abstract

We discuss joint temporal and contemporaneous aggregation of N independent copies of random-
coefficient AR(1) process driven by i.i.d. innovations in the domain of normal attraction of an a-stable
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1 Introduction

Contemporaneous aggregation of random-coefficient AR(1) (RCAR(1)) processes is an important model for
long-range dependence (LRD, also often referred to as long memory) in econometrics, see Granger [12],
Robinson [33], Zaffaroni [36], Beran et al. [3]. It explains how LRD can arise in a time series of macroeconomic
variable, which is aggregate such as average or sum over a very large number of different micro-variables, each
evolving by AR(1) with a random coefficient. The concentration of the distribution of a random autoregressive

coefficient a at the unit root a = 1, governed by the parameter S > 0 in
P(a>1—g)~constz?, |0, (1.1)

determines various properties of both the RCAR(1) process and the (limit) aggregate. Particularly, for
1 < B < 2, the RCAR(1) process exhibits LRD in the sense that its autocovariance function is absolutely non-
summable since it decays slowly like t'=7 as the time lag t between two observations increases. Furthermore,
the limit of the normalized aggregate of independent RCAR(1) processes is a Gaussian process, which has
the same autocovariance function and can obey a particular case of ARFIMA model, see Granger [12] and

the review paper Leipus et al. [19].
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Statistical inference for RCAR(1) model, especially estimation of the distribution of a random coefficient,
has been extensively studied, see Robinson [33], Beran et al. [2], Celov et al. [4, 5], Jirak [I4], Leipus et al. [I8],
20, 21]. Most of these papers deal with a panel {X;(¢),i=1,...,N, t=1,...,n} of N independent RCAR(1)
processes observed over the time-period of length n. As N and n increase, possibly at different rate, statistical
(dependence) properties of such a panel are determined by the parameter 5 in (II]). Particularly, Pilipauskaitée
and Surgailis [27] proved that, for 1 < 8 < 2, the distribution of the sample mean (Nn)~! Zfil oy Xi(t)
is asymptotically normal if N'/# /n — oo, and it is symmetric -stable if N'/8/n — 0. In the ‘intermediate’
case N1/8 /n — p € (0,00), this limit distribution is more complicated and has an integral representation
with respect to (w.r.t.) a certain Poisson random measure. Leipus et al. [22] studied the limit distribution of
sample variance and sample covariances for such an RCAR(1) panel.

All the above works refer to the case of finite-variance innovations, however, the RCAR(1) model with
infinite variance also presents considerable interest since heavy tails are important in financial modeling
(see, e.g. Mikosch [24] and the references therein). Puplinskaité and Surgailis [31] studied contemporaneous

aggregation of independent copies {X;(t), t € Z}, i = 1,2,..., of an RCAR(1) process
X(t)y=aX(t—-1)+e(t), teZ, (1.2)

where {(t), t € Z} is a sequence of i.i.d. random variables (r.v.s) belonging to the domain of normal attraction
of an a-stable distribution, 0 < a < 2, and the autoregressive coefficient a € [0,1) is an r.v. independent of
{e(t), t € Z} and having a density ¢(z), x € [0,1), such that

d(x) ~ (1 — x)g_l, zT1, (1.3)

for some 3 > 0 and t; > 0. In [31] it was proved that, for > 1, the normalized aggregate { N~/ Zfil X;(t),
t € Z} tends (in the sense of weak convergence of finite-dimensional distributions) to the a-stable mixed

moving average process X given by

X(t) = Z/ 2 My(dx), teZ, (1.4)
s<t /[0.1)

where {M(dx), s € Z} are independent copies of an a-stable random measure M (dz) on [0, 1) with control
measure P(a € dx). For 1 < 8 < a, the limit aggregate X has distributional LRD in the sense that its partial
sums normalized by nfl, H :=1— (8 —1)/a € (1/a,1), tend to an a-stable, H-self-similar process A, s with
stationary dependent increments. See Section [l for its definition.

In this paper we study joint temporal and contemporaneous aggregation of independent copies of RCAR(1)
process in ([.2)), driven by i.i.d. a-stable or related infinite variance innovations with a random autoregressive
coefficient as in (L3]). We assume that both the number N of individual processes and the time scale n
tend to infinity, possibly at a different rate and extend the results of Pilipauskaité and Surgailis [27], who
considered the finite variance case o = 2. It turns out that, similarly to [27], the limit behavior of the joint

aggregate
N [nT]

Sna(r) =YY Xi(t), >0, (1.5)

i=1 t=1
depends on 8 and the mutual increase rate of N, n; moreover, it also depends on « leading to a complex
panorama of the limit distributions. Theorem [2.2] below provides a nearly complete description of these limit

distributions of suitably normalized Sy, = {Snn(7), 7 > 0} in terms of parameters 0 < o < 2, f > 0 (with



Parameter region  Mutual increase rate of N,n Limit distribution

1<f<a NYB/n — oo a-stable

0 < B <min(a,1) NY8/n — oo (af)-stable

0<f<a NYB/n — 0 p-stable

0<f<a NYB/n — e (0,00) ‘intermediate Poisson’
a<f<l1 NV /n — oo (af)-stable

a<p<l1 NY8/n — 0 a-stable

a<fB<1 NV /n — e (0,00) (af)-stable + a-stable
B > max(a, 1) arbitrary a-stable

Table 1: Limit distribution of the sample mean or Sy ,(1) in (LH), for 0 < a < 2, § > 0 with v := }:—%‘

exception of @ = f and a < f = 1), as N,n — oo. In Table [l we summarize the results of Theorem for
the sample mean (Nn)~ 1Sy, (1), including the cases when the mean of X (¢) and Sy,(1) does not exist.

The description in Table [ is not very precise and needs some comments. Let us first note that the
stable distributions in Table [Ml are generally not symmetric and in some cases they are supported on R, :=
(0,00). The terminology ‘intermediate Poisson’ (borrowed from [28] 22]) refers to a certain infinitely divisible
distribution written as an integral w.r.t. a Poisson random measure. The sum ‘(af)-stable + a-stable’ in
Table [ indicates the convolution of two distributions with different stability indices (a rather unusual result
in limit theorems of the probability theory).

Intuitively, the results in Table [l can be explained by discussing the results of Theorem 2.1l which deals with
the iterated limits of suitably normalized Sy, in (I5]) when first N — oo and then n — oo, or vice versa. The
iterated limits are generally simpler to derive, and the joint limits in Theorem can be regarded as some
kind of ‘interpolation’ between the former limits. These limits are generally different in different parameter
regions leading to three parameter regions: (i) 0 < 8 < «, (ii) 0 < @ < 8 < 1, and (iii) f > max(a, 1) in
Theorem

First, let us note that, for # > max(c, 1), our all limits are relatively simple and coincide since Sy (1)
behaves as a sum /ﬁ:(l)/a Zfil g ei(t) of iid. r.v.s in the domain of attraction of an a-stable distribution
with ko = E(1 —a)™® < oo; see the proof of Theorem 2.2(iii). Hence, we can turn our attention to the
parameter region 0 < 8 < max(«, 1), where the iterated limits depend on the order and so the joint limits
depend on the mutual rate of N,n — co. Let us note that in the region (i) 0 < # < « the results of Theorems
2.1 and naturally extend those of [27] from o = 2 to 0 < & < 2, whereas in the parameter region (ii)
0 < a < B <1 (which does not occur in [27]) they are less predictable and somewhat surprising.

The iterated limits lim, o limy_,o (relations (ZI3)), (2I6]) of Theorem 2.T]) essentially follow from [31]
since they reduce to the a-stable partial sums limit A, g of X in () for 1 < B < «, while for 3 < 1, the
limit aggregate X is a random (af3)-stable constant V,, g, see [31, Proposition 2.3] and the proof of [2.I6]) of
Theorem 2.1 (However, the case 1 = 5 < « is more delicate and requires a separate treatment, see the proof
of 2I7).) These observations may explain the two first lines in Table [l The third line in Table [ may be
explained by the iterated limit limy_, oo lim,,—,~ in (ZI8]), which in turn relies on the (conditional) a-stable
partial sums limit as n — oo in (£I0) of the AR(1) process (L2)) for fized a € [0,1). Unconditionally, the last
limits have (-tails and then (ZI8]) turns out to be a sub-a-stable process with S-stable finite-dimensional



distributions in agreement with the third line of Table [

Obviously, the iterated limits are not useful to explain the fourth line in Table [l which is part of Theo-
rem[2.2(i) and one of the main results of this paper. The intermediate (Poisson) process Z, 3 = {Z,,8(7), 7 >
0} is defined in (2I4]) and discussed in Section Bl There, we give its integral representation w.r.t. a Poisson
random measure on the product space Ry x D(R), where D(R) is the Skorohod space of cadlag functions
on R, and study its properties. We show that Z, g plays a role of a bridge between the limiting processes
in the extreme cases 1 = oo and p = 0 of Theorem [2Z2](i), because it is asymptotically locally and globally
self-similar with these processes being its tangent processes; see Proposition B.I|(v).

Finally, let us turn our attention to lines 5-7 of Table [Il (parameter region 0 < o < < 1), which may
be described as the very strong dependence (5 < 1) and even stronger variability (o < /) in the RCAR(1)
model (2. This ‘regime’ is a new one since it could not happen in [27] where o = 2. The results are part
of Theorem 2.2(ii). We see from the iterated limits in (2.I6]) and (2.19) that the joint limit ‘chooses’ between
two extreme behaviors: the (af)-stable random line {V,57, 7 > 0} with ‘infinite memory of increments’,
and the a-stable Lévy process {/1,11/ “Ca(1), 7 > 0} with ‘zero memory of increments’. The ‘winner’ of this
‘competition of limit behaviors’ is determined by equating respective normalizations: nN 1/(af) — (N n)l/ @
leads to N = n"? with + as in Table [, which agrees with Table [ and Theorem 2.2(ii). Needless to say, the
above argument is heuristic, the proof of Theorem [2.2]is more involved and does not follow from Theorem 2.11

The proofs in the present paper (as well as [27, 22] and some other related work) clearly profit from the
detailed structure of the pre-limit AR(1) process, raising the question of their robustness in a more general
context. Remark discusses possible extensions to higher order RCAR models which seem feasible but
technically not easy. We also note that our results can be put in a general framework of limit theorems for
spatio-temporal models with LRD. See the doctoral dissertation [26]. In particular, they are related to the
studies of the accumulated workload in network traffic under LRD, as the time scale n and the number N of
independent sources simultaneously increase, possibly at a different rate. See [35] 23 10} @1 16, [6]. See also [27]
for a comparison between the joint temporal and contemporaneous aggregation of RCAR(1) processes and
that of network traffic models with finite variance and the corresponding limit processes. Interestingly, the
intermediate limit of the accumulated workload process has also an integral though different representation
w.r.t. a certain Poisson random measure and can be regarded as a ‘bridge’ between limit processes arising in
the other two scaling regimes. We note that joint aggregation of some network traffic models with infinite
variance and LRD was studied in Levy and Taqqu [I7], Pipiras et al. [29], Kaj and Taqqu [16].

Notation. In what follows, C stands for a positive constant whose precise value is unimportant and may
change from line to line. We denote by =4, —4 the equality in distribution and convergence in distribution,
respectively. We also write —¢qq and (fdd)lim for the weak convergence and limit of finite-dimensional

distributions.

2 Main results

2.1 Assumptions

Definition 2.1. Let 0 < a < 2. Write ¢ € D(a) if the distribution of an r.v. ¢ satisfies the following

conditions:

o for a =2, Ee? < o0;



e for 0 < av < 2, there exist some finite constants ¢y, co > 0 such that

lim 2°P(e > z) =¢;, lim [|2|"Ple <x)=co, ¢1+c2>0;
T—00 T——00

e in addition to the above, Ee =0 for 1 < a < 2, and, for @ = 1, the distribution of ¢ is symmetric.

Remark 2.1. Assumption ¢ € D(«) implies that € belongs to the domain of normal attraction of an a-stable

distribution. That is, for a sequence {e(t), t = 1,2,...} of independent copies of ¢,

[n7]

VN Ce(t) Saa CalT), (2.1)

t=1

where ¢, = {(o(7), 7 > 0} is an a-stable Lévy process having characteristic function (see [8, pages 574-581])

Eelfa(m) = o=7l01°w(0) g c R with (2.2)
H220) (¢4 + ¢9) cos(SF) — i(er — ca) sign(0) sin(%F)), o # 1,2,

w(0) == (e1 + e2) 5, a=h =
TEe2, a=2

Furthermore, assumption ¢ € D(«) implies Ele|P < oo for any 0 < p < a.

In what follows, we assume that {e(t), t € Z} in ([2]) are independent copies of ¢ € D(«a) for some
0 < a < 2. Moreover, we assume that a is an absolutely continuous r.v. having density ¢ which is supported

on [0,1) and admits the representation

¢(u) - 1/’(“)(1 - U)B_lv u € [07 1)7 (2’4)

for some § > 0 and some integrable function ¥ (u), u € [0,1), having finite limit li%l P(u) =: Y1 > 0. The

same assumption is made in [27] BI] and other related works. Then there exists a unique stationary solution
of (L2) given by
X(t)=> a"e(s), tei, (2.5)

s<t
where the series on the r.h.s. of ([Z3]) converges in LP for 0 < p < amin(f,1) if 0 < a < 2; and for 0 < p < 2
such that p < 24 if & = 2. For almost every a € [0, 1), the series on the r.h.s. of (2.3]) converges conditionally
a.s. and conditionally in LP for 0 < p < aif 0 < @ < 2; and for 0 < p < 2 if @ = 2. See [30] for details.

2.2 Limiting processes

For 1 < 8 < a < 2, we define a stochastic process Ay g = {Aq 5(7), 7 > 0} by
Ao p(T) = / fr(x,s)M(dz,ds), where (2.6)
R+ xR

fr(z,s) = / e_m(t_s)l(s <t)dt, 7>0, x>0, seR,
0

and M (dx,ds) is an a-stable random measure on R, x R with a control measure m(dz,ds) := 127~ tdads
such that Ee?M(B) — o~l01%(®)m(B) g ¢ R, for every Borel set B C Ry x R with m(B) < oo and w,



Yy given in (23], 24]). The process A, g was introduced in [3I]. It is a-stable, H-self-similar with H =
1—(8—1)/a € (1/a, 1), has stationary dependent increments, and is related to the integrated superposition
of Ornstein-Uhlenbeck processes discussed in Barndorff-Nielsen [I]. See also [I1I]. The joint characteristic

function of A, g is given by

Eexp {izd:HjAa,g(Tj)} = exp{ —/ !Zd:ijTj(a;,s)|aw(Zd:ijTj(m,s))m(dm,ds)}, (2.7)
j=1 RyxR 51 j=1

for 0, e R, 7, > 0,5 =1,...,d, d € N. For @« = 2, Ay is a Gaussian process with mean zero and the

autocovariance function
o2
EAs g(11)A2 g(12) = E52/ fr(z,8)fr,(x,s)m(dz,ds) = 75( —|—7'2 — | —7'2|2H), 71,72 > 0. (2.8)
R+XR

It follows that Ag g is a fractional Brownian motion with Hurst index H = (3 —3)/2 and variance EA% 5(1) =
o} = iD(8 — DE/(2 - B)(3 - B).
Next, for 0 <A< 1,0<a <2, 8>0,let Wy, >0 bea Astable r.v. with Laplace transform

A
Ee has = ¢7™as? 9 >0, where (2.9)

p ._ > ~ex o 1,~B/Ay) 51 _ i@ =X
v =01 [ (0 = exp{=(ha/8) e et = )

It is well-known (see, e.g., [37, Theorem 2.6.1]) that the Laplace transform in (29 extends to all complex
numbers 6 € C with Re(f) > 0. Assume that W) , 3 is independent of the Lévy process (, in (ZI). Define

> 0.

Va5 = é/;;"g Ca(1), 0<p <1, (2.10)
Wa,p(7) := 51;2&5@1( ), 7>0, 0<fB<a.

Then, using (2.9]), we obtain for any 6 € R,

Eel®Vos = Ee I OWsan — exp{—rgq.5/0)°° (w(0)?}, 0<pB <1, (2.11)
Eeer () — Be T OWs/eas — exp{—rp/a.a,sm" 10 (w(0)7}, 0<B<a,

where

KB,a,8 = %B (1-5), KB/as,8 = %F(l - g) (2.12)

From (2.I1)), it follows that r.v.s V, 3 and W, g(7) are stable with respective stability indices a8 < « and
f < a. In asimilar way, it follows that W, g3 = {W, 5(7), 7 > 0} has S-stable finite dimensional distributions.
Following [34], Section 3.8], we call the stochastic processes in ([2ZI0) sub-stable. We note that W, 3 enjoys the
stationary increment and H-self-similarity with H = 1/« properties which it inherits from the Lévy process

Ca- For f =1 < a <2, introduce also an a-stable r.v. V, 1 with a characteristic function
EelfVar — o=(¥1/a)l01%0) g c R, (2.13)

Since limgp (1 — B)T(1 — B) = 1, it follows that (1 — 3)V/(*®V, 5 —4 V1 as 81 1. The above discontinuity
of the distribution of V,, 3 at § = 1 can be explained by the additional logarithmic normalization in (2.I7)

and (2.23]).



Finally, for 0 < 8 < a < 2, we define a random process Z, 3 = {Z,43(7), 7 > 0} through its joint

characteristic function:

d d d
Eexp {iZHjZa,g(Tj)} = exp {wl/R <exp{ — /R ‘ Zejij (.Z',S)‘QW(Zejij (w,s))ds} — 1>x5—1dx},
= + =1 j=1
(2.14)
where §; e R, 7;, >0, j =1,...,d, d € Nand f;(x,s) is given in ([Z6). A stochastic integral representation

and various properties of Z, g are discussed in Section Bl

2.3 Limit theorems

In Theorems 2.1] and 2], the process Sy, = {Snn(7), 7 > 0} is the joint aggregate in (LH)) of independent
copies of the RCAR(1) process X = {X(t), t € Z} in (23] satisfying the above-stated assumptions for some
0 < a <2 some >0 and some 1) > 0. Theorem [2.1] discusses iterated limits when N — oo followed

by n — oo (limits (2I5]), 2I6])), or vice versa (limits (ZI8)), (Z19)). Let ko := E(1 — a)~® when the last

expectation exists.

Theorem 2.1. Let 0 < f < max(a,1). Then

(fdd) lim ~Jim_ pn~HB-D/an-tegy (1) = Ayp(r), 1<B<a, (2.15)
(fdd) lim Jim n~ INTV@D Gy (1) =Vasr, 0<B<1, (2.16)
(fdd) lim lim n~ (N log N) VSN (1) = Vo, 1=8<a, (2.17)
and
(fdd) lim lim_ N=VBp=Yeagy (1) = Wa (1), 0<pB<a, (2.18)
(fdd) lim lim N~Yonp=Vagy (1) = k%, (r), O0<a<f<l. (2.19)

N—00 n—00

The following Theorem discusses joint limits of appropriately normalized Sy, under simultaneous
increase of V,n. As noted in the Introduction, these limits depend on the mutual increase rate of N,n and

the parameters o, 5. In ([Z29) below, V,, 3 and {, are mutually independent.

Theorem 2.2. (i) Let 0 < < a. Let N,n — oo so that

N1/B

— u € [0, 00]. (2.20)
Then:

N~Hep=1+(6-1) /as A7) —taa Aap(r), p=o0, 1<8<a, (2.21)
NV =180 (1) —taa VagsT p=o00, 0< B <min(a, 1), (2.22)
(Nlog(N/n)) ™V *n ' Snp(r)  —aa VanT, p=o00, 1=0<a, (2.23)
N~ 1/8 _1/aS (T) —fdd Waﬂ(T), w=0,0<pB<a, (2’24)
N~VB _l/aSN (1) —taa 1" Zap(t/n), pe(0,00), 0<B<a. (2.25)



(ii) Let 0 < a < B < 1. Let N,n — oo so that

N8B 1—
— u € [0, 00], where’yzzl a

> 1. (2.26)

Then:

N=VEAR I8N (1) —taa VasT, = 00, (2.27)
(Nn)VSnn(T) —raa £ *CalT), =0, (2.28)
(Nn) VoSN (1) —paa B V97 W57 + KV (1), 1€ (0,00). (2.29)

1) Let f > max(«a,1). Then, as N,n — oo in arbitrary way,
( )
(N”) 1 SN,n(J) 7fdd /1(1)/ Coe(7)- (230)

Remark 2.2. We expect that results in Theorems 2.1 and 22] as well as in [27], can be extended to higher
order RCAR models, making suitable assumptions about the mixing distribution. Particularly, Oppenheim
and Viano [25] discussed long memory properties of RCAR(2p), p > 1, model with autoregressive polynomial
having one positive, one negative and p — 1 pairs of nonreal (complex conjugate) roots whose moduli are
assumed to be independent r.v.s whose densities have power-law behavior at 1, similar to (L3)), for possibly
different exponents f;. As shown in [25], these assumptions lead to oscillating asymptotics thus seasonal
behavior of the autocovariance function of the RCAR process. A more forthright higher-order version of the
RCAR(1) equation in (IZ) is the RCAR(p) model with real positive roots, viz.,

(I—-aaB)---(1—a,B)X(t) =¢(t), te, (2.31)

where a; € [0,1), ¢ = 1,...,p, are independent r.v.s and BX(t) = X (¢t — 1) is the backward shift. The
stationary solution of ([231I)) is written as a MA process X(t) = >, b(t — s)e(s), t € Z, where b(t) :=

Yo <csy 4 G515 TSy T satisfy
00 P
D bt =[J0-a)™ = A (2.32)
=0 =1
Particularly, it follows that given aq,...,a,, conditionally
[nt]
n—1/2 Z X(t) —>fdd AB(T) (233)
t=1

which agrees with ([@I0) below for p = 1, @ = 2. In the case when each a; has a density satisfying a similar
relation as in (3] for some £; > 0, ¥y; > 0, i = 1,...,p, the (random) factor A in (233) has a heavy-
tailed distribution with tail parameter Spmin := minj<;<p f;, see [7, Corollary p. 245], and we can expect that,
for Bmin < a = 2, the suitably normalized iterated limit (fdd)limpy_e0 limy, 00 Snn(7) is the sub-Gaussian
process W g_. (1), following the proofs of Theorem 1] (ZI8)) or [27, Theorem 2.1 (2.10)]. We also then
expect that the suitably normalized iterated limit (fdd)lim, o imy o0 Snn(7) is a fractional Brownian
motion with Hurst parameter H = (3 — Bin)/2 (or a stable self-similar process in the case when X (¢) has
infinite variance). A challenging open problem is to make the above argument rigorous and to extend it to
joint limits of Sy, as in Theorem



3 The intermediate process

This section discusses properties of the intermediate process Z, g introduced in (2.I4]) via its finite-dimensional
characteristic function. We study Poisson stochastic integral representation, local and global self-similarity,
a.s. continuity and other properties of Z, 3. The results extend [27, Proposition 3.1] from o =2t0 0 < o < 2.
Roughly speaking, the Poisson integral representation of Z, g is obtained by replacing the Brownian motion
in [27] by Lévy process (,. However, some properties of Z, 3 are not ‘continuous’ at o = 2, particularly,
the second moment of Z, g does not exist for a < 2 while Z; g may have higher moments than 2, see [27].
Clearly, these moment differences between the cases o < 2 and o = 2 are related to the differences between
the a-stable Lévy process (,, a < 2, and the Brownian motion (o = B.

Assume that the homogeneous Lévy process (, in (2.)) is extended to the whole real line R and induces a
probability measure P, on the Borel sets of the Skorohod space D(R) of cadlag functions from R to R. We

start with a family

z(Tyx) == /RfT(a;,s)dCa(s), T>0, x>0, (3.1)

of integrated Ornstein-Uhlenbeck processes driven by (,, where f-(z,s) is defined in ([2.6]). The process Z, 3
can be defined by ‘mixing’ the above elementary processes of ([BI]) on the path space D(R) of the Lévy
process as follows.

Let N(dx,d() denote a Poisson random measure on the product space Ry x D(R) with a mean v(dz,d() =
P12°7 1z x Py (d¢), where ¢ > 0,0 < 8 < a < 2. Then 2,5 = {Z,4(7), 7 > 0} can be defined as a

stochastic integral with respect to the above Poisson measure:
Zap(T) = / z(1;2)N(dx, d() —I—/ Z(T;:L")(N(dm,d() —v(dz,d0)1(a > 1)) (3.2)
(0,1)x D(R) [1,00)x D(R)
Ifl<a<2 1/a<f < a, then the two integrals in ([3.2]) can be combined into a single one:
Zos(r) = / o(r; 2) (N(dz, d¢) — v(da, dC)). (3.3)
R+ x D(R)

These and other properties of Z, g are stated in the following proposition (we refer to [27], [32] for general

properties of stochastic integrals w.r.t. Poisson random measure).

Proposition 3.1. (i) The process Z,p in [B.2) is well-defined for any 0 < B < o < 2. It has stationary

increments, infinitely divisible finite-dimensional distributions, and the joint characteristic function given by
2.14).

(i) If 0 < B < o < 2, then E|[Z,3(T)]P < oo for any 0 < p < amin(B,1). If0 < 8 < a = 2, then
E|Z,3(T)|P < 00 for any 0 < p < 20.

(iii) For 1 < a <2, 1/a < B < «a, 24,5 can be defined as in B3) and EZ, (1) = 0. Moreover, E|Z, 5(7)* <
oo if and only if 1 < B < o =2, in which case

2
(2
ElZ25(n)Z2p(r)] = o (7 + 737 — | =), 7.m 20,

where H = (3 — /3)/2 and ag are the same as in (2.8).

() For 1 <a <2, 1/a<fB <o, Z,4 is a.s. continuous.



(v) (Asymptotic self-similarity.) As ¢ — 0,

BNz ser) —a Aap(t), 1<B<a,
C_lza,B(CT) —dd Va8 T, 0 < 8 < min(a, 1),
cHlog(1/e) V2, 5(ct)  —taa VauT 1=08<a,

where Vo1, Vo3 and A g are defined in [2.13), 2ZI0) and 26]), respectively. For 0 < f < «a, as ¢ — o0,
C_l/aza,g(CT) —fdd Waﬁ(T),
where Wy, g is defined in (210).

Remark 3.1. With Proposition BIlv) in mind, we may say Z, g plays the role of a bridge between the limit
processes in Theorem 2.2)(i). For o # 1, the limit processes W, g, Aq g and r.v. V,, g in Proposition B.I|(v) have
different stability indices 3, o and a3, respectively, so we conclude that one-dimensional distributions Z, g(7)
are not stable. For a # 1, the process Z, 3 is also not self-similar, because W, 3, Ay g and {Vo g7, 7 > 0}

have different self-similarity indices.

Remark 3.2. If 21, Z,..., Zy are independent copies of Z := Z, g, then, for any N € N,

N
Z(r/NVP) =gqq N7VOOTEN"2,(7). (3.4)
i=1
Relation (B3.4]) follows from infinite divisibility of Poisson random measure N(dz, d(¢) in the stochastic integral
representation ([3.2)) or the characteristic function (2I4]). See also ([27], (3.30)) where the above property
is related to the aggregate-similarity property introduced in Kaj [I5]. For 0 < < min(«, 1), (34]) and
Proposition BI(v) imply that NYZ(r/NVB) =y N=V(@A SN z(7) 4 Vopm as N — oo. Tt follows
that for a fixed 7 > 0, the (marginal) distribution of Z(7) = Z, 3(7) belongs to the domain of normal
attraction of an (af)-stable distribution, that is, Z, g(7) € D(/3) except possibly for the case of = 1, when
the distribution of 2, 5(7) is not symmetric. Similarly, N#/8Z(r/N/F) =4 N~/ Zf\il Zi(1) —=dq Mo (1),
where H =1— (8 —1)/c, implying Z, 3(7) € D(«) for 1 < § < a. These facts entail the precise asymptotic
behavior of tail probabilities of Z, g(7) for < 2 and 7 > 0 fixed, particularly, they show that condition
p < amin(f, 1) in Proposition B1] (ii) cannot be improved.

Remark 3.3. Let 0 < a < 8 < 1. The limit process {Z}, 5(7) 1= Va7 + n,ﬁ/o‘ga(r), T > 0} in (229),
Theorem 2.2)(ii) can be also regarded as a ‘bridge’ between the other two limit processes in ([2.27) and (2.28])
since it is both locally and globally asymptotically self-similar:

c_lZ;B(CT) —tdd Vs Ts as ¢ — 0,

C_l/aZ;ﬁ(CT) —tdd /{}I/O‘CQ(T), as ¢ — oo.

4 Proofs

We first present some preliminary facts that will be used in the proofs.
Let 0 < o < 2. The characteristic function of a r.v. ¢ € D(a) has the following representation in a
neighborhood of the origin (see, e.g., [I3, Theorem 2.6.5]): there exists an € > 0 such that

Eelfs — ¢~ [01%w(0)h(6) for any 6 € R, |0] <, (4.1)
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where h(0) is a positive function tending to 1 as  — 0 and w(f) = w(sign()) is the same as in ([2.3)).
For a € [0,1) and n € N, let ¢,(a,s) := > -, " *1(s < t) and note the following elementary inequalities:

n

1 . 1 le% . 1 (03
(07 < a < . 4.2
SE<0 len(a, )¢ < min(e 1)1 —a) min (n, - a) , SE:1 len(a, )| < nmin (n, . a) (4.2)
For z € C, Re(z) <0, we have
le* — 1] < min(2,]z]), e —1—z <z~ (4.3)

Proof of Theorem [2l The iterated limits ([2.15]), (Z10) follow from [31], Theorems 2.1, 3.1, Proposition 2.3].
Proof of [217). It suffices to prove that

N
Xn(t) == (N1og N)™"* > " X;(t) —gaq Va1, (4.4)
i=1
or that, forany d e Nand 0; e R, t =1,....,d,
- d
Bel Zi=10:Xn(0) _ BeiXini0Von — ¢©  with © := ——‘ Zet Z . (4.5)
t=1

Since X1, ..., Xy are independent copies of X in (27, the Lh.s. of (@3] can be rewritten as (14 %)V with

d
O := NE[exp {i(Nlog N)"V/*> "6, X(t)} — 1]
t=1

=N (H Eexp {i(N log N)~Yee(u, s)e(s)} — 1)p(u)du
[0,1) SEZL

=N (exp { — K (u) }

[0,1) (1—u)NlogN’ 1) (u)du (4.6)

where

d
s) = Zetut_sl(s <t), Ky(u):=(1—u) Z le(u, s)|* w(c(u, s))h((N log N)~Vee(u, s)),
SEL

(in (£0) we used (4.J]) and the fact that ¢(u, s) is bounded uniformly in v € [0,1),s € Z). For ¢ € (0,1) split

1-5 1 1—7 Knlu LI
@N:N{/O +/1—% /1 exp{—(l_uj)v—]i”)ogN}—l)qb(u)du ::;@ﬁvﬁ

Then (@A) or limy_,o Oy = O follows from

hmhmsup|@N5| =0, i=1,2, hmhmsup|@N5—®| = 0. (4.7)

=0 N—oco =0 N—oco

Here, |©% 4| < 2N fll_i d(u)du < C§ for all N large enough, implying (A7) for i = 2. Next, using (4.2,
’ N

> osez le(u, 8)|0‘ < C(1 —u)~!. Therefore, |Kn(u)| < C, u € [0,1), and, by (@3], we obtain |@11V75| <

C(log N)~! [17°(1 — w)~Y¢(u)du = C(5log N)~L, proving [@T) for i = 1.
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Consider the last relation in (7). In view of (Z4]), we can replace O3 s by SH N =YiN f s exp{ KN (“]2,

@} — 1)du = 14 f; exp{—ﬁj\,)} — 1)dz, which in turn can be replaced by

ON K (1 _ oz )
5 N N
C) = — —=7d
N6 7/11/5 xlog N .

since |@jlv75 - @§v,5| < C’f(fN (mh;igmN)Q = 0(1), N — oo, follows from ([£3]). We can rewrite © in ([L3]) in a

similar way:

Ny . 1 d a d
(9:—1/11K/5 g N w1thK::E\;6t\ w(;@).

Thus, the last relation in (7)) follows from lims_,o limsupy_, |, 65N Kn(1— &) - K|72: =0or

xlogN

1 Ky (l— =) — K| <¢€(9), 4.8
mow sup Win(1 = g7) - K| < 0 .

where lims_,ge(6) = 0. To prove 8], denote |z = |2|*w(2), z € R, and note that supy., sy [Kn(1 —
L)~ K(&)| = 0(1), N — oo, where

Z\ZM——”( <o)

SEZ t=1

/ !Zet ) (sy) < 0)[Cas

/ Zﬁtes‘gds = K, y— oo, (4.9)
O =1

—z

by the dominated convergence theorem (DCT) using 1 —z < e™%, z > 0. Hence, supg.,sy |I~((%) - K| <
€(6) = o(1), 6 — 0, implying (£8) and (£7). This completes the proof of (ZIT).
Proof of (218]). Let us first prove that

[n7]

n~ VS, (7 _1/O‘ZX —aa (1 —a) " Ca(7), (4.10)

where (,, X are the same as in (1)), (2, and a € [0,1) is fixed. It suffices to show that, for any d € N and
7 >0,0,€R, j=1,....d,

d d
Eqexp {in™"/*> " 0;8u(1j)} = Eaexp {i(1 —a)™' > 0;¢a(7))}, (4.11)
j=1 j=1
where E,[-] = E[-|a] stands for conditional expectation. For brevity of notation, we restrict the proof of (@11l

(as well as all the rest in this theorem) to d = 1 and 74 = 7 > 0, 6; = 0 € R. Split Ea[ew"il/aS"(T)(l(a €
I,) + 1(a € I%))] =: ®/(0,a) + ®(0,a), where I,, := [0,1 — i‘;{g/Z), It :=[0,1) \ I,. For ¢,(a,s) in ([@2),
SUDger,, sz \n_l/ac[m](a, s)| = O((logn)~1) = o(1). Hence for all n large enough, we can use [I)) to rewrite
@' (0,a) as D, (0,a) = e~ 1" O)Kn(9)1(q € T,), where

Kn(a) =n"! Z ’c[nﬂ (CL, 3)‘ah(9n_l/ac[nﬂ (CL, S))

SEL
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and SUP,er, sez ]h(@n‘l/ac[nﬂ(a, s)) — 1| = o(1). Relation ([@II]) follows from lim, . Ky(a) = 7(1 —a)™®
for every a € [0,1) and lim,,_,~ ®//(6,a) = 0. Both these facts are completely elementary, and we omit the
details. This proves ([{.I0Q) for d = 1. The proof for d > 1 follows similarly.

Let {(1 —a;)"1¢ai(7), 7> 0}, i =1,2,..., be independent copies of {(1 —a)~ ¢ (7), 7 > 0}. With (£10)
in mind, (2I8) follows from

N
N_l/ﬁ Z(l —ai)_1<a7i(7) —>fdd Wa,B(T)' (412)
i=1

Consider the one-dimensional convergence in @IZ) at 7 = 1. For § € R, we have Eexp{idN /8 N (1 -
a;) " Cai(1)} = (Bexp{iN 7 (1 — a) ' Ga(DHN = (1 + F)V, where

O i= NE[e~ N/ 1-0) *l6l°w(6) _ 13,

We also have Eel?Ve.s(1) = e‘“ﬁ/a’“ﬁ'e‘ﬁ(w(e))ﬁ/a, see (ZII). The desired convergence in (£I2) at 7 = 1 follows

from

ON = —Kg /a0’ (w(0)Y*, VO €R. (4.13)

By assumption (L3)), there exists an ¢ > 0 and a constant C' > 0 such that ¢(u) < C(1 — u)?~! for all
u € [1—¢1). Split

Oy = O + Ok := NE[(e N 1=a) 1010 _1)(1(0<a<1—e)+1(1—e<a<1))],

where |0%| < N'=/8Ce=2|9|°P(0 < a < 1 —€) = o(1) since B < a. Hence, it suffices to prove [@I3) for O}
instead of ©p. By change of a variable,

1 eN1/B
Ol = N [ (e ) _pyguyau = [ @) )N (1 - S,
1—e¢ 0

where N1=1/8¢(1 - ~iF) = Y1281 for € R, by assumption (I3). Moreover, N'=1/8¢(1 — ~i7) < CaP~1

for z € (0, eNl/ﬁ]. Therefore, the DCT implies that

oL — vy / (7 09O 18 1dg = ey 0P (@(0))P,
0

see (ZI2), (Z9). This proves (LI3) and (@I2).

Proof of ([ZI9). Note that ([I0) also holds for 8 > a. Let {(1 — a;)*¢a,i(7), 7> 0}, i =1,2,..., be as in
([@I2). It suffices to prove that

N
N7V = a5) ™ (7)) —aa 1 Ca(7). (4.14)
i=1

Consider the one-dimensional convergence in (@) at 7 = 1. For any 6 € R, we have Eexp{id N~/ SN (1—
ai) i)} = (1+ @TN)N, where O := NE[e™N 7 (1=a)=101%w(0) _ 1] 5 . |0]°w(8) = log Eelfre “Ga(l) with
Ko = E(1 —a)™® < oo by the DCT. The general finite-dimensional convergence in ([({.I4]) follows in a similar
way. This proves (219 and completes the proof of Theorem 211 O

Proof of Theorem [22. In each case of Theorem [2.2] we will prove that, forany d e N, 0 < 71 < -+ - < 79 < 00,
and 0, € R, j=1,...,d, as N,n — oo,

EelAnn 25=10i58n(m) _y Bei i 038(5) (4.15)
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where Ay, — oo denotes a sequence of normalizing constants and {S(7), 7 > 0} denotes the limit process.

Since X1, Xs,... are independent processes, we can rewrite the L.h.s. of (£I5]) as ( 6%’” )N and reduce the

proof to showing that

d
On,n = NE[exp {iAX/,ln Z 0;S1n(15)} — 1] — log Bel Xi=108() —. @ (4.16)
j=1

as N,n — oo, in each case of Theorem Conditioning on a, we have

d  [n7]
Onn =N [H 0= (AN, In(u, 8)) — 1 p(u)du  with 9, (u,s) = ZHJ- Z u "1 (s < 1), (4.17)
01) ez 7 j=1 =1

where ¢.(0) := Eel?, 6 € R, is the characteristic function of ¢ € D(a). Next, we need to split the interval
[0,1) = Inn U IR, with Iny = [0,1 — uny), where un, — 0 is chosen so that sup,ery | sez [Un(u, s)| =
O(uz,) = o Ax.s) and [VE[(exp{idy, S0, 6;510(r)}—1)1(a € I§,)]| < ONP(a € I§,) < ON [ (1
u)P~ldu = O(Nujﬁv’n) = o(1) is negligible. By doing so, we obtain that h(AX,}nﬁn(u, s)) — 1 uniformiy in
u € Inyn, s € Z, and, taking into account (1)), (EI16)-EID),

n ~ N/ (exp{ - AN Z [0 (u, 8)|“w (¥ (u, s))} — 1) o(u)du.
INn SEZ

In order to avoid this rather tedious step, from now on, we will assume that h(f) = 1. That is, € =4 (,(1) has

a stable distribution and we can take upy, = 0. Moreover, for simplicity of exposition, in cases (i) and (ii)

of Theorem 2] we also assume that ¢(u) = (1 —u)?~! in @IT). Similar simplifications are also imposed

in the proof of [27, Theorem 2.2]. Finally, since w(f) depends on the sign of 6 alone, we shall assume that

w(f) = 1. After all, Oy, of [AIT7) reduces to

n=1U1N (exp{ — Ay, Z [0 (u, 8)[*} — 1) (1 — u)’~tdu. (4.18)
[0,1) ’ SEL

The only exception is the ‘short memory’ case (iii) of Theorem 22 where we use [@I8)) with ¢(u) instead of
P1(1—u)’~t uel01).

We consider each case of Theorem separately.

Proof of Theorem [Z2(i). Let N,n — 0o so that uy., := N7 /n — € [0,00] and set

n, ,ujﬁv/z, ifu=00, 1 <8 <a,
By, = N, AN, = nl-i—l/a (NanOgNNm)l/aa lf/L:OO, 1 :/8 < a, (419)
’ N8, ’ :“%(:w if 4 =00, 0<f < min(a,l),
N8, KN s if pe0,00), 0<f < a.

(BN, and Ay, are simultaneously defined in the above four cases of p,a,3.) Note that Ay, agree with
respective normalizations in Theorem [2.2(i). After the change of variable By, (1 — u) = z, (£I8) can be
rewritten as Oy, = (1[)1N/B ) BN”( ~Knn(@) — 1)zf~1dz, where

)+ AV o (1 BN )" (4.20)
s<0 5>0 n

Enn(r) = Ky, () + Ky, (« Non
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Proof of [228) (case p € (0,00), 0 < f < «). The r.hs. of (£I6) can be written as the integral © =
U1 [ (e7Ku@ — 1)2P~1dz, see (2I4), where

d
x) = ,u/R ‘ ;ijTj/u(x,s)‘ads (4.21)

and f(z,s) as in (ZB). Using By, = N'? and writing the sums over integers s, ¢ in ([@20), @EI7)

as integrals, after the change of variables s — NP5 t — NPt the Lh.s. of @I0O) becomes Oy, =
1/B ~

0 fN e Knn@) 1)~ dx with Ky, (x) = pnn Jg 9N n (2, 5)|*ds, where

1
In (T, 8) = Nl/ﬁﬁ n(l— Nl/ﬁ’[Nl/B o)
x N/BH_[N1/Bs
_Ze / —so) T L max(NYPs), 1) < NP < [n)de
K Zejij/“(x’ ” (4.22)
j=1

forany z € Ry, s € R. Using 1—z < e~ %, z € [0, 1], we get the dominating bound |1§N,n(x, s)| < Cfory/u(z,s),
€ (0, N'/A], s € R, implying Ky n(z) — K,(z), 2 € Ry, by the DCT. Using (@3]), we can extend the last
dominating bound to |Knn(z)| < C [g | for,/u(z,5)|*ds, z € (0, N'B], where the last integral is estimated in
(£34]). Then, another application of the DCT yields the convergence in (4.10]), proving (2.23]).
Proof of 22ZI)) (case p = 00, 1 < f < ). By 1), the r.hs. of @I6) equals to —¢ [;° K1(z)z” " da,
where K (z) is as in [@2I) (with u = 1). After a change of variable, the L.h.s. of (LI can be written as
Onm =11 [y M?V’n(e_”;\f"KN’”(x) — Daf 7 da, with Knn(z) == [g [Onn(z,5)|%ds and On (2, s) = 10, (1 —
=z, [ns]) — Z;l:l 0;fr;(z,s) for any z € Ry, s € R (to justify the last relationship, use (ZL22]) with N1/B
replaced by n). Therefore, Ky ,(z) — Ki(x), u?v’n(e_”#nKN’"(x) —1) - —Ki(z), z € Ry and, finally, the
convergence in ([4I6]) follows using the DCT similarly to the proof before. This proves (2.21]).

Proof of [222) (case u =00, 0 < < min(a,1)). The r.h.s. of (£I0) can be written as

d af oo d a _
O = —rpgas| Ljm 057" = v f5~ (exp{ = 35 i 0575["} — 1) da, (4.23)
see (Z9)-(2I2). On the other hand, for the Lh.s. of ([@I6]), after a change of variable, we get On, =
1
vy JN( (e KN _ 1)28~1dz, where Ky n(z) = Ky, () + K}, (x) is given in @20) with By, = N'/7.
Rewrite KNn = Jo 9N (2, 5)|*ds, where

- = nt|—[N1/Bg s
Inn(, ) 1= z;lzl 0 Ju (1— %)™ N1 < [nt] <[], [NV/8s] < 0)dt — S0, ;e 1(s < 0)

in view of n/NY8 — 0, for any = > 0, s € R, 5 # 0. We have the dominating bound [y ,,(z, s)| < Ce®1(s <
C), z € (0,N'/8], s € R. Whence,

8|Q

) — @‘ ZG Tj| and K;,n(x)| < (4.24)

for 2 € (0, N'/P]. Relation ([@Z) implies

1/8 .
N a C min (17 w)mm(a,l) _ 0(1)

Cn
Ky < — mj
|KN o (2)] < min (n, . S~ .

a
ANn

)
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uniformly in « > 0 as N,n — oo. Moreover, we conclude that |Ky,(z)] < Cz~ ™0 for 2 € (1, NV/5].
Since 0 < f < min(a, 1), in view of ([£3]), the DCT implies ([@I6]), proving (2:22]).

Proof of (Z23]) (case p = oo, 1 = B < «). Write the r.h.s. and Lh.s. of ([@I6]) respectively as © =
— | 3251 6j75|* and

o B KNTL( _ (] «
@N7n—N1/11/[071)(exp{ —( )NlogN} 1)du  with Ky p(u) :==n"*(1 u)é]ﬁn(u,s)\

For given ¢ € (0, 1) split

-2 1 1—— KN 5.
Onn =N / +/ / e = }—=1)du=: ON ns-
N, Y1 { ; s ., (exp{— Nlog ) ; Non,s
By (£2) and (&3), for every ¢ > 0,

c =%, 1
O sl < — /0 (1 min (n,

)a + nmin (n,

)a) du

no‘logg —u 1—wu 1—wu
C "l
< 7]\,/ (— min (n,ﬁ)a—i-min (n,ﬁ)a)dxzo(l)
nolog ¥ J5 \x x x

as N/n — oo. Also, \@?Vn s < Cd can be made arbitrary small by a suitable choice of § > 0. Consider

_ =z Ky (1 &
N) " Nm( N) 4
—1)dz ~ — —— " dxr =: 0
N } ) €z wl/{g xlog% €L N,n,8

n

Cf65(N/") (xlog((iw = o(1), as N/n — oo, follows from (£3]) and the bound

<
SUPg<g<sn/n KN (1 — §)| < C, which is a consequence of ([.2). Rewrite © similarly to @jlvm’(;, viz.,

sy d
O =—-11K
" /5 P

Thus, [2:23) follows (c.f. ([48])) from

lim sup sup  |Knn(1— 1) — K| < €(9) (4.25)
N,n,N/n—so00 6<z<3(N/n) N

since |O ;5 — O 41

d
- 1 e
with K := a‘geﬂj‘ .

where lims_,q €(0) = 0. Towards this end, write Ky, (1 — %) = K(%, n) similarly as in (48] above, where
/ ‘ZG / Zt] lvs }1(1 V [ys] < [zt] < [z75] dt‘ ds, y,z>0. (4.26)

Then using the DCT similarly as in ([£39) above, it follows that lim, ., /. . f((y,z) = K, implying that
Hmsupy . o /200 SUPy/2>1/5 |K(y,2z) — K| < €(0) with €(8) as in ([@2H), hence [@Z5), thus completing the
proof of (Z23]).

Proof of [224) (case p =0, 0 < 8 < «). The r.h.s. of ([£I0) can be written as

O = log Be™a/mas Tt (S 0)(Calr)~Calrion)

d
— log Ee_Wﬂ/a,a,ﬁ ch'l:l(Ti_Tiflﬂ Z?:z (gj‘a — _Hﬁ/a a,ﬁ(z — T 1 | Z 9 ‘ ﬁ/a
=1
00 1 d d
= / (exp{ — ey Z(Tz - Ti—l)‘ Z@ﬂa} — 1):175_1d:17 (4.27)
0 i=1 j=i
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with 70 := 0 and kg/a.ap as in I2). After a change of variable, we get Oy, = 11 fN VB K@)
1)zf~tdz, where Ky (z) = Ky, (z) + K, (z) is given as in @20) with By, = N'/5. Rewmte Kj{,n(x) _
fR |1§N,n($, s)|*ds, where

= T ntj|—[ns|+1
I, s) == 2300 6;(1 — (1 — 5%5) " " 1(0 < [ns] < [nry]) » L0, 0,1(0 < s < 1)

for € Ry, s € R, since n/N'/# — oo. Therefore, K]J\r, (x) — I%Zf:l(n - Ti_1)|2?:i 0;|* for z € Ry.
From (@.2), it follows that |Ky  (v)| < CAY (5175)” (14a) — Cuynr~ 1% = o(1) for z € R,. Moreover,
|Knp(x)| < Cz™®, x € (1, NY/8]. Since 0 < 8 < a, the DCT and @3) imply Oy, — O, proving (224,
thereby completing the proof of Theorem 2.2i).

Proof of Theorem [Z2(iii). We use the representation in @I8) with Ay, = (Nn)"/® and ¢(u) instead of

P1(1 —w)’~ u € [0,1). We have that Oy, = fol N (W) _ 1) p(u)du, where K,(u) = K (u) +
K (u) == 07 o 19n(u, 8)|* + 07t Y0 o0 [9n(u, )] Wlth U (u,s) defined in (@IT). Rewrite K, (u) =
Ji 19w, [ns])|*ds, where dn(u; [ns]) = (1= w)™' 325, 051 = wl"™= P10 < fns] < o)) — (1 -

u) ™1 Zj:l 0;1(0 < s < ;) for u € [0,1), s € R. Hence,
—+ — d d «Q
K (u) = (1 —u) Zi:l(Ti - Ti—1)| Zj:i 9j| (4.28)
for u € [0,1), where 7y := 0. From (£2)), for u € [0, 1), we further obtain that K, (u) — 0 and that

o 1—uw) ™ a>1,
|K,, (u)] < ﬁ min (n, ﬁ) <C ( ) (4.29)
1-—u)™t a<l.
Since |K;F(u)| < C(1 —u)™?, |K,(u)] < C(1 —u)~ ™)) = K(u), where fol K(u)¢(u)du < oo due to the
fact that 5 > max(«a,1). Then, by the DCT, we conclude that

d

d
O =~ D (7 = Ti-1)| D 5|7 = log Bl " Eima e,
i=1 j=i

where (recall) ko = E(1 —a)™® < oo. Theorem 22(iii) is proved.

Proof of Theorem[24(ii). Recall that 0 < a < 5 < 1. Set un,p := Nl/(w)/n — pe0,], Anpn = N1/ (aB)y,
if 4 = oo; and Ay, = (Nn)"/® if u € [0,00). Consider separately terms S]:S7n(T) in the decomposition
SNn(T) = Sy (1) + SJJ{W(T), where

N [n7] [n7]
SN, 800 = 35 (31 < )t
i=1 t=1 i=1s>0 t=1
From the proofs of ([2.22)), (230) (in particular, [@24), (£28), (£29)) we see that
N_l/(aﬁ)n_lS]Q’n(T) —tdd Va8 T as N,n,Nl/B/n — 00, for0< g <1, (4.30)
(Nn)_l/aS;\rm(T) —tad kY %Ca(T)  as N,n — oo in arbitrary way, for 3> a. (4.31)

Proof of Z21) (case yu = oo) follows from ([@E30) and @3I)) since py ., — oo implies (Nn)/* = o(An.,,).

Proof of (2Z28]) (case p = 0) follows in view of ([A31)), if we prove that
Snn(T) = 0p(ANn)- (4.32)

)
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For any 6 € R, consider
Onn i= NE[exp {i0Ay], S, (7)} — 1]

_1/)1N/ (exp{— ANnZ|C[nT] (u, s)|*10|*} — )1—uﬁ Lu,

s<0
where cj,- (u, 5) is given in ([L2). Using [@.2)-(A3) and changing a variable, we obtain

11—«

N1/B
J(1—u)~tdu < C/ min (1, 'uN—’n)xﬁ_ldx = o(1).
0 xT

a—1

1
< i _—
’@Nm’_CN/o min (1, NG

This proves ([4.32]), hence, ([2Z28]).
Proof of Z29) (case p € (0,00)). For N,n large enough, decompose On,, = Oy, + @;\rf,n in ([@I8]), with
Y1(1 — u)?~! replaced by ¢(u), as

On, = N/ B —1)g(u)du,  OF, :_N/ K@) (e KRn®) _ 1) g(w)dus,

where

Ky, (u) = A0 [0n(u,8)|%, K, (u) = A% [9n(u, s)

5<0 5>0
Since pun,, — p € (0,00) implies N8 /n — oo, by @30) we have that Oy, — log Eeit ) (2521 057i)Vass
Next, using K&n(u) — 0, |e_KX””(u)| < C, u € [0,1), similarly to the proof of ([{31I]), we obtain @E’n —
log Feire * 3251 05¢a(r;), Hence, ([2:29) follows, including the independence of V,, g and {((7), 7 > 0}. Theo-
rem [2.2]is proved. O

Proof of Proposition [31l As noted in Section [3 for o = 2, the proposition is proved in [27, Propositions 3.1,

3.2]. The subsequent proof for 0 < a < 2 uses similar argument.

(i) Write ZQB( ) = Z,5(1) + ZOJ:B(T), where Z1 = floo )x D(R) ? ;2)(N(dx,d¢) — v(dz,d()1(a >

1), Zo4(m) = f(mw () Z(T5 2)N(dz, dC). Next 1et I(p, T) = I ( )+I+(p, 7), where I (p,7) :=
olz(T2) P T, D, T) = ol2(Ti2) PP~ da. en Z- (1) are well defined i p,T) < oo for

X Bolz(ryx) P2 da, I~ W E Pzf~ldz. Then 27, Il defined if I* f

some 0 < p < « in which case
E|Z) ,(T)]P < CT*(p, 7) (4.33)

with C' = C(p) depending on p alone; see [27], (3.3)]. By well-known property of an a-stable stochastic integral
in @1), Eql2(1;2)P = C( g | fr(z, 5)|*ds)P/*, Vp € (0,a); see [34, Property 1.2.17, Proposition 3.4.1]. Then,
using ([£3)), we obtain

@ (1 — e—:c'r)a 1 ! —xs\a L. T 1 : T 14+a
/R’fr(x,s)] ds:w—kx—a ; (1—e7") dsgamln(;,m)—i-mm(:p—aﬁ ) (4.34)
Let first 1 < a < 2. Then ([@32) simplifies to [, | f;(z,s)|*ds < Cmin(Z-, %) implying

I(p,7) < C(2 [y/7 af=1=pladq 4 72/ [ oP=1=pdg) < Crrtv/a=f (4.35)

for 8 < p < min(«, af) = amin(1, 8), with C' > 0 independent of 7 > 0. Obviously, for given 0 < 8 < «,
such p exists implying the existence of the Poisson stochastic integrals Zojf B(T) and Z, (7).
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Next, let 0 < a < 1. Here, we need to discuss the existence of Z* 5(7) separately. From (d.34), we have

I*(pr,1) <O [ 2~ dr < oo, f<pt <o (4.36)
I=(p~,1) < Cfol PP /adr < 0o, pT < af < o

Clearly, for any 0 < 8 < a < 1, such p™ satisfying ([#36]) exist, implying the existence of Z;E (1) and 2, 5(7)
for 7 = 1, and the last result extends to all 7 > 0 in an obvious way. The stationarity of increments is
immediate from (2I4]). Infinite divisibility and the form of the characteristic function in (2.I4) follow from

general properties of Poisson stochastic integrals, see e.g. [27, (3.1)].

(ii) Follows from (435]), (430]) and (£33]).
(ili) Follows from (ii) and E|Z, g(7)| < CI(1,7) < oo since 1 < amin(f3, 1) is equivalent to o > 1,a8 > 1.

(iv) Follows from Kolmogorov’s criterion, stationarity of increments of Z, 5, and (£33]), ([@35) since, for
1/a < B < a, we can find p sufficiently close to amin(f3, 1) such that the exponent of 7 on the r.h.s. of ([4.35)
is greater than 1: p+p/a— > 1.

(v) For brevity, we assume w(f) = 1, ¢; = 1 and restrict the proof to one-dimensional convergence at 7 > 0.
Let1<ﬂ<aandH::1—%>O. For any 0 € R, we have

Eei@ciHZa’ﬁ(CT) = exp {/
R4

(exp{— 05]9\0‘/ | fr(ca,s)|*ds} — l)xg_ldx}
R
since [p | fer(z, 8)|*ds = M [; | f;(cz, 5)|*ds. By change of variables, we further rewrite

Eeifc™ " Zap(er) _ exp {/ C_B(exp{ _ cﬁw,a/ \fT(a;,s)\ads} _ 1)$5_1dx}
R R

+

—>exp{ - |0|°‘/R

where the convergence follows by the DCT (the domination can be verified using ([@3]) and ([@34])).
Next, let 0 < 8 < min(a,1). For any 6 € R, we have Eelf¢ ' Za.s(er) — exp{f]R+ (e~ 101" Ke@) _ 1)2A~1dz},

where

| fr(z, s)|°‘:z:ﬁ_1d:nd8} = Eel%es() ¢ 0,
R

+ X

—car er —zs @
K.(z):= cia /R | fer(z,8)|%ds = %(157)& +/0 (%)ads — %, c— 0.

For K.(x), we can find a dominating function using (£3]) and (£34]), because the latter inequality gives

Ke(r) < Oz Vifa > 1 and K.(z) < Cmax(z™!, ¢! =27 < C2~% if o < 1 for £ > 1. Then, by the DCT,

we obtain Eel¢” ' Zas(er) exp{f]R+ (e~ (@) IO _ 1)2F-1dg} = Belf™Vas ¢ — 0, see (ZT)—(ZII).

. e 3 5
Let 1 = 8 < a. For any 6§ € R, we consider Eel(0g(1/) Ve Za gler) = gduim Icﬁ, where

3 5 o [

) c o _ 1
S iy / + / + / V(e 617008 DKL) _ 1) dz with Fo(z) 1= — / o (2, 5)[ds,
i=1 0 c 0 © /R

the same as above, given a 6 > 0. Then 101’5 = o(1) and by (@3], 34,

o0
1125] < ¢ A (L min (CT,%)OC—I—CTHHH (i,m’)a)dx

@ log% s Cow
C >~ 1 ] 1.a 1 N B
< —log% /5 (@mln (T,;) + 7 min (;,7') )dx—o(l), c— 0.
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With the notation K(cx) := xK.(z), = € Ry, using @3) and K (cz) < C, x > §, we have that

: K(cx)
5 xlog%

15’75~—|9|O‘ dz, c¢—0,

for every ¢ > 0. Furthermore, limsup,_, SUD5 4 8 |K (cx) — | < €(6) with lims_,g €(6) = 0, since

~ _1 1 —e w7 a T 1] e Wws o T
K(w)—a(T) —I—w/o (T) ds—>g, w — 0.

Hence, limgs_,q lim sup,._, ]Ig”(;—i— Ta(L?'a | = 0, finishing the proof of lim._, Eeif(log(1/e) 1™ Za g(er) — Feif Va1
Finally, consider the large scale limit of Z,3 as ¢ — oo for 0 < 8 < «a. Then Eeifc™"/* Za,p(cT)

exp{f[R+ (e~101*Ke(@) — 1)2B~1dx}, where, using the scaling property,

(1 _ e—cx‘r)oc 1

.
_ T
: — [ (1—-e )% s - —, c¢— o0.
caxlta x® Jo xe

1
Kofa) = © /R for(,5)[ds = @ /R frlcz, 5)|°ds =

It is obvious that, for x > 1, K.(z) < 27%((ct)™! + 7) = O(z~%). Therefore, by the DCT, Eeife™/*2(er)
exp{f]R+ (e7101"=7T _ 1)z 1dz} = BelVes(T) | ¢ — oo, see (ZA)—(ZIT). This proves part (v) and completes
the proof of Proposition B.11 O
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