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Abstract

In this note, we study the Gaussian fluctuations for the Wishart matrices d’an,anT 4» Where
Xn.a is a n x d random matrix whose entries are jointly Gaussian and correlated with row and
column covariance functions given by r and s respectively such that r(0) = s(0) = 1. Under the
assumptions s € ¢4/3(Z) and ||r||p1(z) < v/6/2, we establish the \/n3/d convergence rate for the
Wasserstein distance between a normalization of d_an,dX;{) 4 and the corresponding Gaussian
ensemble. This rate is the same as the optimal one computed in [3-5] for the total variation
distance, in the particular case where the Gaussian entries of X}, 4 are independent. Similarly,

we obtain the y/n?P~1/d convergence rate for the Wasserstein distance in the setting of random
p-tensors of overall correlation. Our analysis is based on the Malliavin-Stein approach.

MSC 2010 subject classification. Primary: 60B20, 60F05; Secondary: 60G22,60HO07.
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1 Introduction and main result

Let $ be a real separable Hilbert space equipped with the inner product (-,-)s and the Hilbert
norm |||, and let {e;; : 3,5 > 1} C § be a family such that

(eijeijr)g =i —1')s(j —5'), (1.1)

where s,7 : Z — R stand for some covariance functions satisfying s(0) = 7(0) = 1. In particular,
observe that ||e;;[|y =1 for all 4,5 > 1.

Consider the corresponding Gaussian sequence X;; = X(e;;) ~ N(0,1) where X = {X(h),h €
$H} is an isonormal Gaussian process over ), that is, a centered Gaussian process indexed by £
such that E[X (g)X (h)] = (9,h)g for all g,h € . Let &,, 4 be the n x d random matrix given by

X1 X2 ... Xy
Xo1 Xoo ... Xyqg

Xna = Xijh<isnig<a=| . . . | (1.2)
an Xn2 te Xnd
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Our goal is to study the high-dimensional fluctuations of Gaussian Wishart matrices d_an,ng d
by considering a normalized version given by

Wia = (Wij>1§i7j§n, (1.3)
where
d
—~ 1
Wi':— XikX'k—Ti—j . 1.4
= ;( j (i—17)) (1.4)

Since the e;;’s are not supposed to be orthogonal, see (1.1), it is important to note that the Gaussian
entries X;; of X, 4 are fully correlated in general.

Let Q;’il = (Gij)1< ii<n be the n X n random symmetric matrix such that the associated random
vector (G11,...,G1n, G21y- -, Gopy ooy Griy ..., Gpy) 18 Gaussian with mean 0 and has the same
covariance matrix as

Recall the definition of Wasserstein distance between two random variables with values in
M, (R) (the space of nxn real matrices): for X, : Q@ — M, (R) such that E||X|lus+E|Y||us < oo,

dwass (X , V) 1= sup { Elg(X)] = Blg)] + gl <1} (1.5)
with 9(4) - g(B)|
g —4g
— =L { : n R Ra
Hg”Llp A,lejl\/ﬁl)n(R) A — Blns or g: My (R) —

A#B

and || - [|gs the Hilbert-Schmidt norm on M, (R).
The main result of this paper is the following.

Theorem 1.1. Assume

7l zy < V6/2. (1.6)
Then for alln,d > 1,
oy o MRl | s )
Wass (Wi, 03 < | ];d|s(k:)| . (1.7)
Remark 1.2. (1) We will actually show that
= ons - 711342z, 32d n3 i3 ’
s (0. 6053) = T o\ S 7 | 22,

This implies (1.7) since 227521 s(k—0)? > ds(0)? =d.



(2) Under the condition (1.6) and if we assume s € £*/3(Z), then (1.7) leads to

dwvass (Waa1G5) = O/,

Hence in this case of overall correlation, W,, 4 continues to be close to the Gaussian random
matrix Q:L’il as long as n®/d — 0, exactly like in the row independence case in [10, Theorem
1.2]; see also the full independence case considered in [3-5].

(3) An explicit example of covariance function satisfying (1.6) is 7(k) = e MI® for k € Z, with
1 < a < 2 and where A > 0 is chosen large enough.

The y/n3/d convergence rate obtained in Theorem 1.1 relies on Malliavin calculus and Stein’s
method, precisely, Proposition 2.1 below, which has already been employed in [10] to investigate the
Gaussian approximation for Wishart matrix in the row independence case (that is, r(k) = 1x—9). In
the case of overall correlation, it is not clear if the covariance matrix C' in Proposition 2.1 is invertible
or not. To bypass this problem, the authors of [10] made use of the bounds from [7, Theorem 6.1.2]
and [9, Theorem 9.3] with, as a price to pay, the necessity to consider a smoother distance instead
of Wasserstein distance; see [10, Proposition 4.1 and Theorem 4.3].

Fortunately, in the case of overall correlation, we discover that condition (1.6) guarantees that
the covariance matrix C in Proposition 2.1 is strictly diagonally dominant and hence invertible.
Moreover, we can bound the operator norms ||C||op and ||C~|op in terms of ||r|| 0(z)- Therefore,
we are able to apply the inequality (2.3) in Proposition 2.1 to derive the estimate in (1.7); see the
proof of Theorem 1.1 in Section 3.

The Malliavin-Stein approach can also be applied to study Gaussian approximation of Wishart
p-tensors in the case of overall correlation. In Theorem 4.1, we propose a condition on ||7|s (7 (see
(4.3) below) under which the covariance matrix of the p-tensors is invertible. Hence we appeal to
the Proposition 2.1 again and establish the \/n?P~1 /d convergence rate for the Wasserstein distance
between the p-tensors; the same as full independence case considered in [10, Theorem 4.3]. We refer
to [1,2,6] for some other recent applications of Malliavin calculus and Stein method in the study
of high-dimensional regime of Wishart matrices/tensors.

2 Preliminaries

In this section, we collect some elements of Malliavin calculus and Stein’s method and refer to [7]
(see also [11,12]) for more details. Recall the isonormal Gaussian process X = {X(h),h € H} over
a real separable Hilbert space $ defined on some probability space (€2, F, P).

For every p > 1, we let H,, denote the pth Wiener chaos of X, that is, the closed linear subspace
of L%(Q2) generated by the random variables of the form {H,(X(h)),h € 9, |h|ls = 1}, where H,
stands for the pth Hermite polynomial. The relation that I,(h®?) = H,(X(h)) for unit vector
h € $ can be extended to a linear isometry between the symmetric pth tensor product $H®? and
the pth Wiener chaos H,.

Consider f € HP and g € H9? with p,¢ > 1. For j € {0,...,p A ¢}, f ®; g denotes the
j-contraction of f and g (see [7, Section B.4] for the precise definition) and fé)jg stands for the
symmetrization of f ®; g. For f € H®P, the Malliavin derivative of I,(f) is the random element of
$ given by DI,(f) = pI,—1(f) (see [7, Proposition 2.7.4]) and we have for f,g € H°P,

E [p~YDL(f), DIy(9))s] = Ellp(H)Ip(9)] = PUS , 9)ge- (2.1)



Moreover, according to the formula [7, (6.2.3)], for f,g € HP,

p—1

_ 4 .
Var (o7 (DI,(f), DI,(g))s) = p* 3 (G — 1)!2@ ) 1) (20— 2) @500 o (22)

j=1
The following result, the so-called Malliavin-Stein approach, provides a powerful machinery to

investigate the normal approximation for the Gaussian Wishart matrix of overall correlation.

Proposition 2.1 (see [8, Corollary 3.6]). Fiz integers m > 2 and 1 < p; < ... < py,. Consider a
random vector F = (Fy,..., Fy) = (I, (f1), -« Ip,. (fm)) with fj € HPi for each j. On the other
hand, let C' be an invertible covariance matriz and let Z € Ny, (0,C). Then

1/2
2
dWass(F Z) < HC 1||0p||CH1/2 Z E |:<OZJ _pj_1<DF’i 7DF’]>5§) :| ) (23)
1<i,j<m
where || - ||op denotes the usual operator norm.

Note that the Wasserstein distance dyyass(F,Z) between two general m-dimensional random
vectors I and 7 is defined as

dwass (F', 2) := sup {E [g(F)] = E[g(Z)] : [lglluip <1}, (2.4)

where ||g||Lip denotes the usual Lipschitz constant of a function g : R™ — R with respect to the
Euclidean norm.

Lemma 2.2 of [10] has provided a trick to pass the high-dimensional regime for the full-size
symmetric matrix to that of half-matrix. Recall that the half matrix Z"f of a n x n random
symmetric matrix Z = (Z;j)1<i j<n is the n(n 4+ 1)/2- dimensional random vector formed by the
upper-triangular entries, namely:

Zhlt = (Zy1, Zvay .o Zany Doy 2oz, Doy -y D). (2.5)
According to [10, Lemma 2.2], for two symmetric random matrices X, ): Q - M, (R),
dWass(X ) y) < \/ﬁdWass(Xhalf ’yhalf), (26)

where the left-hand side Wasserstein distance is defined in (1.5) while the right-hand defined in
(2.4).

Finally, in order to apply Proposition 2.1 to obtain the rate for the Wasserstein distance stated
in Theorem 1.1, we use the product formula for the multiple Wiener-1t6 integrals (see [7, Theorem
2.7.10]) to realize the (7, j)th entry of VNde defined in (1.4) as an element in the second Wiener
chaos Ha, namely:

d d
— 1 1
Wi = % Z (XikX w—r(—17)) a Z I (e ) 11 ( e]k) (eik 7ejk>5§)
k=1 k=1
d
= L(f), (27)
where
W_ L\ Ly
fij = — Z eikéejk = —= Z(eik @ ejk + ek @ Cik)- (2.8)
Vd k=1 2Vd k=1
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3 Proof of Theorem 1.1

We prove Theorem 1.1 in this section and assume that (1.6) holds throughout this section. We
begin to establish the following supporting lemmas.

Lemma 3.1. For alln > 1 and for all fized (i,j) with 1 <i < j <n,

S ri—uwr(v =) +ri—v)r(u— ) <2rlfg -2 <1. (3.1)
1<u<v<n

(u,0)#(1,9)

Proof. The second inequality in (3.1) is clearly true by (1.6). In order to prove the first one, we
write

o Irli—wr( —g) +r(i = v)r(u— )|

1<u<v<n
(u,0)#(8,5)
< D ri—wre=Hl+ Y Iri-or@w-j5.  (32)
1<u<v<n 1<u<v<n
(u,0)#(6,5) (u,0)#(1,5)

For the first sum on the right-hand side of (3.2), we have

Yo i wr =N <)Y Ir(w =)+ YD Il —uw)lr(v - j)

1<u<v<n v#£j uFi vEZL

(u,)#(4,5)
= (r(0) + [ITller@)) lI7ller 2 501y
= Hr”?l(z) - L (3.3)

For the second sum on the right-hand side of (3.2),

Yo i =DI< =N lr@—o)l+ Y Iri—vrw—j)  (34)

1§u§v$n v#£] lgugpgn
(u,0)#(1,9) uF#L
We observe that
0 _ 1 if i —q
|T(Z_])|Z |T(Z—'U)| < Tl( )HTHZl(Z\{O}) HTHZl(Z) ) 1 Z jv (35)
oy slirllezgonlirlle @y = Irle@irlla@ —1)/2, ifi<j.

Moreover, since ¢ < 7,

Yoo lrli—op=gl= Y Irli-vrw=7+ Y |rG—o)r(u—j)

1<u<v<n 1<u<v<n i<u<v<n
uF#i u<i
<lrllezy Y Irw=1+ DY Iri=o)llirle
1<u<t i<vn
<|Irlle@ylrlle oy = Tl @ (Irlle @y — 1) (3.6)

By (3.4)—(3.6), it yields that

Yo Iri—orw=DI< Urlag -1 (Ve /2) +Irllo@) - (3.7)
1<u<v<n

(u,0)#(,5)



Therefore, we combine (3.3) and (3.7) to obtain

Yo Il —wr(v =) +r(i = o)r(u—j)

1<u<v<n

(w,0)#(4,5)
<(Irllerzy =D (A V UIrlle @) /2) + 217 llea@z) + 1), (3.8)

Elementary calculation on quadratic inequality shows that
Urlleazy =D (1Y UIrlea@/2) +20rln@ +1) <1< |rllag) < V6/2,

whence
(Il = D (Y (7l zy/2) + 207l @y + 1) = 2lrl7 ) — 2 (3.9)

provided ||7| g (z) < V6/2.
Therefore, under the assumption (1.6), the estimate (3.1) follows from (3.8) and (3.9). O

Recall the n x n symmetric Gaussian random matrix g”; = (Gy), <ij<n from (1.4). Let C

denote the covariance matrix of (G%)P?. Notice that the matrix norms ||C||y and ||C|/e of the
symmetric matrix C are equal and given by

ICh =[ICle= sup > [E[Gy4Guw]l- (3.10)

1<i<j<n 1<u<v<n

Lemma 3.2. The matriz C is invertible and the following estimates on operator norms hold:

d -1 2”7””?1(2) d
107 lop < 3= 2|rllf and ||Cllop < ———= > s(k—0)”. (3.11)
Zg,z:1 s(k —£)? < ( )) d k,%:%
Proof. According to [10, (4.3)], the entries of C' are given by
. . . . d
BlG ] = LU= D 1 e g) 5 1)

k=1

for1<i<j<nand1l<wu<wv<n. Letting (u,v) = (4,7) in (3.12), we obtain the following lower
and upper bounds on the diagonal entries of C":

ISHN
&Iw

1<i<j<n 1<i<j<n

d
Z s(k—0)*= inf E[G?j] < sup E[G
=1

d
> sk (3.13)
k=1

Moreover, under the condition (1.6), we have

2||7“Hg1 d
ICh =lIClle = sup > [E[GyGuwll < LN sk - 0)? (3.14)
SISISM ) <u<o<n k=1

thanks to (3.13) and Lemma 3.1. Hence the second inequality in (3.11) follows from (3.14) and the
Hoélder’s inequality for matrix norms: ||Cllop < 1/[|C|1||C]|s (see [13, Theorem 4.3.1]).



Furthermore, by (3.12) and (3.13) in the first equality,

inf_|E[G}]— D |EGyGw]l| = _inf E[GH]~ sw > [E[GyGuwll

1<i<j<n | <u<v<n 1<i<j<n 1<i<j<n 1 <u<v<n
(u,v)#(1,5) (u,v)#(1,5)
d
1
= = stk—0?21- su r(t—u)r(v—7)+rie—v)r(u—j
g kgz:l (k—10) S 1<u§<;<n [r(i —u)r(v—7j) +r@—v)r(u—j)|
’ (1,0)#(i-7)
d
1
> p Z s(k —£)? (3 — 2”7‘\@1(2)) >0, by Lemma 3.1 and under (1.6), (3.15)
/=1

which implies that the symmetric matrix C' is strictly diagonally dominant and hence invertible.
Now we apply [14, Corollary 2] and (3.15) to see that

Hc_l”gpl 2 inf E[G?j] - Z ’E[GZ]GUUH

1<i<j<n
1<u<v<n
(u,0)#(4,9)
1 d
23 2 stk 0 (3-2rhs). (3.16)

k=1
which proves the first inequality in (3.11). O
We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Recall that (Wn d)half is the half matrix of the Wishart matrix W . defined

n (1.3) and (1.4), whose entries can be represented as the elements in the second Wiener chaos
7—[2; see (2.7) and (2.8). By Lemma 3.2, the covariance matrix of (Wn 2)" is invertible and hence
we can apply Proposition 2.1 with m =n(n+1)/2, p1=... =pn =2and F = (Wn,d)half. Indeed,
we have

)

AWass <(VNVn,d)half, G )ha1f> = dyvass < F, (g:;l )half>

1/2

1 2
<lCMeplClle? | D, E [<Cij - §<DFi7DFj>Y)> ]

1<i,j<m



Using the identities (2.1) and (2.2), the proceeding yields that
1/2

dwass ((Wn,d)halfv (gril)half) < HC IHOPHCHI/z Z Var< DWZ] =Dqu> >

1<i<j<n
1<p<q<n

1/2

d~
= lC ol |8 Y IS D |2

1<i<j<n
1<p<g<n
7]l (z) 16d (d) (d)
Hfz ®1 qu ||2®27 (3-17)
3- 2”7“@1(2) Zi,ezl s(k — )2 1§§§n ’ ?

1<p<g<n

where the second inequality follows from (3.11) and the fact that ||A|| ser < ||h||ger-
It remains to estimate the last term in (3.17). Appealing to [10, (4.7)],

3

155 @1 15 Ier < = ’“’q S Istk)E (3.18)

|k|<d

where X; ;4 is a sum of sixteen terms given by the expression below (4.7) in [10]. Moreover, we
have

Xijpg <TG — @) +5r(p— )| +3[r@i — )| + |r(i —p)l, (3.19)

which together with [10, (4.12)] implies that

Z Xijpag < 16”3“7’”31@)- (3.20)
1<i<j<n
1<p<q<n

Taking into account (3.17), (3.18) and (3.20), we conclude that

3 2 3
[l

—~ 16d n3
dWass (Wn,d)halfy (gz,fi)half < X — ’S ’4/3 . (321)
( ’ ) 2HTH@(Z) Sty s(k—02 4 %d

Finally, we combine (3.21) with (2.6) to obtain the estimate in Remark 1.2(1), which leads to
(1.7) m

4 Random p-tensors

The result of Theorem 1.1 for Gaussian Wishart matrix can be extended to random p-tensors
(p > 2). We first introduce some notations of p-tensors. Let X; = (X1i4,...,Xpn;)? be the ith
column of the random matrix X, 4 defined in (1.2). We write

n
XZ': E inEj,
j=1



where {¢;,7 =1,...,n} is the canonical basis of R". Then the p-tensor product of X; is given by

®p
n

n
(Y xe] = 3 (Hx) s,
i=1

Jisesdp=1

so that

1 d
= X;'X)p_ XJM 1@ ... B Ej,.
VONEID f;@ ) E

Jiy-sdp=1

A repeated application of the product formula for the multiple Wiener-1t6 integrals (see [7, Theorem
2.7.10]) ensures that

p P
H H (€ji) = Ip (sym (e]12 Q& e]pz)) + lower order terms,
k=1 k=1

where sym denotes the canonical symmetrization.
Analogous to the choice of W;; defined in (2.7) and (2.8), in the case of overall correlation, we
consider the following normalized version of p-tensor of &, 4:

(?j = Ip(fj(d)),j = (j1,.--,Jp) € {1,...,n}p> ,

where
_ _Zsym (€j1k®”’®ejpk)’ (4.1)

Moreover, we remove the diagonal terms and focus on the Gaussian approximation of

Yy = L"), i€ a,), (4.2)

ynd—<

where fj(d) is defined in (4.1) and A, = {(j1,....,Jp) € {1,...,n}P : j1,...,jp are mutually distinct}.
The following result extends the Gaussian approximation of random p-tensors of full indepen-
dence in [10, Theorem 4.6] to the case of overall correlation.

Theorem 4.1. Let jivn,d be defined in (4.2) and Z = (Z;j : j € Ap) a centered Gaussian vector

. T . . . ~ . .
in RP (P) which has the same covariance matriz as Yy q. Assume that the covariance function r
satisfies

(1= (rllae = 1) @l + @ - 1)/2)) > 0. (43)

Then there exists a positive constant C), depending on p and ||r||n(z) (see (4.21) below) such that

3

~ d n2p—1
dWass yn,d Z) <C |8 |4/3 . (44)
(ha2) £, |28 sk — 07| ,% d

Remark 4.2. (1) Note that the above Wasserstein distance is for R” '(; )—valued random vectors;
as defined in (2.4).



(2) The estimate in (4.4) is trivial if Zi,z:1 s(k— )P = 0. Hence we assume Zi,z:1 s(k—20)P #0
in the following.

(3) Under the condition (4.3), if we assume s € ¢*/3(Z) and in addition that p is even or s(k) > 0
for all k € Z, (4.4) leads to dwass(Vn.d, Z) = O(y/n?~1/d); the same as the full independence
case considered in [10, Theorem 4.6].

Similar to the proof of Theorem 1.1, we reduce the estimate of Wasserstein distance between
J~2n7d and Z to that of their ”half matrices”, given by the following ]R(;)—valued random vectors
3y < d . .
Ma= (Y=L, 5eal) and 2= (Z:jea)), (4.5)
where A; ={je{l,....,n}P:j1 <ja<...<jp}. Denote S(p) the collection of all permutations
of {1,...,p}.

Lemma 4.3. Let C be the covariance matriz of ﬁid. Under the condition (4.3), C is invertible
and we have

-1

d _
16 o < d| - stk =07 (1= (Irlo@ —1) (rlEg, + @1 =1/2))  (46)
k=1
and
d
IGlep < 3 stk ty L+ (Il — 1) (Pl + 0= 1)/2)) (4.7)
k=1

Proof. The proof is similar to that of Lemma 3.2. We will see that the condition (4.3) guarantees
that the symmetric matrix C'is strictly diagonally dommant and hence invertible. We first compute
the entries of C. For j = (j1,...,4p), J' = (j1,---+Jp) € Ap, using (4.2), (4.1) and isometry,

E[Y;Yy] = E[L,(f)1,(£,")]

d
p!

j’)@l’

d
1
- _d Z ZS;( ) <ejff(1)k B Cowk ej/fu)e ©® ej/f(p)é>5§®p
lo,reS(p

d
= id Z Z H ]a(m J;(m)) (48)
k4=

1 JTES( )ym

As a consequence of (4.8), we have the following lower and upper bounds on the diagonal entries

10



of C: for all j € A;

E[Y}] > %d S sk oy -y H |7 (Go(my = Jrim))]

k=1 o,7€S(p) m
oFET

d
1 1
> | X st 2| (o= (O = 3l

p: k=1
1] 1
=522 st =07 (1= = D5 (Irllez - 1) ) (4.9)
kt=1
and similarly
d

~ 1 1

BY] < | > sth—0)P <1 + =135 (Irlle@ - 1)> : (4.10)

Ef=1

Moreover, the identity (4.8) implies the following estimate on the off-diagonal entries of C: for
all j € Al

d P
> ¥V < o | S ste=0r| 3 3 TT [l )
jeal k=1 o,7€S(p) jeA) m=1
i'#i i'#i

d
1 —
< o | 20 stk = 0P [ @) Irlleanon Il s

d
p! _
== 22 stk =07 (lrlle — 1) Irllfr ) (4.11)

k=1
Therefore, we obtain from (4.9) and (4.11) that

inf [EYH- Y (E[?js?j,]
feay eali#

> s(k— 0P

k=1

>

(1= (rlla = 1) (Pl + @ = 1)/2)) >0, (4.12)

ISHR

thanks to (4.3). Hence the symmetric matrix C is strictly diagonally dominant and invertible. One
more appeal to [14, Corollary 2] yields that

I oy = it | BIVI= 30 [EIY;¥sl |- (4.13)
J

JeA]. i'#j

11



which together with (4.12) proves (4.6).
Furthermore, we deduce from (4.10) and (4.11) that

1€l = Clloe = sup 37 [ELY.

JEAPJ EAT
1 d
<=3 stk =07 | (1+ (Irlla = 1) (Pl + (01— 1)/2)) (4.14)
k=1
Hence (4.7) follows from (4.14) and the Hélder’s inequality for matrix norms. O

Lemma 4.4. Let fj(d),j € A; be defined in (4.1). For all1 < q<p-—1,

d) d)
O Tl N (o esiay i YMOTE) I (4.15)
jireA) |k|<d

Proof. We first compute the norm on the left-hand side of (4.15). For j = (j1,...,Jp) and j =
(J1s---»Jp), using the definition of fj(d) and fj(,d),

d) _

d
J 1
£ @ 1) =4 Z sym (ejk @ -+ @ €j,k) @ sym <ea‘if ®-® %f)
k=
1

~ d(p))? 2 X (eja(l)k S ejf’@)k) Pa <ej4<1>£ woe eﬂ(mé)

kt=10,7€S(p)

- d(p!)2 Z Z ejo(q+1)k Q- ® eja(p)k ® ej/r(q+1)z B8 € /r(p)

q
x sk =09 T rUotm) = Frim))- (4.16)

Now we take the square norm and it yields that

(d) ()]
Hf‘ Dq fy ‘yg®2p 2q
q
Z S s(k—0)%s R R2€ o))" o (m) = Gy (my)
kk’é@—lo‘o‘ , 7,7 €S(p) m=1
p
s(k =K s = T 7Uotm) — Jorm) T Geim) = For(my)- (4.17)
m=q+1

For 1 < ¢ <p—1, since |s(k)| <1 for all k € Z,

d
% S sk = 0)2s(K — £)1s(k — K)P~0s(0 — £)P7
o k! 0 =1
3
1 d / / ’ , 1 4/3
<5 2 Jsth-0st — st —K)se -] <5 [ Slse | . @)
o k! 0 =1 =
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where the second inequality follows from the same computations as in [7, page 134-135].
Moreover, for any o,0’,7,7" € S(p),

q p
Z (H 7(Jo(m) — j;(m))r(jol(m) - j;,(m))> H T(Jo(m) — ja-’(m))'r'(j‘/r(m) - j'/r/(m))

j,jleA; m=1 m=qg+1
n
< 3 [rlowy — )| €2 X el = 0 < 0 el (419)
jiea] k£=1
Therefore, we combine (4.18), (4.19) and (4.17) to obtain (4.15). O

We are now at the position to prove Theorem 4.1

Proof of Theorem /.1. Recall the random vectors ?n,d and ZT defined in (4.5). By Lemma 4.3, the

covariance matrix C of Z' is invertible. Hence, according to Proposition 2.1 and the identity (2.1),
we have

1/2
~ _ d d
s (,0:2) 1 €12 | X Var (57 (DR DL (D) )
ji'en)
1/2
d)
= [C oIS | D O Zuf ' @4 137 sz
jJ’EAT q=1
3/2
n2r—1
= IC  opIC2 Iy [ D sty 0( y ) (4.20)
|k|<d

where the first equality holds by (2.2) and the second follows from Lemma 4.4. Moreover, we apply
Lemma 4.3 to see that there exists a constant ¢, > 0 such that

1/2
4 a (1= (o) — ) (Pl + 0! = 1)/2))
dWass (ymd 5 ZT) < Cp y
St ecistk—0p| 1= (Irlo — 1) (Pl + @ - 1/2)
3
2p—1
x |17l nTx > stk (4.21)
|k|<d

Applying the argument of Step 2 on page 22 of [10] (similar to (2.6)), we conclude the proof of
(4.4). 0
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