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Abstract

Data acquisition is a necessary first step in digital signal processing applications such
as radar, wireless communications and array processing. Traditionally, this process is
performed by uniformly sampling signals at a frequency above the Nyquist rate and
converting the resulting samples into digital numeric values through high-resolution
amplitude quantization. While the traditional approach to data acquisition is straight-
forward and extremely well-proven, it may be either impractical or impossible in many
modern applications due to the existing fundamental trade-off between sampling rate,
amplitude quantization precision, implementation costs, and usage of physical resources,
e.g. bandwidth and power consumption. Motivated by this fact, system designers
have recently proposed exploiting sparse and few-bit quantized sampling instead of the
traditional way of data acquisition in order to reduce implementation costs and usage of
physical resources in such applications. However, before transition from the tradition
data acquisition method to the sparsely sampled and few-bit quntized data acquisition
approach, a study on the feasibility of retrieving information from sparsely sampled and
few-bit quantized data is first required to be conducted. This study should specifically

seek to find the answers to the following fundamental questions:

1. Is the problem of retrieving the information of interest from sparsely sampled and
few-bit quantized data an identifiable problem? If so, what are the identifiability

conditions?

2. Under the identifiability conditions: what are the fundamental performance bounds
for the problem of retrieving the information of interest from sparsely sampled and
few-bit quantized data? and how close are these performance bounds to those of
retrieving the same information from the data acquired through the traditional

approach?

3. Does there exist any computationally efficient algorithm for retrieving the infor-
mation of interest from sparsely sampled and few-bit quantized data capable of

achieving the corresponding performance bounds?

My thesis focuses on finding the answers to the above fundamental questions for the
problems of Direction of Arrival (DoA) estimation and localization, which are of the most
important information retrieval problems in radar, wireless communication and array
processing. Inthis regard, the first part of this thesis focuses on DoA estimation using
Sparse Linear Arrays (SLAs). I consider this problem under three plausible scenarios
from quantization perspective. Firstly, I assume that an SLA quantized the received

signal to a large number of bits per samples such that the resulting quantization error
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can be neglected. Although the literature presents a variety of estimators under such
circumstances, none of them are (asymptotically) statistically efficient. Motivated by
this fact, I introduce a novel estimator for the DoA estimation from SLA data employing
the Weighted Least Squares (WLS) method. I analytically show that the large sample
performance of the proposed estimator coincides with the Cramér-Rao Bound (CRB),
thereby ensuring its asymptotic statistical efficiency. Next, I study the problem of
DoA estimation from one-bit SLA measurements. The analytical performance of DoA
estimation from one-bit SLA measurements has not yet been studied in the literature and
performance analysis in the literature has be limited to simulations studies. Therefore, I
study the performance limits of DoA estimation from one-bit SLA measurements through
analyzing the identifiability conditions and the corresponding CRB. I also propose a
new algorithm for estimating DoAs from one-bit quantized data. I investigate the
analytical performance of the proposed method through deriving a closed-form expression
for the covariance matrix of its asymptotic distribution and show that it outperforms
the existing algorithms in the literature. Finally, the problem of DoA estimation from
low-resolution multi-bit SLA measurements, e.g. 2 or 4 bit per sample, is studied. I
develop a novel optimization-based framework for estimating DoAs from low-resolution
multi-bit measurements. It is shown that increasing the sampling resolution to 2 or 4
bits per samples could significantly increase the DoA estimation performance compared
to the one-bit sampling case while the power consumption and implementation costs are

still much lower compared to the high-resolution sampling scenario.

In the second part of the thesis, the problem of target localization is addressed. Firstly,
I consider the problem of passive target localization from one-bit data in the context
of Narrowband Internet-of-Things (NB-IoT). In the recently proposed narrowband IoT
(NB-IoT) standard, which trades off bandwidth to gain wide area coverage, the location
estimation is compounded by the low sampling rate receivers and limited-capacity links.
I address both of these NB-IoT drawbacks by consider a limiting case where each node
receiver employs one-bit analog-to-digital-converters and propose a novel low-complexity
nodal delay estimation method. Then, to support the low-capacity links to the fusion
center (FC), the range estimates obtained at individual sensors are converted to one-bit
data. At the FC, I propose a novel algorithm for target localization with the aggregated
one-bit range vector. My overall one-bit framework not only complements the low NB-IoT
bandwidth but also supports the design goal of inexpensive NB-IoT location sensing.
Secondly, in order to reduce bandwidth usage for performing high precision time of
arrival-based localization, I developed a novel sparsity-aware target localization algorithm

with application to automotive radars.

The thesis concludes with summarizing the main research findings and some remarks on

future directions and open problems.
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Chapter 1

Introduction

1.1 Motivation

The problem of inferring location information of animate and inanimate objects from
radio sensor measurements has been a topic of research for decades. Direction of Arrival
(DoA) estimation and source/target localization are two key aspects of this problem. DoA
estimation refers to the process of finding the direction from which some electromagnetic
waves arrive at a particular point from the output of a set of receiving antennas which
form an array of sensors. A basic model for DoA estimation problem is illustrated in Fig.
1.1. Indeed, Fig. 1.1 depicts multiple sources radiate electromagnetic waves, which are
received by a set of co-located equally-spaced linear antennas, termed a Uniform Linear
Array (ULA). The ULA measurements are then processed by one of DoA estimation
algorithms to find source DoAs, i.e., 0, Vk [1]. In Fig. 1.1, the sources are depicted in red
empty circles and the wavefronts of the electromagnetic waves are indicated in red curves.
In addition, the receiving antennas are shown in blue solid circles. Localization denotes
the process of finding the location of some sources/targets, radiating electromagnetic
waves, with respect to a reference point. Localization can be performed by using the
measurements of either co-located sensors or distributed sensors. In the former, we
simply need to estimate the distances between the sources/targets and the co-located
sensor array in addition to the DoAs. The later exploit the spatial diversity, provided
by the measurements of spatially separated sensors, to localize sources/targets. An
illustrative example of a distributed localization scenario is given in Fig. 1.2. Fig. 1.2
shows a number of distributed sensors which receive the electromagnetic wave radiated
by a source/target. The sensor measurements are individually processed to estimate the
distances between the source/target and the sensors. Then, the distance estimates are

used to localize the source/target. Fig. 1.2 shows graphically how the distance estimates
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FIGURE 1.1: A basic model for DoA estimation problem.

can be employed for localizing the source/target. In Fig. 1.2, the distributed sensors are
shown in blue solid circles and the source/target of interest is depicted in a red empty

circle.

DoA estimation and target/source localization are two fundamental problems in signal
processing with extensive applications in wireless communications, radar, sonar, remote
sensing and speech processing [1-4]. Performing accurate DoA estimation and target/-
source localization with low resource usage and low implementation costs has been always
a serious challenge amongst all the aforementioned applications. Exploiting sparse and

low-resolution sampling strategies could address this challenge to a great extent.

The concept of sparse sampling is based on the fact that the dimension of information of
interest in many practical applications is much smaller than the dimension of the observed
data. Under such circumstances, only a small portion of data suffices for recovering the
information of interest. This fact allows for a significant reduction in usage of physical
resources such as bandwidth, power, and the number of sensors through collecting only
sparse low-dimensional samples of data. In consequence, sparse sampling has found
applications in a large number of areas such as communication systems [5-7], radar

[8-12], array processing [13, 13-17] and image processing [18-20].

Further, analog-to-digital conversion is an essential step in digital signal processing.

Ideally, the analog-to-digital conversion requires an infinite number of bits to accurately
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FIGURE 1.2: An illustrative example of a distributed localization scenario.

represent continuous-time signals in the digital domain. In practice, the signal is quantized
to a finite number of bits leading to errors in the digital approximation of the original
analog signal. If the sampling resolution is large enough, this error has negligible effect on
digital signal processing. However, power consumption and production cost of Analog-to-
Digital Converters (ADCs) increase exponentially with the number of quantization bits
and sampling frequency [21]. Hence, deployment of high-resolution ADCs in many modern
applications, e.g. cognitive radio [22], cognitive radars [23], automotive radars [24], radio
astronomy|[25] and massive multiple-input multiple-output (MIMO) systems|26], is not
economically viable owing to limitations on power consumption and production costs. In
order to reduce energy consumption and production cost in such applications, researchers
and system designers have recently proposed using low-resolution ADCs. As an extreme
case of low-resolution ADCs, one-bit ADCs, which convert an analog signal into digital
data using a single bit per sample, has received significant attention in the literature
[27-33]. Ome-bit ADCs offer an extremely high sampling rate at a low cost and very
low energy consumption [21]. Additionally, they enjoy the benefits of relatively easy

implementation due to their simple architecture [34].

This thesis aims at answering some of the fundamental open problems in the context of
DoA estimation and source/target localization in presence of sparse and one-bit samples.
In the first part of the thesis, we are interested in the DoA estimation problem. DoAs

of electromagnetic waves/sources are typically retrieved through processing the data
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collected a ULA. However, if the electromagnetic waves/sources impinging on a ULA
are uncorrelated, the dimension of the parameters have to be estimated in the DoA
estimation problem will be considerably smaller than the dimension of the data observed
by the ULA [16]. As a result, based on sparse sampling concept, exploiting the prior
information about the uncorrelatedness of sources allows for reducing the size of acquired
data by removing antennas from ULAs. This leads to a new array configuration, referred
to as a Sparse Linear Array (SLA). In the first part of this thesis, we focus on the
problem of estimating DoAs of uncorrelated source signals from measurements collected
by SLAs. This problem is investigated under three plausible scenarios from quantization

perspective:

1. The analog signal received by an SLA is converted into digital data using a large
number of bits per sample such that the resulting quantization errors can be

neglected.

2. The analog received signal by an SLA is converted into digital data using a single

bit per sample.

3. The analog signal received by an SLA is converted into digital data using p bit per
sample. Here p is assumed to be an arbitrary positive integer number but not large

enough such that the resulting quantization errors can be neglected.

In case of scenario 1, numerous algorithms for DoA estimation has been proposed in the
literature [15, 16, 35-38]. However, none of them are able to achieve the CRB performance.
A detail review of the state of the art in this area is provided in Chapter 2. Motivated by
this fact, in Chapter 3, we go beyond the state of the art in this area by introducing a new
algorithm for DoA estimation which is proved to be asymptotically statistically efficient.
Concerning scenario 2, the analytical performance of DoA estimation from one-bit SLA
measurements has not yet been studied in the literature and performance analysis in the
literature has be limited to simulations studies. The reader is referred to Chapter 2 for
a detailed literature review [32, 39-43]. Therefore, we study the performance limits of
DoA estimation from one-bit SLA measurements through analyzing the identifiability
conditions and the corresponding Cramér-Rao Bound (CRB) in Chapter 4. We also
introduce a new DoA estimator with enhanced performance compared to the state of the
art in this case. To the best of our knowledge, scenario 3 has never been investigated
in the literature. In Chapter 5, we establish an optimization framework whereby DoA
estimation from low-resolution multi-bit measurements, say 2 or 4 bits per sample,

becomes possible.

In the second part of the thesis, the problem of distributed target localization is addressed.

In Chapter 6, we consider the problem of passive target localization from one-bit data
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in the context of Narrowband Internet-of-Things (NB-IoT). In this context, apart from
application to NB-IoT localization, our work is the first work in the context of one-bit
sampling in a passive and distributed radar array setting. Then, in order to reduce
bandwidth usage for performing high precision time of arrival-based localization, with
application to automotive radars, we developed a novel sparsity-aware target localization

algorithm in Chapter 7.

1.2 Thesis Outline

This thesis is comprised of two major parts. The first part of the thesis, including Chapters
3, 4 and b5, is dedicated to DoA estimation from SLA measurements. The second part
of the thesis, including Chapters 6 and 7, studies distributed target localization in
presence of sparse and one-bit samples. It is noted that all the chapters of the thesis are

self-contained. The thesis outline is as follows:

e Chapter 2 conducts a review on the most relevant state-of-the-art works in the

literature and highlight the contributions of the thesis compared to the literature.

e Chapter 3 considers DoA estimation from infinite-bit SLA measurements. Although
the literature presents a variety of estimators in the context of DoA estimation
from SLA measurements, none of them are proven to be statistically efficient. This
chapter introduces a novel estimator for DoA estimation employing the Weighted
Least Squares (WLS) method, which is shown to be asymptotically statistically

efficient.

e In Chapter 4, we study the performance limits of DoA estimation from one-bit SLA
measurements through analyzing the identifiability conditions and the corresponding
Cramér-Rao Bound (CRB). We also introduce a new DoA estimator with enhanced

performance compared to the state of the art in this case.

e Chapter 5 considers the problem of DoA estimation from low-resolution multi-
bit SLA measurements. We develop a novel optimization-based framework for
recovering the covaraince matrix of unquantized data from low-resolution multi-bit
measurements. Then, MUSIC is applied to an augmented version of the recovered

covariance matrix to find the DoAs of interest.

e In Chapter 6, we investigate the problem of passive target localization from one-bit
measurements in the context of Internet-of-Things (IoT) applications and propose

a novel algorithm for target localization with one-bit measurements.
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e Chapter 7 presents a sparsity-based waveform for the problem of distributed target
localization with application to automotive radar. The proposed waveform enable
us to achieve a high precision localization performance without increasing the

required bandwidth.

e Chapter 8 summarizes the thesis and discusses future work in the considered domain.

Appendices

e Appendices A, B and C include the detailed proofs of the Theorems and Lemmas
given in Chapters 3, 4 and 6, respectively.

1.3 Publications

The work presented in this thesis has resulted in a number of peer-reviewed journal and
conference papers, currently published or under revision. The publications included in

this thesis are listed here below.

Journals

e J1: S. Sedighi, B. Shankar, B. Ottersten, “An Asymptotically Efficient Weighted
Least Squares Estimator for Co-Array-Based DoA Estimation,” IEEE Transactions
on Signal Processing, vol. 68, pp. 589-604, 2020.

e J2: S. Sedighi, K. V. Mishra, B. Shankar, B. Ottersten, “Localization with One-Bit
Passive Radars in Narrowband Internet-of-Things using Multivariate Polynomial

Optimization,” IEEE Transactions on Signal Processing, vol. 69, pp. 2525-2540,
2021.

e J3: S. Sedighi, M. Soltanalian, B. Shankar, B. Ottersten, “DoA Estimation Using
Low-Resolution Multi-Bit Sparse Array Measurements,” IEEFE Signal Processing
Letters, vol. 28, pp. 1400-1404, 2021.

e J4: S. Sedighi, B. Shankar, M. Soltanalian, B. Ottersten, “On the Performance of
One-Bit DoA Estimation via Sparse Linear Arrays,” IEEE Transactions on Signal

Processing, accepted, in press.

e J5: S. Sedighi, B. Shankar, B. Ottersten, “Performance Analysis of DoA Estima-
tion from One-Bit Sample Covarinace Matrix,” IEEE Signal Processing Letters, to
be submitted.
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Conferences

e C1: S. Sedighi, B. Shankar, Sina Maleki, B. Ottersten, “Multi-Target localization
in asynchronous MIMO radars using sparse sensing,” in Proc. IEEFE 7Tth Interna-

tional Workshop on Computational Advances in Multi-Sensor Adaptive Processing

(CAMSAP), Curacao, 2017, pp. 1-5.

e (C2: S. Sedighi, B. Shankar, Sina Maleki, B. Ottersten, “Consistent Least Squares
Estimator for Co-Array-Based DOA Estimation,” in Proc. IEEE 10th Sensor Array
and Multichannel Signal Processing Workshop (SAM), Sheffield, 2018, pp. 524-528.

e (C3: S. Sedighi, B. Shankar, B. Ottersten, “A Statistically Efficient Estimator for
Co-array.Based DoA Estimation,” in Proc. 52nd Asilomar Conference on Signals,
Systems, and Computers, Pacific Grove, CA, USA, 2018, pp. 880-883.

e (C4: S. Sedighi, K. V. Mishra, B. Shankar, B. Ottersten, “Localization Perfomance
of 1-Bit Passive Radars in NB-IoT Applications,” in Proc. IEEE 8th International

Workshop on Computational Advances in Multi-Sensor Adaptive Processing (CAM-
SAP), Le gosier, Guadeloupe, 2019, pp. 156-160.

e Ch: S. Sedighi, B. Shankar, M. Soltanalian, B. Ottersten, “DoA Estimation via
Sparse Arrays and One-Bit sampling,” in Proc. IEEE International Conference
on Acoustics, Speech and Signal Processing (ICASSP), Barcelona, Spain, 2020, pp.
9135-91309.

e C6: S. Sedighi, B. Shankar, M. Soltanalian, B. Ottersten, “On the Asymptotic
Performance of One-Bit Co-Array-Based MUSIC,” in Proc. IEEFE International
Conference on Acoustics, Speech and Signal Processing (ICASSP), Toronto, ON,
Canada, 2021, pp. 4635 - 4639.

1.4 Publications not included in this thesis

The following publications, carried out in the context of the PhD work, are not included

in this thesis to keep it consistent.

e CT7: S. Sedighi, K. V. Mishra, B. Shankar, B. Ottersten, “Optimum Design for
Sparse FDA-MIMO Automotive Radar,” in Proc. 53rd Asilomar Conference on
Signals, Systems, and Computers, Pacific Grove, CA, USA, 2019, pp. 913-918.

e C8: M. Alaee, S. Sedighi, B. Shankar, B. Ottersten, “Designing (In)Finite-
Alphabet Sequence via Shaping the Radar Ambiguity Function,” in Proc. IEEE



Introduction 3

International Conference on Acoustics, Speech and Signal Processing (ICASSP),
Brighton, United Kingdom, 2019, pp. 4295-4299.

e (C9: S. Dokhanchi, B. Shankar, Y. Nijsure, T. Stifler, S. Sedighi, B. Ottesrten,
“Joint automotive radar communications waveform design,”” in Proc. IEEE 28th

Annual International Symposium on Personal, Indoor, and Mobile Radio Commu-
nications (PIMRC), Montreal, QC, 2017, pp. 1-7.



Chapter 2

Background and Contributions

In this chapter, we first conduct a literature review on Direction of Arrival (DoA)
estimation and distributed target/source localization with a focus on the most relevant
research works to the contributions of this thesis. Then, we highlight the contribution of
the thesis compared to the literature. The literature review is divided into two parts. The
first part is dedicated to DoA estimation and the distributed localization is considered in

the second part.

2.1 DoA Estimation

The problem of Direction of Arrival (DoA) estimation is of central importance in the field
of array processing with many applications in radar, sonar, and wireless communications
[1-3]. Conventionally, source DoAs are retrieved through processing the output of
equally-spaced linear sensor arrays, termed Uniform Linear Arrays (ULAs). Estimating
DoAs using ULAs is well investigated in the literature; a number of algorithms Maximum
Likelihood (ML) estimation, MUSIC, ESPRIT and subspace fitting have been presented
and their performance thoroughly analyzed [44-47]. However, it is widely known that
ULAs are not capable of identifying more sources than the number of physical elements

in the array [3, 46].

To transcend this limitation, exploitation of Sparse Linear Arrays (SLAs) with particular
geometries, such as Minimum Redundancy Arrays (MRAs) [48], co-prime arrays [17],
nested arrays [16] and their variants [49-51], has been proposed. These architectures
can dramatically boost the degrees of freedom of the array when source signals are
uncorrelated such that a significantly larger number of sources than the number of

physical elements in the array can be identified. In addition, the enhanced degrees of
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freedom provided by these SLAs can improve the resolution performance appreciably
compared to ULAs [16]. These features have spurred further research on DoA estimation
using SLAs in recent years. A detailed study on DoA estimation via SLAs through an
analysis of the Cramér-Rao Bound (CRB) has been conducted in [52]. The findings in
[52] provide valuable insights into the performance limits of DoA estimation via SLAs.
For example, it has been shown that, when there are more sources than the number of
array elements, the CRB does not drop to zero as the Signal-to-Noise Ratio (SNR) goes
to infinity. Further, a number of DoA estimators based on the difference co-array of SLAs
have been proposed in the literature. In general, existing co-array-based estimators can
be classified under two main groups: 1. Sparsity-Based Methods (SBMs); 2. Augmented
Covariance-Based Methods (ACBMs).

2.1.1 DOA Estimation Using SLAs

In this section, after providing a quick description of the system model, we will review

DoA estimation from SLA measurements using SBMs and ACBMs.

2.1.1.1 System Model

Consider an SLA with M elements located at positions (mlg,mgg, e ,mM%) with
m; € M. Here IM is a set of integers with cardinality |IM| = M, and A\ denotes the
wavelength of the incoming signals. It is assumed that K narrowband wuncorrelated
signals with distinct DoAs @=[0y,60s,--- ,0k]? € [-7/2,7/2]%*! impinge on the SLA

from far field. The signal received at the array at time instance ¢ can be modeled as
y(t) = A(0)s(t) + n(t) e CM*t t=0,..- N -1, (2.1)

where s(t) € CK*! denotes the vector of source signals, n(t) € CM*! is additive noise,

and A(0) = [a(01),a(0), - ,a(fk)] € CM*E represents the SLA steering matrix with

a(ek):[ejwsinekm17 ejﬂ'sinekmg7 . ejfrsinOkmM]T7 (22)

)

being the SLA manifold vector for the i*? signal. Further, the following assumptions are

made on source signals and noise:

A1 n(t) follows a zero-mean circular complex Gaussian distribution with the covariance
matrix E{n(t)n ()} =c%1,.
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FIGURE 2.1: Array geometry of a co-prime array with M = 6 elements: (a) physical
array with M = {0,2,3,4,6,9}; (b) difference co-array with D = {0, 1,2, 3,4,5,6,7,9}
and v = 8.

A2 The source signal vector is modeled as a zero-mean circular complex Gaussian ran-
dom vector with covariance matrix E{s(t)s" (t)} =diag(p) where p=[p1, p2, - - - , pr]

€ RES! (e, p > 0, Vk).

A3 Source and noise vectors are mutually independent.

A4 There is no temporal correlation between the snapshots, i.e., E{n(t;)nf (t5)} =
E{s(t1)s" (t2)} = 0 when t; # ¢, and 0 is an all-zero matrix of appropriate

dimensions.

Based on the above assumptions, the covariance matrix of y(¢) is expressed as

R = A(0)diag(p)A" (0) + 0°1y; € CM*M, (2.3)
Vectorizing R leads to [38, 52, 53]

r = vec(R) = JA4(0)p + 02Je € CM**1, (2.4)

where A4(0) € C2P~DxK corresponds to the steering matrix of the difference co-array
of the SLA whose elements are located at (—ED_lg, <0, ,ED_lg) with ¢; € D =
{Imy —my| : mp,m, € M} and D = |D|. Moreover, e € {0,1}2P~D*1 is a column
vector with [e]; = 8[i — D], and the selection matrix J € {0, 1}**(2P=1) i5 represented

as follows [52]:
J= [VGC(le;il), -+, vec(Lg), -+, vec(Lp-1)|, (2.5)

1, if — =4,
where [Ly],, = { =M T M " with1 < p,g < M and 0 < n < D — 1.
0, otherwise,

The steering matrix of the difference co-array typically includes a contiguous ULA
segment around the origin with the size of 2v — 1 where v is the largest integer such that
{0,1,--- ;u — 1} C D. An illustrative example of an SLA, the corresponding difference

co-array, and its contiguous ULA segment is presented in Fig. 2.1.
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2.1.1.2 SBMs

SBMs can be categorized to on-grid, off-grid and gridless methods. On-grid methods
discretize the angular domain into a set of grid points @ = {f,05,---,0.} where
L > 2D — 1. This means that the DoAs can only take the values given in . Hence, the

model (2.4) can be equivalently expressed as follows:
r=JA4(0)p +o*Je (2.6)

where Ay(0) € C?P~DxL i5 3 known dictionary matrix and P is a sparse vector with

only K non-zero elements defined as

(2.7)
0, otherwise,

~ { pr, if 0; = O,

It is observed from (2.7) that the DoAs are encoded in the support of p. Thus, one can
find DoAs by recovering the support of p. This can be done by solving the following
convex optimization problem [15, 35-37, 54]:

minimize p [[F — JAq(0)p — 02Jell3 + 31|B|1, (2.8

Red

where T = vec(R) with R = N Zt 0 Yy(®)y"(t) and p is a regularization parameter.
Such estimators are susceptible to grid mismatch leading to significant performance
degradation when DoAs do not lie on the predefined grid [55]. To alleviate this problem,
off-grid methods approximate the array manifold at a specific DoA 6 by using a first

order Taylor series expansion as follows:
ad(ek) >~ ad(ék) + ad(ék)AGk (29)

where 0y, is the nearest grid point to ) and a4(6;) denotes the derivative of a(f) with

respect to 0y, computed at ). From (2.9), the model (2.4) reduces to

~J [Ad(a) + Ay(@)diag(8)| B + 02Je (2.10)

where Ad@) = [éd(e_l)a é—d(9_2)7 T aéd(eL)]T?

[%Z{A%’ﬁ&_% (2.11)

0, otherwise,
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and p is given in (2.7). Considering sparsity of p and 8, DoAs and mismatch variables

can be jointly estimated as follows [56]:

mininize; [~ 3 [A4(8) + Aa(@)diag(8)| B - *Tel + [l +pa |81 (212)
Although the off-grid methods show an improvement over on-grid methods, they are still
restricted by higher-order mismatch terms. The shortcoming of discretization approach
is overcome by a grid-less sparsity-based algorithm in [57]. This algorithm, named as
Sparse and Parametric Approach (SPA), employs the covariance fitting criteria and
semi-definite programming. Although SPA does not suffer from grid mismatch, its

asymptotic performance (for the large number of snapshots) is not guaranteed to achieve

the CRB.

2.1.1.3 ACBMs

ACBMs estimate DoAs by applying conventional subspace methods such as MUSIC and
ESPRIT on an Augmented Covariance Matrix (ACM) constructed from r [16, 38, 58].
Two different ways of constructing the ACM are given in the literature, namely, 1. the
direct augmentation approach [59]; 2. spatial smoothing approach [16]. Both approaches
first construct v overlapping uniform linear sub-arrays of size v from the contiguous ULA

segment of the difference co-array as follows:
where T; is a selection matrix defined as

Ti= [OUX(HD—U—I) L, va(D—i)] € {0, 17X P, (2.14)

Then, the ACMs corresponding to the direct augmentation approach and the spatial

smoothing approach are respectively given by

Ry =[h, hoy - hy| = A(8)diag(p) AL (6) +5°L,, € €, (2.15)

Ry2 = %Z h;hf = %(Av(O)diag(p)Af(O) +5%1,)%, € ¢V (2.16)
=1

where A,(0) = [a, (61),a, (02), - ,a, (0x)] € C**K denotes the steering matrix of
a contiguous ULA with v elements located at (0, %, (v — 1)%) Considering the
structure of R, and R,2, DoAs can be estimated by applying subspace algorithms such
as MUSIC and ESPRIT to them. We note that, in practice, the true values of R, and

R.,2 are unknown and they should be replaced with their consistent estimates, called
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Augmented Sample Covariance Matrix (ASCM), obtained by replacing R with R where

=¥ Zt 0 Ly(@)yH(t) in (2.4) and (2.13). It was shown that both approaches span
identical subspaces resulting in the same estimation performance [38], but the former is
computationally efficient. A main drawback of this family of algorithms is the need for
prior knowledge on the exact number of sources, which may not be available in practice.
On the contrary, SBMs only need information about an upper bound on the number
of sources. The performance of such estimators, called Co-Array-Based MUSIC (CAB-
MUSIC) and Co-Array-Based ESPRIT (CAB-ESPRIT), has been rigorously analyzed in
[38] and [58], respectively. The analyses reveal existence of a considerable gap between
their performance and the CRB especially when the number of sources is greater than

one.

Further, CAB-MUSIC and CAB-ESPRIT suffer from an inherent performance loss when
applied to SLAs with holes in their difference co-arrays, such as co-prime arrays, since
they discard the information contained in the non-contiguous segment of the difference
co-array. To avoid this performance loss, array interpolation-based algorithms has been
used for DoA estimation with co-prime arrays in [60-62]. These algorithms work with a
virtual ULA obtained by interpolating extra sensors into the holes of the difference co-
array. Firstly, the Toeplitz covariance matrix of the interpolated virtual ULA, denoted by
T(u), is estimated from the co-prime array measurements through solving the following
convex optimization problem:
minimize %H'i‘(u - f{v1||% + p tr(T(u))

u (2.17)
s.t. T(u) = 0,

where T(u) is a sub-matrix of T(u) corresponding to the elements exists in the difference
co-array and p is a regularization parameter. Indeed, the optimization problem (2.17)
finds the Toeplitz matrix with the least fitting error to the co-prime array ASCM. Once
T (u) is determined, subspace methods such as mMUSIC and ESPRIT is applied to it to
find the DoAs. The performance of interpolation-based algorithms has been analyzed in
[63]. It was shown that although the proposed estimators in [60, 61] succeed in dealing
with the performance loss due to omission of the non-contiguous segment of difference

co-array, they are still unable to achieve the CRB performance.

2.1.2 DOA Estimation from One-Bit Measurements

The aforementioned techniques for DoA estimation in the previous section rest on the
assumption that the analog array measurements are digitally represented by a significantly

large number of bits per sample such that the resulting quantization errors can be
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disregarded. However, the production costs and energy consumption of Analog-to-Digital
Converters (ADCs) escalate dramatically as the number of quantization bits and sampling
rate increase [21]. In consequence, deployment of high-resolution ADCs in many modern
applications, e.g. cognitive radio [22], cognitive radars [23], automotive radars [24], radio
astronomy|[25] and massive multiple-input multiple-output (MIMO) systems[26], is not
economically viable owing to their very high bandwidth. In order to reduce energy
consumption and production cost in such applications, researchers and system designers
have recently proposed using low-resolution ADCs. As an extreme case of low-resolution
ADCs, one-bit ADCs, which convert an analog signal into digital data using a single
bit per sample, has received significant attention in the literature. One-bit ADCs offer
an extremely high sampling rate at a low cost and very low energy consumption [21].
Additionally, they enjoy the benefits of relatively easy implementation due to their
simple architecture [34]. In the past few years, numerous studies were conducted to
investigate the impact of using one-bit sampling on various applications such as massive
MIMO systems [27, 28, 64-66], dictionary learning [67], radar [29-31, 68-70], and array
processing [32, 33].

The problem of DoA estimation from one-bit quantized data has been studied in the
literature presuming both the deterministic signal model [71] and the stochastic signal
model [46]. The studies in [39-43] presuppose the deterministic signal model. The authors
in [39] developed an algorithm for reconstruction of the unquantized array measurements
from one-bit samples followed by MUSIC to determine DOAs. The ML estimation was
deployed in [40] for finding DoAs from one-bit data. In [43], the authors utilized a
sparse Bayesian learning algorithm to solve the DoA estimation problem from one-bit
samples. Two sparsity-based approaches were also proposed in [41, 42]. Further, DoA
estimation from one-bit data assuming the stochastic signal model has been discussed in
[32, 33, 72, 73]. In the special case of a two-sensor array, the exact CRB expression for
the DoA estimation problem from one-bit quantized data was derived in [32].Moreover,
an approach for estimating DoAs was proposed in [32] which is based on reconstruction
of the covariance matrix of unquantized data from one-bit ULA samples [74]. In contrast
to the approach employed in [75] which relies on the covaraince matrix reconstruction
of unquantized data, the DoA estimation was performed in [73] by directly applying
MUSIC on the sample covariance matrix of one-bit ULA data. The numerical simulations
demonstrated that the approach proposed in [73] performs similar to the algorithm
proposed in [32] in the low Signal-to-Noise Ratio (SNR) regime. An upper bound on the
CRB of estimating a single source DoA from one-bit ULA measurements was derived in
[33].

The aforementioned research works considered using ULAs for one-bit DoA estimation.

Exploitation of SLAs for one-bit DoA estimation has been studied in [75-78]. The authors



Background and Contributions 16

in [75] deployed the arcsine law [74] to reconstruct the ASCM from one-bit SLA data.
According to the arcsine law, the following relationship exists between the covariance

matrix of one-bit data and the normalized covariance matrix unquantized data

R = sin(ng), (2.18)

where Rx denotes the covariance matrix of one-bit data, [arcsine(R)]y, » =arcsin(R{[R}n.»})

+ jarcsin(S{[R]mn,}) and

— 1
R=———R, (2.19)

0% + >4y i
is the normalized covariance matrix of unquantized data. Equation (2.18) implies that a
consistent estimate of R is obtained by replacing Ry with the sample covariance matrix
of one-bit data. Then, the ASCM is reconstructed from the derived consistent estimate
of R followed by MUSIC to estimate DoAs. It was shown in [75] that the performance
degradation due to one-bit quantization can, to some extent, be compensated using SLAs.
An array interpolation-based algorithm was employed in [78] to estimate DoAs from
one-bit data received by co-prime arrays. Cross-dipoles sparse arrays were deployed in
[77] to develop a method for one-bit DoA estimation which is robust against polarization
states. In [76], the authors proposed an approach to jointly estimate DoAs and array

calibration errors from one-bit data.

Nonetheless, the analytical performance of DoA estimation from one-bit SLA measure-
ments has not yet been studied in the literature and performance analysis in the literature
has be limited to simulations studies. Therefore, fundamental performance limitations of

DoA estimation form one-bit SLA measurements have not well understood.

2.2 Localization

Localization is one of the fundamental tasks of communications and radar systems and it
has received a considerable attention in the last few years [79-81]. In general, localization
techniques can be categorized under two main approaches with regard to the sensing
nodes architecture. The first approach develops the localization algorithms based on
measurements received by a fully-synchronized collocated sensors [82, 83]. Although
localization with fully-synchronized collocated sensors is able to achieve high localization
performance through providing the waveform diversity [84], they demand a complicated
transceiver structure with expensive devices to enable the coherent processing required.

However, many commercial applications, such as automotive radar and Internet-of-Things
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(IoT), are required to perform localization using cheap devices. This capability is en-
abled by the second approach based on distributed localization techniques where simple,
independent nodes are used instead of a complicated collocated system. Distributed
localization techniques exploit the angular (spatial) diversity, provided by spatially sepa-
rated sensing nodes, to estimate target/source locations [84]. Generally, the distributed
localization techniques can be classified into three groups based on the information they
use for estimating the source/target location, namely Direction of arrival (DoA) based
localization, signal strength (SS) based localization, and Time of Arrival (ToA) based
localization [85]. In the following, we briefly review each of these techniques and discuss

their advantages and disadvantages.

2.2.1 DoA-based localization

In a DoA-based localization technique, sensing nodes measure the DoA of the signal
emitted by the source/target of interest compared to a reference direction. The reference
direction is a fixed direction and against that all DoAs are measured. In order to measure
the DoA of the received signals, the sensing nodes are required to be equipped with
either an antenna array or a directional antenna. Once the DoAs are determined, the
DoA measurements are gathered by a Fusion Center (FC) at which the location of the
corresponding target/source is estimated by triangulation technique [86-88]. It was
shown that, to identify the location of a target/source in a two-dimensional space, at
least two DoAs are required [86]. Obviously, the localization accuracy in DoA-based
localization technique highly depends on the quality of DoA measurements at sensing
nodes. On the other hand, attaining accurate DoA measurements requires an array
with a large number of antenna at each sensing node, which will be very costly. This is

considered as a main drawback of DoA-based localization technique.

2.2.2 SS-based Localization

In SS-based localization, firstly, the distances between sensing nodes and the signal
emitted by the source/target of interest are calculated by measuring the energy of the
received signal by exploiting a path loss model. Once the distances between sensing
nodes and the signal emitted by the source/target are estimated, they are sent to a FC
which determines the source/target location by making use of triangulation technique
[89, 90]. The SS-Based technique requires at least three sensing nodes to determine
the source/target location in a two-dimensional space [89]. As opposed to DoA-based
technique, SS-based localization does not need costly receivers, but they need a knowledge

of the channel characteristics. Therefore, SS-based technique is very sensitive to channel
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parameter estimates. Further, the accuracy of the SS-Based technique does not improve by
increasing the SNR and, moreover, the range information obtained from SS measurements

is very coarse compared to that obtained from the other techniques.

2.2.3 ToA-based Localization

In ToA-Based localization, similar to the SS-based technique, the localization is performed
by measuring the distances between sensing nodes and the signal emitted by the source/-
target of interest. However, here the range information is obtained from calculating travel
times of signals between sensing nodes and the source/target of interest [91, 92]. Indeed,
if sensing nodes are synchronized with the emitted signal by the source/target, then they
are able to determine the ToA of the incoming signal through matched-filtering. In ToA-
Based localization, clock synchronization between the sensing nodes and the incoming
signal is an important factor which highly influences ToA estimation accuracy. In case
the incoming signal and the sensing nodes are asynchronous, but sensing nodes share the
same clock, then the Time-Difference-of-Arrival (TDoA) technique can be employed. In
this case, the TDoA of the signals received by two sensing nodes is calculated, which
determines the location of the node on a hyperbola with foci at the locations of two
sensing nodes [93, 94]. Intersecting the hyperbolas obtained from TDoA measurements
determines the source/target location. We should note that the accuracy of ToA-based
localization techniques is highly affected by the effective signal bandwidth such that a
more accurate ToA-based localization demands a higher bandwidth. This could pose a
problem in applications where high precision localization is desired. We will address this

challenge in Chapter 7 through introducing a sparsity-based waveform.

2.3 Thesis Contributions

The main contributions of this thesis are briefly outlined in the following;:

2.3.1 Chapter 3: An Asymptotically Efficient Weighted Least Squares
Estimator for Co-Array-Based DoA Estimation

Although the literature presents a variety of estimators in the context of DoA estimation
from SLA measurements, none of them are proven to be statistically efficient. This
chapter introduces a novel estimator for the co-array-based DoA estimation employing
the Weighted Least Squares (WLS) method. An analytical expression for the large sample

performance of the proposed estimator is derived. Then, an optimal weighting is obtained
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so that the asymptotic performance of the proposed WLS estimator coincides with the
Cramér-Rao Bound (CRB), thereby ensuring asymptotic statistical efficiency of resulting
WLS estimator. This implies that the proposed WLS estimator has a significantly better
performance compared to existing methods. Numerical simulations are provided to
validate the analytical derivations and corroborate the improved performance. The

content of this chapter appears in the following publications:

e J1: S. Sedighi, B. Shankar, B. Ottersten, “An Asymptotically Efficient Weighted
Least Squares Estimator for Co-Array-Based DoA Estimation,” IEEE Transactions
on Signal Processing, vol. 68, pp. 589-604, 2020.

e (C2: S. Sedighi, B. Shankar, Sina Maleki, B. Ottersten, “Consistent Least Squares
Estimator for Co-Array-Based DOA Estimation,” in Proc. IEEE 10th Sensor Array
and Multichannel Signal Processing Workshop (SAM), Sheffield, 2018, pp. 524-528.

e (C3: S. Sedighi, B. Shankar, B. Ottersten, “A Statistically Efficient Estimator for
Co-array.Based DoA Estimation,” in Proc. 52nd Asilomar Conference on Signals,
Systems, and Computers, Pacific Grove, CA, USA, 2018, pp. 880-883.

2.3.2 Chapter 4: On the Performance of One-Bit DoA Estimation via

Sparse Linear Arrays

In this chapter, we study the problem of DoA estimation from one-bit measurements
received by an SLA. Specifically, we first investigate the identifiability conditions for the
DoA estimation problem from one-bit SLA data and establish an equivalency with the
case when DoAs are estimated from infinite-bit unquantized measurements. Towards
determining the performance limits of DoA estimation from one-bit quantized data, we
derive a pessimistic approximation of the corresponding Cramér-Rao Bound (CRB). This
pessimistic CRB is then used as a benchmark for assessing the performance of one-bit
DoA estimators. We also propose a new algorithm for estimating DoAs from one-bit
quantized data. We investigate the analytical performance of the proposed method
through deriving a closed-form expression for the covariance matrix of the asymptotic
distribution of the DoA estimation errors and show that it outperforms the existing
algorithms in the literature. Numerical simulations are provided to validate the analytical
derivations and corroborate the resulting performance improvement. The content of this

chapter appears in the following publications:

e J4: S. Sedighi, B. Shankar, M. Soltanalian, B. Ottersten, “On the Performance of
One-Bit DoA Estimation via Sparse Linear Arrays,” IEEE Transactions on Signal
Processing, Major Revision submitted, 19 July 2021.
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e J5: S. Sedighi, B. Shankar, B. Ottersten, “Performance Analysis of DoA Estima-
tion from One-Bit Sample Covarinace Matrix,” IFEFE Signal Processing Letters, To
be Submitted.

e C6: S. Sedighi, B. Shankar, M. Soltanalian, B. Ottersten, “On the Asymptotic
Performance of One-Bit Co-Array-Based MUSIC,” in Proc. IEEE International
Conference on Acoustics, Speech and Signal Processing (ICASSP), Toronto, ON,
Canada, 2021, pp. 4635 - 4639.

2.3.3 Chapter 5: DoA Estimation Using Low-Resolution Multi-Bit

Sparse Array Measurements

In previous works, the problem of Direction of Arrival (DoA) estimation was studied
under two extreme scenarios for analog-to-digital conversion, i.e., infinite-bit quantization
and one-bit quantization. In this chapter, the problem of DoA estimation from low-
resolution multi-bit SLA measurements, e.g. 2 or 4 bit per sample, is studied. In such
cases, contrary to the one-bit case, the well known arcsine law cannot be employed to
reconstruct the covaraince matrix of unquantized data. Instead, we develop a novel
optimization-based framework for recovering the covaraince matrix of unquantized data
from low-resolution multi-bit measurements. The MUSIC algorithm is then applied to
an augmented version of the recovered covariance matrix to find the DoAs of interest.
The simulation results show that increasing the sampling resolution to 2 or 4 bits per
samples could significantly increase the DoA estimation performance compared to the
one-bit sampling regime while the power consumption and implementation costs is still
much lower in comparison to the high-resolution sampling implementation. The content

of this chapter appears in the following publications:

e J3: S. Sedighi, M. Soltanalian, B. Shankar, B. Ottersten, “DoA Estimation Using
Low-Resolution Multi-Bit Sparse Array Measurements,” IEEFE Signal Processing
Letters, vol. 28, pp. 1400-1404, 2021.

e C5: S. Sedighi, B. Shankar, M. Soltanalian, B. Ottersten, “DoA Estimation
via Sparse Arrays and One-Bit sampling,” in Proc. IEEE IEEFE International
Conference on Acoustics, Speech and Signal Processing (ICASSP), Barcelona,
Spain, 2020, pp. 9135-9139.
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2.3.4 Chapter 6: Localization with One-Bit Passive Radars in Nar-
rowband Internet-of-Things using Multivariate Polynomial Op-

timization

Several Internet-of-Things (IoT) applications provide location-based services, wherein it is
critical to obtain accurate position estimates by aggregating information from individual
sensors. In the recently proposed narrowband IoT (NB-IoT) standard, which trades off
bandwidth to gain wide coverage, the location estimation is compounded by the low
sampling rate receivers and limited-capacity links. We address both of these NB-IoT
drawbacks in the framework of passive sensing devices that receive signals from the
target-of-interest. We consider the limiting case where each node receiver employs one-bit
analog-to-digital-converters and propose a novel low-complexity nodal delay estimation
method using constrained-weighted least squares minimization. To support the low-
capacity links to the fusion center (FC), the range estimates obtained at individual sensors
are then converted to one-bit data. At the FC, we propose target localization with the
aggregated one-bit range vector using both optimal and sub-optimal techniques. The
computationally expensive former approach is based on Lasserre’s method for multivariate
polynomial optimization while the latter employs our less complex iterative joint range-
target location estimation (ANTARES) algorithm. Our overall one-bit framework not
only complements the low NB-IoT bandwidth but also supports the design goal of
inexpensive NB-IoT location sensing. Numerical experiments demonstrate feasibility of
the proposed one-bit approach with a 0.6% increase in the normalized localization error
for the small set of 20-60 nodes over the full-precision case. When the number of nodes
is sufficiently large (> 80), the one-bit methods yield the same performance as the full

precision. The content of this chapter appears in the following publications:

e J2: S. Sedighi, K. V. Mishra, B. Shankar, B. Ottersten, “Localization with One-Bit
Passive Radars in Narrowband Internet-of-Things using Multivariate Polynomial
Optimization,” IEFEE Transactions on Signal Processing, vol. 69, pp. 2525-2540,
2021.

e (C4: S. Sedighi, K. V. Mishra, B. Shankar, B. Ottersten, “Localization Perfomance
of 1-Bit Passive Radars in NB-IoT Applications,” in Proc. IEEE 8th International
Workshop on Computational Advances in Multi-Sensor Adaptive Processing (CAM-
SAP), Le gosier, Guadeloupe, 2019, pp. 156-160.
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2.3.5 Chapter 7: Sparsity-Aided Localization in asynchronous MIMO

radar

Target localization, warranted in emerging applications like autonomous driving, requires
targets to be perfectly detected in the distributed nodes with accurate range measurements.
This implies that high range resolution is crucial in distributed localization in the
considered scenario. This chapter proposes a new framework for target localization,
addressing the demand for the high range resolution in automotive applications without
increasing the required bandwidth. In particular, it employs sparse stepped frequency
waveform and infers the target ranges by exploiting sparsity in target scene. The range
measurements are then sent to a fusion center where direction of arrival estimation is
undertaken. Numerical results illustrate the impact of range resolution on multi-target
localization and the performance improvement arising from the proposed algorithm in

such scenarios. The content of this chapter appears in:

e C1: S. Sedighi, B. Shankar, Sina Maleki, B. Ottersten, “Multi-Target localization
in asynchronous MIMO radars using sparse sensing,” in Proc. IEEE 7th Interna-

tional Workshop on Computational Advances in Multi-Sensor Adaptive Processing
(CAMSAP), Curacao, 2017, pp. 1-5.
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Chapter 3

An Asymptotically Efficient
Weighted Least Squares
Estimator for Co-Array-Based
DoA Estimation

3.1 Introduction

The problem of Direction of Arrival (DoA) estimation is of central importance in the field
of array processing with many applications in radar, sonar, and wireless communications
[1-3]. Estimating DoAs using Uniform Linear Arrays (ULAs) is well-investigated in the
literature; a number of algorithms such as the Maximum Likelihood (ML) estimator,
MUSIC, ESPRIT and subspace fitting were presented and their performance thoroughly
analyzed [44-47, 71]. However, it is widely known that ULAs are not capable of identifying

more sources than the number of physical elements in the array [3, 46].

To transcend this limitation, exploitation of Sparse Linear Arrays (SLAs) with particular
geometries, such as Minimum Redundancy Arrays (MRAs) [48], co-prime arrays [17],
nested arrays [16] and their variants [49-51], has been proposed. These architectures can
dramatically boost the degrees of freedom of the array for uncorrelated source signals such
that a significantly larger number of sources than the number of physical elements in the
array can be identified. In addition, the enhanced degrees of freedom provided by these
SLAs can improve the resolution performance appreciably compared to ULAs [16]. These
features have spurred further research on DoA estimation using SLLAs in recent years.

A detailed study on DoA estimation via SLLAs through an analysis of the Cramér-Rao

25
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Bound (CRB) has been conducted in [52]. The findings in [52] provide valuable insights
into the performance limits of DoA estimation via SLAs and are useful for benchmarking.
Further, a number of DoA estimators based on the difference co-array of SLAs have
been proposed in the literature. In general, existing co-array-based estimators can be
classified under two main groups: 1. Sparsity-Based Methods (SBMs); 2. Augmented
Covariance-Based Methods (ACBMs).

SBMs first discretize the angular domain into a grid and then estimate DoAs by imposing
sparsity constraints on source profiles and exploiting the compressive sensing recovery
techniques [15, 35-37, 54]. Such estimators are susceptible to grid mismatch leading
to significant performance degradation when DoAs do not lie on the predefined grid
[55]. To alleviate this problem, the authors in [56] include a first order approximation of
grid mismatch in the model through Taylor series expansion and then estimate DoAs
and mismatch variables jointly. Although the algorithm proposed in [56] shows an
improvement over that of conventional sparsity-based methods, it is still restricted by
higher-order mismatch terms. The shortcoming of discretization approach is overcome by a
grid-less sparsity-based algorithm in [57]. This algorithm, named as Sparse and Parametric
Approach (SPA), employs the covariance fitting criteria and semidefinite programming.
Although SPA does not suffer from grid mismatch, its asymptotic performance (for the

large number of snapshots) is not guaranteed to achieve the CRB.

In the second approach, DoAs are estimated by applying conventional subspace methods
such as MUSIC, ESPRIT on an Augmented Sample Covariance Matrix (ASCM) obtained
from the original sample covariance matrix by exploiting the difference co-array struc-
ture [16, 38, 58]. Two different ways of constructing the ASCM are given in the literature,
namely, 1. the direct augmentation approach [59]; 2. spatial smoothing approach [16].
Both approaches span identical subspaces resulting in the same estimation performance,
but the former is computationally efficient. A main drawback of this family of algorithms
is the need for prior knowledge on the exact number of sources, which may not be
available in practice. On the contrary, SBMs need information on an upper bound on
the number of sources. The performance of such estimators, called Co-Array-Based MU-
SIC (CAB-MUSIC) and Co-Array-Based ESPRIT (CAB-ESPRIT), has been rigorously
analyzed in [38] and [58], respectively. An existence of a considerable gap between their
performance and the CRB is revealed when the number of sources is greater than one.
Further, CAB-MUSIC and CAB-ESPRIT suffer from an inherent performance loss when
applied to SLAs with holes in their difference co-arrays, such as co-prime arrays, since
they discard the information contained in the non-contiguous segment of the difference
co-array. To avoid this performance loss, array interpolation-based algorithms has been
used for co-prime arrays in [60-62] where a convex optimization problem is formulated

to recover the covariance matrix of a virtual ULA interpolated from the co-prime array.
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The performance of interpolation-based algorithms has been analyzed in [63]. In addition,
the authors of this paper have recently proposed a least squares estimator capable of
exploiting the information contained in the non-contiguous ULA segment of the difference
co-array [95]. Although the proposed estimators in [60, 61, 95] succeed in dealing with
the performance loss due to omission of the non-contiguous segment of difference co-array,

they are still unable to achieve the CRB performance.

It is known that the covariance matrix of uncorrelated signals received by a linear array is
structured, e.g, Hermitian Toeplitz for ULA [96]. The structure in the covariance matrix
is shown to be highly beneficial in obtaining an enhanced covariance matrix estimate
compared to the conventional sample covariance matrix [96]. This, in turn, could yield
better DoA estimates through an application of MUSIC. While the discussions in [96]
are restricted to ULAs, the approach can be straightforwardly used for SLAs to obtain
an enhanced covariance matrix estimate and subsequently construct the ASCM. The
performance of such an estimator, which we call it Structured CAB-MUSIC (SCAB-
MUSIC), has been never investigated in the literature for SLAs. However, our results for
this method, reported in the ensuing Section 3.5, reveal that SCAB-MUSIC does not
attain the CRB.

The performance gap between the estimators available in the literature and the CRB
motivates the current work on designing an asymptotically statistically efficient estimator
for co-array-based DoA estimation via SLAs. To close this gap, in this chapter, we
propose a Weighted Least Squares (WLS) approach to DoA estimation using SLAs. We
analytically prove that the proposed approach can yield an estimator that asymptotically
achieves the corresponding CRB for any SLA configuration. As a consequence, the result-
ing WLS estimator exhibits enhanced performance compared to the existing algorithms

in the literature. Accordingly, the contributions of this chapter are described as follows:

e For any given feasible weighting matrix, we formulate the WLS approach towards

estimating the DoAs and the ancillary variables — source powers and noise variance.

e We first provide a consistent estimate of the noise variance which is applicable to
the difference co-array model. Making use of this consistent noise variance estimate,
we derive WLS estimates of the signal powers and concentrate the WLS objective
on the DoAs.

e The proposed estimator is the minimizer of the aforementioned concentrated
WLS objective. Key attributes of this WLS estimator are studied for any feasible
weighting matrix by proving consistency, asymptotic unbiasedness and then deriving
a closed-form expression for the asymptotic covariance matrix of DoA estimation

errors.
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e Considering the earlier asymptotic unbiasedness of the proposed WLS estimator
and noting that the covariance matrix of any unbiased estimator is lower bounded
by the CRB, the optimal weighting matrix should be the one that renders the
resulting covariance matrix of DoA estimation errors and CRB identical. To derive
this optimal weighting matrix, we reformulate the CRB expression given in [52] in
a form suitable for establishing equality of the CRB and the covariance matrix of

DoA estimation errors.

e The new expression for the CRB is exploited to analytically obtain the optimal
weighting that results in the equivalence of the asymptotic performance of the

proposed WLS estimator and the CRB.

e With the framework to obtain asymptotically efficient WLS estimate provided, we
now consider the key aspect of implementing the minimization of the WLS objective
that leads to the proposed WLS estimate. This, typically needs computationally
complex minimization of a multimodal objective function. The quality of the
solutions of the iterative algorithms used for minimizing such multimodal functions
highly depends on the initialization such that the global minima potentially achieved
in case a very good initial point, which is close enough to the global minima, is
available. This motivates us to introduce two efficient algorithms for solving the
optimization problem. The first algorithm is applicable to SLAs with hole-free
co-arrays, such as MRA and nested arrays. This method recasts the optimization
problem as a quadratic optimization problem followed by rooting a polynomial
function. This leads to a significant reduction in computations, rendering the
complexity of the proposed estimator comparable to that of the other techniques
such as CAB-MUSIC, CAB-ESPIRIT and SCAB-MUSIC while the WLS estimator
enjoys a better performance compared to them. The second algorithm can be used
for SLAs with holes in their co-arrays such as co-prime arrays. This algorithm
recasts the optimization problem as a polynomial optimization problem followed by
rooting a polynomial function where the global minima of the introduced polynomial
optimization problem is guaranteed to be attained by using Lasserre’s Semidefinite

Programming (SDP) relaxation given in [97].

e Further, we validate the analytical derivations through numerical simulations and
compare the performance of the proposed WLS estimator with those proposed in
the literature. Numerical results confirm asymptotic efficiency of the proposed WLS
estimator and illustrate its superior performance in terms of estimation accuracy

and resolution compared to the existing estimators in the literature.

Chapter organization: Section 3.2 describes the co-array system model. In Section 3.3,

the proposed WLS framework is presented and the form of the WLS estimates of DoAs
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is derived. The performance of the proposed WLS estimator is analytically evaluated
and its asymptotic statistical efficiency is proved in Section 3.4. The simulation results
and related discussions are included in Section 3.5. Finally, Section 3.6 concludes the

chapter.

3.2 Co-Array System Model

We consider an SLA with M elements located at positions (mlg, mQ%, e ,mM%) with
m; € M. Here M is a set of integers with cardinality |IM| = M, and X represents the
wavelength of the incoming signals. It is assumed K narrowband signals with distinct
DoAs@ =16, 0y --- 0 K] ! impinge on the SLA from far field. Accordingly, the vector

of signals received by the SLA at time instance ¢ can be modeled as
y(t) = A(O)X(t) + Il(t) € CMX17 t= 17 e ,N, (31)

where x(t) € CK*1 denotes the vector of source signals, n(t) € CM*1 is additive noise,
and A(0) = [a 01), a(f), --- a(fx)| € CM*K represents the SLA steering matrix

where
o - - T
a(g@) = |eim sin 6;m1 eJmsin O;ma . e]ﬂsmGimM , (32)

is the SLA manifold vector for the i*® signal. Further, the following assumptions are

made on source signals and noise:
A1 The noise vector follows a zero-mean circular complex Gaussian distribution with
the covariance matrix, E{n(t)n (t)} = o21),.

A2 The source signals are modeled as zero-mean uncorrelated circular complex Gaussian
random variables with covariance matrix E{s(t)s”(t)} = diag(p) where p =

[p17p2> to 7pK]T € RI;(;G (i'e'a Pk > 07 Vk)
A3 Source and noise vectors are mutually independent.

A4 There is no temporal correlation between the snapshots, i.e., E{n(t;)nf (t5)} =
E{x(t;)x"(t3)} = 0 when t; # t; and 0 is an all zero matrix of appropriate

dimensions.

Based on the above assumptions, the covariance matrix of the received signals, i.e.,
R = E{y(t)y" (1)}, is given by

R = A(0)diag(p)AT(8) + 0°I; € CM*M, (3.3)
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The contiguous ULA segment

FIGURE 3.1: Array geometry of a co-prime array with M = 6 elements: (a) physical
array with M = {0,2,3,4,6,9}; (b) difference co-array with D = {0,1,2,3,4,5,6,7,9}
and v = 8.

Following [16, 38, 52], the difference co-array model of the SLA is obtained by vectorizing

the covariance matrix in (3.3), which results in

r = vec(R) = (A*(0) ® A(0)) p + o*vec(Ixr),
— JA,4(6)p + 0%Je € CM*X, (3.4)

where Ay(0) € CPP-D*K corresponds to the steering matrix of the difference co-
array whose elements are located at (—ED,lg, <0, ,6071%) with £; € D = {|m, —
mglimy, my € M} and D = |D|. Further, e € {0,1}?P=Dx! is a column vector with

[e]; = d[i — D], and the selection matrix J is represented as follows

Definition 3.1. The binary matrix J € {0, 1}#**2P=1) ig defined as [52]
J= [VeC(L%fl) o vee(Lo) --- VeC(LD_l),] : (3.5)

1, if my, —myg = £y,

where [Ln]pyq:{ with 1 <p,g<Mand0<n<D-—1.

0, otherwise,

The difference co-array model in (3.4) can be perceived to be the response of a virtual
array whose steering matrix is given by A ;(0) to the parameter vector with signal powers
p in presence of the noise vector o2vec(Iys). This virtual array includes a contiguous
ULA segment around the origin with the size of 2v — 1 where v is the largest integer
such that {0,1,--- ,v — 1} C D. An illustrative example of an SLA, the corresponding
difference co-array and its contiguous ULA segment is provided in Fig. 3.1. It has been
shown in [16, 17, 52] that the size of the contiguous ULA segment of the difference
co-array plays a crucial role in the number of identifiable sources such that K distinct
sources are identifiable if K’ < v — 1. Hence, in case the SLA is designed properly such
that v > M, we are able to identify more sources than the number of physical elements

in the SLA, exploiting the source signal covariance matrix structure efficiently.
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3.3 Co-array-based WLS estimator

The problem under consideration is the estimation of the unknown parameters in (3.4)
— DoAs, signal powers and the noise variance — using array observations, i.e., {y(t)}Y.
Of these, the DoAs are of primary interest and the other parameters are of subordinate
interest. However, the estimation of the secondary parameters is essential for accurate
DoA estimation. In what follows, we first propose a heuristic, but, consistent estimate of
the noise variance. We then derive the WLS estimates of DoAs and source signal powers

exploiting the proposed consistent estimate of the noise variance.

3.3.1 Estimation of the Noise Variance

Let R denote the sample covariance matrix, defined as
| N
5 H MxM
R = N ;_1 y(t)y"(t) e C , (3.6)

and r = VGC(R) denote its vectorized form. In addition, let R, be the augmented sample

covariance matrix, which is constructed as follows[59]
R, = [T T,Jft - TfE| e 0, (3.7)
where T; is a selection matrix defined as

(3.8)

T = [va(i-‘rD—v—l) L, va(D—i)] € {0, 1} P~

Then, we are able to obtain a consistent estimate of the noise variance, as stated in the

following lemma.
Lemma 3.1. If K < v —1, a consistent estimate of the noise variance is given by

—  vec” (U, UM Tt

2 — 3.9
7 v— K ’ (3.9)
where U, represents the eigenvectors of the augmented sample covariance matric R,
T
corresponding to its v — K smallest eigenvalues and T = [TZ T, ... TlT] €
(Dv2><(2D—1)'
Proof. See Appendix A.1 O

Remark 3.1 (Efficiency of the Noise Estimate). It can be demonstrated that ;5,
E{(o?—0%)}

CRE(0?) > 1 where

while being consistent, is not statistically efficient, meaning that
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CRB(c?) represents the CRB of 02. We will not dwell on this further since estimation
of 02 is not the main aim here. A consistent estimate of o2 suffices for our purpose.

Remark 3.2. Employing Lemma A.5 in Appendix A.7, it can easily be shown that

;5* = ;5, implying that 35 is real-valued. It is not, however, guaranteed to be positive
for a small number of snapshots. Nonetheless, considering the fact that o2 is a consistent
estimate of 02 > 0 ensures that o2 is positive when the number of snapshots is adequately
large. As a consequence, the asymptotic performance of the DoA estimator, which will

be introduced in the next subsection, will not be affected.

3.3.2 WLS Estimates of DoAs

To estimate source DoAs from (3.4), it is possible to formulate the co-array-based LS

estimates of 6, p as

[?15] = argmin||r — JA4(0)p — ggvec(IM)Hg. (3.10)
Pis 0.p

However, our investigations, presented in [95], indicate that the LS estimates of DoAs
do not show a significant performance improvement in terms of MSE compared to the
existing algorithms. Thus it would be useful to introduce a weighting in the above
criterion to achieve better performance. Hence, we propose the following WLS estimator

instead

éwls . 17, -5 2
X = argm1nHW2 (r—JAd(O)p—szec(IM)>H . (3.11)
Puwis 0.p 2

where W is a positive definite weighting matrix. The weighting matrix W should be
determined to minimize the MSE of DoA estimates. For the time being, we defer problem

of finding the optimal weighting matrix until Section 3.4.2 and proceed with the derivation
of the WLS estimator for DoAs.

Inserting (3.9) into (3.11) and performing certain standard algebraic manipulations leads

to
éwls . LA 2
K = argmin||W2(Qr — JA;4(0)p)||5, where (3.12)
DPuwis 0.p
. Loy vecH (O, UH)TIH
Q=T — vec(Inr)vec™ (U, UL )TI . (3.13)

v— K
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Solving (3.12) with respect to p yields
Puis = (W2IA4(0))'W2Qt. (3.14)

Remark 3.3 (Consistency of Signal Power Estimates). Based on (A.6) and (A.5) in
Appendix A.2, it is readily deduced that p,s is a consistent estimator of p iff W32J Aq(0)
has full column rank. Clearly, W is positive definite by definition and it was shown in [52]
that J has full column rank. These imply that P, is consistent iff A;(0) has full column
rank. Following the same approach used in the proof of Lemma A.1 in Appendix A.2, it
can be shown that A4(€) has full column rank if K < 2v — 1. This condition is weaker
than the identifiability condition, i.e., K < v — 1, given in the literature [16, 17, 52].

Hence, the consistency of pys is guaranteed in practice.

Remark 3.4. Making use of Lemma A.6 in Appendix A.7, it can be shown that P, is
a real number, i.e., P, = Puwis- Hence, the same considerations mentioned in Remarks

3.2 for o2 are applicable to py,s as well.

Finally, inserting (3.14) into (3.12), concentrates the WLS objective on DoAs and the
WLS estimator of 8 follows as

A . 1 1.9

015 = argémnHHW%JAd(a)W2 Qr|l5. (3.15)
In general, the above problem can be solved iteratively by using either gradient descent
or Newton’s methods [98]. The gradient and Hessian of the objective function, needed
for implementing the aforementioned methods, are given in Appendix A.3. However,
finding the global minimum in (3.15) through these algorithms is not guaranteed due
to multimodality of the objective function. The quality of the solution is susceptible to
the initial point with the global minima potentially achieved in case a very good initial
point, which is close enough to the global minima, is available. This motivates us to
introduce two efficient algorithms for solving the optimization problem (3.15), which are
presented in next. The first algorithm is applicable to SLAs with hole-free co-arrays,
such as MRA and nested arrays, while the second one can be used for SLAs with holes

in their co-arrays such as co-prime arrays.

Remark 3.5. We should remark that the proposed estimator, like ACBMs, requires

uncorrelated sources and the exact knowledge of their number.
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3.3.3 WLS Implementation for SLAs With Hole-Free Co-arrays

When the SLA has no holes in its difference co-array, it is possible to recast (3.15) as a
quadratic optimization problem followed by rooting a polynomial through reparameteriza-
tion of the objective function. The main idea is similar to the technique used in [99, 100].
Indeed, for such kind of SLAs, the objective function in (3.15) can be reparameterized in

terms of the coefficient of the following polynomial

K K
F(2) = vknz" = [ ] (2 — 7). (3.16)
n=0 k=1

To show that, let define

Yk M o 0
O % -~ m % -~ 0
I‘ﬁfd — : . . . . : € (D(2D—1—K)><(2D—1)’ (317)
0 - 0 k- M 0]

A
and J | € RM**(M?*=2D+1) ghtained from QR-factorization of J as J = [J” JL} [0] It

H
is readily confirmed that [J L JHT,, | JA4(0) = 0 due to the Vadermonde structure of
A 4(0) for the aforementioned SLAs. This implies that the columns of " = [J L JHHT, d]

span the null space of Agl (8)J". Hence, considering the fact that Hva%JA o = |
[101], the objective in (3.15) can be rewritten as
QT (A wW-In)~Irf Q. (3.18)

Minimization of (3.18) with respect to the free parameters in I' leads to the estimates of
Y0,Y1, " -+, YKk from which the WLS etimates of DoAs can be obtained through finding
the roots of the polynomial (3.16). However, the reparameterized optimization problem
is still complicated due to multimodality of the objective function and, moreover, the
constraint on p,v1,- - , vk arising from the fact that the roots of the polynomial (3.16)

should lie on the unit circle.

The multimodal objective function (3.18) can be relaxed through replacing (T W—1T")~!
with its consistent estimate. This relaxation does not affect the asymptotic behavior of
the objective function[44, 99, 100, 102], but converts the objective function to a quadratic
function with respect to 40,71, -+ , 7K. A consistent estimate of (I W—IT")~! can be
obtained in two ways: 1. making use of CAB-MUSIC or CAB-ESPIRIT to derive an

initial consistent estimate of 8; 2. through minimizing |[TY Q&||? = HI‘ZJTQf”HQ with
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respect to Yo,7v1, -+ ,Yk. Following the same arguments provided in Appendix A.2 and
the fact that there is a one-to-one mapping from 6 to 7o, 71, -, vk [99], it can easily
be shown that minimizing HI‘ngTQf'\P with respect to vg,v1, -+ , VK gives consistent
estimates of vg,71, -+ ,7x. Once consistent estimates of vg,7v1,- - ,vK are given, an
initial consistent estimates of @ can be obtained by solving the polynomial equation
(3.16).

In addition, we need to ensure that the roots of the polynomial lie on the unit circle.
Following the methodology in [99, 100], this is addressed by imposing the conjugate
symmetric constraint, i.e., v, = v5_,, for n =0,1,--- , K. While this constraint is only
necessary, following [99], this relaxation tends to be tight in the asymptotic regimes.
Further, to avoid v; = 0, Vi, an additional constraint is required. Herein, we employ the

linear constraints, i.e., {0} =1 or I{y} =1 [99, 100] for simplicity.
Accordingly, the proposed procedure for estimating € can be summarized as follows:
1. Compute a consistent estimate of 8 by using CAB-MUSIC, CAB-ESPRIT or
minimizing the quadratic function ||I‘£IdJ TQ|.

2. Based on the initial consistent estimate of @ and the sample covarince matrix, i.e.,

R, calculate a consistent estimate of (IHW 1)1,

3. Minimize the quadratic criterion
QAT AWID) I Q. (3.19)

with respect to v, -, vk considering the conjugate symmetric constraint, i.e.,

Mn="f_, for n=0,--- , K, besides the linear constraints R{~o}=1 or I{yo}=1.

4. Obtain the WLS estimate of 8 by rooting f(z) in (3.16).

3.3.4 WLS Implementation for SLAs With Holes in Co-arrays

For these SLAs, it is possible to recast (3.15) as a polynomial optimization problem
followed by rooting f(z) given in (3.16). This can be done, similar to Section 3.3.3, through
reparameterization of (3.15) in terms of the coefficients of f(z), i.e., y0,71, -+ , VK, by
finding a set of bases spanning the null space of A¥(6)J¥. Then, the introduced
polynomial optimization problem can be globally solved by using the algorithm proposed
in [97].
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Let define f‘Ad = [f‘ Aq Az} e C@P-1)x(2D-1-K) gych that the matrices T' €
C(QD—I)X(2”U—1—K)7 A€ C(QD—I)X(D—U) and A, € C(QD—I)X(D—D) are given by

0O -+ 0 % - 1 2 0 0 0
~ 0 -0 0 v - M 7 0 0
I _ , (3.20)
' ' 0 0
0 -0 0 - 0 9 -+ m % 0 0]
6L ... 6l s 0 -~ 0 0 0]
0 6% ... §2 62 ... 0 0 --- 0
af=1 T (3.21)
0 - 0 ST e 60T 0T 0 - 0]
0 .- 0 6L - 81 s 0 |
0O --- 0 0 6 ... 52 52 0
A= (3.22)
0 -0 0 - 0 511?—11 5{3—” 5(1)3—11_
where 79, -+, vk are the coefficients of f(z) given in (3.16) and &), -+, 8% are the
coefficients of the following polynomial
K ,
Gi(2) =) Ok_nzh = f(2)gi(2) (3.23)
n=0

. K ) Za%
with a!, = D—-1—-K —i+mn fori € {1,---,D — v} and g;(z) = E”:O#
From (3.16), it is observed that f(e/™s™%) = 0 for k € {1,---, K}, which in turn
implies that g;(e/™*"%) = 0 for k& € {1,---,K}. Hence, it is easily checked that
[JL JTHI‘AJ JA4(0) = 0, indicating that the columns of T' = |J | JTHI‘Ad} span
the null space of A (6)J#. Hence, considering H\fv%md(g) = II,-4; [101], the objective in

(3.15) can be rewritten as
tHQUT(THWID) T HQr. (3.24)

Here the minimization should be done with respect to the free parameters in T, i.e.,
Y0, , YK and &, - - ,(5}( Vi from which the WLS etimates of DoAs can be obtained
through finding the roots of the polynomial (3.16). Akin to Section 3.3.3, (3.24) can be
relaxed through replacing (f‘H W_lf‘)_l with its consistent estimate without affecting
the asymptotic behavior of the objective function[44, 99, 100, 102]. However, the repa-
rameterized optimization problem is still complicated despite this relaxation due to the
existing constraints on g, - -+ , vk and 83, , (5}( Vi. It can be further simplified if the pa-

rameters &), - - - , 0% Vi are somehow expressed in terms of 4, - - - ,yx. This parametrizes
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the optimization problem only in terms of the desired parameters, i.e., 7o, -+, vk and
thereby eliminates the constraints corresponding to §j, - - - ,5}{ Vi. Towards this, in what

follows, we use the fact that the remainder h;(z) generated by division of ¢;(z) by f(z) is

zero according to (3.23).

Let n be an integer such that Ea% < K and éa% . > K. It is then possible to rewrite g;(z)
as qi(z) = 22:0 5%_712“3? + Zi{:ﬁﬂ 5%_nza%. Making use of polynomial long division
and after some tedious calculations, the remainder h;(z) resulting from division of ¢;(z)
by f(z) takes the form

K—1
hi(z) = Y e (3.25)

n=0

where
Ci[(_l_ _ 53(_71 _an(fy()a 7’7K76%(_ﬁ_‘17"' aé(l)) if n € 5 (326)
n = i i ;
an<707"'77K76K7ﬁ717"'750) if ngéS

with § = {Eaa, e ,Ea%}, an(.) and @,(.) being linear functions of &% - ,,---,8) for
n=20,---, K —1 whose coefficients are obtained during long division. h;(z) is identically

zero Vi if and only if ¢i, = 0 Vn,i. Letting ¢!’s equal to zero for each i results in
K linear equations with respect to 6}(, -+, 05. Considering the fact that ) can be
chosen arbitrarily, the solution of these K linear equations provides us with the values
of 5%, -+, 0% based on vg,- - ,yx and d5. Through an appropriate choice of &3, the
parameters 6}0 -+, 0% can be expressed as polynomial functions of g, - - - ,vx. Hence, r

is parameterized only in terms of the coefficients v, -+ , VK.

Consequently, the optimization problem (3.23) is converted to a polynomial optimization
with respect to 79,71, , vk . Similar to Section 3.3.3, conjugate symmetry constraint
is imposed on {7;} towards ensuring roots of f(z) on the unit circle. Then, the resulting
polynomial optimization can be solved by using the Lasserre’s SDP relaxation given in
[97]. It is proved in [97] that the Lasserre’s SDP relaxation attains the global minima of
the polynomial optimization if the order of relaxation is big enough. However, evidently,
this solution exhibits higher complexity than the descent algorithms mentioned earlier

due to the nature of operations and increased number of variables.

Accordingly, the proposed procedure for estimating € can be summarized as follows:

1. Compute a consistent estimate of 8 by using CAB-MUSIC, CAB-ESPRIT.

2. Based on the initial consistent estimate of @ and the sample covariance matrix, i.e.,

R, calculate a consistent estimate of (I# W~—1T")~1,
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3. Compute the coefficients ¢! ’s Vi, n, using polynomial long division.

4. Let ci’s equal to zero for each i and solve the K resulting linear equations with re-

spect to 5}(, e ,(53. This step gives us the values of (5%, -+, 6% based on Yo, - -+ , VK
and &).

5. Choose the free variable 56 such that 56, 5}(, e ,56 are obtained as polynomial
functions of g, - -+ , VK-

6. Find the minima of the following polynomial criterion

QAN EWID) T Qi (3.27)
with respect to 7, -+ ,vx considering the conjugate symmetric constraint and the

linear constraints R{~yo} =1 or I{~} =1 by using the Lasserre’s SDP relaxation.

7. Obtain the WLS estimate of 8 by rooting f(z) in (3.16).

3.4 Asymptotic Performance Analysis

The asymptotic behavior of the proposed WLS estimator for a large number of samples
is analyzed in this section and its asymptotic statistical efficiency when an optimal

weighting matrix being selected is shown.

3.4.1 Asymptotic Performance

In this subsection, we analyze the key attributes of the proposed WLS estimator including
consistency, bias and estimation errors for an arbitrary weighting matrix. Asymptotics
are resorted to yield tractable analytical results. We start with proving the consistency

of the DoA estimates provided by the proposed WLS estimator.

Theorem 3.1. 0, is a consistent estimate of 0 if K < v — 1.

Proof. See Appendix A.2 O

Remark 3.6 (Unbiasedness). It readily follows from Theorem 3.1 that éwls is asymp-

totically unbiased as well.

Remark 3.7. Note that the sufficient condition for the consistency of éwl s e, K <v—1,
given in Theorem 3.1, is equivalent to the sufficient condition for source identifiability
given in [16, 17, 52].
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The consistency of éwls can be utilized to obtain the covariance matrix of DoA estimation
errors through a Taylor series expansion approach when N — oo. This is detailed in the

following theorem.

Theorem 3.2. Let Ky denote the commutation matriz defined according to Definition
A.1in Appendiz A.7. If K < v —1 and K,W = W*K,,, the asymptotic (N — o)

covariance matrix of the WLS estimator é\wls is given by (3.28),

~ ~

1 . 1 1\ L
Cuts =E{ (Outs = 0)(Ous = )"} = —diag™'(p) (QTWIIL,  WiQ)

W2

X (QHW%HLL Wi QM2QI W3 , W%Q>
W2JA4(0) W?2JA,(0)
1 1 N
X (QHWzHViV %JAd(0>W2Q) diag~ (p), (3.28)
where
) vec(In)b?
RN -~ 3.29
Q ]\42 v — K ) ( )
b = JHTHvec (U, UY), (3.30)
M? =RT @R, (3.31)
Q = Jdiag (d) Ay4(0)®(0), (3.32)
T
with d = {—ED,l RN AEEE ED,l] , U, being given in Appendiz A.1, and ®(0) =
T
diag( [cos 0, --- cos QK} ).
Proof. See Appendix A.3 O

Remark 3.8. In Theorem 3.2, it is assumed that Kj; W = W*K; because it simplifies
the expression for the covariance matrix of DoA estimation errors. Further, it is shown in
Appendix A.5 (See Lemma A.7) that the optimal weighting matrix, to be introduced later
in Theorem 3.4, fulfills the constraint. Thus the constraint is not restrictive. However, it
is fairly straightforward to also obtain the covariance matrix of é\wls for the weighting
matrices not satisfying the aforementioned constraint by exploiting the derivations given

in Appendix A.3.

3.4.2 Optimal Weighting Matrix and Achieving CRB

The results presented in Section 3.4.1 are valid for an arbitrary weighting matrix. However,
it is of interest to find an optimal weighting matrix providing the best DoA estimation
performance in terms of MSE. In this regard, we resort to the fact that C,,;;, given in

Theorem 3.2, is lower bounded by the CRB. Thus, a good way of finding the optimal
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weighting matrix is to seek a weighting matrix rendering C,,;s to be identical to the CRB.
Accordingly, in what follows, we first reformulate the CRB expression given in [52] in a
form suitable for establishing equality of C,,;s and the CRB in Theorem 3.3. Then, we
show in Theorem 3.4 that there is a weighting matrix enabling C,,;s to coincide with the
CRB.

Theorem 3.3. The CRB expression given in [52, Eq. (49)] can be reformulated as the

following form

. H H -1 .H . -1
CRB(0) = (dlag(p)ﬂ F (FI/HF) 'F leag(p)) : (3.33)
where F € CM**M*~K) s any matriz whose columns span the null space of All(6)J1
and
M?bb# M?
H=QM?Q" + —— — .34
QM Q" + — oy (3.34)
Proof. See Appendix A.4 O
Theorem 3.4. If the weighting matriz is selected as follows
-1
Wopt = (H}Ad(g)SH}AM +JA(0)AY (a)JT) : (3.35)
where
S =QM?Q" + bb’, (3.36)
then we have Cys = CRB(0).
Proof. See Appendix A.5 O

Remark 3.9. We note that the optimal weighting matrix given in Theorem 3.4 depends
on the true value of the parameters. However, in practice, it can be replaced with a
consistent estimate without affecting the asymptotic performance of the WLS estimator[44,
99, 100, 102]. To this end, we can first use any other consistent estimator like CAB-
MUSIC or CAB-ESPRIT to obtain an initial estimate of 8. Then, we compute a
consistent estimate of the optimal weighting matrix based on the initial estimate of 6
and the sample covariance matrix R. Finally, we use the WLS estimator given in (3.15)
to derive asymptotically statistically efficient estimates of DoAs. This procedure may
be iterated with W,y and @ alternatively estimated. This may enhance the estimation

accuracy especially at low snapshots.
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We are also required to make sure that the optimal weighting matrix is positive definite,
and moreover, its estimate, obtained using the approach explained in Remark 3.9, is
always nonsingular regardless of the available number of snapshots. The following Lemma

addresses this concern.

Lemma 3.2. W, is positive definite and its estimate, obtained through either CAB-
MUSIC or CAB-ESPRIT, is nonsingular regardless of the available number of snapshots.

Proof. See Appendix A.6 [

3.5 Simulation Results

In this section, we provide some numerical results to validate the analytical results
obtained in Section 3.3 as well as to assess the performance of the proposed estimator.
Further, we compare the performance of the WLS estimator proposed in this chapter
with that of CAB-MUSIC [16, 38], CAB-ESPRIT [58], SPA [57] and SCAB-MUSIC
[96]; and we will show that the WLS estimator yields better performance in terms of

resolution, estimation accuracy and statistical efficiency.

3.5.1 General Set-up

In all experiments, each simulated point has been computed by 5000 Monte Carlo
repetitions. In addition, it is assumed that the K independent sources are located at
{-60°+120°(k — 1)/(K — 1)|[k =0,1,--- , K — 1}. All sources have equal powers, i.e.,
pr = p Vk, and the SNR is defined as 10log %. Throughout this section, we use three
different types of SLAs with M = 6 physical elements and the following geometries:

Mnested : {17 27 3> 47 87 12} ) (337)
Mco-prime : {07 27 37 47 6) 9} ) (338)
Myma : {0,1,6,9,11,13} . (3.39)

These SLAs generate the difference co-arrays as:

IDnested : {071727374757677> 8> 97 10711}7 (340)
Deo-prime : 10,1,2,3,4,5,6,7,9}, (3.41)
Dra ¢ {0,1,2,3,4,5,6,7,8,9,10,11,12, 13} . (3.42)
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F1GURE 3.2: RMSE in degree for 6, versus the number of snapshots for a nested
array with M = 6 elements and configuration given in (3.37), SNR = 3 dB, and: (A)
K=4<M;(B)K="17> M.

The optimization problem (3.15) for MRAs and nested arrays is solved through the
algorithm described in Section 3.3.3; and for co-prime arrays it is solved by using the
algorithm given in Section 3.3.4. In both cases, CAB-ESPRIT is used to derive a
consistent estimate of (¥ W~1T')~1. Further, we take the grid from —90° to 90° with
step size 0.001° to implement CAB-MUSIC and SCAB-MUSIC. Moreover, all estimators
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F1GURE 3.3: RMSE in degree for 65 versus SNR for a nested array with M = 6 elements
and configuration given in (3.37), N =500, and: (A) K =4<M; (B) K=7> M.

but SPA need an exact knowledge of the exact number of sources. Hence, for a fair
comparison, SPA is also assumed to know the exact number of sources in all simulations.
For this end, it is implemented by applying MUSIC on the augmented covaraince matrix

estimate obtained from the SPA algorithm.
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3.5.2 MSE vs. the Number of Snapshots

Fig. 3.2 depicts the Root-Mean-Squares-Error (RMSE) for 6, in degree versus the
number of snapshots for the nested array in (3.37). The SNR is assumed to be 3 dB.
In addition, noting M = 6, two different scenarios are considered: (A) K =4 < M,
and (B) K =7 > M. Fig. 3.2 illustrates a close agreement between the RMSE of the
proposed WLS estimator and the CRB when about 70 or more snapshots are available,
indicating asymptotic statistical efficiency of the WLS estimator. Further, a considerable
gap is observed between the performance of CAB-MUSIC (CAB-ESPRIT) and that
of the WLS estimator (the CRB). For instance, at N = 400, Figs 3.3a and 3.3b show
a performance gain of roughly 2.6 dB and 2 dB, respectively, in terms of the RMSE
when the WLS estimator is used. It is also observed that SCAB-MUSIC and SPA
outperform CAB-MUSIC CAB-ESPRIT, but their performance is inferior to that of the
WLS estimator and they are unable to attain the CRB.

Fig. 3.2 also shows that when a small number of snapshots is available, for example
less than 70, all estimators are confronted with substantial performance degradation.
Performance loss of the subspace methods, i.e., CAB-MUSIC, CAB-ESPRIT and SCAB-
MUSIC, is justified by the subspace swap arising from the inaccurate estimate of the
resulting augmented covariance matrix is this case. Further, the underlying reasons for
performance degradation of the WLS estimator in such a regime are twofold. Firstly, as
mentioned in Remarks 1 and 4, the estimates of 02 and p are not precise and might even
yield negative values in this case. Consequently, the value of Qf‘ significantly deviates
from its asymptotic value, i.e., JA4(0)p, which, in turn, causes the minimizer of (15) to
diverge from the true value of 8. Secondly, there exists a poor estimate of the optimal
weighting matrix, i.e., Wqpe. This has a detrimental effect on the performance of the
WLS estimator. However, it is seen that the proposed WLS estimator still has superior

performance compared to the other estimators even in low snapshot paradigm.

3.5.3 MSE vs. SNR

Fig. 3.3 shows the RMSE for 65 in degree versus SNR for the same setup used for Fig.
3.2. The number of snapshots is considered to be N = 500. It is seen in Figs. 3.3a
and Fig. 3.3b that the RMSE of the WLS estimator perfectly matches the CRB for
the considered range of SNR as a consequence of its asymptotic statistical efficiency.

However, the other estimators are not capable of attaining the CRB.

Fig. 3.3a demonstrates that for K =4 < M the RMSEs of the WLS estimator and SPA,
like the CRB, tend to decay to zero as SNR increases while the RMSEs of CAB-MUSIC,
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CAB-ESPRIT and SCAB-MUSIC tend to get saturated at the high SNR regime. For
instance, the RMSEs of CAB-MUSIC and CAB-ESPRIT get saturated at SNR around 5
dB. The underlying cause for this saturation behavior of CAB-MUSIC and CAB-ESPRIT
was already explained in [20, Corollary 2] and [21], respectively, through an analysis of
their MSE expressions. This saturation behaviour of CAB-MUSIC, CAB-ESPRIT and
SCAB-MUSIC renders them highly inefficient as SNR increases while the WLS estimator

remains statistically efficient for the considered range of SNR.

Fig. 3.3b shows that when K =7 < M, the RMSEs of all the estimators as well as the
CRB get saturated at the high SNR regime. The saturation point for the WLS estimator,
SPA and the CRB is at the SNR around 15 dB while for CAB-MUSIC, CAB-ESPRIT
and SCAB-MUSIC it happens at the SNR around 10 dB. Nonetheless, the WLS estimator
still pefroms better than all the other estimators under this condition. For example, at
SNR = 15, the performance gains of about 2.2 dB and 1.3 dB are attained in terms of
RMSE compared to CAB-MUSIC (CAB-ESPRIT) and SCAB-MUSIC, respectively.

3.5.4 Impact of Different SLA Configurations

In Fig. 3.4, we plot the RMSE for 65 in degree versus SNR for different types of SLAs
given in (3.37)-(3.39). The rest of parameters are equal to those in Fig. 3.3. It is readily
observed that there is a good agreement between the RMSE of the WLS estimator and
the CRB regardless of the array geometry. These simulations corroborate the analytical
results where the asymptotic equality of the CRB and the MSE of the WLS estimator
is shown considering a generic SLA. Another observation is that amongst these three
SLAs, MRA is endowed with the least RMSE followed by the nested and co-prime arrays,
respectively. This follows from the distinction between the size of their corresponding
difference co-array in comparison to each other. The difference co-arrays for these SLAs
are given in (3.40)-(3.42). Indeed, the array with a bigger difference co-array size brings
about the lower RMSE.

3.5.5 Resolution Probability

Figs. 3.5 and 3.6 depict the probability of resolution versus SNR for the proposed WLS

estimator, CAB-MUSIC, CAB-ESPRIT, SCAB-MUSIC and SPA. The co-prime and
nested arrays with the configurations given in (3.38) and (3.37) are considered in Figs. 3.5

and 3.6, respectively. The number of snapshots is considered to be N = 500. In addition,

we consider two sources with equal powers, located at #; = 20° — % and 0y = 20° + %

with: (A) A =1°, and (B) Af = 2°. We define the two sources as being resolvable if
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F1GURE 3.4: RMSE in degree for 62 versus SNR for SLAs with M = 6 elements and
different configurations, N = 500, and: (A) K =4 < M; (B) K=7> M.

0 : :
10 —CRB - MRA
o WLS - MRA
. —-CRB - co-prime array
\\ v WLS - co-prime array
: N \\K — CRB - nested array
ON WLS - nested array
10—1 L
1072F
-10
0.8, —CRB - MRA :
075 N\ o WLS - MRA H
! \\ —- CRB - co-prime array|]
0.6 ?\ \‘ v WLS - co-prime array||
05 [N \\ — CRB - nested array
Bol A N

WLS - nested array

-10

5
SNR (dB)
(B)

10 15 20

max |6; — 0;] < % [103]. Figs. 3.5 and 3.6 demonstrate that the WLS estimator has

ie{1,2}

the best resolution performance amongst all the estimators while the SPA resolution
performance is inferior to that of all the other ones. Furthermore, CAB-MUSIC and
CAB-ESPRIT perform almost equivalently and SCAB-MUIC performs slightly better
than them. When Af = 1°, all the estimators but the WLS are unable to resolve the
sources with a probability of 1 even at SNR = 17 dB while the WLS estimator could
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F1GURE 3.5: Probability of resolution versus SNR for a co-prime array with M = 6
elements and configuration given in (3.38), N = 500, and: (A) Af =1°; (B) Af =2°.

achieve a resolution probability of 1 at SNR = 13 dB. In case A6 is increased to 2°, the
WLS achieves SNR gains of 3 dB and 6 dB compared to SCAB-MUSIC, to attain a
resolution probability of 1, when co-prime and nested arrays are used respectively. A
comparison of Figs. 3.5 and 3.6 indicates that the probability of resolution for the WLS,
CAB-MUSIC and CAB-ESPRIT increases when the co-prime array is replaced with the

nested array. This can be justified comparing the aperture size of the co-prime and nested
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FIGURE 3.6: Probability of resolution versus SNR for a nested array with M = 6
elements and configuration given in (3.37), N = 500, and: (A) A0 =1°; (B) Af =2°.

arrays. Indeed, the nested array enjoys a bigger aperture compared to the co-prime
array; thus it is expected to demonstrate a better probability of resolution. However, it
is observed that the resolution probabilities of SCAB-MUSIC and SAP decline as the
nested array is used instead of the co-prime array. This behavior arises from the structure
exhibited by the covarinace matrix in co-prime arrays compared to that of nested arrays.

Hence, SCAB-MUSIC and SAP, utilizing a structured estimate of the covariance matrix,
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are capable of providing a better estimate of the covariance matrix when the co-prime
array is used. This naturally leads to a better covaraince matrix estimate and hence

better DoA estimates.

3.6 Conclusion

In this chapter, a novel WLS estimator for the co-array-based DoA estimation via SLAs
was proposed and its performance is thoroughly analyzed. It was shown that the proposed
WLS estimator provides consistent estimates of DoAs of identifiable sources for any SLAs.
Further, an asymptotic closed-form expression for the resulting covariance matrix of
DoA estimation errors was derived and it was analytically proved that it asymptotically
coincides with the CRB in case the optimal weighting matrix is selected. This implies
that the proposed WLS estimator is asymptotically statistically efficient. It thus closes an
important gap in the co-array-based DoA estimation. Simulation results demonstrated
superior performance of the proposed WLS estimator compared to the existing algorithms

in the literature in terms of estimation accuracy and resolution.






Chapter 4

On the Performance of One-Bit
DoA Estimation via Sparse

Linear Arrays

4.1 Introduction

The problem of Direction of Arrival (DoA) estimation is of central importance in the field
of array processing with many applications in radar, sonar, and wireless communications
[1-3]. Estimating DoAs using Uniform Linear Arrays (ULAs) is well-investigated in the
literature; a number of algorithms such as the Maximum Likelihood (ML) estimator,
MUSIC, ESPRIT and subspace fitting were presented and their performance thoroughly
analyzed [44-47, 717 |. However, it is widely known that ULAs are not capable of

identifying more sources than the number of physical elements in the array [3, 46].

To transcend this limitation, exploitation of Sparse Linear Arrays (SLAs) with particular
geometries, such as Minimum Redundancy Arrays (MRAs) [48], co-prime arrays [17] and
nested arrays [16] has been proposed. These architectures can dramatically boost the
degrees of freedom of the array for uncorrelated source signals such that a significantly
larger number of sources than the number of physical elements in the array can be
identified. In addition, the enhanced degrees of freedom provided by these SLAs can
improve the resolution performance appreciably compared to ULAs [16]. These features
have spurred further research on DoA estimation using SLAs in recent years. A detailed
study on DoA estimation via SLAs through an analysis of the Cramér-Rao Bound
(CRB) was conducted in [52]. Further, a number of approaches to estimating DoAs
from SLA measurements were proposed in the literature. In general, the proposed

approaches can be classified under two main groups: 1. Sparsity-Based Methods (SBMs);
51
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2. Augmented Covariance-Based Methods (ACBMs). SBMs estimate DoAs by imposing
sparsity constraints on source profiles and exploiting the compressive sensing recovery
techniques [15, 35-37, 55-57]. However, in ACBMs, DoAs are estimated by applying
conventional subspace methods such as MUSIC and ESPRIT on an Augmented Sample
Covariance Matrix (ASCM) developed from the original sample covariance matrix by
exploiting the difference co-array structure [16, 38, 95]. In addition, the authors of
this paper recently proposed a Weighted Least Squares (WLS) estimator capable of
asymptotically achieving the corresponding CRB for DoA estimation from SLA data
[53, 104].

The aforementioned techniques for DoA estimation from SLA data rest on the assumption
that the analog array measurements are digitally represented by a significantly large
number of bits per sample such that the resulting quantization errors can be disregarded.
However, the production costs and energy consumption of Analog-to-Digital Converters
(ADCs) escalate dramatically as the number of quantization bits and sampling rate
increase [21]. In consequence, deployment of high-resolution ADCs in many modern
applications, e.g. cognitive radio [22], cognitive radars [23], automotive radars [24], radio
astronomy|[25] and massive multiple-input multiple-output (MIMO) systems[26], is not
economically viable owing to their very high bandwidth. In order to reduce energy
consumption and production cost in such applications, researchers and system designers
have recently proposed using low-resolution ADCs. As an extreme case of low-resolution
ADCs, one-bit ADCs, which convert an analog signal into digital data using a single
bit per sample, has received significant attention in the literature. One-bit ADCs offer
an extremely high sampling rate at a low cost and very low energy consumption [21].
Additionally, they enjoy the benefits of relatively easy implementation due to their simple
architecture [34]. In the past few years, numerous studies were conducted to investigate
the impact of using one-bit sampling on various applications such as massive MIMO
systems [27, 28, 64—66], dictionary learning [67], radar [29, 687 —70], and array processing
[32, 33].

4.1.1 Relevant Works

The problem of DoA estimation from one-bit quantized data has been studied in the
literature presuming both the deterministic signal model [71] and the stochastic signal
model [46]. The studies in [39-43] presuppose the deterministic signal model. The authors
in [39] developed an algorithm for reconstruction of the unquantized array measurements
from one-bit samples followed by MUSIC to determine DOAs. The ML estimation was
deployed in [40] for finding DoAs from one-bit data. In [43], the authors utilized a

sparse Bayesian learning algorithm to solve the DoA estimation problem from one-bit
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samples. Two sparsity-based approaches were also proposed in [41, 42]. Further, DoA
estimation from one-bit data assuming the stochastic signal model has been discussed in
[32, 33, 72, 73]. In the special case of a two-sensor array, the exact CRB expression for
the DoA estimation problem from one-bit quantized data was derived in [32]. Moreover,
an approach for estimating DoAs from one-bit ULA samples was proposed in [32] which
is based on reconstruction of the covariance matrix of unquantized data using the arcsine
law [74]. In contrast to the approach employed in [75] which relies on the covaraince
matrix reconstruction of unquantized data, the DoA estimation was performed in [73]
by directly applying MUSIC on the sample covariance matrix of one-bit ULA data.
The numerical simulations demonstrated that the approach proposed in [73] performs
similar to the algorithm proposed in [32] in the low Signal-to-Noise Ratio (SNR) regime.
An upper bound on the CRB of estimating a single source DoA from one-bit ULA

measurements was derived in [33].

The aforementioned research works considered using ULAs for one-bit DoA estimation.
Exploitation of SLAs for one-bit DoA estimation has been studied in [75-78]. The
authors in [75] deployed the arcsine law [74] to reconstruct the ASCM from one-bit SLA
data. Then, they applied MUSIC on the reconstructed ASCM to estimate DoAs. It
was shown in [75] that the performance degradation due to one-bit quantization can,
to some extent, be compensated using SLAs. An array interpolation-based algorithm
was employed in [78] to estimate DoAs from one-bit data received by co-prime arrays.
Cross-dipoles sparse arrays were deployed in [77] to develop a method for one-bit DoA
estimation which is robust against polarization states. In [76], the authors proposed an

approach to jointly estimate DoAs and array calibration errors from one-bit data.

Nonetheless, the analytical performance of DoA estimation from one-bit SLA measure-
ments has not yet been studied in the literature and performance analysis in the literature
has been limited to simulations studies. Therefore, fundamental performance limitations

of DoA estimation form one-bit SLA measurements have not well understood.

4.1.2 Owur Contributions

It is of great importance to analytically investigate the performance of DoA estimation
from one-bit SLA measurements. Such a performance analysis not only provides us with
valuable insights into the performance of DoA estimation from one-bit SLA data but
also enables us to compare its performance with that of DoA estimation using infinite-bit
(unquantized) SLA data. Hence, as one of the contributions of this paper, we conduct a
rigorous study on the performance of estimating source DoAs from one-bit SLA samples.

Furthermore, we propose a new algorithm for estimating source DoAs from one-bit SLA
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measurements and analyze its asymptotic performance. Specifically, the contributions of

this paper are described as follows:

e Identifiability Analysis: We study the identifiability conditions for the DoA
estimation from one-bit SLA data. We first show that the identifiability condition
for estimating DoAs from one-bit SLA data is equivalent to the case when DoAs
are estimated from infinite-bit (unquantized) SLA data. Then, we determine a
sufficient condition for global identifiablity of DoAs from one-bit data based on the

relationship between the number of source and array elements.

e CRB Derivation and Analysis: We derive a pessimistic approximation of the
CRB of DoA estimation using one-bit data received by an SLA. This pessimistic
CRB approximation provides a benchmark for the performance of DoA estimation
algorithms from one-bit data. Additionally, it helps us to spell out the condition
under which the Fisher Information Matrix (FIM) of one-bit data is invertible, and
thus, the CRB is a valid bound for one-bit DoA estimators. Further, we derive the

performance limits of one-bit DoA estimation using SLAs at different conditions.

e Novel One-bit DoA Estimator: We propose a new MUSIC-based algorithm
for estimating DoAs from one-bit SLA measurements. In this regard, we first
construct an enhanced estimate of the normalized covariance matrix of infinite-bit
(unquantized) data by exploiting the structure of the normalized covariance matrix
efficiently. Then, we apply MUSIC to an augmented version of the enhanced

normalized covariance matrix estimate to determine the DoAs.

e Performance Analysis of the Proposed Estimator: We derive a closed-
form expression for the second-order statistics of the asymptotic distribution
(for the large number of snapshots) of the proposed algorithm. Our asymptotic
performance analysis shows that the proposed estimator outperform its counterparts
in the literature and that its performance is very close to the proposed pessimistic
approximation of the CRB. Moreover, the asymptotic performance analysis of the
proposed DoA estimator enables us to provide valuable insights on its performance.
For examples, we observe that the Mean Square Error (MSE) depends on both the
physical array geometry and the co-array geometry. In addition, we observe that

the MSE does not drop to zero even if the SNR approaches infinity.

e Wider Applicability of the derived performance Analysis: We provide
a closed-form expression for the large sample performance of the one-bit DoA
estimator in [75] as a byproduct of the performance analysis of our proposed DoA

estimator.
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Chapter organization: Section 4.2 describes the system model. In Section 4.3, the
identifiability condition for DoA estimation problem from one-bit quantized data is
discussed. Section 4.4 presents the pessimistic approximation of the CRB and related
discussions. In Section 4.5, the proposed algorithm for DoA estimation from one-bit
measurements is given and its performance is analyzed. The simulation results and

related discussions are included in Section 4.6. Finally, Section 4.7 concludes the chapter.

4.2 System Model

We consider an SLA with M elements located at positions (mlg, mgg, e ,mM%) with
m; € M. Here M is a set of integers with cardinality |IM| = M, and A denotes the
wavelength of the incoming signals. It is assumed that K narrowband signals with
distinct DoAs @=[01,0s,--- ,0x]" € [-7/2,7/2]5* impinge on the SLA from far field.

The signal received at the array at time instance ¢t can be modeled as
y(t) = A(0)s(t) + n(t) e CM*L t=0,-.- N -1, (4.1)

where s(t) € CK*! denotes the vector of source signals, n(t) € CM*! is additive noise,

and A(0) =[a(01),a(62),---,a(0k)] € CM*K represents the SLA steering matrix with

a(ek):[ejwsinekrrLl’ ejﬂ'sinek.mg7 . ejfrsinOk.mM]T7 (42)

)

being the SLA manifold vector for the i*® signal. Further, the following assumptions are

made on source signals and noise:
A1 n(t) follows a zero-mean circular complex Gaussian distribution with the covariance
matrix E{n(t)nf! (t)} =c?1,;.

A2 The source signals are modeled as zero-mean uncorrelated circular complex Gaussian
random variables with covariance matrix E{s(t)s’(t)} = diag(p) where p =

[p17p27 e JpK]T S ]RI>{6<1 (i'e'a Pk > 07 \V/k)
A3 Source and noise vectors are mutually independent.

A4 There is no temporal correlation between the snapshots, i.e., E{n(t;)n (t5)} =
E{s(t1)s"(t2)} = 0 when t; # ¢, and 0 is an all-zero matrix of appropriate

dimensions.
Based on the above assumptions, the covariance matrix of y(¢) is expressed as

R = A(0)diag(p)AT(8) + 0°I; € CM*M, (4.3)
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The contiguous ULA segment

FIGURE 4.1: Array geometry of a co-prime array with M = 6 elements: (a) physical
array with M = {0,2,3,4,6,9}; (b) difference co-array with D = {0,1,2,3,4,5,6,7,9}
and v = 8.

Vectorizing R leads to [38, 52, 53]

r = vec(R) = (A*(8) ® A(8)) p + o2vec(Iyy),
= JA4(0)p + 02Je € CM*¥1, (4.4)

where A4(0) € C2D-DXK corresponds to the steering matrix of the difference co-array
of the SLA whose elements are located at (—KD_lg, <o 0, ,KD_lg) with ¢; € D =
{mp — my| : my,my € M} and D = |D|. Moreover, e € {0,1}2P=D*1 is a column
vector with [e]; = d[i — D], and the selection matrix J € {0, 1}#°*(2P=1) ig represented

as follows [52]:
J= [vec(Lg_l), -+, vec(Lg), -+, vec(Lp_1)|, (4.5)

1, if my —mg =4y, )
where [Ly]pq = with 1 <p,g< M and 0 <n <D -—1. The
0, otherwise,

steering matrix of the difference co-array includes a contiguous ULA segment around the
origin with the size of 2v — 1 where v is the largest integer such that {0,1,--- ,o—1} C D.
The size of the contiguous ULA segment of the difference co-array plays a crucial role
in the number of identifiable sources such that K distinct sources are identifiable if
K < wv—1. Hence, in case the SLA is designed properly such that v > M, we are able to
identify more sources than the number of physical elements in the SLA; exploiting the
resulting structure of R efficiently[16, 17, 52, 53]. An illustrative example of an SLA,
the corresponding difference co-array, and its contiguous ULA segment is presented in
Fig. 4.1.

Here it is assumed that each array element is connected to a one-bit ADC which
directly converts the received analog signal into binary data by comparing the real and

imaginary parts of the received signal individually with zero. In such a case, the one-bit

h

measurements at the m'® array element are given by

[x<t>1m—;isgnm{[ya)]mmé sen (S{[y(H)lm}) - (4.6)
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The problem under consideration is the estimation of source DoAs, i.e., 8, from one-bit
quantized measurements, ie., X = |x(0), x(1), ---, x(IN —1)|, collected by the
SLA.

4.3 Identifiability Conditions

Note that there is a significant information loss expected when gping from infinite-bit
(unquantized) data, ie., Y = [y(0),y(1), -+ ,y(M)], to one-bit data, i.e., X. This
information loss may affect the attractive capability of SLAs to identify a larger number
of uncorrelated sources than the number of array elements. To address this concern,
we will consider the identifiability conditions for DoA estimation from one-bit SLA
measurements in this section. Before proceeding further, we first need to give a clear

definition of indetifiability for this problem.

Definition 4.1 (Identifiability). Let f(X | 8, p,0?) denote the Probability Density

Function (PDF) of X parameterized by @, p and o. Then, the source DoAs are said

to be identifiable from X at point 8y € [—m/2,7/2]5*1 if there exist no 8 # 6 €

[—7/2,7/2]%*! such that f(X | 6y, p,0?) = f(X | é,f),éz) for any arbitrary values of
Kx1

p € RE;, p e RE, 02 and 42 [105, Ch. 1, Definition 5.2 [106, pp. 62].

Remark 4.1. The above definition can be used for identifiabilty of 8y from Y by
replacing f(X |6, p,o?) with (Y |0, p,o?).

Based on the above definition, the necessary and sufficient condition for a particular

DoA point to be identifiable from one-bit SLA data is given in the following Theorem.

Theorem 4.1. The source DoAs are identifiable from X at g € [—7/2,m/2]%*1 if and
only if they are identifiable from Y at 6.

Proof. See Appendix B.1. O

The above Theorem shows that the identifiability condition for the DoA estimation
problem from one-bit SLA measurements is equivalent to that for the DoA estimation
problem from infinite-bit (unquantized) SLA measurements. Hence, the information loss
arises from one-bit quantization does not influence the number of identifiable sources.
However, Theorem 4.1 simply spells out the identifiability condition of a single DoA
point. A sufficient condition for global identifiablity of source DoAs from one-bit data is

given in the following theorem.
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Definition 4.2 (Global identifiability). The source DoAs are said to be globally identifi-
able from X if there exists no distinct 8 € [—7/2, 7/2/5* and 0 € [—7/2, /2] such
that f(X | 0,p,0?) = f(X | 5,13,52) for any arbitrary values of p € ]Ri(OXl, p €< IRI;OXI,
o2 and o2.

Theorem 4.2. The sufficient conditions for global indentifiability and global non-

indentifiability of source DoAs from one-bit SLA data are given as follows:

S1 The source DoAs are globally identifiable (with probability one) from X for any
value of @ € [—m/2, /)5 if K < v —1.

S2 The source DoAs are globally unidentifiable from X for any value of @ € [~ /2, 7 /2]5*1
if K> D.

Proof. See Appendix B.2. O

Having revealed that one-bit quantization does not affect the indentifiability conditions
of source DoAs, we will investigate the performance of DoA estimation from one-bit SLA

data through a CRB analysis in the next section.

4.4 Cramér-Rao Bound Analysis

It is well-known that the CRB offers a lower bound on the covariance of any unbiased es-
timator [107]. Hence, it is considered as a standard metric for evaluating the performance
of estimators. In particular, the CRB can provide valuable insights into the fundamental
limits of estimation for specific problems as well as the dependence of the estimation
performance on various system parameters. Deriving a closed-form expression for the
CRB requires knowledge of the data distribution. However, the data distribution may
not be known for some problems. In such cases, the Gaussian assumption is a natural

choice which leads to the largest CRB in a general class of data distributions [108].

In the problem of DoA estimation from one-bit SLA measurements, the true PDF of
one-bit data is obtained from the orthant probabilities [109] of Gaussian distribution,
for which a closed-form expression is not available in general. Motivated by this fact, in
what follows, we derive a pessimistic closed-form approximation for the CRB of the DoA
estimation problem from one-bit SLA data through considering a Gaussian distribution
for x(t). This pessimistic closed-form approximation is used for benchmarking the
performance of one-bit DoA estimators as well as for investigating the performance limits

of the DoA estimation problem from one-bit data. Making use of assumptions A1-A4,
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it is readily confirmed that E{x(¢)} = 0. Further, the arcsine law [74] establishes the

following relationship between R and Ry:
H 2 s
Rx = E{x(t)x™ (t)} = —arcsine(R), (4.7)
T

where [arcsine(R)]m.n = arcsin(R{[R]m,n}) + j arcsin(S{[R].»}) and

— 1
R-— R
o? + Zk:1 Pk
K
= A(6)diag(P)A™ (6) + (1 - _pp)lar, (4.8)
k=1
is the normalized covariance matrix of y(t) with p = [py,Pq, - D)’ and p, =
P . It follows from (4.7) and (4.8) that Ry is a function of the parameters

J2+Z£{:1 Pk
0 and p. Let o = [0, p]” denote the vector of unknown parameters. Then, considering

the Gaussian assumption, the worst-case Fisher Information Matrix (FIM) Z,,(p) is given
by [107]

_ Ntr(R- ORx _ _; ORx
[Iw(Q)}mm = Ntr(Ry a[g]me 8[Q]n)

orld Orx
dlelm dleoln’

=N

(RyT @R (4.9)

where ry = vec(Ry) and the last equality is obtained by using the relation tr(C;C2C3C4) =
vec (CI)(CT ® C3)vec(CL). From (4.4), (4.7) and (4.9), we obtain

2 _
rx = —arcsine(vec(R))
™
9 K
= ZJarcsine (Ad(e)p +(1=-> pk)e> . (4.10)
™
k=1
Computing the derivative of ryx with respect to 6, and p,, yields
Ory . _ . . = ..
2, " cos(0y)ppIdiag(d) [diag(h)R{aq(0y)} + jdiag(h)3{as(6x)}] , (4.11)
Ory . N
— =J [diag(h)R{aq(0))} + jdiag(h)S{aq(0k)}] (4.12)

0Py,
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where h and h are given by

h= 1 e 0 - 1 r
= \/1—|§R{ZkK:1?keijﬂsmekéD_l}P \/1_|§R{Z£(:1ﬁkejﬂsinekéD_l}P )
(4.13)
h— 1 N L g
= V1SS e TR kD12 V1-1S(ZE pper™ e Okip—1y2 |
(4.14)

ay(0;) denotes the k™ column of Ag(@) and d = [~fp_1,--- , 4o, ,€p_1]T. It follows
from (4.9), (4.11) and (4.11) that

(el I —— -1
Tu(@) = N |, |17 (RS 0 RS G V|, (4.15)
where
G =jrdiag(d)[diag(h)R{A4(8)} + jdiag(h)I{A4(6)}] ®(6)diag(p), (4.16)
V =diag(h)R{A4(0)} + jdiag(h)S{A4(0)}, (4.17)
with ®(0) = diag([cos 01, cosfa,--- ,cosOx]T). If T,(@) is non-singular, a pessimistic

approximation for the CRB of estimating DoAs from one-bit SLA data can be obtained
through inverting Z,,(0). Hence, we need to first establish the non-singularity of Z,, ().

Lemma 4.1. Define T = [A F} e CRP-1)x2K “yhere

A = diag(d)[diag(h)R{A4(0)} + jdiag(h)S{A4(0)}], (4.18)
F = diag(h)R{A4(0)} + jdiag(h)3{A4(0)}. (4.19)
Then, Ly, (0) is non-singular if and only if the matriz X is full column rank.
Proof. See Appendix B.3 O

Remark 4.2. Assuming Z(p) to be the true FIM, it follows from Z(g) > Z,,(o) that X

being full column rank is also a sufficient condition for the non-sigularity of Z(p).

Theorem 4.3. Let CRB(0) denote the the CRB for source DoAs 6 from X. If Z,,(0)
is non-singular, then a pessimistic approximation of CRB(0), denoted by CRB,(0), is
given by

CRB(0) < CRB,(8) = ﬁ(QHniA %VQ)_l, (4.20)



On the Performance of One-Bit DoA Estimation via Sparse Linear Arrays 61

where
H T )
M=1J (arcsine(R ) ® arcsine(R)) J, (4.21)
0-1a (4.22)
T
Q = M2diag(d)Q®(0)diag(p), (4.23)

with G and 'V being given in (4.16) and (4.17), respectively.

Proof. See Appendix B.4 O

Remark 4.3. We note that CRB,(0) bears a superficial resemblance to the CRB

expression for DoA estimation from unquantized data, given by [52, Theorem 2]

CRBy(0) = z&ﬂ @k, Q). (4.24)
where

M = JH (ﬁT ® E)fl J, (4.25)

Q = Mzdiag(d)A4(0)®(0)diag(p), (4.26)

V= [Ad(e) e] . (4.27)

Theorem 4.4. Assume all sources have equal power p and SNR = p/o®. Then, we have

lim CRB,(0) = 0, (4.28)
SNR—o0

Proof. See Appendix B.5 O

Remark 4.4. Theorem 4.4 implies that the CRB,,(6) does not go to zero as the SNR
increases. As a consequence, in the one-bit DoA estimation problem, we may not be able

to render estimation errors arbitrarily small by increasing the SNR.

4.5 Proposed One-Bit DoA Estimator

In this section, we first derive an enhanced estimate of the normalized covariance matrix
of y(t), i.e., R, from one-bit SLA measurements through exploiting the structure of R.
Then, we obtain DoA estimates by applying Co-Array-Based MUSIC (CAB-MUSIC)
[38, 59] to the enhanced estimate of R. Further, we investigate the analytical performance

of the proposed method for estimating DoAs from one-bit measurements.
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4.5.1 Enhanced One-Bit Co-Array-Based MUSIC

It is deduced from the strong law of large numbers [110, ch. 8] that the sample covariance
matrix of one-bit measurements provides a consistent estimate of Ry with probability 1,

ie.,

Pr < lim Ry = Rx> =1, (4.29)
N—o00
where Ry = +XX* . In addition, reformulating (4.7) provides R based on the covariance

matrix of one-bit data as follows:

R = Sine(ng), (4.30)

where [sine(5Rx)]m.n = sin(3R{[Rlmn}) + jsin(3S{[R]m,}). Accordingly, a consistent

estimate of R is obtained as

_ A~

R = Sine(ng). (4.31)

Most of the algorithms in the literature employ ﬁ for estimating DoAs from one-bit
measurements [32, 75]. However, an enhanced estimate of R compared to ﬁ can be
found if the structure of R is taken into account. This enhanced estimate could in
turn yield a better DoA estimation performance. In what follows, we introduce such an
enhanced estimate of R by exploiting its structure. Then, we use this enhanced estimate

to improve the DoA estimation performance from one-bit data.

It is readily known from (4.8) that R has the following structure
B D-1 D—1
R=Iy+ > uLn+ Y upLl, (4.32)
n=1 n=1

where u, = Zszl Pre? ™0kt and L, is given after eq. (4.5) for 1 <n < D — 1. It can
be observed from (4.32) that the diagonal elements of R are all one while the off-diagonal
elements are parameterized by the vector u = [u1,--- ,up_1]7 € CP-D*1 This means
that there exist only 2D — 2 free real parameters in R. Let # € CM “=M)x1 he the vector
containing the off-diagonal elements of R, obtained by removing the diagonal elements

of R from vec(R). Evidently, i is given by

| [“] —JUe, (4.33)
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where ¢ = [R{u)T, ${u)T]T € RCP-1D),

Ip.1 —9Ip_
v | Pl .] D-1| (4.34)
Ip1 JjIp-1

and J € {0, 1}(M2_M)X(2D_2) is obtained by removing the D-th column as well as the
rows with indices (i — 1)M + 1 for all 1 <i < M from J. It follows from (4.33) that R
is parameterized by the real-valued vector ¢. We wish to find ¢ € E = {¢ | R(¢p) = 0}
from f{x. To this end, let Fx € RIM?=M)x1 denote the vector made from the off-diagonal
clements of Ry. For large N, it follows from the Central Limit Theorem (CLT) [110,
ch. 8] that the distribution of Fx asymptotically approaches a complex proper Gaussian
distribution, i.e., T BeN (Fx, ﬁiNE), where Ty is the vector obtained from stacking the
off-diagonal elements of Rx and 3 = WQTNE{(;X — i) (P — Bx) T} € QMM (M =M)
The closed-form expressions for the elements of ¥ are provided in Appendix B.11. It is
observed that the elements of 3 are functions of ¥, thereby parameterized by ¢ as well.
Considering the transformation (4.31), the asymptotic distribution of the off-diagonal

elements of R, denoted by e (D(MQ*M)XI, is given by

~ NMQ—M
fE] )= <(27T)M2M det(2(¢))> (4.35)

" exp{—NJarcsine(¥) — JW arcsin(¢)]? =1 (¢)[arcsine(¥) — JP arcsin(¢)]} '
L7 (1= [@]2) (1~ [l poy)¥

Hence, the asymptotic ML estimation of ¢ from f is derived as follows;

$ = argmin L(¢), (4.36)
PEB

where the cost function L(¢) is given by

)

L(¢) =Indet(E(e)) — Y v In(1 = [¢2)(1 = [#]71p-1)

(]

3
Il
| =

W arcsin(¢)| 71 (p)[arcsine(¥) — J® arcsin(¢p)],  (4.37)

+ Nlarcsine(¥) —

[}

with v, = |[vec(L,)||?>. However, the minimization of (4.37) with respect to ¢ is very
complicated owing to the nonlinearity of the cost function as well as the constraint ¢ € IE.
To make the problem computationally tractable, we first find an asymptotic equivalent
approximation of L(¢) which is much simpler to minimize. Let v € E5 C R(M?-M)x1
be the (M? — M) x 1 vector containing the real and imaginary parts of the elements

of R above its main diagonal elements. Obviously, there is the following relationship
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between ¢ and ~:
v =FJ¥¢ € E,, V¢ € Ey, (4.38)

. ~, 17T
where F = L [FT jFT} € {0, 1} (M= M)x(M>=M) quch that for all 1 < p < g < M:

(1) . (M2—=M) x(M2—M) - .
1. the ((p— DM +q— T)—th rows of F € {0,1} =2 is obtained by
removing the elements with indices (i — 1)M + 1 for all 1 <7 < M from ég ® ég +
el ®el with [ey], = d[p—n] for 1 <n < M.

(p+1) - MX(MQ—M) . .
2. the ((p —1)M +q— %)—th rows of F € {0,1} 2 is obtained by
removing the elements with indices (i —1)M +1 for all 1 <i < M from e ®e] —

ég®ég with [€p], = 0[p —n] for 1 <n < M.

Lemma 4.2. The matrices F, ¥ and J are full rank.
Proof. See Appendix B.6. O

The mapping from ¢ € Ey to v € IE, is one-to-one due to the full rankness of F, ¥ and
J. Hence, it is possible to equivalently reparameterize (4.37) in terms of ~ instead of ¢.
This can be done by simply replacing ¢ with \IlfleFfl’y. To achieve computational
simplification, we make use of the fact that a consistent estimate of v can be obtained
as vy = F¥. We can see that vy € RM*-M)x1 ¢ I, with probability one, since the E is
a zero-measure subset of R(M*=M)x1, Now, considering the Taylor series expansion of

L(~) around 7, we obtain

L(v) =L(3) + (v = 7)"V4L(F)

3G IVELE)F )+ (439

where V., L(¥) and V2 L(%) denote the gradient vector and the Hessian matrix of L(v)
with respect to v, computed at 7, respectively. The first term in (4.39) is constant and,
moreover, the higher other term can be neglected for large N considering the fact that
~ is a consistent estimate of «v. Consequently, making use of (4.38) and the fact that

¥ = F¥, we have

é ~ argmin (JT¢p — %)HFHV,YL(’T/)
BEE,

+(F - TeP)TFIVILFA)F(F — TT). (4.40)

The above quadratic optimization problem is asymptotically equivalent to (4.36) but is

much more convenient to work with. Relaxing the constraint ¢ € ¢y with ¢ € R2P—2
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yields the following closed-form solution for qg
~ _ N1
b ~0! (JHFH viLﬁ)FJ) 77
X [FH V2 L(7)Ff — F# va(fy)} . (4.41)

To derive the final expression for ¢, we need to calculate V4L(¥) and V%Lﬁ) It is
straightforward to derive L(7y) by making use of (4.38). It follows that

Vo L(7) = 8(%), (4.42)
where [g(7)ln = iy + ZEGaE Y for 1 < < M2 — M. Additionally, the Hessian
matrix at 4 is obtained as

V2 L(3) =Ndiag(b)F S~ 'F~'diag(b) + E(7), (4.43)
- = N Vn n 2
where ¥ = 3(5), [b], = m, for 1 <n < M?—M and [E(d)]n, = % +
W. Inserting (4.42) and (4.43) into (4.41) leads to

B —1
—~ _ ~ ~ ~ —  E(~
¢ ~¥ ! | T'FH diag(b)F 7S 'Fdiag(b)FJ + ](\7)

R =R - _ H ~ "t N H ~
« 37 <FH diag(D)F #5517 diag(B)FF + - EW)FZ, Fe() ) (4.44)

N

In the above equation, the terms / and N can be neglected for large N, thus (4.44) may
be simplified as

~

. —~ —~ o~ N1
& ~w! (JHFH diag(b)F~1 2’1F’1diag(b)FJ>

x TTFH diag(b)F 2 S~ 'F~diag(b)F¥t. (4.45)

Hence, from (4.33), an enhanced consistent estimate of T = vec(R) is derived as follows

r=J|1 o 0

0 Ip1 —jIp_ .
A] (4.46)

0 Ip_1 JjIp—

Remark 4.5. Considering limy_,o0 F = T, it is readily observed from (4.33) and (4.45)
that gg is a consistent estimate of ¢. This in turn implies that T is also a consistent

estimate of T.
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Algorithm 1 EOCAB-MUSIC

Input: SLA one-bit observations, i.e., X.
Output: The estimates of source DoAs.
1: Compute the sample covariance matrix of one-bit data as Rx =1 XXH

2: Compute R from (4.31).

3: Form T by removing the > diagonal elements of R from vec(R).
4: Compute ~ v from ~ vy = Fr.

5. Compute b using [b] =— for1<n<M?- M.

1- H] ?’

6: Compute > by replacing R with R in the closed-form expressions for the elements
of 3 given in Appendix K.

7. Compute ¢ from (4.45).

8: Compute T from (4.46).

9: Compute R, from (4.47).

10: Apply MUSIC to R, to estimate DoAs.

To estimate DoAs using %, we resort to CAB-MUSIC [75]. Specifically, we first construct

the normalized augmented covariance matrix as

~

R, = [TUJT% T, JiT - TlJTﬂ € v, (4.47)
where T; is a selection matrix, defined as

Ti= [Opienovoty T Ouqpoy) € {0,1CP7D. (4.48)

It follows from the consistency of T that

lim R, = [T,0% T, ,Jf .. T ec
N—o00
= A,(0)diag(p)AZ () +7°1,, (4.49)
where A,(0) = [a, (01),a, (02),--- ,a, (0x)] € C**K denotes the steering matrix of a

,%,-++,(v—1)%). Hence, we can apply

MUSIC to R, to estimate the DoAs. We call the proposed method Enhanced One-bit
CAB-MUSIC (EOCAB-MUSIC). Algorithm 1 summarizes the steps of EOCAB-MUSIC.

contiguous ULA with v elements located at (0, 5

Remark 4.6. The computational complexity of each step of Algorithm 1 is separately
specified in Table 4.1 where G(n), K(n) and Z denote the complexity of the chosen
algorithm for multiplication of two n-digit numbers, the complexity of integration in
(108) and the number of grid point of the MUSIC algorithm, respectively. Considering
that D and v are typically in the order of M? and, moreover, n and M are normally very
smaller than Z, it follows from Table 4.1 that the complexity of EOCAB-MUSIC is in the
order of O(MN + M?(G(n)(Z + M*) + K(n)M?)). On the other hand implementation
of OCAB-MUSIC needs only steps 1, 2, 9 and 10 in algorithm 1. Hence, its complexity
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TABLE 4.1: Complexity of the steps of Algorithm 1

Step order Complexity
O(MN)
O(G(n)y/nM?)
O(M?)
O(G(n)M*)
O(G(n)M?)
O(K(n)M*)
O(G(n)(DM* + M5 + D3))
O(G(n)(D*M?)
O(G(n)(M?v(2D — 1 +v))
O(G(n)(2M* + M?))

OO0 N[ T | W[N]+~

—_
)

is given by O(MN + M?G(n)(Z + M*)). Typically, we have G(n)(Z + M*) > K(n)M?,
implying that the complexity of EOCAB-MUSIC is almost in the same order as that of
OCAB-MUSIC.

4.5.2 Asymptotic Performance Analysis

In this section, we investigate the asymptotic performance of the proposed estimator
through the derivation of a closed-form expression for the second-order statistics of the
asymptotic distribution (as N — o0o) of the DoA estimation errors. Our main results are

summarized in Theorem 4.5, Corollary 4.1, Corollary 4.2 and Theorem 4.6.

Lemma 4.3. 6 obtained by EOCAB-MUSIC is a consistent estimate of 0 if K < v — 1.

Proof. See Appendix B.7 ]

Theorem 4.5. The closed-form expression for the covariance of the asymptotic distribu-
tion (as N — o0) of the DoA estimation errors obtained by EOCAB-MUSIC is given

by
(02 + 3K o) R T WI) T WrwI @' wI) T 27 )

Nm 2Pk1pk2 Qk, Gk, €Os Ok, cos Oy,

Eekl Oy — , (4.50)
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where

z =Bk ® ag, (4.51)
By =11, , diag(v)a,(f), (4.52)
o =AlT (), (4.53)
ar =2y (6),)diag(v)I1x, diag(v)a, (6, (4.54)
W =Fdiag(b)F 2~ 'F~ldiag(b)F (4.55)

=5 (/1 RO w— R{F (456)
1= R x \1— 94 )&e{[ !

J Wl — [P x Vl — [R{ElP
/1= BRI 1~ UL ) (),

forl <n < M?—M, ¥ € CM*=M)x(M*~M)

withv =0,1,2,--- ,v=1]7, [b], = ——=
[ ] [7]” \ 1—|[v]nl?
as given in Appendiz B.11, T € C *2P=2) 45 defined in (B.38) in Appendix B.8, and

kth

1 being the column of I.

Proof. See Appendix B.8 ]

corollary 4.1. The asymptotic MSE expression (as N — oc) for the DoA estimates
obtained by EOCAB-MUSIC is given by

Eo, = E{ (O, — O1)%}

(P 1pk/)2§R{zTT(J wI) ' T wrwi T wi) T zk} (4.57)
N N72p2qi cos? by, ’

corollary 4.2. The covariance of the asymptotic distribution (as N — oo) of the DoA
estimation errors and the asymptotic MSE expression (as N — oo) for the one-bit
DoA estimator given in [75], named as One-bit CAB-MUSIC (OCAB-MUSIC), is easily
obtained by replacing W with Iyp2_yr in (4.50) and (4.57), respectively.

Proof. See Appendix B.9 O

Remark 4.7. It is concluded from Corollary 4.1 and Corollary 4.2 that, similar to
Infinite-bit Co-Array-Based MUSIC (ICAB-MUSIC) [38], the MSEs of EOCAB-MUSIC
and OCAB-MUSIC also depend on both the physical and the virtual array geometries
through A,(#) and R, respectively.
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Remark 4.8. Another interesting implication of Corollary 4.1 is that the MSEs of
EOCAB-MUSIC and OCAB-MUSIC reduce at the same rate as that of ICAB-MUSIC
[38] with respect to N; i.e. &, o % for both.

Remark 4.9. It is readily clear from the definition that T is a function of the SNR, and
not p and ¢2. This indicates that W and T are also functions of the SNR instead of p
and 2. Further, multiplying the numerator and denominator of (O‘Q—FZﬁ:l pr)? /2 by
1/0* reformulates it as a function of the SNR. These observations imply that the MSEs
of EOCAB-MUSIC and OCAB-MUSIC are functions of the SNR instead of p and 2.
This fact can also be deduced directly from system model where we have

[x(tnmz\lﬁsgn <%{[y<t>}m}>+j§ sen (3{[y (1)]m})

_ %Sgn (%{ [Y(f,)]m}>+ \j@ e <g{[y<?lm})_ (4.58)

for ¢ > 0. This implies that, without loss of generality, the power of each source can

consider to be equal to the SNR for that source and the noise variance can be consider

to be equal to 1.

Theorem 4.6. Assume all sources have equal power p and SNR = p/o?. Then, for a
sufficiently large SNR, the MSE of EOCAB-MUSIC converges to the following constant
value:

K2

lim & ———
SNR—oco *  Nw2q? cos? by,

$ R T(T T Wood) T W T W T WD) T 21} > 0, (4.59)

where W, and T'sy are obtained by replacing R, i and ~ in the definitions of W and T
(kindly refer to Theorem 4.5) with Roo, Yoo and Yoo, respectively, where

_ 1 1
Roo = —A0)AT(0) + (1 - )1 4.
o= AO)AN () +(1- )y, (4.60)
Yoo s the (M? — M) x 1 vector containing the real and imaginary parts of the elements
of Ro above its main diagonal elements and Voo = \Il_leF_l'yoo.
Proof. See Appendix B.10. O

Remark 4.10. It follows from Theorem 4.6 that it is not possible to make the MSEs of
EOCAB-MUSIC and OCAB-MUSIC arbitrarily small by increasing the SNR.
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4.6 Simulation Results

In this section, we provide some numerical results to validate the analytical results
obtained in previous sections as well as to assess the performance of the proposed
DoA estimator. Specifically, we will show that the proposed estimator yields better
performance in terms of estimation accuracy and resolution compared to the approach
given in [75]. In the rest of this section, we will refer to: 1. the CRB for DoA estimation
from infinite-bit measurements as Infinite-bit CRB (I-CRB), whose expression is given
in Remark 4.3; 2. the pessimistic approximation of the CRB for DoA estimation from
one-bit measurements as One-bit CRB (O-CRB); 3. CAB-MUSIC using infinite-bit
measurements as Infinite-bit CAB-MUSIC (ICAB-MUSIC); 4. the DoA estimator given
in [75] as one-bit CAB-MUSIC (OCAB-MUSIC); 5. the proposed estimator in this paper
as Enhanced One-bit CAB-MUSIC (EOCAB-MUSIC).

4.6.1 General Set-up

In all experiments, each simulated point has been computed by 5000 Monte Carlo
repetitions. Unless the source locations are specified for a particular result, it is assumed
that the K independent sources are equally spaced in the angular domain [—60°, 60°]
such that § = —60° when K = 1. Further, all sources are assumed to have equal powers,
i.e., pr = p for all k, and the SNR is defined as 10log U%. For our numerical investigation,
we use four different types of arrays with M = 10 physical elements and the following

geometries:

Myested : {1,2,3,4,5,6,12,18,24,30},

(4.61)

Meo-prime : {0,3,5,6,9,10,12,15, 20,25} , (4.62)
Myra : {0,1,3,6,13,20,27, 31, 35,361, (4.63)
(4.64)

Muypa : {0,1,2,---,9}.
These arrays generate the difference co-arrays:

Drested : {0, 1,2, -+, 29}, (4.65)
Deo-prime : {0,1,2,- -+, 22,25}, (4.66)
Dara : {0,1,2,---, 36}, (4.67)
Dura : {0,1,2,---,9}. (4.68)

Further, we generate the grid from —90° to 90° with step size 0.001° to implement MUSIC.
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=—=ICAB-MUSIC (experimental)
—EOCAB-MUSIC (experimental)
= OCAB-MUSIC (experimental)
A OCAB-MUSIC (analytical)
¢ BOCAB-MUSIC (analytical)
» ICAB-MUSIC (analytical)
O-CRB
= I-CRB

10"

=—=ICAB-MUSIC (experimental)
=——=BEOCAB-MUSIC (experimental)
= OCABB-MUSIC (experimental)
= I-CRB

O-CRB
» ICAB-MUSIC (analytical)
4 EOCAB-MUSIC (analytical)
A OCAB-MUSIC (analytical)

FIGURE 4.2: RMSE in degrees for 2 versus the number of snapshots for a nested
array with M = 10 elements and configuration given in (4.61), SNR = 3 dB, and: (A)

K=5<M;B)K=12> M.

4.6.2 MSE vs. the Number of Snapshots

Fig. 4.2 depicts the Root-Mean-Squares-Error (RMSE) for 5 in degree versus the number
of snapshots when the nested array in (4.61) is used. The SNR is assumed to be 3 dB.

In addition, noting M = 10, two different scenarios are considered: (A) K =5 < M,

and (B) K = 12 > M. Fig. 4.2 illustrates a close agreement between the numerical
simulations and analytical expression derived for RMSEs of OCAB-MUSIC and EOCAB-

MUSIC when about 200 or more snapshots are available. Further, a considerable gap is
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FI1GURE 4.3: RMSE in degrees for 65 versus N for a nested array with M = 10 elements
and configuration given in (4.61) when K = 3, 6, = 2°, 6 = 3°, 3 = 75°, SNR; = 20
dB, SNR; = 8 and SNR3 = 22.

observed between the performance of OCAB-MUSIC and that of the EOCAB-MUSIC.
For instance, at N = 400, Figs. 4.2a and 4.2b show a performance gain of roughly 3 dB
and 1 dB, respectively, in terms of the RMSE when the EOCAB-MUSIC is used. It is
also observed that EOCAB-MUSIC performs as well as ICAB-MUSIC when K =5 < M.
Further, it is observed that the RMSE of EOCAB-MUSIC is very close to O-CRB when
K =5 < M but we see a gap between them when K =12 > M.

Fig. 4.2 also shows that when a small number of snapshots is available, e.g. less than
1000, all estimators are confronted with substantial performance degradation. This
performance loss is justified by the subspace swap arising from the inaccurate estimate
of the normalized covariance matrix of y(t), i.e. R, in this case. However, it is seen that
the proposed estimator still has superior performance compared to OCAB-MUSIC, even

in the low snapshot paradigm.

Fig. 4.3 depicts the RMSE 65 in degree versus the number of snapshots when K = 3
and the sources powers are unequal. Specifically, It is assumed that #; = 2°, #; = 3°,
03 = 75°, SNR; = 20 dB, SNRy = 8 and SNR3 = 22. Comparing Fig. 4.2 with Fig. 4.3
reveals that a high difference between the SNRs of the closely-spaced source signals do
not have a meaningful impact on the relative asymptotic performance of ICAB-MUSIC,
OCAB-MUSIC and EOCAB-MUSIC, however, by increasing the difference between SNRs,
OCAB-MUSIC needs more number of snapshots to achieve its asymptotic performance
compared to EOCAB-MUSIC and ICAB-MUSIC.
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FIGURE 4.4: RMSE in degrees for 05 versus SNR for a nested array with M = 10
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4.6.3 MSE vs. SNR

Fig. 4.4 shows the RMSE for 6, in degrees versus SNR for the same setup used for Fig.

4.2. The number of snapshots is considered to be N = 500. It is seen in Figs. 4.4a and
Fig. 4.4b that the RMSEs of OCAB-MUSIC and EOCAB-MUSIC perfectly match with

their asymptotic analytical RMSEs given in Corollary 4.1 and Corollary 4.2.

Fig. 4.4 demonstrates that the [-CRB tends to decay to zero as the SNR increases when
K =4 < M while it gets saturated as the SNR increases when K = 12 > M. However,
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as opposed to the I-CRB, O-CRB tends to converge to a constant non-zero value at the
high SNR regime for both the cases K =4 < M and K = 12 > M. This behavior of
O-CRB was already predicted by Theorem 4.4. In addition, as shown in Theorem 4.6,
the RMSEs of OCAB-MUSIC and EOCAB-MUSIC also converge to a constant non-zero
value as the SNR increases for both K =4 < M and K =12 > M.
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We observe from Fig. 4.4 that EOCAB-MUSIC preforms better than OCAB-MUSIC
in both scenarios K =4 < M and K = 12 > M. For example, at SNR = 5, EOCAB-
MUSIC leads to performance gains of about 3.7 dB and 1.15 dB in terms of RMSE
compared to OCAB-MUSIC. Further, it is seen that EOCAB-MUSIC even outperforms
ICAB-MUSIC at high SNR regime when K =4 < M. Another interesting observation is
that the RMSE of O-CRB is either better or equal to that of ICAB-MUSIC.

Fig. 4.5 shows the RMSE for 65 in degrees versus SNR when the sources powers are
unequal and DoAs are not exactly on the grid as opposed to Fig. 4.4. The number of
snapshots is considered to be N = 500. In case of K =5 < M, the sources are located
at 01 = —49.4551°, 69 = —30.1443°,05 = —2.4525°,0, = 26.8293° and 05 = 56.5149°.
Further, the source SNRs are assumed to be SNR; = 0.75 x SNRy,SNR3 = 1.22 %
SNRjy, SNR4 = 0.92 x SNRy and SNR5 = 0.66 x SNRy while SNRy varies from 10 dB to
20 dB as shown in Fig. 4.5a. Further, in case of K = 12 > M, the sources are located
at 01 = —56.3351°,05 = —36.2628°,03 = —19.9004°,0, = —2.4093°,05 = 0.0027°,05 =
13.1840°, 67 = 23.8495°, 0 = 25.8044°, 9 = 29.2889°, 6,0 = 40.9107°, 6,1 = 48.4465° and
012 = 48.5667°. The source SNRs are assumed to be SNR; = 1.34 x SNRy,SNR3 =
0.84 x SNRg, SNR4 = 0.83 x SNRg, SNR5 = 0.67 x SNRy, SNRg = 0.69 x SNRg, SNR; =
0.95xSNRg, SNRg = 0.61 x SNRg, SNRg = 0.79 x SNRg, SNR;10 = 0.56 x SNRo, SNR;0 =
0.82 x SNRy and SNR12 = 0.88 x SNRy while SNRy varies from 10 dB to 20 dB as shown
in Fig. 4.5b. Comparing Fig. 4.5 with Fig. 4.4 reveals that unequal source powers do

not have remarkable impact on the estimation accuracy particularly in high-SNR regime.

4.6.4 CRB vs. the Number of Source Signals

Fig. 4.6 plots the I-CRB and the O-CRB for 6, in degree versus the number of source
signals for SNR = 3 dB and N = 500 and different type of SLAs given in (4.61), (4.62),
(4.63) and and (4.64). The values of D and v for the different types of arrays are as:
1. MRA: D = 37 and v = 37; 2. nested array: D = 30 and v = 30; 3. co-prime array:
D =26 and v =23; ULA: D =10 and v = 10. Fig. 4.6 indicates that both the I-CRB
and the O-CRB increase as the number of source signals increases. Moreover, it is
observed that the I-CRB and the O-CRB are quite small for all the SLAs as long as
1 < K <wv—1, but they escalate dramatically when K approaches values that are equal
to or larger than D. This observation is in compliance with Theorem 4.2 which indicates
that the DoA estimation problem is globally identifiable when 1 < K < v — 1 and is
globally non-identifiable when K > D.
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FIGURE 4.6: The CRB versus the number of sources K for various array configurations
given from (4.61) to (4.63), N = 500 and SNR = 3 dB.

4.6.5 Resolution Probability

Fig. 4.7 depicts the probability of resolution versus the source separation for ICAB-
MUSIC, EOCAB-MUSIC and OCAB-MUSIC when the nested array given in (4.61) is
employed. The number of snapshots and the SNR are considered to be N = 500 and
0 dB, respectively. In addition, we consider two sources with equal powers, located
at 01 = 20° — % and 69 = 20° + %. We define the two sources as being resolvable if
max |0; — 0] < % [103]. According to this definition and making use of two-dimensional

ie{1,2}

Chebychev’s bound [111], the probability of resolution can be lower bounded as

. Af
R AO - ., 2(E(01) + £(02)]
e — —_— - a8 > -
P(|601 — 6] < 5 ;|02 — Oa] < > ) > 1 INE
2\/€3 + &5, + 260,60, — 467, ,
+ INE ’

where £(01), £(02) and £(01, 62) are given in (4.57) and (4.50). The analytical expression
on the right-hand side of (4.69) enables us to predict the minimum source separation
required for achieving a particular probability of resolution. For example, Fig. 4.6 shows
the predicted values for the the minimum source separation to achieve a probability
of resolution greater than 0.9, obtained from (4.69), for ICAB-MUSIC, OCAB-MUSIC
and EOCAB-MUSIC. It is observed that the predicted values of the minimum source
separation for ICAB-MUSIC, EOCAB-MUSIC and OCAB-MUSIC, which are respectively
Af =1.2°, AG = 1.4° and Af = 1.5°, are in a good agreement with the values obtained



On the Performance of One-Bit DoA Estimation via Sparse Linear Arrays 77

1
o 0.8+ I B
o |
o
= I
o
= 1
2
|
é 0.6r : b
S I
© I
>
= 1
= 04r i .
= !
2 I
]
~ I
A
0.2r I ——ICAB-MUSIC
1 — EQCAB-MUSIC
e OCAB-MUSIC
| == ICAB-MUSIC (Analytical Prediction)
1 = OCAB-MUSIC (Analytical Predi n)
= EOCAB-MUSIC (Analytical Prediction)
O I 1 T
0 0.5 1 1.5 2 2.5

Af (degree)

FIGURE 4.7: Probability of resolution versus source separation in degree for a nested
array with M = 10 elements and configuration given in (4.61), N = 500 and SNR =0
dB.

from the numerical simulations, which are respectively A8 = 1.1°, Af = 1.2° and
Af = 1.3°. Additionally, Fig. 4.7 demonstrates the resolution performance of EOCAB-
MUSIC is superior to that of OCAB-MUSIC while ICAB-MUSIC outperforms both.

4.7 Conclusion

In this paper, we considered the problem of DoA estimation from one-bit measurements
received by an SLA. We showed that the idetifiability condition for the DoA estimation
problem from one-bit SLA data is equivalent to that for the case when DoAs are
estimated from infinite-bit unquantized measurements. Then, we derived a pessimistic
approximation of the corresponding CRB. This pessimistic CRB was used as a benchmark
for assessing the performance of one-bit DoA estimators. Further, it provides us with
valuable insights on the performance limits of DoA estimation from one-bit quantized
data. For example, it was shown that the DoA estimation errors in one-bit scenario
reduces at the same rate as that of infinite-bit case with respect to the number of samples
and, moreover, that the DoA estimation errors in one-bit scenario converges to a constant
value by increasing the SNR. We also proposed a new algorithm for estimating DoAs
from one-bit quantized data. We investigated the analytical performance of the proposed
method through deriving a closed-form expression for the second-order statistics of its

asymptotic distribution (for the large number of snapshots) and show that it outperforms
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the existing algorithms in the literature. Numerical simulations were provided to validate

the analytical derivations and corroborate the improvement in estimation performance.



Chapter 5

DoA Estimation Using
Low-Resolution Multi-Bit Sparse

Array Measurements

5.1 Introduction

Direction of Arrival (DoA) estimation from Uniform Linear Array (ULA) measurements is
extensively studied in the literature [44-46]. However, the number of identifiable sources
with ULAs is limited to the number of array elements minus one [3, 46]. Deployment
of Sparse Linear Arrays (SLAs), e.g. Minimum Redundancy Arrays (MRAs) [48], co-
prime arrays [17] and nested arrays [16], allows for transcending this limitation under the
assumption of uncorrelated source signals such that the number of identifiable sources can
go considerably beyond the number array elements. A detailed study on the performance
of DoA estimation via SLAs has been conducted in [52] through an analysis of the
Cramér-Rao Bound (CRB). Further, a variety of algorithms for estimating DoAs from
SLA data have been presented in the literature [15, 16, 36, 38, 53, 56, 57, 95].

Most of the algorithms developed for estimating DoAs from SLA measurements are
based on the assumption that quantization errors are negligible as a result of using
high-resolution Analog-to-Digital Converters (ADCs). However, use of high-resolution
ADCs is typically expensive and power-hungry [21]. Hence, to reduce energy consumption
and production costs, DoA estimation with binary measurements collected by one-bit
ADCs has been recently proposed and discussed in the literature [39-43, 72, 73, 75-78].
One-bit ADCs represent each sample of the analog array observations with only a single
bit offering, an exceedingly high sampling rate at a low production cost and very low

power consumption [21]. The analytical performance bounds for DoA estimation from
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one-bit data have been studied in [32, 33, 112]. Further, a number of one-bit DoA
estimators have been provided in [73, 75, 76, 78|, which rest on retrieving the covariance

matrix of unquantized array observations using the well-known Bussgang theorem [74].

In this paper, as opposed to the previous works which have studied the problem of DoA
estimation under two extreme scenarios for analog-to-digital conversion, i.e., infinite-bit
quantization and one-bit quantization, we aim to investigate the problem of estimating
DoAs from low-resolution few-bit SLA measurements. In such cases, contrary to the
one-bit quantization case, the Bussgang theorem may not be directly employed to retrieve
the covaraince matrix of array unquantized observations. Instead, we develop a novel
optimization-based framework for retrieving the covaraince matrix of unquantized array
observations from low-resolution multi-bit measurements. Then, we apply the Co-Array-
Based MUSIC (CAB-MUSIC) [16, 38] to the recovered covariance matrix to find the
DoAs of interest. The simulation results show that increasing the sampling resolution
with a few bits per samples could significantly improve the DoA estimation performance
compared to the one-bit sampling case while the power consumption and implementation

costs are still much lower than the high-resolution scenario.

Chapter organization: The system model is described in Section 5.2. Section 5.3 presents
the proposed algorithm for estimating DoAs from few-bit data. Simulation results are

shown and discussed in Section 5.4. Finally, conclusions are drawn in Section 5.5.

5.2 System Model

We consider an SLA with M elements located at positions mlg, mQ%, ‘e ,mM% with
m; € M. Here A denotes the wavelength of the incoming signals and IM is a set of integers
with a cardinality of M. It is assumed that K narrowband signals with distinct DoAs
0=[01,05, - ,0k]" impinge on the SLA from far-field. The signal received by the array

at time instance ¢ can be modeled as
y(t) = A(0)s(t) + n(t) e CM*L t=0,-.- N -1, (5.1)

where s(t) € C5*! denotes the vector of K source signals, n(t) € CM*! is additive noise,

and A(0) = [a(01),a(0), - ,a(fk)] € CM*EK represents the SLA steering matrix with

a(ek) — [ejﬂsiHHkm1?ej7rsin9km27 . 7ej7rsin9kmM]T7 (52)

being the SLA manifold vector for the k*" signal. Further, the following assumptions are

made on source and noise signals:
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FIGURE 5.1: (a) An SLA with M = {1,2,3,4,8,12}; (b) corresponding difference
co-array with D = {0,1,--- ,11}.

A1 n(t) follows a zero-mean circular complex Gaussian distribution with the covariance
matrix E{n(t)n ()} =c%1,.

A2 The source signals are modeled as zero-mean uncorrelated circular complex Gaussian
random variables with covariance matrix E{s(t)s’(t)} = diag(p) where p =

[p17p27"' 7pK]T S Rg()Xl (i.e., Dk > 0, Vk>

A3 No temporal correlation is assumed between the snapshots, i.e., E{n(t;)nl (t3)} =
E{s(t1)s" (t2)} = 0 when t; # ¢, and 0 is an all-zero matrix of appropriate

dimensions.

Based on the above assumptions, the covariance matrix of y(¢) is given by
R=E{y(t)y(t)} =A(0)diag(p) A (0)+0c>1;; € CM*M, (5.3)

It is readily verified that R is a structured matrix with only 2D—1 free parameters where
D=|D| with D= {|m, — my|:mp, mgyeM}. The set D is called the difference co-array

[52, 53]. Noticing the structure in R, it can be rewritten as follows
D-1 D-1
R(u) = uoLo + Z un Ly, + Z wi LY (5.4)
n=1 n=1
where ug = 0'2 + Zszl Pk, Up = Zl{:(:l pkejﬂ'Sin Ortln and

1, if my —mg =4y,
[Ln]p,q = ” .q ! (5.5)
0, otherwise,

with ¢, € D, mp,mg € M, 1 <p,g < M and 0 <n <D —1. A proper design of SLA
allows for identifying more uncorrelated source signals than the number of array elements
by exploiting the resulting structure of R efficiently[16, 17, 52, 53]. Fig. 5.1 illustrates

an SLA along with its difference co-array.

In the classical mode, the received signals are sampled at Nyquist rate and processed
assuming full-precision analog-to-digital conversion. On the other hand, herein, we assume

that each array sensor is equipped with a low-resolution multi-bit ADC converting the
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received analog signal into digital data using g bits per sample. A generic ¢g-bit ADC has
29 — 1 threshold levels where o < ag < --- <0< -+ < age < aga_1. The ¢-bit ADC at
the m'" array element transforms the real and imaginary parts of [y(t)],, into one of the
27 — 1 prescribed qunatization levels {1,72, -+ ,72¢—1} by comparing them individually
with the threshold levels. Particularly, the ¢-bit quantized output signal at the m*™ array

element is expressed as
x()]m = QUR{Y (0)}Hm) + 7QUS{y () }m), (5.6)
where Q(.) denotes the ¢-bit quantization operation defined as
Qa) =y if ap<a<apg. (5.7)

We are interested in estimating DoAs from ¢-bit quantized output signals of the SLA,
e, X = [x(0), x(1), -, x(N-1)].

5.3 Multi-Bit DoA estimation with Sparse Arrays

In this section, we first formulate an optimization problem whose solution provides us
with an estimate of the covariance matrix of y(¢), i.e., R, using ¢-bit quantized array
measurements, i.e., X. Subsequently, we apply the CAB-MUSIC [16, 38] to obtain DoA

estimates from the estimate of R.

It follows from (5.4) that R is fully described by the complex vector u = [ug, u1,- - - ,up_1]’.
Hence, for a given Y = [y(O), y(l1), -, y(N-— 1)], R can be obtained from the
solution of the following optimization problem
minimize |[|R(u) — YY#|?
u (5.8)

subject to R(u) = 0.

However, Y is unknown here, and instead, we only have access to its g-bit quantized
values, i.e., X. It follows from (5.6) and (5.7) that each element of the observation
matrix X determines a lower and an upper bound for the real and imaginary parts of the

corresponding element in Y. Putting these lower and upper bound into the matrices I';
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and I',,, an optimization problem for joint estimation of u and Y can be cast as follows:

minimize |R(u) - YYZ|%

uY
subject to R(u) = 0,
vec(R{Y} — R{I;}) >0, (5.9)
vee(S{Y} — 3{I;}) >0,
~ [vec(R{Y} ~ R(T,}) > 0,
~ [vee(S{Y} — S{T.})] > 0.

where the last four constraints in (5.9) aim to enforce the consistency of Y with the
g-bit measurements by ensuring that the elements of Y lie in the regions determined
by the observation matrix X. The above optimization problem is non-convex as its
objective is a quartic function with respect to Y. In what follows, we first present
an equivalent reformulation for (5.9), which paves the way for iteratively solving this

non-convex optimization problem.

Theorem 5.1. Consider slack variables G € CAHNIXM NN ¢ CMM gpnq € e R. The
optimization problem (5.9) is equivalent to

minimize |R(u) 1% +né

subject to R(u) = 0,
vec(R{Y} — R{I'}) > 0,
vee(S{Y} — 3{I';}) > 0,

— [vec(R{Y} — R{I',})] > 0, (5.10)
— [vee(S{Y} = S{I'u})] = 0,

T >0,

&Iy — GHTG > 0,

GHG =1y,

Iy YH
Y W

where T = e CMAN)YX(MAN) gnd n is a reqularization parameter.
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Proof. Consider the slack variables W=YY¥# . Then it is readily seen that the optimiza-
tion problem (5.9) is equivalent to:

. . . R —W 2
minimize R (u) I

subject to R(u) = 0,
vee(R{Y} — R{T}}) >0,
vec(S{Y} — S{I}}) > 0, (5.11)
— [vee(R{Y} — R{['.})] > 0,
— [vee(S3{Y} = S{I',})] = 0,
W=YY",

It is readily confirmed that W = YY¥ if and only if rank(W — YY) = 0. Further,
rank(W — YY) = 0 can be equivalently expressed as rank(Iy) +rank(W —YY#) = N.
Since Iy is positive definite, it follows from the Guttman rank additivity formula [113]
that rank(Iy) + rank(W — YY) = rank(T). Moreover, it follows from W — YY# =0
and Iy > O that T has to be positive semi-definite. These imply that the equality
constraint in (5.11) can be replaced with a rank constraint on a semi-definite matrix.
Hence, the optimization problem (5.11), and equivalently (5.9), can be recast as follows:

minimize  [|R(u) — W2
u,Y W

subject to R(u) = 0,
vec(R{Y} — R{I;}) >0,
vee(S{Y} — {TI;}) >0,
— [vec(R{Y} — ®{Tu})] > 0,
~ [vee(S{Y} ~ S{T.})] > 0,
T > 0,
rank(T) = N.

(5.12)

The constraint rank(T) = N in (5.12) is equivalent to imposing the constraint that the M
smallest eigenvalues of T are all zero. This constraint on the M smallest eigenvalues of T
can be formulated by introducing the new slack variables G € CMHV)XM and ¢ € R with
GHG =1),. Indeed, in what follows, we will show the M smallest eigenvalues of T are all
zeroiffIM—GHTG =0and & = 0. Let p1 < pa <---<pysnvandv; <ip <--- <y
denote the eigenvalues of T and GYTG, respectively. From ¢Ip; — GHTG > 0, we
have v; < ¢ for i =1,2,--- , M. Additionally, it follows from [114, Corollary 4.3.16] that
0<p; <vy;fori=1,2,---, M. Hence, we observe that

0 < diag([p1, p2, -+, pur]") < diag([v1, 02, -, vm]") < s (5.13)

It easily observed from (5.13) that & — 0 leads the M smallest eigenvalues of T to go to
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zero. Accordingly, we can deduce that, by properly selecting 7 in (5.13) such that the
optimum value of ¢ goes to zero, the constraints Iy — GETG > 0 and GHG =1y,
in (5.13) will be equivalent to the rank constraint in (5.12). This implies that (5.13) is
equivalent to (5.12) and thus to (5.9). This completes the proof. O

The optimization problem (5.10) can be solved iteratively by alternating between G and
the other parameters, i.e., u, Y, W and &. Let G®), u®), Y®) W& and ¢*) be the
values of the parameters G, u, Y, W and ¢ at the k-th iteration, respectively. Given
G*=1) the optimization problem with respect to u, Y, W and ¢ at the k-th iteration
becomes
oo inimize - IRQu®) = WO 4 9e®
subject to  R(u®) = 0,
vee(R{Y®} - R{I}})
vec(S{Y®} — 3{I})
[vec(%{Y(’“} R{T, }
— [vee(S{Y®} — 3{T}
T*) = 0,
¢® 1, —GEDITE GHE-1) = o,
k) < gle=1),

o o

>
>
(5.14)

Once T®, u®) and %) are found by solving (5.14), G*) can be obtained by seeking

n (M+N)x M matrix with orthonormal columns such that c®kg® < W1y,
Choosing G*) to be equal to the matrix composed of the eigenvectors of T*) corre-
sponding to its M smallest eigenvalues, and following similar arguments provided after
(5.12), we have

H .
Gc®TpE) k) dlag([pgk),pgk), o 7P§\]2)]T)

= diag((p" Y, Y 2 €My, (5.15)
where pgk) < pgk) < - <L pS\IZLN and y(k 2 < uék_l) < -0 < y](w U denote the

eigenvalues of T*) and G- k) G (k- )| respectively. It follows from (5.15) that the
matrix composed of the eigenvectors of T*) corresponding to its M smallest eigenvalue
is a right choice of Gk, Accordingly, at each iteration of the proposed algorithm, we
need to solve a Semi-Definite Program (SDP), which can be solved efficiently, followed by
an Eigenvalue Decomposition (ED). The alternating optimization procedure is repeated
until either the objective or the optimization variables converge to a constant value.
Algorithm 2 summarizes the steps of the aforementioned iterative approach to solving

(5.9). Further, to initialize the algorithm, G can be found through the ED of T(®)
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Algorithm 2 Covarinace Matrix Estimatiton from Low-Resolution Few-Bit Data

Input: The problem information I';, 'y, 7, €1, €2, €3 and 4.
Output: The estimate of the covariance matrix of the full-precision data.
1: initialization: Set k& = 0 and obtain G() by dropping the rank constraint.
2: while [[u® —u®* V|, > e, [WH - WED | > e, [Y® —YED|p > e and ¢ > ¢, do
3: Increase k by one.
Find u®, W) Y*) and ¢*) by solving (5.14).
Compute the ED of T®*).
G®) equals the matrix composed of the eigenvectors of Tk) corresponding to its
M smallest eigenvalues.
7: end while

obtained from solving (5.12) without considering the rank constraint. We note that the
proposed algorithm, which is based on alternating optimization method, is guaranteed to
converge to at least a local minimum of (5.10) [115]. Once R is retrieved from Algorithm

2, the CAB-MUSIC [16, 38] is applied to the retrieved R to estimate DoAs.

5.4 Simulation Results

In this section, numerical results are provided for assessing the performance of the
proposed algorithm for estimating DoAs from low-resolution few-bit SLA output. In all
experiments, each simulated point has been computed by 1000 Monte Carlo repetitions
over noise realizations. In addition, the K independent sources with an equal power p
are equispaced in the angular domain [—60°, 60°] with respect to a 8-sensor nested array
with IM : {1,2,3,4,5,10,15,20} . The SNR is also defined as 10log .

Fig. 5.2 depicts the Root-Mean-Squares-Error (RMSE) for 05 in degree versus SNR for
different bit-width when N =300, M =8 and: (a) K =4 < M; (b) K =10 > M. Fig.
5.2 demonstrates that increasing the number of quantization bits from one to two and then
to four leads to a considerable performance improvement. Further, it is observed that the
RMSE of 4-bit DoA estimation is very close to that of DoA estimates obtained from the
unquantized array observations. For instance, when K = 4, the performance loss arising
from quantization, defined as 10log(RMSEquantized/RMSEunquantized), at SNR = 5 dB
are about 3.33 and 1.39 dB in case of 1-bit and 2-bit quantization, respectively, while
it is almost zero in case of 4-bit quantization. However, the implementation costs
and power consumption of 4-bit and 2-bit ADCs are still much lower compared to
high-resolution ADCs. For example, at sampling frequency of 10 MHz, a 14-bit ADC
consumes roughly 10® times more power than 2-bit and 4-bit ADCs [116]. The gap
between the power consumption of low- and high-resolution ADCs further increases
with higher sampling frequencies, e.g. at sampling frequency of 1 GHz, a 14-bit ADC
consumes roughly 10° times more power than 2-bit and 4-bit ADCs [116]. Further, it is
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FIGURE 5.2: RMSE in degree for 6, versus SNR for a 8-sensor nested array with
M:{1,2,3,4,5,10,15,20} ., N = 300, and: (a) K =4 < M; (b) K =10 > M.

relatively easy to implement 4-bit and 2-bit ADCs even at very high sampling frequencies
while implementation feasibility of high-resolution ADCs moves from difficult at sampling
frequencies of ~ 1 MHz to infeasible beyond those sampling frequencies [116]. Moreover,
it is seen that the proposed method in case of 1-bit quantization performs as well as
the one-bit DoA estimator in [75], which relies on estimating the covariance matrix of

unquantized array observations directly from one-bit data using the Bussgang theorem.

Fig. 5.3 plots the RMSE for 0, in degree versus the number of snapshots for SNR = 0 dB
and: (a) K =4 < M, and (b) K =10 > M. Fig. 5.3 shows that, to achieve an RMSE
of 0.1 for example, infinite-bit, 4-bit, 2-bit and one-bit cases need 300, 300, 500 and 800
samples when K = 4, respectively. This indicates that the total number of bits required
to achieve an RMSE of 0.1 is, respectively, 1200, 1000 and 800 bits for 4-bit, 2-bit and

one-bit sampling scenarios.
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nested array with M : {1,2,3,4,5,10,15,20} ., SNR = 0 dB, and: (a) K =4 < M; (b)
K=10> M.

5.5 Conclusion

The problem of DoA estimation from low-resolution few-bit SLA data was investigated.
Firstly, the covariance matrix of unquantized array observations was retrieved from
low-resolution few-bit SLA data by employing an iterative optimization-based algorithm.
Then, DoAs were estimated by applying CAB-MUSIC to the recovered covariance
matrix of unquantized array observations. The simulation results showed that increasing
the sampling resolution to 2 or 4 bits per samples could significantly increase the
DoA estimation performance compared to the one-bit sampling case while the power
consumption and implementation costs are still much lower than the high-resolution

sampling scenario.
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Chapter 6

Localization with One-Bit Passive
Radars in Narrowband
Internet-of-Things using
Multivariate Polynomial

Optimization

6.1 Introduction

Recent industry estimates project that nearly 75 billion devices will be connected in the
Internet-of-Things (IoT) by the year 2025 [117]. The IoT is envisioned to connect the
physical and digital world through extensive instrumentation with sensing, wearable, and
intelligent devices [118]. A common IoT application is to provide various localization-
based services [119, 120], wherein a large network of devices collects and transmits data
to determine the position of entities-of-interest with respect to a node or sensor within
the IoT. The location information is critical in order to gather crucial inference from
physical measurements in applications such as military surveillance [121], physiological
sensors [122], smart homes [123], disaster response [124], and environmental monitoring
[125].

Global Positioning System (GPS) devices are quite reliable in providing localization
measurements in other applications. However, GPS deployment at every IoT node is
very expensive in terms of cost and power, especially for networks with massive number

of devices. Further, GPS performs poorly in indoor environments. Therefore, many
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alternative IoT localization methods have been proposed in recent studies [120]. A
promising technology is passive sensor tags that augment existing IoT deployments
through backscatter communications [126]. These tags do not have any active radio-
frequency (RF) chain components thereby leading to huge savings in cost and energy.
This is also a practical approach because it is difficult to re-purpose the preset IoT
network sensing modalities (usually fixed before the deployment), especially when it
comprises millions of devices [127]. On the other hand, addition of passive sensors does
not require changing the deployed IoT hardware or placement of new communications

and power sources [128].

Since the [oT framework is defined by a massive number of largely battery-powered devices,
that also transmit or receive data, the underlying challenges for any communications link
in this setting are low power, low data rate, wide coverage, and scalability [129]. In this
context, the 3rd generation partnership project (3GPP) recently introduced narrowband
IoT (NB-IoT) system specifications to support wide coverage area, long user lifetime,
and low power/cost devices over a narrow bandwidth of 180 kHz [130]. While not fully
backward compatible with existing 3GPP devices, the NB-IoT harmoniously coexists
with legacy networks by reusing the functionalities of the latter’s design. The reduced
NB-IoT bandwidth implies higher transmit power spectral density within the existing
3GPP specifications. This, combined with a soft re-transmission strategy [131], enhances
the coverage of NB-IoT over conventional IoT solutions. The ultra-low complexity and
low power consumption features of NB-IoT are advantageous for location-based services
such as smart parking, smart tracking, and smart home [132]. In this paper, we focus on

passive localization in NB-IoT networks.

While NB-IoT networks benefit from low bandwidth to enhance their coverage, the same
feature imposes challenges in localization by severely limiting the data rate. Commonly
used ranging-based localization techniques lose accuracy because of low data rates [133].
In NB-IoT devices, low battery-power is insufficient to handle high sampling rates
required to attain necessary localization accuracy [134-137]. A popular alternative
NB-IoT localization technique is to employ fingerprinting, wherein the received signal
strength indicator (RSSI) measurements are collected at specified locations during the
training phase and then compared with online measurements to determine the location
of the target [90, 134]. However, this approach requires prior knowledge of a detailed
RSSI database which may be unavailable or unattainable. Hence, recent NB-IoT studies
explore RSSI-independent signal processing methods such as successive interference
cancellation [135], maximum likelihood estimation [136], frequency hopping [137] and
machine learning [138]. Our proposed technique is inspired by localization in passive

radar [93] not requiring prior RSSI measurements.
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The aforementioned works assume that measurements at each node are digitally repre-
sented by a large number of bits per sample such that the resulting quantization errors
can be neglected. Further, when nodal measurements are sent to a fusion center (FC)
for an aggregate decision, full capacity links are assumed. In this paper, contrary to
these works, we consider the limiting case wherein the receivers at each node employ
one-bit analog-to-digital converters (ADCs), which directly convert node measurements
into complex data with binary components, each containing one-bit information, by
comparing the real and imaginary parts of the node measurements with appropriate
thresholds separately and noting the sign. This leads to one-bit per component mea-
surements. Considering the fact that the cost and power consumption of ADCs increase
exponentially with the number of quantization bits and sampling frequency [139], the use
of one-bit ADCs supports the low-cost and low-power-consumption features of NB-IoT.
We then leverage the recent advances in one-bit signal processing [140] to estimate the
target range/delay with respect to a specific node. To cope with the capacity limitations
of the nodal links, we assume that, prior to transmission to FC, the receive sensors
quantize nodal estimates to one-bit data. The FC then performs target localization, i.e.
determination of target’s position with respect to the entire network, using the one-bit

range vector aggregated from the estimates sent by all the nodes.

Converting analog signals into digital data using a single bit per sample leads to significant
errors in the digital approximation of the original analog signals. This necessitates
development of new algorithms for information retrieval from one-bit samples. One-
bit sampling has a rich heritage of research in statistical signal processing [141-143]
and signal reconstruction [144]. It was shown in [144] that, for band-limited bounded-
amplitude square-integrable input signals, a sufficient number of one-bit samples lead
to recovery of full-precision data with locally bounded point-wise error, resulting in an
exponentially decaying distortion-rate characteristic. In the past few years, one-bit signal
processing has received significant attention in numerous modern applications such as
array processing [145, 146], massive multiple-input multiple-output (MIMO) [147], deep
learning [148], dictionary learning [67], and radar [29]. Most of these works are based on
either well-known Bussgang’s Theorem [145, 147, 149] or compressive sensing techniques
[29, 67, 148, 150]. Further, there are some elegant works on colocated one-bit radar
and array processing [31, 146] which formulate the parameter estimation from one-bit
measurements as an optimization problem with linear constraints which can be solved
by polynomial-time algorithms. Contrary to previous works on colocated one-bit radar

[31], our proposed method investigates widely separated radar setting.

We first formulate the problem of range/time-delay estimation in a clutter-free environ-
ment from one-bit samples received by each NB-IoT sensor as a sparse recovery problem.

The formulation and approach of the clutter-free scenario is effectively applicable in
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a weak clutter environment but the impact of strong clutter is unexamined and left
for the future work. We show that, unlike infinite precision sampling, oversampling
could improve the range/delay estimation performance in one-bit sampling. Further,
oversampling leads our proposed approach to be able to achieve a considerably high
resolution for time-delay estimation despite the narrow bandwidth used in NB-IoT.
Toward dealing with the capacity limitations of the backhaul links, we assume that each
sensor forwards an one-bit conversion of their range measurements to the FC. Collecting
these one-bit measurements at the FC, we formulate the passive localization problem
using the bistatic range-difference model. Note that the passive localization with NB-IoT
sensors has a model similar to that of a passive radar [93]. The passive radar localization
has been considered in [93] in the high-resolution ADC framework in which full-precision
range measurements are assumed. This usually results in a system of several equations
that are solved conventionally by the least squares (LS) method. In this context, apart
from application to NB-IoT localization, ours is the first work in the context of one-bit

sampling in a passive and distributed radar setting.

In our bistatic range-difference model, recovering locations from one-bit samples requires
minimizing a cost function that is a non-negative polynomial in range measurement
variables and subjected to polynomial inequalities defined by the positive-valued samples
(the one-bit range measurements). The general approach to solving this problem is to re-
cast the feasibility of this finite system of polynomial constraints in terms of an equivalent
polynomial that involves squares of (unknown) polynomials [151]. However, it is rather
difficult to express a non-negative multivariate polynomial as a sum-of-squares. To
address this, we employ Lasserre’s general solution approach for polynomial optimization
problems via semi-definite programming (SDP) using methods based on moment theory
[152]. Our novel formulation jointly estimates the full-precision data as well as the
target location. While this method could attain the global minimum, its computational
complexity grows considerably with increase in the number of NB-IoT sensors. In order to
reduce the computational complexity, we trade accuracy with complexity by proposing a
novel sub-optimal iterative joint range-target location estimation (ANTARES) algorithm.
We also derive the Cramér-Rao bound (CRB) for localization with one-bit nodal range
measurements and use it as benchmark for assessing the estimation performance of
the proposed optimal and sub-optimal algorithms. Numerical results show that when
sufficiently large number of NB-IoT nodes are available, the optimal approach yields
same performance as the full-precision and ANTARES leads to only 0.43% increase
in the normalized localization error. Further, the normalized localization error rises
minimally by 2.2% and 0.6% for a smaller set of 20-60 nodes using ANTARES and

optimal algorithm, respectively, over the full precision case.
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Preliminary results of this work appeared in our conference publication [153], where per-
formance analysis was not included and only Lasserre’s approach was considered. In this
paper, we also investigate the one-bit time-delay estimation for the oversampled scenario
and present ANTARES algorithm. In summary, our work provides a robust framework for
location-based services in NB-IoT, does not require prior RSSI measurements, performs
target delay estimation with one-bit samples, yields localization using limited capacity
links, and is computationally efficient. Further, our work also has connections with
the recent developments in spectrum sharing and joint radar-communications (JRC)
design [139, 154]. Unlike some recent works [155] where new waveforms are developed for

distributed JRC, our work exploits existing NB-IoT signaling for a sensing application.

Chapter organization: In section 6.2, we describe the system and signal model of the
passive localization problem via the NB-IoT sensors. We introduce our one-bit nodal
range estimation algorithm in Section 6.3. Then, using these estimates, we localize
the target at FC in Section 6.4 through a polynomial optimization. We validate our
models and methods through numerical experiments in Section 6.5 before concluding in

Section 6.6.

6.2 System Model

Consider a source, say, a communications base-station whose location in Cartesian
coordinates is {5; 52 55]T € R3*!. The source transmits a known baseband single-
tone NB-IoT signal s(t) € C with bandwidth B. As per NB-IoT specifications, the
signal has spectrum limited to 180 kHz. It is similar to LTE with fewer (1, 3, 6, or
12) subcarriers with normal cyclic prefix [129, 156] and employs rotated phase shift
keying (PSK) constellations, either 7/2 binary PSK (7/2-BPSK) or 7/4 quadrature PSK
(m/4-QPSK). The resulting signal is

Ne—1
s(t) =Y ape™irg(t—kT,), 0<t<T, (6.1)
k=0
where a, € {£1} for 7/2-BPSK and a; € {£1,+£j} for 7/4-QPSK are known pilot
symbols, M is the alphabet size (2 for 7/2-BPSK and 4 for n/4-QPSK), N, is the
maximum number of symbols allowed during the transmission, 7' denotes the observation
interval, T¢ is the symbol period, and ¢(t) is the pulse shaping filter impulse response
with bandwidth B.

T
The transmit signal is bounced off from the target-of-interest located at [53” oY 6Z} €

R3*!. In a typical NB-IoT setting, a target could be a subject carrying a mobile phone,



Localization with One-Bit Passive Radars in Narrowband Internet-of-Things using
Multivariate Polynomial Optimization 96

@

NB-loT node
#6
((( ))) |
' (=
|
. ‘\ - d -
NB-loT node Base St;tm“ ~0 | NB-loT node
Sa X
#1 I #5
| \ ® ! |
e\ el |

! 6 e \ A - Target | |

I \ e

: v oK | .
| NB-loT node 6 : |
| #2 6 ' -
' | NB-loTnode | |
I : NB-loT node : I
! | #4 | !
I . #3 | ! |
i | | . | .
i | | ! | !
: | | ! | !

: I I I .
S | | i ! | |
| : : .
P S R R !_._.I_ ..... _!
\ Backhaul links

Fusion center

FIGURE 6.1: Illustration of the localization scenario. The NB-IoT #1, #2, ---, nodes

(blue) are passive sensors (located at distances dy,dy,--- ,dg from the base station).

The nodes receive the signal from the source bounced off from a target-of-interest (red)

located at distances dy,dq, - ,dg from the nodes and dy from the base station. In our

proposed model, the nodes employ one-bit ADCs to sample the received signal and

estimate the range. The estimated range at each node is quantized and then forwarded
to the FC for an aggregated estimate.

an intelligent vehicle or a robot. The backscattered signal is then received by M distinct
NB-IoT sensor nodes. The location of the m-th node is [(5;’;"1 67, (57271}T e R m ¢
M = {1,2,---,M}. These nodes are synchronized with the base-station (Fig. 6.1).
Synchronization could be provided by sending a periodic synchronization signal from
the base-station to the NB-IoTs, including timing information of the base-station, while
the base-station maintains a constant clock using either receiving a reference time

from GPS or an atomic clock. After receiving the the base-station timing information,
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NB-IoTs are able to accurately synchronize their clocks with the base-station clock
[157-160]. More detailed information about the periodic synchronization signal and
the synchronization mechanism in NB-IoT systems are provided in [159, 160], and the
references therein. Synchronization may be also achieved through the use of protocols such
as IEEE 1588 generic precision time protocol (gPTP) [161], network time protocol (NTP)
[162] and wireless PTP [163]. These cost-effective clock synchronization protocols are
also popular in other applications, including electrical grid networks, cellular base-station

synchronization, industrial control, and vehicular systems [164, 165].

If the distance between the source and the target is dy and that between the target and
the m-th NB-IoT node is

=) (58, — 67)2 + (3% — 6)2 + (53, — 6)2, 1<m <M, (6.2)

then the true target range with respect to the m-th NB-IoT node is
T = Ay + do, 1<m <M. (6.3)

The propagation is non-dispersive and the base-station signal received by the NB-IoT
nodes includes a direct line-of-sight (LoS) path from the base-station to the nodes and
an indirect non-LoS (NLoS) path from the base-station to the target and then to the

nodes. The demodulated baseband analog signal received at m-th sensor is

Um (t) = Qms(t — Tm) + ams(t — 1) + i (t), (6.4)

where a,, € C (a,, € C) and 7, € R (7, € R) are the attenuation coefficient and
time-delay of the propagation channel for the direct (indirect) path, respectively; and
nm(t) € C denotes additive white noise following a circular-symmetric complex Gaussian
distribution with variance N, > 0. The unknown time delay 7, is linearly proportional
to T, 1.e. Ty = /¢ where ¢ = 3 X 108 m/s is the speed of light. The unknown direct
path delay 7, is also linearly proportional to the distance between the m-th node and
the base station. i.e., T, = dp/c where dy, = \/(5% —0F)2 + (0 — 6})2 + (62, — 6F)?

denotes the distance between the m-th node and the base station.

The baseband signal is filtered by an ideal low-pass filter with bandwidth B and frequency

response
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FIGURE 6.2: Conceptual representation of the oversampled one-bit ADC. The CDC
block represents the digitizer operating at sampling rate of 1/7T. A quantizer Q(-) then
converts the digital samples into a one-bit data stream.

0, otherwise. '

This low-pass filtering of the signal ,,(t) yields

Ym(t) = ams(t — Tim) + ams(t — Tim) + nun(t), (6.6)

where n,,(t) is the filtered noise trail whose auto-correlation is

1 o0 )
an(tl_t2)22ﬂ_/ Nm|H(Q)|26—JQ(t1—t2)dQ
ZQBNmSiDC(QB(tl —tg)), (67)

sin(mu)
U

where sinc(u) =

Each NB-IoT node is equipped with a one-bit ADC which admits binary samples of the
corresponding Y, (t) during the observation interval [0,7'). The ADC sampling frequency
fs = Tis = 2UB, where 1 is an integer greater than or equal to one, referred to as the
oversampling factor. Figure 6.2 conceptually depicts a one-bit ADC which comprises a
Continuous-to-Discrete Converter (CDC) with sampling frequency fs=20UB followed by
a one-bit quantizer. The CDC produces L= Tl = 29 BT discrete samples of y,,(t) during

E]

the time interval [0, 7). Stacking all discrete samples produces a C**! vector

Ym = &ms(;m) + amS(Tm) + Ny, (6'8)

where [ym]i = ym((l = )T5), [8(Tm)li = s((1 = V)T = 7m), [s(7n)li = s(( = )T = 7m),
and [n,); = np((l — 1)T) for I = 1,2,--- L. From (6.7) and Gaussianity of n,,(t),

vector n,, follows a zero-mean complex Gaussian distribution with the covariance

E{n,nf} =c¢2> cCM*t (6.9)
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where [X]; ; = sinc ('Z;fj‘) and 02, = 2BN,y,.

The quantizer, represented by a function Q(-), converts the discrete samples into binary
data by comparing each sample to a known threshold and then measuring the sign of the
real and imaginary parts of the resulting difference. These one-bit measurements at the
m-th NB-IoT node are

Zym = Q(Ym)v (610)

where the [-th element of Q(yy,) is

Qym)l: (6.11)
- jisgn(%{[ymh ~ b)) + 75 sen(S{lynl ~ k).

with 4, € CX*! are known thresholds levels.

The nodal processing at each NB-1oT receiver entails estimation of the target time-delays,
and hence the range, from one-bit samples z,,. In the next section, we devise a method

for one-bit time-delay estimation.

6.3 Time-Delay Estimation with One-Bit Samples

Several approaches have been proposed in the literature to estimate range (time-delay)
of targets from one-bit samples with most formulating this as an optimization problem.
For example, the covariance matrix formulation of [31] employs cyclic optimization
method to extract the range along with other parameters. Other recent works using only
one sensor exploit sparsity of the target scenario to estimate unknown parameters by
applying techniques such as ¢;-norm minimization [166] and log-relaxation [167] to solve
the resulting optimization. In our passive NB-IoT sensor set-up, the objective function is
a variation of weighted least squares (WLS) that we minimize via ¢;-norm regularization
to estimate 7,,, using the one-bit quantized observations, i.e., z,,. In conventional passive
radars, direct and indirect path signals are recorded in separate reference and surveillance
channels, respectively. However, the direct signal may seep into the surveillance channel
and mask the relatively weaker indirect signal. In such cases, adaptive filters are employed
to first suppress the direct signal in the surveillance channel [168]. However, our NB-IoT
scenario is an opportunistic sensing application where the receivers are not equipped to
record separate channels. Moreover, as explained next, the (additive) overlap of direct

signal with the target echo is useful because the former is used to estimate the latter in
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our formulation. Here, we also remark that there are passive radar applications where
direct signal suppression is not crucial. For example, this requirement is often relaxed in
passive sensing using communications satellites because of the relatively weak power of

the direct path satellite signal than, say, commonly used broadcasting signals [169].

6.3.1 Constrained-Weighted Least Squares Minimization

Equation (6.8) can be transformed to the frequency domain by multiplying both sides by
an L x L Discrete Fourier Transform (DFT) matrix F, whose (n, k)-th entry is e

This yields

Fy,, = andiag(sz, )a(Tm) + amdiag(s,, )a(tm) + iy, (6.12)

. (1-1Du
where 01, = Fn,,, [a(u)]; = e /TS for 0< 1< L—1ands, =Fs, with

(6.13)

fsult = s(I—1)Ty) 1<1<L— %]
o 0 otherwise.

Let us discretize the continuous space of the time delay, i.e., [0,T), into a given set of
N > L grid points, i.e., {Tm1, -+ ,Tmn} [170]. This discretization transforms (6.12)

into the following sparse model

Fy, =[SO A(Tn)n + 0, (6.14)
where A(?m) = [a(?m,l) a(?m,N)] € CLXN: S = STma T STt S
and a,, = [&mJ e amyN} € CNV*! is a sparse vector with

O, if Tm,k = Tm,
[am]k = Qpp, if Tmk = Tms (615)

0, otherwise.

The waveform s is known at NB-IoT receiver. Hence, the problem is to find y,, and
a sparse vector @, which are consistent with the model in (6.15) as well as one-bit
measurments z,,. In consequence, the time-delay estimation problem can be formulated

as follows [166]
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minimize |[@n 1 + p|W [Fym — [S © A(Tm) @] |13

Ym,®m

s.t. R{zm} O R{ym —vm} = 0, (6.16)
$H{zm} © SHym —vm} = 0.

where p is a regularization parameter and W = Y F s a weighting matrix. The
first term in the objective of (6.16) promotes sparsity in @, while the second term is
a WLS criterion that penalizes the model mismatch in (6.14) considering the fact that
the additive noise in (6.14) follows a circular-symmetric complex Gaussian distribution
with the covariance matrix o, FEF¥ . Further, linear constraints arise because one-bit
quantized and discrete samples must share the same sign. Introducing a slack variable

Xm = X3 FH [Fym — [S© A(Tm)]en], (6.16) becomes

minimize |[@n |1 + pl|xml3
Xm,&m

5.t R{z } OR{FE[S © A(F )]G+ 2 X —Ym} = 0, (6.17)
{2z }OS{FH[S © A(F )@+ 2 Xm —m} = 0.

The above problem comprises minimization of a convex objective function with linear

constraints and can be solved efficiently [98].

The solution of (6.17) yields estimate of @, which has two non-zero elements at indices

(k1—1)T (szl)T)]T
N N

k1 and ko. From this, we find 7, = . The estimated unknown time

delay corresponding to the indirect path is then

5—\m = max{[?m]h [?m]Q}a (618)

Lemma 6.1. 7, is a consistent estimate of Tp,.

Proof. See Appendix C.1. O

Hence, the a consistent estimate of the range of the target is given by 7, = ¢7p,.

6.3.2 Improved Performance with Oversampling

It is possible to improve the recovery performance if the one-bit ADCs sample at a rate
higher than the Nyquist. Note that the samples are still quantized to only single bits. In

this section, we analyze the effect of oversampling.
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FIGURE 6.3: An equivalent representation of Fig. 6.3 to show both oversampled y,,
and Nyquist-sampled y,,.

In case of oversampling, let replace the CDC module in Fig. 6.2 with an equivalent
system (Fig. 6.3) composed of a CDC that samples y,,(t) at the Nyquist rate followed
by an ¥-fold upsampling. A low-pass filter with frequency response

v, 19 <75,

(6.19)
0, Otherwise,

H(e?) = {

outputs the oversampled data y,,. The oversampled y,, and Nyquist-sampled y,, (see
Fig. 6.3) are related as [171]

L)Y

-1
Yl = pz:l[%]psinc (lﬁ -p+ 1) (6.20)
[Ymlp, ifl=(p-1)9+1,1<p<L/",
= -1
Z[ym]pSinC (ﬂ—p—i-l) , otherwise.
p=1

Indeed, (6.20) implies that % elements of y,, are exactly equal to those of y,,; and
the other elements of y,, are obtained from linear combinations of the elements of y,,.
Let [¥,,i = [ym)i for l # (p—1)9 +1 and 1 < p < L/9 and Z(.|0) denote the Fisher
Information Matrix (FIM) with respect to the parameter vector 8. The linear dependence
of y,, and y,, implies that Z(¥,,|Ym, Tm, @m) = 0. Hence, it follows from the chain rule
of FIM [172] that

I(ym|7-maam) :I(ymh'm,am)- (6.21)

This means that oversampling has no impact on the accuracy of the time-delay estimation

using full-precision data in our model.

Now let us consider the effect of oversampling on the accuracy of the time-delay estimation

using one-bit data. Substituting (6.20) into (6.10) yields
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Zm)i = Q([yml1) (6.22)
= L
Q (Z [Ym]psinc (Z_Tl —-p+ 1)) , otherwise,
p=1

where z,, = Q(¥,) contains the one-bit data at the Nyquist rate. From (6.22), we deduce
that whereas % elements of z,, are exactly equal to those of Z,,, the remaining elements of

Zm, denoted by z,, € C1—§)Lx1

, can not be constructed from linear combinations of the
elements of z,, like the full-precision case. In other words, (6.22) indicates that while z,,
provides information about only the signs of y,,, Z,, provides additional information on
the signs of the linear combinations of y,,. Therefore, in general, Z(z, |Zm, Tm, @tm) = 0.

From the chain rule of FIM [172], we have

Z(Zm| Ty @m) =Z(Zon | T, @) +Z(Zn | Zim, Tins Q). (6.23)

Considering (6.23) and Z(Zm,|Zm, Tm, cum) = 0, we observe
Z(2m|Tims 0m) = L(Zm| T, tm) (6.24)
This implies that oversampling could enhance the parameter estimation performance

when one-bit quantized data is used.

6.4 Target Localization with One-Bit Samples

In order to comply with bandwidth and power limitations, each of the M sensors converts
its nodal range measurements into a binary sample w,, by comparing it to a positive

threshold A\, > 0, i.e.,
Wy, = 8gN (T — Am)- (6.25)

All nodes forward this binary range and the corresponding thresholds to the FC which
localizes the target using the binary range measurements from all nodes. We first present
a framework for target localization with full precision (or infinite-bit) range measurements

and follow it with our methods for one-bit data.

6.4.1 Localization with Full-Precision Range Estimates

Recall the expressions of d,,, and 7, in (6.2) and (6.3), respectively. Without loss of

generality, consider the first (m = 1) sensor as the reference sensor. The difference
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between the true range with respect to reference sensor and any of the remaining m-th

(m > 1) sensor is
T — 11 = dpy — dy, (626)

Rearranging (6.26) as ry, — r1 + di = d,,, and squaring both sides produces

((rm = 71) + d1)* =dp, = (6, = 67)°+ (0}, — 67)*+ (67, — 07)°, (6.27)

where the last equality follows after substituting d,, from (6.2). Simplifying yields

(6% = 67) (0, — OT) + (0¥ = 67) (03, — 8Y) + (6% — 67)(d7, — 07)

+ (rm —r1)d1 = (6.28)

1

5 (05 = 1) + (8%, = 61)* + (87, = 01)° = (rm = 71)°]
T

which are linear in the target coordinates [6“ oY 62] . Denote the unknown parameter

vector
T 4x1
0 = [0% — o7 &Y —oY 0% —6; dl} e R™. (6.29)

Then, collecting all linear equations specified by (6.28) for m = 2,--- , M, we obtain the

following compact matrix form

G6 = h, (6.30)
where
(05 —o7) (05 —0a7) (65 —65) ra—m
G= 2 : : : e RM—1)x4, (6.31)
(0% —oF) (0%, —d7) (03, —0f) rm—m
and

(55 = 6% 4+ (6] = 81 + (05 = 07)% = (2 = r1)?

(552 = 877 + (3%, = 1) + (03 = 67)% = (g —m0)?

e RM—1)x1, (6.32)
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In practice, every true m-th sensor range r,, is unknown. As explained in the previous
section, we employ constrained WLS to obtain the estimate 7,,,. Assume 7., = 7 + €,
where e,,, is the estimation error due to the receiver noise. Then, the equality in (6.30)

does not hold and the resulting perturbed system of equations takes the form
e =GO —h, (6.33)

where € denotes the perturbation term. Assuming G is full column rank, the least squares

(LS) solution of the system of linear equations in (6.33) yields
6 = G'h. (6.34)
Then, the target location is obtained as

~ ~ ~ T

5 o 5Z}T — |6l +57 (B +6! [B)s+57| - (6.35)

Remark 6.1. Contrary to range estimation, WLS is not applicable for estimating 6 in
(6.33) because the covariance matrix of perturbation € is unknown. This is apparent from
the fact that the covariance matrix of the perturbation term is a function of the variances
of the range estimation errors, i.e., e1, €2, -+ , e, as well as the unknown target location.
Under such circumstances, the best choice for the weighting matrix is the identity matrix,
which reduces WLS to LS.

When the FC receives the full-precision nodal range estimates, i.e., 7, for 1 <m < M,
the aforementioned LS solution in (6.35) is quite effective. However, when the nodal

range estimates are quantized to one-bit as in (6.25), the LS approach is no longer

applicable at the FC.

6.4.2 Optimal Localization with One-Bit Nodal Range Estimates

We first develop an optimal approach for localization with one-bit quantized range

T
measurements from the M nodes denoted by w = |wy,ws,--- ,wys| - We show that
this optimal approach achieves the global minimum.
T
Consider T = [r2 reg --- TM:| e RM=1x1 and denote 1 as a (M — 1) x 1 vector with

all ones as its elements. Define
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(05 —of) (65 —0f) (05— 6F)
V= : : : e RIM-Dx3, (6.36)

(37 = 0F) (O3 = 01) (93 — 1)

and

. (05 — 67) + (65 — 67)* + (05 — 67)°
b== : e RM—-1Dx1, (6.37)
(6% = 01)* + (63, — 01)? + (85, — 65)°

Both V and b are known a priori. Then,

G = [V F— rll] : (6.38)
1
h:b—g(f—rll)(b(f—rll). (639)
We jointly estimate the unknown 6 and r by solving the optimization

minimize |GO — h||3

)

s.t. wOo(r—A) =0, (6.40)
r =~ 0,
where A = [A1, A2, - -+, Ays]T. The first linear constraint in (6.40), similar to the formula-

tion in Section 6.3, arises because the one-bit quantized data and the elements of r — A
must share the same sign; and the second constraint indicates that range values are

non-negative. Reformulate the objective function £(r,8) = ||GO — h||3 as

2

L(r,0) 2 H [v T — 7«11} 9 b+ %(f— m1)® (F— 1) (6.41)

2

When r is fixed, the LS solution for € is given by (6.34). Substituting (6.34) into (6.41)
yields

L(r) = L(r,0) 2 |GG'h — h|3 = |I&h|3 (6.42)
2

9

1
2

where the last equality is obtained by substituting (6.38)-(6.39) and using IT¢ = H\L, —
e -1 following the projection decomposition theorem [173]. Since Il (F — r11) €

N (V) it is easily confirmed that H{}HH‘L/(F_TII) = HH%,(?_ml) simplifying (6.42) to
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L(r) = [b - %(f —1l)o(r- 7’11)]T [H%/ - HH%,(f—rll):|

v [b— ;(r—rll)Q(r—rll)]. (6.43)

Expanding IIy L(F-r1) yields

— I F - IS E - 1)
B H{‘,(f — 7“11)(? — T‘ll)TH{‘,
|G (T — r11)]|3

HH{; (t—r11)

(6.44)

Note that the fact that G is full column rank guarantees ||TI3; (F—r11)||3 # 0. Substituting

6.44) in (6.43), the L(r) takes the rational form ) where
J(r)

_ 1 _ _
F(r) =[|TTy (x - m1)[13 <|!H\L/b|!§ + I [ =)o F-n1)]3

— by [(f —-rl)eo ([T - 7“11)}>

2 1 2
- (bTH%,(f - r11)) - ([(f — 1) ® (F— 1)) TH(r - r11)>
+ b TG (F - m1)(F - ) G [(F - ml) © (F - ril)], (6.45)
is a polynomial of degree 6 and
J(r) =[ Iy (F —r1)3, (6.46)

is a polynomial of degree 2. Hence, (6.40) becomes

minimize 7 (r)
r J(r)
s.t. wOo(r—A) =0, (6.47)
r>0.

The optimization problem in (6.47) is non-convex. In order to relax this fractional
structure, we decouple the numerator and the denominator as stated in the following

theorem.

Theorem 6.1. The optimization problem in (6.47) is equivalent to

minimize v
u,r

s.t. vJ(r) = F(r) =0, (6.48)
0
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where v 1s a slack variable.
Proof. See Appendix C.2. O

The objective in the optimization problem (6.48) is not rational. However, it is still
non-convex because of the polynomial constraint v7 (r) — F(r) > 0 of degree 6. To refor-
mulate the problem to an equivalent SDP, we employ Lasserre’s multivariate polynomial

optimization [152].

Definition 6.1 (Monomial basis of degree p). The vector gy,(u) is called the monomial
basis of degree p if it contains all monomials u}"us? - - us’ such that >°¢_, v; < p with

v;’s being integers.

For example, go(u1,uz) is the monomial basis of degree 2 if

T
g2([U17U2]T)=[1 up uz ud ugug u3| . (6.49)

To parametrize the first constraint of (6.48), substituting (6.45)-(6.46) in v 7 (r) — F(r),

and expanding the resulting equation, we obtain

2 J—
Uj(r Z wmmr v +( Km mem T + Z Zwmnrmrnv + Wrmn ’(mewnn)
- m=1n=1
m#n
4p2_p3 3 _ 3 2.2 B
(m T =TT )+(/€m1/}mn dimmllfnn)(rmrn TmT )+(ﬁm/‘3n men)rmrn
M M M
+ z:lz:lz wmn¢mk 1 wmmwnk) (7“ - 2?”3 Tk—F’I’Q QTI%)
= n=

M M M M

+ (Vmm¥nk — Vmnkr) T2 a7k + Z Z Z Z (VmkPng — ; ¢mnwkq)T2 2 020

m=1n=1 k=1 g=1
m#n#kq

+

3M§

M M
Z Z djlmwnk_:ﬁbmnwlk)r%rmrnrk + (4wmn¢mk + 3711mm7/1nk)7“217“n7“k7“1
2 k=

nk

[\

M M M M

+ (Ymnkk = 2%mmPnk ) rmraTer1 + 32 Z Z Zwmnwqu?nrnrqu, (6.50)

m=2n=2 k=2 q=2
mnthq
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where

M-1M-1 .
2im1 ijl [H{'/]i,jy it m=n=1,

5], if 2<m=n<M,
Drrm = m=Lm (6.51)
- Zz’:l [H%/]i,m—la ifm=12<n<M
[H\L/]mfl,nfl’ if 2 =m 7& n < Ma
M— M- .
- S i), i m=1, (6.52)
Tl S IR b, if 2<m< M,
and y = |IIb||3. Using Definition 6.1, we parameterize the polynomial in the first
constraint of (6.48) as
_ 4T T
vJ(r) — F(r) = ¢" go([r,v]") (6.53)

where ¢ is the vector of the coefficients corresponding to the monomial basis gg([r,v]T),
which is readily obtained from (6.50). We state the SDP equivalent of (6.48) in the

following theorem.

Theorem 6.2. Given the scalars r1, r9, - -+, Ty and integers {Vi}ij\il, define IC : RM+1

R as K(r{'r? - rPMo ) = fy ooy, Such that K(1) = pgo..o = 1. Construct the

matrices
Tp(p) =K (gp([r, 0] g, ([r,0]")), (6.54)
Tzll(/"’): (6.55)
K(gp—1([r, 0] g1 ([t 0w (rm—Am)), if 1<m< M,
K (gp—1([r, 0] T)gp_y ([, 0] )rm), if M +1<m<2M,
K (gp-1([r,v]T)gLy ([r,0]T) (vmax —v))  if m=2M +1,
and

Tp—3 (H) :,C(gp—?:([r? ’U]T)gg—S([ra U]T)d)Tgﬁ([rv U]T)) . (6'56)

Then, there exists an integer p > 3 for which the optimization problem (6.48) is equivalent
to
minimaize  4oo..-01
"
s.t. T,(p) = 0, (6.57)

L 1<m<2M+1,



Localization with One-Bit Passive Radars in Narrowband Internet-of-Things using
Multivariate Polynomial Optimization 110

such that the minimizer of (6.48) is

[7'{;7’57 s 7T7\/[7U*]T = [ﬂfo---ooﬁigl---oo’ Tt 7M(*)0---107N60---01]T~ (6~58)

Proof. See Appendix C.3. O

Remark 6.2. Note that the number of optimization variables in (6.57) is equal to

(M+2p+1
2p

M and the relaxation order p. Therefore, even though this method is able to attain the

) which could be very large even for moderate values of the number of sensors

global minimum, it could become computationally expensive in the practical scenarios.

6.4.3 Sub-Optimal Localization with One-Bit Nodal Range Estimates

It is possible to reduce the computational complexity of the Lasserre’s SDP method by
trading off the optimality. We now present such a sub-optimal approach by iteratively
solving (6.40) through alternating minimizations over €, r1 and r. Although this method,
that we call ANTARES standing for iterative joint r A Nge- TA Rget location EStimation,

achieves only a local minimum, its computationally efficiency is significantly higher than
SDP.

Denote ), r§k) and F*) to be the values of the parameters 6, r; and T at the k-th
iteration, respectively. Given 8%*) and r%k), using (6.41), the problem in (6.40) with
respect to T at the (k + 1)-th iteration becomes

(k)2 2
winimize 370, (“”21) + 100 — ) + gﬁ?)
r
(6.59)
s.t. Wiy (T — Am) >0, 2<m < M,
Tm > 0, 2<m< M,

. _ T
where (i) = (V8" ]y — [bl-1 with 8 = [[89); [6®)], [9¥)];] . The global

minimizer of (6.59) gives the update of ¥*) as F#*1 to be used in the next iteration.
Observe this optimization problem is separable in 79,73, -+ ,737. Hence, we convert it

into M — 1 parallel optimization problems, each of which is

minimize $ri, + 57(5)7“21 + Cr(r}f)rgn + W, + 777(7];)

Tm

s.t. Wi (T, — Am) >0, (6.60)
Tm = 0,

where
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Bk =gk, — rgk), (6.61a)
(k)\2

o =210 300, 4 ([WL)? + ¢, (6.610)

W) = = () 310W () 2 (W) <) i
(0P, B, (6.61c)

(k)y4
@ =L o1 )+ (0040 (12

—2[6®],¢r{? + ()2, (6.61d)

Since the objective and constraints in (6.60) are differentiable, the global minimizer of
(6.60) belongs to a set of points which satisfy the following Karush-Kuhn-Tucker (KKT)

conditions [98]:

r3 4 3@(,’;)7“72% + 2§7(7]f)7“m + wfff) — 01wy, — 02 = 0, (6.62a)
Wi (rm — Am) 20, (6.62D)
rm 2> 0, (6.62¢)
01Win (Tm — Am) = 0, (6.62d)
02rm =0, (6.62¢)
0120, (6.62f)
02 2 0. (6.62g)

where g1 and g2 are the KKT multipliers. From (6.62b)-(6.62g), there are three possibil-

ities:

(i) 1 > 0 and g2 = 0: From (6.62¢), under this condition, 7, must be equal to A,.
Considering ry,, = Ay, and g2 = 0, it follows from (6.62a) that

01 = wim (A2, + 38002 1 ack)\ | 4 wk)), (6.63)
Further, from p; > 0, the point r,,, = A, satisfies the KKT conditions if

Wi (A3, + 38002 4 2ckI x4+ W)y > 0. (6.64)

(ii) o1 =0 and g2 > 0: From (6.62f), ,,, must be zero under this scenario. Considering
rm = 0 and g1 = 0, it follows from (6.62a) and (6.62b) that go = wﬁ,]f) and w,, < 0.
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Hence, when 02 > 0, the point r,, = 0 satisfies the KKT conditions if

w7(7]f) > 0,
(6.65)
Wy, < 0.

(iii) o1 = 0 and g2 = 0: Under this scenario, the KKT conditions imply that r,, must

be equal to the non-negative real roots of the following cubic equation

3 4+ 3802 4ocky 4 k) — g, (6.66)

m m

which satisfy (6.62b). The roots of (6.66) are given by

1 A
Fom s (355;:) et A02> ge{o.12), (6.67)

where ¢ =

A . s
_1-‘5]\/§, AQ — 3 @’ AO — 9( 7()7,?))2 _ 69(,/]5) and Al o
54(5,(7];3))3 - 54@(,’:)9(7? ) + 27w,(,]f). Further, it is well-known that amongst the KKT-
compatible non-negative real roots of (6.66), only those which also satisfy the

following second-order sufficient condition
3F2+68WF,+2cM >0, (6.68)

act as the minimizers of (6.60) [98]. As a result, we only consider the non-negative
real root of (6.66) for which (6.62b) and (6.68) hold true.

Accordingly, the set of points which are the minimizers of (6.60) is derived by following
(i) to (iii) above. Then, the global minimizer of (6.60) is the point in this set at which
the value of the objective in (6.60) is the smallest.

Once 7**1) is found, the problem (6.40) with respect to 7 at the (k + 1)-th iteration is
cast as
min}mize ari+ ng)r% + cfk)rf + wgk)n + ng)
1
s.t. w1 (7"1 — )\1) >0, (6'69)
1 Z 0)

where
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0 _ =L S~ ) )
ﬁl :M 1 Z T'm - [0 ]47 (670&)
m=2
M
S _ 1 Z §(T(kz+l))2+3[9(k)}474(k:+1) + B 4 (j0W),)? (6.70b)
! M—14z2m m m ’
M
wi :M__1 1 > )3 +3[00], (r )
m=2
+2 (([0W]a)2+¢80) ri 42100, (6.70¢)
M o (k+1)y4
e :Ml 3 (rm ) W] (kD)3
-1 4 m
m=2
(012 +¢W) (G )2 +200W (W) (6.70d)

The global minimizer of (6.69) is attained by following a procedure similar to that of
(6.60). From ¥*+1) and T§k+1), the update of @) at (k 4 1)-th iteration is

okt — G Rk, (6.71)

where GT*" and h(*+1) are computed by substituting F*t1) and r§k+1) for ¥ and r1 in

(6.31) and (6.32), respectively.

Algorithm 3 summarizes the steps of aforementioned ANTARES for joint estimation
of 8 and r. Note that each iteration of ANTARES requires solving one-dimensional
optimizations, each of which has a closed-form solution. Further, the optimizations with
respect to ro, 73, -+ , Ty, are solved in parallel at each iteration. Hence, ANTARES is

computationally highly efficient compared to (6.57).

6.4.4 CRB for Localization with One-Bit Nodal Range Estimates

We employ the CRB as a benchmark for assessing the estimation performance of the
proposed optimal and sub-optimal algorithms. This is also useful for demonstrating the

performance loss of one-bit quantization over the unquantized processing.

Assume that the estimation error term in 7, = r, + ey, i.e., ey, follows a zero-
mean Gaussian distribution with variance v2,, 1 < m < M. Then, 7, is distributed
as a Gaussian random variable with mean r,, and variance U?n, 1 <m < M. The

r1,79,- -+ ,Tp are statistically independent. Hence, the conditional probability density
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Algorithm 3 Iterative joint range-target location estimation (ANTARES)

Input: one-bit samples w, threshold vector A, optimality tolerance parameters €; and
£9.
Output: Target location estimate 5, range estimate T.
1 Initialization: Set k = 0, 6 € R**! arbitrarily and r{”) > 0 such that w (r{”) —
)\1) > 0.

2: while ||[@*+D) —9(")|2 > ¢; and ||r*+tD) — r(®)|2 > &y do
3 if 2 <m < M then
4 S« {@}.
5: if (6.64) is fulfilled then
6: $ {)\m} us.
7 else
8 5 < 8.
9: end if
10: if (6.65) is fulfilled then
11: 5« {0} US.
12: else
13: 5« 5.
14: end if
15: for ¢ < 0 to 2 do
16: D + {o}.
17: Find F4 from (6.67).
18: if W (Fg—Am) >0, Fg >0, S{F 4} =0and 372+ 6851, + 2\ > 0 then
19: D+ DU Fq.
20: end if
21: end for
22: 5« DUS.
23: Find rop; € S at which the objective of (6.59) is minimized.
24: P g
25: end if
26: Follow steps 4-17 to solve (6.69) for r§k+1).
o7, kD) I kD),
28: end while
20: = 1) and T = r(k+D),
function of w given q = [6%,6Y, 6%, dg, v1, Vg, - - - ,vp]T € RO §g
M
fw | @) = T o(tnlm=An)) (6.72)

m=1 m

where ®(z) = % I e~**/2du. The CRB is the inverse of the Fisher Information Matrix
(FIM) I(q), whose (i, j)-th element is [107]

dlog f(w | q) dlog f(w | q) }

oldl; oldl; (6.73)

it =2
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From (6.72), (6.2) and (6.3), the partial derivatives of the log-likelihood log f(w | q) are

_ (T‘m*Am)2

dlogf(w]a) 1 wxwp(6”—dz)e 2%
o Vom mzzl Umd @ (e =2dy
M 7(Tm—/\m)2
8log f(W ‘ q) . 1 wm((sy — (57%/”)6 2vim
oV Vo g_:l Uy ® (Wmlrmm) y 7

Um
_ (rm —>\7n)2

2vi,

dlog f(wl|a) 1 iwmwhéfn

a5 V2T A= U dyy @ (YA
M (rm—Am)?
dlog f(w]q) 1 Z Wpe  2Un
ddy V2T gy B (L m=Am) )
7(7‘m—>ém)@
— 2v5,
810gf(W ‘ Q) _ wm(rm /\m)e C1<m<M
O, v?nq)(wm(';”*)‘m))

(6.74)

(6.75)

(6.76)

(6.77)

(6.78)

Inserting (6.74) to (6.78) into (6.74) and exploiting the statistical independence of

Wy, w2, - -~

, Wy, the elements of the FIM are

_ (Tm*Am)2

_ (T‘m*Am)2 _

(rm—>m)?

(62— 6%)(h, — ¥)e

vin

2mv2 d2,
" [ B ]
O(rmpAm) (A

M
(51 _ 51)2 e vZ, e vé,
L(a)]i1= - —t =
S G [ i
(T‘m*/\m)Q (T‘m*/\m)2
M r__ 2 - T
(6 —69)2 [e v e vin
[I(Q)]2,2 = — +—
S i e ames
(Tm—Am)2 (T‘m—>\m)2
M - - 5 - .
(62, — 6%)% [e Vi e vin
[L(a)]s3= St
mzzl 2mv2,d2, @(W) @(%)‘m)
M
M@=
m=1

_ (Tm*)\m)2

Ym

M T _ Sx zZ _ §%)e
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FIGURE 6.4: N-RMSE of the time-delay estimates versus the SNR with L = 100 and
¥ = 1. The signal s(t) is a 7/2-BPSK modulated signal with bandwidth B = 180 KHz.

6.5 Numerical Experiments

We investigated the performance of our proposed method through numerical simulations.
We also compared the performance of one-bit processing with full precision measurements.
We used MATLAB CVX package to solve optimizations in (6.17) and (6.57) [174]. All
the experiments are conducted under identical conditions under Matlab R2018a on a PC
equipped with an operating system of Windows 10 64-bit, an Intel i7-6820HQ 2.70GHz
CPU, and a 8GB RAM. Throughout all the experiments, we define signal-to-noise ratio
(SNR) (in dB) at the m-th node as

|t |18 (7m) ||

2
Om,

One-bit time-delay estimation: For 100 digital samples obtained at the Nyquist
rate, i.e. L = 100 and ¥ = 1, Fig. 6.4 shows the normalized root-mean-squared-error

(N-RMSE) of the time-delay estimates, computed over 1000 Monte Carlo trials, with

J ~
Zj:l (Tm,j—Tm)?

respect to SNR. This estimation N-RMSE is —
time-delay estimate at the j-th Monte Carlo trial and J is the number of Monte Carlo

where 7,,, ; denotes the

trials. We assume s(¢) to be 7/2-BPSK-modulated with a raised cosine shaping filter of
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FIGURE 6.5: N-RMSE of the time-delay estimates versus the the oversampling factor ¥
with L = 100 and SNR = —5 dB. The signal s(¢) is a 7/2-BPSK modulated signal with
bandwidth B = 180 KHz.

the bandwidth 180 KHz and the roll-off factor 1. The temporal threshold ~,, is randomly
drawn from a uniform distribution with support [—Amax, Amax|, Wwhere Apax denotes the
maximum amplitude of the received signal at NB-IoT nodes. We observe that to achieve
the same N-RMSE, the SNR should be about 5 dB higher for one-bit processing than

the full-precision case.

Effect of oversampling: As discussed in Section 6.3.2, oversampling compensates
the performance loss arising from the one-bit quantization scheme. Fig. 6.5 shows the
N-RMSE of the time-delay estimates versus the oversampling factor, i.e., ¢, at SNR = —5
dB. As predicted in theory, the N-RMSE of oversampled one-bit processing with ¥ = 5

approaches that of the full-precision processing.

Localization with different node geometries: Next, we investigate our proposed
localization method for various node placements. We consider three node geome-
tries: uniform circular (Fig. 6.6), uniform linearly-spaced in an L-shape (Fig. 6.7),
and random (Fig. 6.8). To show the performance over different ranges, we consider
the performance of these geometries over small ([—800 m, 800 m] x [-800 m, 800 m)]),
large ([—2000 m, 2000 m] x [-2000 m, 2000 m]), and mid-size ([—1200 m, 1200 m] x
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FIGURE 6.6: Localization with M = 20 NB-IoT nodes (black circles) uniformly
spaced on a circle with radius of 800 m. The target-of-interest is randomly placed at
(—309 m, 287 m). The SNR at all the NB-IoT nodes is 0 dB.

[-1200 m, 1200 m]) areas, respectively. In Fig. 6.6, the nodes were spaced on a circle
with radius of 800 m and the target and the base-station were randomly placed at
[—309 m, 287 m] and [—208, m,—312 m] (in X-Y Cartesian coordinate system), re-
spectively. When the nodes were configured in L-shape and randomly, the target was
randomly placed at [371.7 m, —338.4 m| and [—615.8 m, —753.8 m] and the base station
was randomly located at [-98 m, 1112 m| and [—87 m, 53 m)], respectively.

To consider the impact of the relative distances of the different nodes to the target
of interest on the SNR, we generate the SNR at the m-th node (m > 1) as SNR,,, =
SNRl(‘fT’f)Q where SNR; denotes the SNR at the reference node, which is assumed to
be 0 dB in Figs. 6.6, 6.7, and 6.8. The temporal thresholds and s(t) are generated
similar to Fig. 6.4. The maximum detectable range by NB-IoT nodes, i.e., rmax, was
considered to be 4000 m. The positive thresholds A,,’s were randomly drawn from 8
predetermined values over the interval (0, 7pax]. These thresholds are encoded with 3

bits and transmitted to the FC along with one-bit range information.

Our ANTARES algorithm estimates the target location with errors of 22.89, 23.87, and
21.52 m for circular, L-shape, and random geometries, respectively. This is very close to
that of the optimal method given in Theorem 6.2, wherein the corresponding errors are
6, 9.4, and 7.81 m, respectively; the errors in the full-precision methods are 1 m, 1.2, and

1.06 m, respectively. This indicates the robustness of our method against distribution in
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FIGURE 6.7: Localization with M = 20 NB-IoT nodes (black circles) linearly spaced in
an L-shape. The target-of-interest is randomly placed at (371 m, —338 m). The SNR at

2
the m-th node (m > 1) is SNR,, = SNR; (%) with SNR; = 0 dB.

of NB-IoT nodes. In order to draw a comparison between the computational complexities
of ANTARES and the optimal method, we take account of their corresponding run-times
for the investigated scenarios in Figs. 6.6, 6.7, and 6.8, which are, respectively, 3.27 s,
3.63 s, and 3.91 s for ANTARES besides 81.39 s, 88.53 s, and 85.74 s for the optimal
method. This implies that ANTARES is considerably more computationally efficient
than the optimal method in Theorem 6.2.

Next, for the random geometry, we show the effect of decreasing SNR; to —5 dB (Fig. 6.9).
The error with ANTARES algorithm now degrades to 59.85 m compared to 12.4 and 3.4

m observed in the optimal and full-precision approaches.

Statistical performance: Figs. 6.10a illustrates the localization N-RMSE, i.e. N-
RMSE in the estimation of the target location, with respect to the number NB-IoT

¢ S (55872 (0 —50)2

Jj=1 Sr ST .
nodes M, defined as N , where [67,07]" denotes the target location
estimate at the j-th Monte Carlo trial and J is the number of Monte Carlo trials.

Figs. 6.10a plots the normalized-root-localization-CRB, i.e., \/ [Iil(q)gigy;l(q)bg where

I(q) is specified in Section 6.4.4. The nodes and targets were placed randomly over
([-800 m, 800 m] x [—800 m, 800 m]|) area during each of the 200 Monte Carlo trials. The
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FIGURE 6.8: Localization with M = 20 NB-IoT nodes (black circles) randomly dis-
tributed over the area [—1200 m, 1200 m] x [-1200 m, 1200 m]. The target-of-interest
is randomly placed at (1160 m,—340 m). The SNR at the m-th node (m > 1) is

2
SNR,, = SNR, ('me) with SNR; = 0 dB.

SNR at the m-th node (m > 1) is assumed to be SNR,, = SNR; (%)2 with SNR; = —2
dB. Further, the temporal thresholds, s(¢) and \,;,’s are generated similar to Figs. 6.4
and 6.7. We observe that the N-RMSEs of the proposed optimal and ANTARES methods
improve with increase in M. The N-RMSE for the optimal method is very close to the
normalized root of the CRB and it approaches to that of the full-precision when M > 80.
It is also seen that the normalized CRB tends to the N-RMSEs of the full-precision
at the high number of sensors. In addition, Fig 6.10b shows the relative N-RMSE,
namely the difference in N-RMSE of the optimal and ANTARES methods as well as the
normalized CRB relative to that of full-precision. We observe that the relative N-RMSE
rises by 2.2%, 0.6% and 0.3% in case of ANTARES, optimal methods and the CRB,
respectively, over the full-precision approach when M = 20. The observed difference in
the estimation performance of ANTARES and optimal approaches arises from the fact
that the alternating approach employed for ANTARES is guaranteed to converge to only
a local minimum of the optimization problem in (44) [115], while the optimal method

always provides the global minimum of (44).

The temporal thresholds were randomly generated in all experiments. Comparing the
localization accuracy in Figs. 6.6-6.10 show that variations in temporal thresholds do

not have considerable influence on the overall localization performance.
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FIGURE 6.9: Localization with M = 20 NB-IoT nodes (black circles) randomly dis-
tributed within the area [—1200 m, 1200 m] x [—1200 m, 1200 m]. The target-of -nterest
is randomly placed at (—618 m,—338 m). The SNR at the m-th node (m > 1) is

2
SNR,, = SNR; (%) with SNR; = —5 dB.
6.6 Summary

In summary, the one-bit sampling offers an attractive solution to the challenges posed by
the NB-IoT for location-based services. The one-bit samplers are integral to developing
low cost and low power devices. We proposed a one-bit passive sensor array formulation
to estimate the time-of-arrival in an NB-IoT network. The quantized samples of the
estimates are then forwarded to an FC. We propose a novel method that casts the local-
ization problem from aggregated quantized nodal estimates as a multivariate fractional
optimization problem that we solve using the optimal Lasserre’s SDP relaxation. We also
propose the ANTARES algorithm as an alternative sub-optimal method with reduced
computational complexity compared to Lasserre’s. Our approach is helpful in addressing
the problem of maintaining high localization accuracy while deploying reduced-rate ADCs

at the nodes as well as limited-capacity NB-IoT links.
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Chapter 7

Sparsity-Aided Localization in
asynchronous MIMO radar

7.1 Introduction

Target localization is one of the fundamental tasks of radar systems and it has received
a considerable attention in the last few years [79-81]. In general, target localization
techniques can be categorized under two main approaches with regard to the radar
system architecture. The first approach develops the localization algorithms based
on measurements received by a fully-synchronized collocated radar sensors [82, 83].
Although localization with fully-synchronized collocated is able to achieve high localization
performance through providing the waveform diversity [84], they demand a complicated
transceiver structure with expensive devices to enable the coherent processing required.
However, many commercial applications, such as automotive radar, are required to localize
the targets using cheap devices. This capability is enabled by the second approach based
on distributed localization techniques where simple, independent radar nodes are used
instead of a complicated collocated radar system. Distributed localization techniques
exploit the angular (spatial) diversity, provided by spatially separated radar nodes, to

estimate targets locations [84].

In addition to lack of support for coherent processing, the independent radar nodes may
only provide coarse local Direction of Arrival (DoA) information. This is indeed the case
when each of the nodes is equipped with a single or a few antenna elements, as envisaged
in automotive applications [175], due to cost and implementation issues. Thus, the radar
nodes have access only to fine range, or equivalently time delay, measurements. Several

approaches have been proposed in the literature to estimate the targets locations in a

125
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distributed manner using range measurements provided by distributed radar nodes [176—
179]. Best Linear Unbiased Estimates (BLUE) of the target locations have been derived
in [176] by linearizing the elliptic equations corresponding to the target positions. A two-
stage weighted least square approach is proposed in [178], which is further demonstrated
to achieve Cramer-Rao Lower bound (CRLB) in the high Signal-to-Noise-Ratio (SNR)

regime.

Evidently, the performance of targer distributed localization relies heavily on perfect
target detection at each of the nodes. Erroneous target detection can significantly degrade
the localization performance regardless of the algorithm used. Further, since the radar
nodes are closely located in automotive applications (e.g. on the bumper), small errors
in range measurements can affect the localization. Therefore, high range resolution is a
must in targer distributed localization for automotive application. However, achieving
such a high range resolution using conventional methods demands high bandwidths which
may not be affordable in practice. Thus, in such applications, the need for developing
new algorithms, which are able to provide the desired range resolution without additional

requirements on bandwidth, is seriously felt.

Towards achieving enhanced targer localization for automotive application, we propose a
framework based on Sparse Stepped Frequency Waveforms (SSFW) and sparse sensing.
Specifically, exploiting the sparsity in the target scene, the framework uses a two-step
decentralized procedure for localization. In the first step, the target detection and
super-resolution range estimation are undertaken. The link between range resolution and
the bandwidth is broken by proposing a SSFW and then estimating the target ranges
using the sparse sensing technique. It is shown that the proposed approach provides
super-resolution estimates of the targets ranges enabling multi-target resolution with
affordable bandwidths. The waveform design parameters offer additional degrees-of-
freedom for efficient sparse sensing. In the second step, the precise range measurements
are transmitted to a Fusion Center (FC), where the DoA estimation is performed. The
Maximum Likelihood Estimation (MLE) is used in the FC for the DoA estimation and

subsequent localization.

Chapter organization: Section 7.2 describes the system and basic assumptions. The
proposed algorithm for sparsity-aided distributed target localization is given in Section 7.3.
We validate our proposed localization algorithm through numerical experiments in Section

Section 7.4. Finally, Section 7.5 concludes the chapter.
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FIGURE 7.1: Distributed radar system model

7.2 Basic Assumptions and System Model

We consider a distributed radar system (see Fig. 7.1) including M mono-static radar
nodes which are linearly distributed so that the m! radar node is located at distance
dyn, from some reference point. The reference point can also be one of the radar nodes.
The distances of the radar nodes from the reference point is assumed to be greater than
half of the wavelength of operation. Each radar node is composed of D patch antennas
embedded in an integrated chip, which beamform the transmit signal in a particular
direction at each sensing time. The transmit beams are designed such that the beams of
a subset A of the set of radar nodes intersect at each sensing time, with [A| > k. No
synchronization is assumed between the radar nodes, although the patch antennas in each
node are assumed to be synchronous. It is also supposed that K stationary point targets
are present in the area covered by the beams of radar nodes within the subset A. The k!
is located at distance r; and azimuth angle 85 with respect to the reference point. The
targets are assumed to be in the far-field, i.e., rp > d,,. Such a system model is valid,
for example, in automotive applications where the radar transceivers are installed on
car-bumpers. We note that the data association problem, arising in multi-target scenario,
is not considered in this work. Indeed, it is assumed that the signals backscattered from

different targets are properly associated in a preceding processing step.
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We employ a SSF'W for target illumination by each of the nodes. The SSFW is a variation
of Stepped Frequency Waveforms (SFWs). A classical SFW (CSFW) is composed of
P consecutive monotone narrowband pulses with duration T, so that the frequency of
the p'" pulse is assumed to be f, = f. + pAf, where p € P = {1,2,---, P}, f. is the
carrier frequency and A f denotes the frequency step size. The bandwidth and Coherent
Processing Interval (CPI) of the CSFW are PAf and PT., respectively. The SSFW can
be made out of the CSFW by transmitting only portions of the monotone narrowband
pulses of the CSFW in a CPI. Indeed, the frequency of the n'" pulse of the SSFW is
fn = fe+Sn)Af, where S C P with |P| = N < P and S(s) denotes the n' element of
S. The subset S can be selected from P in a deterministic or random fashion so as to
achieve a desired inference performance [180]. The bandwidth and CPI of the SSFW are
respectively NAf and NT,, which are considerably smaller than those of the CSEW.

Without loss of generality, it can be supposed that all transmit nodes use the same carrier
frequency!. Hence, the n'® pulse transmitted by the m'" radar node, where m € A, can

be modeled as
Ton(n,t) = sy (t —nT,)exp{j2m (fe + SM)AS) (t — nTe)}, (7.1)

where 0 <n < N — 1, and s,,(t), 0 < t < T¢, denotes the complex envelope of the mono-
tone narrowband pulse transmitted by the m* radar node. The transmitted waveforms
are assumed to be orthogonal across the M transmit nodes, i.e., f (t—7)dt,
m # m/, is assumed to be negligible compared to T% fo ¢ sm(t)s;'fn( — )dt. Assummg that

the propagation is non-dispersive, the received signal at the location of the k" target

equals
M
vg(n,t) = Z Sm (t —nTe — Ty ) exp {27 (fe + S(M)ASf) (t —nTe — Thm)},  (7.2)
m=1
where 7, = Zem and ¢ denotes the speed of light in vacuum. The backscattered signal

from K targets at the i*" radar node, where m € A, is then described by

K M
Z Z aksm T — Tkym — Tk’,i)

k=1m=1
x exp {727 (fe +S()Af) (t —nTe — Ty — Th,i) } + 1i(n, 1), (7.3)

where «; is referred to as the complex amplitude proportional to the radar cross section

(RCS) of the k'" target, and 7;(n,t) is the zero-mean additive white Gaussian noise at

Tt should be noted that the radar nodes are assumed to use the same carrier frequency for notational
brevity. However, in general, there may be some offset between the carrier frequencies of radar nodes,
which does not affect the validity of the ensuing derivations and system model.
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b radar node, whose variance is o2.

The received signal at the i radar node, i.e., y;(n, t), is downconverted into the baseband
through being multiplied by e 727(fetSMAN(E-nTe) an( is then cross-correlated with
the complex envelope of the monotone narrowband pulse transmitted by the same node

at time t € [nT,, (n + 1)T,], i.e., s;(t — nT.), yielding

1 (n+1)
zq(n):—/ gi(n,t)s; (t —nT,)dt
TC nT,.
Ay
K n+1)T,
ag exp {—jar (fo + S(M)AF) Thi} /< * .
=> si (t —nT, — 275 st (t — nT.)dt +
k=1 T
Az
K . n
» ag exp {—j27 (fe + S(M)AS) (Tkym + Thi) } /( +1)3Tc (t = nTe—Thm—Th,i) 57 (t—nTe)dt
: Tc m c ,m 1) 94 c
k=1 m%#i
+17i(n). (7.4)

where 7;(n) = %c f("H) ni(t,n)s;(t —nT.)dt. Due to the orthogonality of the transmit-
ted waveforms across the radar nodes, the term A, in (7.4) is negligible compared to the

term A;. Therefore, (7.4) can be simplified as

n) = kz:ﬁk,i exp {—m <W8(n)> } +iis(n), (7.5)

where fj; = aka(2 )exp{—j?w (2:\'21)}, a(t) = T%fé;jl) i (t—nT. —7)si(t —

nT,)dt, and . denotes the wavelength of the transmitted signal.

7.3 Proposed Localization Algorithm

In this section, we aim to determine the locations of the targets with respect to the
reference point. We propose a two-stage decentralized localization algorithm. In the first
step, the target detection and precise range estimation are separately done in each radar
node. Then, the range measurements are transmitted to a FC for DoA estimation and

subsequent localization.
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7.3.1 Range Estimation

Let us discretize the range plane on a fine grid so that

2ry, = 10, 0<I<L-1, (7.6)

where ¥ and A f are chosen so that ﬁ%f = % with L > N. We can then rewrite (7.5) as
L-1

zi(n) = wexp{—j2riS(n)/L} +iji(n), (7.7)
1=0

where z; = aga(l9/ c)e I2mOLS /¢ if a target is present at the range 9 and zero otherwise.

Stacking z;(n)’s into the vector z; = [21(0),- -+, 21 (N — 1)]T, we can express (7.7) in the

matrix form as

z; = Ux; + 1;, (7.8)
where x; = [2¢, -+ ,2—1]T and ¥ is a Vandermonde matrix with [¥],,; = e#ls(n), ie.,
it is composed of N rows of the L x L Discrete Fourier Transform (DFT) matrix. The
estimate of target ranges can be found by solving the sparse problem (7.8) such that
non-zero index [ denotes a target with delay /9. In principle, the sparse vector x can be

recovered by solving the £;-norm optimization problem
)A(z‘ = miH”X7;||1 s.t. ||Zz — ‘IIXi||2 < g, (79)

which is also referred to as the least absolute shrinkage and selection operator (LASSO).
The LASSO is a convex problem and converge to a global solution with a high probability
in polynomial time if the matrix W satisfies the Restricted Isometry Property (RIP) of
order 2K with the 2K-Restricted Isometry Constant (RIC) dox < —2— [181]. The

34+/7/4
K-RIC of a matrix A, i.e., 0k , is the smallest number such that the inequality

(1= 0r)1x[13 < [|Ax]|3 < (1 + ) I3, (7.10)

holds for all K-sparse vectors x and a matrix A fulfills the RIP of order K if 0 < 1
[181]. Hence, in order to the range recovery is guaranteed, the subset S should be chosen
such that the RIP of order 2K [182] is satisfied. As mentioned in Section 7.2, the subset
S can be chosen from the set P in a deterministic or random way. In current work,
we select the subset § uniformly at random out of the set P. In this case, it has been
shown in [182] that the matrix ¥ obeys the RIP of order 2K with a high probability if
N > CKlog(L/K), where C' is some constant.
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7.3.2 DoA Estimation

After the distributed sparse processing, the recovered ranges are transmitted to a FC for

DoA estimation. According to the law of cosine, we have

P = /1% + @B, % 2rdy sin By, (7.11)

where + and — hold for the nodes on the left and right hand side of the reference point,
respectively. Considering the far-field assumption, i.e. r; > d,,,, and the Taylor series

expansion, (7.11) can be approximated by
Thom = Tk £ dpy, sin Oy (7.12)

Thus, if 71, denotes the recovered range of the kth target with respect to the m'™ node
and 7 denote the recovered range of the same target with respect to the reference point,

we can argue that,
Ak, = f'k,m — 7, = £d,, sin 0, + €m, (7.13)

where e, is the error proceeding from quantization as well as estimation error which can

be generally modeled as a Gaussian random variable with variance p2,. Staking all Qk,m’'S

from different antenna for a particular target k into a vector qx = [qr.1,- - , qk,m—1], We
have

qr = wsinfy + e, (7.14)
where € = [eq, -+ ,epr—1]T and w = [wy, - ,wyr_1] with w,, = d,, if the i*® radar
node is on the left hind side of the reference point and w,, = —d,, otherwise. We can

then recast the Maximum Likelihood Estimation (MLE) of v = sin 6}, as the following

optimization problem,

argmin (ar —wy) = (ax — wn),
s.t. -1<y<1, (7.15)

where 3 = E{ee!’} = diag{p?, -+, p3,_,}. The above constrained optimization problem

is convex. Therefore, applying the Karush-Kuhn-Tucker (KKT) optimality conditions
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[98] leads us to the following estimate of v

wl'E1q 1< wl's—1q <1

wlis—1lw Tleil—lw
D= 1 weds1 . (7.16)
wl'z—1q
-1 wisTw < 71

Taking account of the invariance property of the MLE [107], the estimate of 6 is obtained

as
0 = arcsin . (7.17)

Therefore, the location of the k™ in the polar coordinate system with respect to the

reference point is obtained as (7, 6)

7.4 Simulation Results

In this section, we present numerical results to illustrate the main contributions of the
chapter which relate to the enhanced performance of proposed localization algorithm

arising from sparse sensing.

7.4.1 General Set

We consider an automotive scenario with 5 radar nodes, separated by a distance of 0.1
m, and each containing 4 phased array elements. The phased array in each node creates
a wide beam with a width of 7/3. We consider multiple point targets in the coverage
of the beams ensuring that the overlap requirement mentioned in Section II is satisfied.
The carrier frequency and the frequency step size are f. = 79 GHz and Af = 10 MHz,
respectively. Further, we consider a challenging situation with the SNR being 0 dB. The
SSFW is generated by selecting a subset S, with |S| = %V}idth, uniformly at random
out of the set P = {1,2,---,1000}. The number of grid points, i.e., L, is 1000. This set
up is simulated using the phased-array toolbox of Matlab.

7.4.2 Enhanced Range Resolution for given bandwidth

We consider the support recovery error [183] as figure of merit towards illustrating
the ability of the proposed scheme in achieving higher range resolution for a given
bandwidth. The support recovery error is defined as the error event when at least

one target is estimated erroneously [183]. Fig. 7.2 depicts the support recovery error
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FIGURE 7.2: Support recovery error as a function of the synthetic bandwidth.

versus bandwidth for the conventional and proposed technique. Fig. 7.3 compares the
localization performance of the SSFW and the SFW. We assumed that two targets are
present and the synthetic bandwidth of the SFW is 7 times of the SSFW. It can be
seen that the SSFW localizes the two targets properly, while using much lower synthetic
bandwidth than the SFW. On the other hand, SFW estimates the location of one of the
targets erroneously and fails to detect the second target although benefits from higher
synthetic bandwidth. 5000 Monte Carlo lo repetitions were performed using independent
realization of K = 5 targets locations, their RCS, the subset S, and noise. It can be seen
that the radar system exploiting SSFW and LASSO to recover the target ranges exhibits
much better performance than a CSFW radar system using DFT processing [184]. For
1.5 GHz of bandwidth, the proposed technique achieves a 73% improvement in support

recovery error.

7.4.3 Targer localization

Fig. 7.3 compares the localization performance of the SSFW and the CSFW. We consider
two targets at locations (8.1 m, 7/6) and (8.2 m, 7/4) in the polar coordinate system, as

shown in Fig. 7.3. Further, we consider the bandwidth of CSFW to be seven times that
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FI1GURE 7.3: Localization of two targets.

of SSFW. It can be seen that the SSFW localizes the two targets properly, while using
much lower bandwidth than the CSFW. On the other hand, CSFW estimates the range
of one of the targets erroneously and fails to detect the second target, resulting in very

poor localization.

7.5 conclusion

The chapter considered the problem of targer localization using asynchronous MIMO
radars with applications to automotive scenario. Arguing the need for high range
resolution for accurate localization with affordable bandwidth in such scenarios, the
chapter considered a new framework based on SSFW and the sparse sensing paradigm. A
two stage decentralized procedure for localization is proposed within this framework. The
proposed scheme is shown to localize the targets better than the conventional schemes
for given bandwidths and offers avenues for further waveform optimization. Enhanced
performance and the limited resources consumed, makes the proposed scheme attractive

to the industry.



Chapter 8

Conclusions and Future Work

8.1 Summary and conclusions

In this chapter, the main conclusions of the thesis are summarized, and also the possible
research directions for the future works are identified and discussed. Broadly speaking, the
problems of Direction of Arrival (DoA) estimation and target localization by exploiting
sparse and one-bit samples has been investigated in this thesis. The works in this thesis
go beyond the state of the art in these areas by proposing novel algorithms. Moreover,
the performance of the proposed algorithms has been analyzed and then assessed through
comparing them with the Cramér-Rao Bound (CRB) as well as with the state-of-the-art

and conventional algorithms.

The first part of the thesis focuses the problem of DoA estimation from Sparse Linear
Array (SLA) measurements. Chapter 3 proposed a novel estimator for DoA estimation
from SLA measurements by deploying the Wieghted Least Squares technique. The
performance of the proposed estimator is analytically calculated and it was shown that it
provides consistent estimates of DoAs of identifiable sources for any SLAs. Further, an
asymptotic closed-form expression for the resulting covariance matrix of DoA estimation
errors was derived and it was analytically proved that it asymptotically coincides with
the CRB in case the optimal weighting matrix is selected. This implies that the proposed
WLS estimator is asymptotically statistically efficient. It thus closes an important
gap in the co-array-based DoA estimation. Simulation results demonstrated superior
performance of the proposed WLS estimator compared to the existing algorithms in
the literature in terms of estimation accuracy and resolution. The problem of DoA
estimation from one-bit SLA measurements was studied in Chapter 4. It was showed
that the idetifiability condition for the DoA estimation problem from one-bit SLA data

is equivalent to that for the case when DoAs are estimated from infinite-bit unquantized

135
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measurements. Then, a pessimistic approximation of the corresponding CRB was derived.
This pessimistic CRB was used as a benchmark for assessing the performance of one-bit
DoA estimators. Further, it provides us with valuable insights on the performance limits
of DoA estimation from one-bit quantized data. For example, it was shown that the DoA
estimation errors in one-bit scenario reduces at the same rate as that of infinite-bit case
with respect to the number of samples and, moreover, that the DoA estimation errors in
one-bit scenario converges to a constant value by increasing the SNR. A new algorithm
for estimating DoAs from one-bit quantized data was also proposed. and its analytical
performance of the proposed method was investigated through deriving a closed-form
expression for its asymptotic MSE and show that it outperforms the existing algorithms in
the literature. Numerical simulations were provided to validate the analytical derivations
and corroborate the improvement in estimation performance. In Chapter 5, the problem
of DoA estimation from low-resolution multi-bit SLA measurements, say 2 or 4 bits
per sample, was investigated. We proposed a novel optimization-based framework for
estimating the covariance matrix of unquantized data. Then, Co-Array-Based MUSIC
(CAB-MUSIC) was used for estimating DoAs of interest. The simulation results showed
that increasing the sampling resolution to 2 or 4 bits per samples could significantly
increase the DoA estimation performance compared to the one-bit sampling case while the
power consumption and implementation costs is still much lower beside the high-resolution

sampling scenario.

The second part of the thesis focuses on target localization problem using sparse and
one-bit measurements. It was shown in Chapter 6 that the one-bit sampling offers an
attractive solution to the challenges posed by the NB-IoT for location-based services.
The one-bit samplers are integral to developing low cost and low power devices. We
proposed a one-bit passive sensor array formulation to estimate the time-of-arrival in
an NB-IoT network. The quantized samples of the estimates are then forwarded to an
FC. We propose a novel method that casts the localization problem from aggregated
quantized nodal estimates as a multivariate fractional optimization problem that we
solve using the optimal Lasserre’s SDP relaxation. We also propose the ANTARES
algorithm as an alternative sub-optimal method with reduced computational complexity
compared to Lasserre’s. Our approach is helpful in addressing the problem of maintaining
high localization accuracy while deploying reduced-rate ADCs at the nodes as well as
limited-capacity NB-IoT links. Chapter 7 considered the problem of targer localization
using asynchronous MIMO radars with applications to automotive scenario. Arguing
the need for high range resolution for accurate localization with affordable bandwidth
in such scenarios, the chapter considered a new framework based on SSFW and the
sparse sensing paradigm. A two stage decentralized procedure for localization is proposed

within this framework. The proposed scheme is shown to localize the targets better than
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the conventional schemes for given bandwidths and offers avenues for further waveform
optimization. Enhanced performance and the limited resources consumed, makes the

proposed scheme attractive to the industry.

8.2 Future directions

The work carried out in this thesis can be extended in several directions. The main issues

left for future work are discussed below:

e DoA Estimation from One-Bit SLAs Measurements with Varying Thresh-
olds: Prior studies on one-bit DoA estimation presuppose that all one-bit ADCs use
an identical threshold, equal to zero, during the sensing time as well as across the
array elements to quantize the received analog signal. This is a convenient choice
but could be far away from the optimum. Hence, as a possible future work, one
can consider the problem of DoA estimation from one SLA data under conditions
that one-bit ADC thresholds vary during the sensing time as well as across the
array elements. This way of selecting one-bit ADC thresholds gives a boost to the
DoA estimation performance. The varying thresholds could be selected in either a
random or a systematic manner. In the latter case, the varying thresholds can be
selected for example by making use of ¥A sampling architecture in spatial and/or
time domain. This approach allows for alleviating the effect of quantization noise

to some extent.

We should note that the arcsine law will not be applicable anymore when the one-bit
ADC thresholds are not equal to zero. In consequence, we are not able to use
arcesine-law-based algorithms under such scenarios. The optimization framework
proposed in Chapter 5 after some modification could be a suitable approach for

DoA estimation in such cases.

e Sub-Bit Samplin: In the context of low-resolution sampling, it is also possible to
go even below one bit per sample. Let call this sampling strategy sub-bit sampling.
Sub-bit sampling can be done, e.g., by linearly mixing of N samples and use K
one-bit ADCs for sampling with K < N (non-linear mixing can also be considered).
I believe sub-bit sampling could contribute significantly to developing very cheap

ubiquitous signal processing devices.

e Colored Noise: Throughout Part I, noise is assumed to be white across the
array elements. However, in practice, this assumption may not be necessarily

true. It would be of great interest to investigate the performance bound of DoA
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estimation from both infinite-bit and one-bit SLA data as well as to devise proper

DoA estimators for the case when the white noise assumption is relaxed.

e One-Bit Distributed Detection: Chapter 6 investigates distributed target
localization using one-bit quntized measurements in passive radars. The distributed
detection problem using one-bit quntized measurements in passive radars still

remains to be investigated.
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Appendix A

Appendices of Chapter 3

A.1 Proof of Lemma 3.1

It is well-known that the sample covariance R is a consistent estimate of R under the
current assumption [185], implying that limy_,~ & = r. As a consequence, considering
(3.7), we obtain

lim R, — [TUJTr T, Jr - T3] (A1)

N—oo

On the other hand, it has been proved in [59] that

lim R, = A,(0)diag(p)AZ () + 0’1, = R,, (A.2)

N—oo

where the matrix R, € C"*" has the same structure as the covariance matrix of signals
received by a contiguous ULA whose elements are located at (0, %, Ay (v — 1)%) and
A,(0) € CV*K is its corresponding steering matrix. Therefore, in case K < v — 1,
exploiting the eigendecomposition, it is possible for (A.2) to be expressed as R, =
USASUf + UzUnUg , where U and U,, represent the eigenvectors of R, corresponding
to its K largest and v — K smallest eigenvalues, respectively. From (A.2), R, can be
deemed to be a perturbed version of R,. Therefore, we have

lim U, U7 =U,Uull. (A.3)

N—oo
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Eventually, making use of (A.1), (A.2), (A.3) and the fact that UX A, (8) = 0, we obtain

,  vec (U, UNTI'r

lim 6% =
Ngnooo- v— K
vec (U, U )vec(|T,JTr T,_Jr - T, Jr|)
- v— K

o*tr(UHU,) 9
= —7n 7 _ 52 A4
— o (A.4)

A.2 Proof of Theorem 3.1

Let define L(6,#,Q) = L, (9)W%Qf|y§, L(6) = limy_oc (0,1, Q) and use 6y to
d

distinguish the actual DoA vector from a generic vector 6. Since the derivatives of A4(8)

with respect to 8 are bounded, L(8,+, Q) converges uniformly to L(0) as N — oo [102].

Thus, 0,15 also converges to the minimizing argument of E(O) as N — oo.

It readily follows from (A.3) that limy_,.o Q = Q. In addition, from (A.4) and (3.4)

Qr =JA;(60)p (A.5)

is readily checked. Hence, considering the fact that limy_,o I = r and making use of
continuous differentiability of L(@,r, Q), we obtain

7 o . o . AN i 1 2

L(0) = L(6, Jim ¢, lm Q)= [I%,  WHIA(00)p[3 (A.6)
It is evident from (A.6) that L(6p) = 0 and L(8) > 0, implying L(8) has a global minima
at 8y. Consequently, consistency of 0,15 follows if O is the unique solution to I~/(0) =0
with respect to 0. According to (A.6), L(0) is equal to zero if and only if

It W2JA,(6)p = 0. (A.7)

W3JA40)

In what follows, we employ the method of proof by contradiction to complete the proof.
Let assume that 6 is a solution to (A.7) but 6; # 6y. This means that 6; could differ
from 6y at ¢ DoAs where 1 < ¢ < K. Substituting ; into (A.7) yields

- W2JA4(6,)p = 0. (A.8)

1
W2JA,(61)

where 06 € C7%! consists of those elements of @y which are not shared with 6, and
Ad(%) € €7 and p' € C7*! are the corresponding blocks of A4(60p) and p. The
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expression on the left side of the above equation can be rewritten as follows

Ix ,

W3 [Adl6) Aaon) —(W%JAd(al))TwéJAd(eé) a A

N

Since the weighting matrix W is positive definite by definition and J a is full column
rank matrix[52], it is concluded that (A.7) is zero if and only if the term N in (A.9) is

Zero.

Lemma A.1. [Ad(eé) Ad(el)] has full column rank if K < v —1.

Proof. Let Ay(0) € C2*=D*K denote the steering matrix corresponding to the contiguous

ULA segment of the difference co-array. Since [Aﬁ(aé) A§(91)1| is a sub-matrix of
[Ad(%) Ad(91)}, it is sufficient to show that |:A19(06) Aﬁ(el):| is full column rank
instead of [Ad(elo) Ad(el)}.

It is possible to decompose [Aﬁ(aé) Aﬁ(01)1| as follows

1 1 1 1
ap o g pfr - Bk
2(v—1 2(v—1 2(v—1 2(v—1

Q207D G2 gy g2

xdiag([a%_v el gl plov]), (A.10)

where o; = e/™ sinl6oi and B; = eImsnl01li . The second matrix in (A.10) is a (K +¢) x (K +q)
diagonal matrix and thus full rank. However, the first one is a (2v — 1) x (K + q)
Vandermonde matrix which has full column rank for distinct DoAs iff K + ¢ < 2v — 1.
This condition is fulfilled for all admissible ¢ iff K < v — 1. Hence, it follows that
[A5(6)) Ag(81)] and, in turn, [A,(6y) Ay(6)] have full column rank if K < v
1. O

According to Lemma A.1, on condition that K < v — 1, the term N in (A.9) is equal to

zero if and only if

= "= 0 (A.11)
—(W2JA4(0)) ' W2IA,(6)) P=" '
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implying that p = 0, which is in contradiction with the definition of p given in A2.
Therefore, it is concluded that @y has to be the unique solution to L(6) = 0 with respect
to 8 if K < v — 1, which indicates the consistency of 0. W

A.3 Proof of Theorem 3.2

The proof is composed of four steps. First, a closed-form error expression for the DoA
estimates is given through a Taylor series expansion method. The given closed-form
expression involves the gradient and Hessian of L(8,r, Q) Hence, the corresponding
gradient and Hessian is computed at the second and third steps, respectively. Finally,
the covariance matrix of DoA estimation errors is obtained by combining the net results

of preceding steps.

A.3.1 Closed-form expression for DoA estimation errors

From (3.15), we know that .15 is a critical point of L(o,r, Q), thus we have VgL(éwlS, r, Q)
= 0 where Vg L(0, 1, Q) denotes the gradient of L(6, T, Q) with respect to 8. Vg L(0, 1, Q)
is a real-valued! function on R¥, thereby applying Taylor theorem [186, Ch. 6, Theorem
12] around the true value of € yields

VGL(O’ fa Q) + ng(ea f.v Q)(éwls - 0) + (IK ® (éwls - G)T) H(B*, f" Q)(éwls - 0) = 0,
(A.12)

where V(%L(O, r, Q) denotes the Hessian matrix of L(0, r, Q) with respect to 8, the matrix
H(0*,1,Q) is given in [186, Ch. 6, Definition 2], and 8* = 0(1 — t) + t0,,s for some
t € (0,1). From (A.12), we have

h

(A.13)

Noting that U, U# = U, UH + O(ﬁ) [71], it is readily concluded that Q = Q + O(ﬁ)
for large N. Consequently, considering the fact that # = r + O(ﬁ) for large N [71, 107]
and making use of continuous differentiability of L(6, 1, Q), it can readily be shown that
V3L(0,t,Q) = V3L(0,r,Q) + O( ) and H(6", , Q) = H(6*,r,Q)+ O( ) for large
N. On the other hand, since 8, is a consistent estimate of 8 according to Theorem

3.1, there exists a > 0 such that Qs — 0 = (’)(ﬁ) for large N. Hence, it follows that

'The fact that VoL(8,t, Q) is a real-valued function will be shown later in (A.16)
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the Hessian term in (A.13) converges to a constant value as N — oo while the term &
converges to zero as N — oo. Therefor, it is possible to neglect the term A compared to

the Hessian term in (A.13) in the asymptotic regime (N — o0), leading to

0.5 — 0 ~ — (VAL(6,1,Q)) " VoL(0,# Q). (A.14)

A.3.2 Derivation of the Gradient Vector

Taking derivative of L(6, T, Q) with respect to 8 and exploiting the following expression

for the derivative of projection matrix Hév b3A.0) [187]
1
M - _ (WéJA (9))TH(JM)HW%HL
90y, ¢ 00y, W2JA,(0)
1 BAd (7] 1
- H\LN%JAd(g)W2J(%i)(WQJAd(e))Ty (A15)
we get
L(6,1, G .
a(g’;"@ — 2%{f‘HQHW%(W%JAd(9))TH
k
0A4(0 1 1A
X (Jae’(ﬂ))HW2H¢V%JAd(mW2 Qr}. (A.16)

Making use of Lemma A.6 in Appendix A.7, it can be readily shown that the term inside
the R{.} operator is real-valued in case KyyW = W*K,;. Hence, considering (3.14),

(A.16) can be written as follows

C{’L(g’i’) = —2opl (Jaggie))ff Wal: %JAd(e)W%Qf (A.17)
= —j2n[pH]), cos Opall (Gk)diag(d)JHW%HéV%JAdw)W%Qf,
where
ag(By) = |e—imsinbeto_s .. 1 ... ejwsinekzD_l}T_ (A.18)

From (A.17) and using limy .0 Pis = p and limy_,oo Q = Q, the gradient of L(6, t, Q)
with respect to 8 is given by
VoL(0,1,Q) ~ —j2ndiag(p)®(0)A] (0)diag(d) I W2ILL | (G)W%Qf«. (A.19)

T
where ®(0) = diag( [cos 0, --- cosbil| ).
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A.3.3 Derivation of the Hessian Matrix

Taking the derivative of (A.16) with respect to 6; and making use of (A.15) and the
following expression for the derivative of (W%J Ay(0)TH

OW2IAOT _ 1 (1 0Au(0)

00, W3IAL0) 00,

(AY(0)T"WJIAL(6))!
9A4(0)

— (W3IAL(0) (3502 W (WEIAL0) ', (A.20)
l

leads to
0*L(6,#,Q) Aol L 1 OA4(6)
“onon, ¥ W eV g

OA4(0) | s lrL
x(J 00y, VWL sa o)

(AT (6)ITWIAL(6))!

Wz QO
0A4(0)

+ 201 QW (W2IAL(0) (177
l
aAd(e))HW%HL L W2Qi

00y, W2JA,(6)
2
0 Ad(e))HW%HLl WiQ#
W2JA4(0)

)YTW32(W2JA4(0)7

x (J

— 2 QW2 (W2JA,4(0)1 (3

00,00,
0A4(0)

+ 2 QW2 (W2JA4(0))1 (3 =
k

0A4(6)

YWz (W2JA4(60))1
Wz QO

0A,4(0)

Hyxritrl
X (J o0, )WznwéJAdw)
+ 2t QW2 (W2JA,(0))1 (3

« Wiy A9

Hyars17l
90 WL s

(W2JA4(0)) Qf. (A.21)
1
Given the fact that E(Go) = 0, it is possible to neglect the first four terms on the
right had side of (A.21) compared to the last term as N — oo. Thus, by replacing
(W%JAd(H))TW%Qf" from (3.14), we have
0*L(6., Q) 21 H H : Hyxr il
W ~ — 21 [pls]k COSs ekad (Gk)dlag(d)J WZHW%JAd(G)W
x Jdiag(d)agy(0;) cos 0;[pis);- (A.22)

N|=
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Based on (A.22) and considering limy_,o0 P1s = p and limy ;00 Q = Q, the Hessian

matrix of L(0,r, Q) with respect to 6 is obtained as follows

Jim V3L(6.1,Q) =V5L(6.r,Q) (A.23)
. . 1 1
~ — 27 diag(p)®(0) A (0)diag(d)ITWII a2

x Jdiag(d)A4(0)®(0)diag(p).

A.3.4 Calculation of the error covariance matrix

Combining (A.14), (A.19) and (A.23), it is possible to derive an asymptotic (N — 00)

expression for the covariance matrix of 6, as follows

E{ (Buts — 6)(Buis — 0)" | (A.24)
~E {(V3L(60, £, Q)" VoL(60, . Q) (VoL(60, . Q) (V3L (60,1, Q) '}

(diag(p) @ (0)AZ (0)diag(d)THW2IIL,  W2Jdiag(d)A4(0)®(0)diag(p))

B 1
) WE2IA,(0)

. . 1 1 ~ A 1
% dlag(p)(I)H(G)Aé{(e)dlag(d)JHWz Hé_v%JAd(e)W2 QE{I‘rH}QHW2 Hé_V%JAd(G)

x W2Jdiag(d)A4(6)®(0)diag(p)

x (diag(p) @ (0) A (8)diag(d)JTWEILL | 9>W%Jdiag(d)Ad(a)@(e)diag(p))—l.

A
It is shown in [188] that
1
E{it+} = re + v (R"®R). (A.25)

Inserting (A.25) into (A.24) and exploiting (A.5) gives (3.28).

A.4 Proof of Theorem 3.3

Before proceeding to the main proof, let us first introduce the following preliminary

lemmas.

Lemma A.2. The vector b belongs to the range space of the matriz F, i.e., b € R(F).

Proof. Recall A,(0) from Appendix A.1, which is defined as the steering matrix of a

, %,)\, (v — 1)%) It is observe that there is a

selection matrix Z € {0, 1}X°*X such that

ULA whose elements are located at (0

A3(0) © A(0) = (A5(0) @ A, (0))Z. (A.26)
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Using (A.73), (A.26) and the fact that AX(8)U,, = 0 leads to
bAJIA4(0) = vec? (A (0)U, U7 A,(0))Z = 0. (A.27)

(A.27) shows that b belongs to the null space of AX(0)J*. We know N(AZ(6)JH) =
R(F). This concludes the proof. O]

Lemma A.3. The vector b belongs to the null space of QH = ®H(0) A (6)diag(d)IJH,
i.e., b € N(QH).

T
Proof. Let a,(0g) = [1 eImsinb ej”inek(”_l)} denote the k™ column of A, (8)
T
and v = [O 1 - v— 1} . Exploiting (A.18) and (A.73), we can show that
. _] a, a, a,
Tdiag(d)Aq(0)®(0) = — [8T83591> 8Tag§92> BTQZSM] (A.28)
—J [aag(el)eaauwl) day(02)au(6)  dal(0x)®av(9k)
- 00, 005 00
_J

(diag(v)A,(0) © Ay(8) + A () © diag(v)A,(9)) 2(6).

3

Exploiting (A.26), (A.28) and the fact that A% (0)U, = 0 gives

big -1 (vec” (AT (6)U, Ul diag(v)A,(6))Z®(0) (A.29)

Jm
+ vec (A (0)diag(v)U,UY A, (0))Z®(6)) = 0.

This completes the proof. O

Now, let define W = |JA;4(0) vec(I)|, the CRB expression given in [52, Theorem 2]

can then be rewritten as follows

CRB™Y(8) =

I Hap—177L 1O
7r2Ndlag(p)ﬂ My -1 M Qdiag(p). (A.30)

Based on the projection decomposition theorem [101], we have

1L I o AN
Uy = HM*IJAA(S) — e 1 M~1vec(I)
M—11A,(6)

= lnr — HHMFM—lvec(IM)a (A31)
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where the last equality is obtained by using the fact that I .,, 4 = Iue [101]. Substi-
tuting (A.31) into (A.30) yields

CRB™(0) =

1
7TQNdiag(p)ﬂH F|(FIM?F)! (A.32)

FAM2F) " FHvec(I (L) F(FPMPF) !
N ) vec(Ip)vec _( m)E( ) F7Qdiag(p).
vecH (T )P (FMER) TR vee(Ty)

Let decompose the vector vec(Iys) as a sum of two vectors hy and h; where

. v — K)M?b

hH = VeC(IM) - ( bHMQb ) (A33)
. (v— K)M?b

by = e (A.34)

It follows from (3.30), (A.47) and the definitions of h| and h,, given above, that

_ H I _ 2 HM2
th_th _ (v — K)bvec(In) (v—K)°b b

bAM2b (bAM2b)?
(v — K)vec (U, Ul Tg (v K)?
N bHM?2b bHM?b
(v — K)vec? (U, Ul vec(I,) (v—K)*
_ L - Smpr = (A.35)

Accordingly and making use of the fact that IT\ a0 = LImr, We obtain

vec (I, )F(FEM2F) L FH vec(Iy,) =vec!! (IM)Mflﬂl\ﬁ,uAd(e)Mflvec(IM)
=vec (I )M~ ?vec(Iys) — hi' M ly-150,6M ™~ 'hy
—hiIM (M LIAL(6) T A4(0)TTTM 2h,
—h{'M (M JA4(6))"" A4(6)7ITM ?h
—hiM2IJAL(0)(M1TA(0)) M th,.
(A.36)

From the definition of h; in (A.34) and Lemma A.2, we have

H Hyr—2 _ (U—K)ACI[{(O)JHb .
A;(0)J"M “h, = NIV =0. (A.37)

Inserting (A.37) into (A.36) leads the last three terms in (A.36) to vanish. Then,

exploiting TTL a0 = Hur once again yields

vec (I, )F(FEM2F) 1 F  vec(Iyy) (A.38)
= vec (I )M ?vec(Iy) — hf' M~ ;M ™ hy.
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Given vec(Ips) = h + hy and from (A.35), it is observed that
vec (Ip)M~?vec(Ips) = hi'M~?hy + h/M~?h, . (A.39)
Inserting (A.39) into (A.38) leads to

vec (1) F(FEM2F) " 1Fvec(Iyy)
(v - K)?

_ H H 2 —1nH
= Lmypy TR FEIMIF) T F Ry, (A.40)

Further, making use of (A.37) and Lemma A.3, we can show that

QFFEFIM*F)'FPh, = QML M Thy

= QM 2h, - QFM I (M 1IAL(0)T A (0)TITM2h
(v — K)Q"Db

= le\/>12b =0. (A.41)

Substituting (A.38) and (A.41) into (A.32) gives

1
CRB™(6) :WQNdiag(p)QHF {(FHM2F)1 (A.42)
(FMPF) ' Fhh{'F(F/M°F)
- kP }FH Qdiag(p)
prap + b F(FIM2F)~1F/h
1 H H 2 bHMQb H - H
:WZNdlag(p)Q F (F <M +mh”h” > F> F* Qdiag(p),

where the last equality is obtained by using the matrix inversion lemma [187]. Now,

given the definition of hy in (A.33), it is possible to show that

M2bb M2
bHM?2b

b7 M?b

M2+ ——— —
oK)y

hhi’ = QM*Q + (A.43)

Inserting (A.43) into (A.42) completes the proof.

A.5 Proof of Theorem 3.4

The proof is compromised of two steps. The first step involves simplification of the
covariance matrix of DoA estimation errors through inserting the optimal weighting
matrix given in Theorem 3.4 into (3.28). At the second step, we simplify the CRB
expression given in Theorem 3.3 through doing some algebraic manipulations and show
that the CRB coincides with the simplified covariance matrix of DoA estimation errors

given in the first step.
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A.5.1 Simplification of the errors covariance matrix

Considering the expression for W from Theorem 3.4 and exploiting F23 Ay 0)=0

and I+, =1I__, results in
W2, JA4(0) W IF
1 1
2 11t 3 H —1pH
ngtHWitJAd(e)ngt:F(F SF)" F". (A.44)

Let now introduce the following Lemma, whereby we can proceed further with simplifica-
tion of (A.44).

Lemma A.4. The matric QM?QH ¢ CM*>*M? can be decomposed as VVH  where

VH ¢ ¢M**M? g g singular matriz with rank M? — 1 whose null space is spanned by b.

Proof. For any given matrices B and C, it is known that rank(B — C) > |rank(B) —
rank(C)| [187]. Hence, recalling the definition of Q in (3.29) , we have

rank(Q) > M? — 1. (A.45)

On the other hand, given (3.30), we obtain

vecH (UnUTIL{) Tg bl

b"Q=1b" -
Q v—K

(A.46)

Let g’ € {0,1}(2*=1D*1 be a column vector with [g']; = 6[i — v]. Utilizing (A.75), (A.72)

and [52, Corollary 3], we observe
Tg = T'g = vec(L,). (A.47)

where T/ € {0,1}*"%2v~1 is defined in (A.72) in Appendix A.7. Inserting (A.47) into
(A.46) gives

H
b1Q =bf — wUUn) i i i g, (A.48)
v— K
which implies that
rank(Q) < M? — 1. (A.49)

Comparing (A.45) and (A.49) concludes that rank(Q) = M? — 1.

The fact rank(Q) = M2 — 1 implies that the dimension of the null space of Q™ is equal
to 1. In addition, it follows from (A.46) that b € A(Q). This means that the vector b

spans the null space of Q.
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Let now define the matrix V. = QM. Since R is positive definite, the matrix M =
1
(R” ® R)?2 is also positive definite, implying that R(V) = R(Q). Hence, V¥ is also a

matrix of rank M? — 1 whose null space is spanned by the vector b. ]

It follows from Lemma A.2 and Lemma A.4 that N (VH) ¢ R(F) and, in turn, N (F) c
R(V). This implies that a K-dimensional subspace of R(V) is a spanning set for the
null space of F¥. Hence, making use of Lemma A.4 and recalling the definition of S in
(3.36) result in

FISF = FAIpVVIIIgF + FAbbF
_ VH

_ mH
_F [V b} | (A.50)

where V = UyA, € CM*X(M*-K-1) with U, € ¢M**x(M*~K-1) being comprised of

left-singular vectors of IIgV and the diagonal matrix A, € CM?*=K-1)x(M?*~K~1) jtg

corresponding singular values, meaning that

R(V) C R(F), (A.51)
R(V) C R(V), (A.52)
rank(V) = M? - K — 1. (A.53)

It follows from (A.52) and Lemma A.4 that b ¢ R(V). From (A.53) and the fact that
b ¢ R(V), it can be deduced that

rank( [\7 b}) — M? — K = rank(F). (A.54)

Comparing (A.51), (A.53) and (A.54) proves that R( [\7 b}) = R(F). Hence, there is a

full rank matrix X € CM*=K)x(M?=K) guch that
v b] =Fx (A.55)

Inserting (A.50) and (A.55) into (A.44) yields

w2 Tt 2

2
opt WfthAd(‘)) opt

FHHX-HX-IpT = (FX)H (FX)T

-for v [}

VT] . (A.56)
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Considering (A.56), Lemma A.3 and R(b) = R(b) gives

1

1 _ vi
QHW(?pt I, W, = 0 [VTH 0] [bT]

w2thAd(9)
HeyvHyT, (A.57)
Moreover, given (A.50) and using Hvaf o = Hw*fw we have
1 2VH
1_[w% JAL0) tQM Q WOPt W2 3A0)

=W 2F(FHW F)~ 1FHVVHF(FHW F)~ 1FHWOpt

opt opt opt

=11, W2 VVHEW? 11

w2, 3a.0)  OPt opt WZ JA0)

(A.58)

Eventually, substituting (A.57) and (A.58) into (3.28), we find

R ST HiooH v o) !
Cwls —mdlag (p) (Q (VV ) Q)

< (@ (VVIIVVE(VVH)i) (aH(WHm)’ldiag—%p)

:ﬁ (diag(p)QH(V\_/'H)Tﬂdiag(p)>_1 (A.59)

A.5.2 Simplification of the CRB expression

Now, we will show that the CRB expression given in Lemma 3.3 is also reduced to (A.59).

M?b

Let decompose the vector Jomnpn 88 @ sum of two vectors q| and q; where

bEZM?2b M2b bEZM?2b
=————b = — b. A.60
S T L N YV N T (4.60)

It is observed that q is a scaled version of b and that bfq, = 0. Hence, recalling (3.34)

and taking account of (A.50), we have

FTHF = F"VVF + F7(q + q.)(q + q.)"F

VH
H —H
| tar

_FH [v aj + (h_] F, (A.61)

where q, = IIpq, . By definition, it is evident that q; € R(F) and b”q, = 0, meaning
that g1 € R(V). In addition, since b ¢ R(V), q ¢ R(V) in turn. In consequence,
considering (A.51) and (A.53), it can be inferred that R( [\_/' q) + qj_]) = R(F) implying
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that there is a full rank matrix D € CM*=K)x(M*=K) guch that

By inserting (A.62) into (A.61) and doing some calculations similar to (A.56), we obtain

vi '
aif +af

}TH (A.63)

F(FTHF)'F" = [V q+aq.

Since [\_/' q+4q L] is a full column rank matrix, its pseudoinverse by definition can be

computed as

o B 1 _
[\7 gt [vvE Vg, v
q + CIJ_} = | _ue _ <H|
a'Vv laylP® +llacl?]  [aff +af
v " VTFLQ:EHY*ZT?LH(QWTQE) e M
qll*+llaLl?—a Ogas _ llqylI? (A.64)
_qf Iy +qﬁ{ +flf qT ’ ’
I

llaylI?+llacl?—afTgaL

where that last equality is obtained by exploiting the fact that q, belongs to the range
space of V. Now, inserting (A.63) and (A.64) into the CRB expression given in (3.33)

gives

— GHVT
CRB(0) = (diag(p)Q” [VTH _ v qm

lay I
vi_ Viqiqf
y la? ™ | Qdiag(p))~
t
qj
1 /. &y i -
=y (Gea@)Q (VY adiag(p)) e

where the last equality is obtained by using Lemma A.3 and the fact that q is a scaled

version of b.

Eventually, comparing (A.59) into (A.65) concludes the proof.

A.6 Proof of Lemma 3.2

We first prove positive definiteness of Wpt. It follows from (A.50) to (A.55) in Appendix
A.5.1 that

34,055, (6 = pSIly = FXX7F/. (A.66)
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Consequently, we have
1 H
Woi = [FX JA4(0)] [FX JA.0)] (A.67)

The matrices FX € CM**X(M*=K) and JA4(0) € CM**K are full column rank by
definition. Further, it is easily checked that FX and JA (@) are orthogonal subspaces,
i.e., XUFHJA,4(0) = 0. Hence, [FX JAd(B)] e CM**M? g full rank. This implies
that W is also full rank and thereby positive definite.

Now we show that the estimate of W, obtained from either CAB-MUSIC or CAB-
ESPRIT, is always positive definite regardless of the available number of snapshots. Let
assume that an arbitrary number of snapshots is available and S = QMQQH + bb!
denotes the estimate of S, obtained based on the sample covarinace matrix. Further, let
6 be an estimate of @ given by CAB-MUSIC or CAB-ESPRIT and F is the estimate of
F obtained from 8. Following similar kind of arguments and derivations provided from

Lemma A.4 to (A.55) in Appendix A.5.1, it can readily be shown that

ST+, . =S = FXXYFH (A.68)

1
Hya.6)°s5a,0)

where X € CM?~K)x(M?=K) ig 5 fy]] rank matrix. Hence, using (A.68), we observe that
T ~ A R A " H
Woi = [FX JA.0)] [FX JA.06)] . (A.69)

Once again, we note that FX € CM**(M*~K) anq JAd(é) € CM**K are full column rank
by definition, and moreover, they span orthogonal subspaces. Hence, [FX JAd(é)} €

CM**M? and in turn Wopt is full rank.

A.7 Commutation Matrix and Some Relevant Lemmas

Definition A.1. Let B be any matrix in RP*P. Then, there exists a permutation matrix
K, € {0,1}”" 7" such that vec (BT) = K,vec (B). This matrix, called the commutation

. . . . . . _ T _ _1
matrix, is an involutory and symmetric matrix, i.e., K, = K, =K [186].

Lemma A.5. K, JI#ITHK, = JVETH yhere Ky € {0, 11°5M° gpd K, € {0,1}v°%°

are commutation matrices defined according to Definition A.1.

Proof. Tt has been proved in [52] that J has orthogonal columns. Further, recalling the
definition of J given in Definition 3.1, since ||[vec(L!)||? = ||vec(L;)||? for 0 < n < D — 1,
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it is readily confirmed that

(FHT) = diag( N (a0

[[vec(Lp—1)[I? [[vec(Lo)l* [[vec(Lp—1)[I?

Recalling Ay and A, in the proof of Lemmas 3.1 and A.1, and based on [52, Appendix
BJ, it is straightforward to show that

AL(60) © AL(0) = T'A,(0), (A7)
where T/ € {0,1}"*2°~1 can be defined like J as
T = [Vec(GvT_l) <o vee(Gg) v vec(Gv,l)], (A.72)

1, if p—qg= . .
where [Gy]p,q = » B PTI=™ On the other hand, comparing the vectorized form of
0, otherwise.

(A.1) and (A.2) gives
TA4(0) = A (0) © A,(0). (A.73)
Making use of (A.71), (A.73) and the fact that
Ay(0) = |:0(2U—1)><(D—v) Iy, 1 0(2v—1)><(D—v):| Aq(0) (A.74)
results in
T = [Ovzx(va) T 0v2><(D7v):| : (A.75)

Combining (3.5), (A.70), (A.72) and (A.75) gives

Lo)vec” (Gyo)
K, 3T, —gtipi = Yeollo AT6
. fvee(Lo)]? A1)
N UZ_I vec(L;)vec! (G;) + vec(LT)vec! (GT) 0
2 Fvec(T)IP

Lemma A.6. Let K, € {0, 1}MQXM2 be the commutation matriz as defined according
to Definition A.1 and K, W = W*K,,. Then, it follows that

a) Q" = K, Qf,
b) f'TQTKM = AHQH’

c) (I%HENT = (35O IK,,,

d) Ky, W2 (W2JA(0)'T = W2 (W2JA,(0)7,
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D=

JA( W3IAL(0)

Proof. The proof of each item is given in the following:

a) and b): Since R is Hermitian [185], it readily follows that #* = K. Hence, recalling
(3.13) and making use of Lemma A.5 and the fact that ﬂnf}nH is Hermitian, we obtain

vee(Iy)vec (U, UMK, TITK /i
v— K

Q' = K, (f — ) = K., Qf. (A.77)

Further, transposing (A.77) results in item b).

c): Let a € CK*! be an arbitrary vector. From (3.4), we find
K, JA4(0)a = vec (A*(0)diag (a) AT (0)) = (JA4(0))" a. (A.78)
Since a is an arbitrary vector, it can be concluded that
Ky JA4(0) = (JA4(0))". (A.79)

Eventually, replacing both side of (A.79) with their conjugate transposes and taking

derivative with respect to 0 gives c).
d): Using (A.79) and K,,W = W*K,,, it is observed that

K, W2 (W2JA4(0)' = W* (JA(0))" (JA(6)) WIA.0))

= W2*(W2JA4(0))7. (A.80)
Multiplying both sides of (A.80) by K,, leads to d).

e) and f): Making use of (A.79), transpose of (A.80) and the fact that W = K, W*K,,,

we get

WAL, Wi = K WKy, — K W (TAG(0)) (WETAL(0) " WK, (A81)
d

o L rlx Ly

=K,/ W:2 HW%JAd(m Wz2*K,,. ]
Lemma A.7. K,, W, = Wi K,

Proof. Since K, is involutory and symmetric, to prove the lemma, we can equivalently

show that K, W}, Ky = Wqpt. From (A.79), it is readily observed that

KMHJL;d(e) = HJLAd(a)KM' (A.82)
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Now, it follows from (A.79) and (A.82) that

* L * i H r\

opt

In consequence, KMWZ;ptK v = Wopy if and only if K,,S*K,, = S. Exploiting Lemma

A5 and recalling (3.30), we find
Kub* =K, JH#TK,vec (U, UY) =b. (A.84)

Further, recalling (3.29) and using transpose of (A.84), we have

K, vec(Ip)b”

K,Q" =K, —
uQ M o K

= QKy (A.85)
Now recalling (3.36) and making use of (A.84) and (A.85) gives

K,S'K, = K, Q*M*Q"K,, + K,,b*'b"K,,
= QK, M*K, Q" + bb" =8, (A.86)

where the last equality is obtained by using the fact that K,,M**K,, = K,,(R®R)K,, =
R” @ R = M?. O



Appendix B

Appendices of Chapter 4

B.1 Proof of Theorem 4.1

We first prove the sufficiency. Assume that 6y € [—7/2,7/2]5*! is identifiable from
Y. This implies that f(Y | 6y,p,02) # f(Y | 6,p,52) for any arbitrary values
of @ # 0y € [—7/2,7/2]K* p € ]RfOXl, p ]RfOXl, 02 and 2. Hence, consider-
ing y(0),y(1),--- ,y(IN — 1) are independent and identically distributed with y(¢) ~

CN(0,R), we have
A(0y)diag(p) AT (0y) + o1y, # A(0)diag(p)AT () + 51y, (B.1)

for all 6 +# 6, € [~7/2,7/2]K%1 p € R[;OXl, pE< Ri(OXl, o? and 2.

In what follows, we employ the method of proof by contradiction to prove the sufficiency.
In particular, we assume that 8y € [—7/2,7/2]%*! is non-identifiable from X. Hence,
there exists a 6 # 0y € [—7/2,7/2]5*! at which f(X | 60,P,02) = f(X | 8,p,5?) for
some values of p € R§0X1, p € IRI;OXl, o2 and 2. It is readily clear from assumption A4

and (4.6) that E{x(t1)x" (t2)} = 0 when t; # t,. Accordingly, we have

E{XXH|90>P70'2} = E{XXH|é7137&2}7 (B2)
N-1 .
éZE{X t)|60,p, 0%} = ZE{X "(t)16,p,5%)

159
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From (B.2), (4.7), (4.3) and the fact that the arcsine function is one-to-one when its

argument is between —1 and 1, it follows that

1
————— |A(8o)diag(p) A" (6)+5°1n] =
o% + 2521 Pk [ ]

1 y . N
fg““‘gf‘*f*[f¥(9)diag(p)fo{(0)+—02IA4]. (B.3)
o°+ Ek:l Pk

Considering p = p o? = 5 p=—L  and 2= — % we
&2+Z§:1 ﬁk ’ a2+ZkK=1 f’k ’ ‘:’2+Z£{=1 pk ‘:’2+Z£{=1 pk ’
obtain
A(0y)diag(p) AT (6y) + oIy = A(0)diag(p)AT () + 521y, (B.4)

which is in contradiction with (B.1). Hence, the initial assumption that 8y € [~ /2, 7/2]5*1

is non-identifiable from X cannot be true. This proves the sufficiency.

To show the necessity, let assume that 8y € [~7/2,7/2]%*! is non-identifiable from
Y. This implies that there exist some 6 € [—7, 7|71 £ 0, p, P, 0 and 2 for which
(Y | 60,p,02) = f(Y | 0,p,52). Since the true PDF of X is obtained from the orthant
probabilities of Y, it is readily deduced that f(X | 6, p,0?) = f(X | 0,p,52) as well.
This proves that identifiability of 8y € [~7/2,7/2]%*! from Y is a necessary condition
for identifiability of 8 € [—7/2, m/2]%*! from X.

B.2 Proof of Theorem 4.2

We first prove S1. Consider arbitrary 6 € [—n/2,7/2/5%! and 6 € [—n/2, 7 /25! such
that [6] and [0]), are distinct for 1 < k < K. Moreover, let A, () be the steering matrix
of a contiguous ULA with v elements located at (0,%,-, (v — 1)3). Considering the
fact that A, (@) is a Vandermonde matrix, if K < v — 1, it follows from Caratheodory-

Fejer-Pisarenko decomposition [189] that

A, (0)diag(p)AL (0) + *1, # A,(6)diag(p)AT (0) + 571, (B.5)

for any arbitrary values of p € ]RfOXI, p € R[g&d, o2 and 2. From [53, Eq. (113)],

vectorizing both sides of (B.5) leads to
T'Ay(0)p + 0>T'e’ # T'Ay(0)p + 5>T'¢’ (B.6)

where Ay(0) € C2—DxK denotes the steering matrix corresponding to the contiguous
ULA segment of the difference co-array, T' € {0, 1}”2“”*1 is a selection matrix defined in
[53, Eq. (114)] and €’ € {0, 1}(?*=D*1 is a column vector with [¢/]; = 6[i —v]. Considering
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T is full column rank [53], multiplying both sides of (B.6) by T'" and then moving all

the terms to one side of the equation yields
Ay(0)p — Ay(0)p + (0% — 5’ £ 0. (B.7)

It follows from 6 =% 6y that 6 could differs from 6y at q DoAs for some integer g € [1, K].
Noting this fact, (B.7) is simplified to

P—-DPOe
Ag(0) Ay(6) e'] 5 | 0, (B.8)
02_52

gx1

where 6 € [—7, |7 consists of those elements of 6 which do not intersect with those in

0,pc R2¢" contains those elements of p corresponding to 6 and

>0
el = { 1 (6= [6): 59)

0, otherwise.

Considering the fact that |:A_19(0) Ay(0) e/} e C@v-1x(2K+1) ig 5 sub-matrix of

[Ad(é’) A4(0) e} e CRP=DxEK+D) ohtained from 2v — 1 rows of Ay (0) Ay0) e},
it follows from (B.8) that

P-pPOe
[Au0) AL6) | -B | #0, (B.10)
=A4(0)p — Ag(0)p + (6% — 5%)e # 0. (B.11)

Multiplying (B.11) by J and exploiting (4.3) and (4.4), after some algebraic manipulations, we

obtain

vec(A(0)diag(p)AT (0) + o%1;)
£ vec(A(0)diag(p) AT (0) + 5211y, (B.12)

which in turn implies that
A(0)diag(p)AT (0) + 021y # A(0)diag(p)A™ (0) + 5%1,,, (B.13)

forall@ # 0 ¢ [—7/2,7/2)K*! p e RESE, p € RES, 0% and 52, Considering y(0),y(1), -+ ,y(N—
1) are independent and identically distributed with y(¢) ~ CA(0,R), it follows from (B.13)
that f(Y | 8o,p,02) # f(Y | 0,p,52) for any arbitrary values of @ # 0 € [—r/2,7/2/K*1,
p € REF, p € RES, 0% and % if K < v — 1. Now, from Theorem 4.1, we conclude that

f(X | 6, p,0%) # f(X | 6,p,52). This completes the proof of S1.
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We now prove S2. We know from Lemma 4.1 that the FIM is singular for any value of
0 € [-7/2,7/2)%¥*! if K > D. This means that the problem is not even locally indentifiable
at any 0 [190]. Since the local identifiablity is a necessary condition for the identifiablity any

particular point, the problem is not identifiable for any 6.

B.3 Proof of Lemma 4.1

Let Ry and R’ denote the equivalent real representation for Ry and R, respectively, given as

R{Rx} —S{Rx« —  |R{R} -S{R
C_[RR SRA] e [RE) SR B0
{Rx} R{Rx} R} R{R}.
Making use of (4.7) and Taylor expansion of arcsine function, we have
2 v =T 1—r —r —r
R, =—arcsin(R ) =R +6R R OR
T
3—=r —r —r —r _—r
+ R OR OR OR OR +-
- (2n)! —r .
= ———————R OR 0---OR . B.15
;0 @22+ 1) e OO (B.15)

2n+1 times

It is clear from (4.8) that R is positive definite, and so is R’. Further, it follows from the Schur
product theorem [191, Theorem 3.1], which establishes that the Hadamard product of two positive-
definite matrices is also a positive-definite matrix, that the 2n + 1 times Hadamard products of
R’ by itself is also positive definite for any integer n € [0, 00). Hence, it follows from (B.15) that
R, is obtained from a weighted sum of positive definite matrices, and thus it is positive definite.
Evidently, Ry is also positive definite. This in turn indicates non-singularity of (Rz? @ R1).
Hence, since J is also full column rank [52], we easily conclude that J#(R;T @ R¢1)J is full
rank. This implies that Z,,(@) is non-singular if and only if [G V] € REP=Dx2K 5 fyll column

rank. In other words, Z,,(@) is non-singular if and only if

C1

G V]| [q] £0, (B.16)

for any arbitrary non-zero ¢ = [¢, ] € C?5*1. Inserting (4.16) and (4.17) into (B.16) leads

to

[A F] t

where ¢; =jn®(0)diag(p)c1. This completes the proof.

] ‘o (B.17)

1
2
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B.4 Proof of Theorem 4.3

We know from Appendix B.3 that M = J#(R;T ® R;1)J is positive-definite. Hence, (4.15) can

be rewritten as

GHM:

T.(e)=N [VHMJ [MiG MV

GIMG GHMV
=N . (B.18)

VIMG VIMV
The CRB,,(0) is then obtained by block-wise inversion as follows:

CRB,(6) = (GHMG ~GIMV (VIMV) ™ VHMG) N

(GHMG _ GHM%HM%VM%G)%

z2l=z2l=2[=

1 1 -1
(GHMEHL \ MfG) . (B.19)
M2V

The facts that G = jrdiag(d)Q®(0)diag(p) and Ry = 2Zarcsine(R) will lead to (4.20). In
=

addition, It follows from Z(p) > Z,,(o) that CRB(0) < CRB,(0).

B.5 Proof of Theorem 4.4

Recalling p;, = ﬁ and assuming that all sources have equal power p, we conclude that
o b1 Pk
SNR 1
li D = i _— = —. B.2
N Ph = N KX SNR+1 K (B.20)
Making use of (B.20), it can be readily shown that
lim R= A(B)AT(0) + (1 ! )1 (B.21)
SNESee © K KM ’

The above equation implies that limgy r— o R is a positive-definite matrix independent of the
SNR. Further, it follows from (B.21) that

S B.22
SN}{H—lmo iag(p) K K ( )
T
! 1
lim h:{ — AR T — } 7
SNR—00 \/1 RS, e kD)2 \/1 R(DE, D2
K2 -
(B.23)
T
_ 1 '
lim h:{ — R T _ } '
SNR—c0 \/1 IS{K e Tk D1y \/1  S{, @ D12
K2 -

(B.24)
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Substituting (B.22), (B.23) and (B.24) back into (4.16) and (4.17) indicates that imgnyr—eo

[G V} is a full column rank matrix independent of the SNR. Hence, recalling (4.15), we
can conclude that limgyr— 00 Zw(0) is positive-definite and independent of the SNR. This in
turn implies that limgyg— 0o CRB,,(6), which is Schur complement of limgn r—s 00 Zi (0), is also

positive-definite and independent of the SNR. This completes the proof.

B.6 Proof of Lemma 4.2

C G,

We start with showing that W is full rank. Making use of relations det( l ] ) = det(Cy) det(Cy—

Cs Cy
C3C;'Cy), we obtain

det(®) = det(Ip_1)det(2jIp_1) = (25)P! £ 0, (B.25)

which implies full rankness of W¥.

Next, we proceed with proving that J is full rank. Let J denote the matrix obtained after
removing the D-th column from J. J is full column rank since its columns are a sub-set of the
columns of the full-column-rank matrix J [52]. Further, for 1 <1 < M, it is readily confirmed
that the ((i — 1)M + 1)-th row of vec(L,,) as well as vec(LL) equals the i-th diagonal element of
L,,, which is obviously zero for n # 0 according to the definition given after (4.5). Given (4.5),
this in turn implies that the rows of J with indices (i—1)M+1, for all 1 <4 < M, are zero
vectors. As a result, the matrix obtained by removing these rows from J, i.e., J, has the same

column rank as J. This completes the proof.
Finally, we show that F is full rank. It follows from the fact that éz;éq =0 for p # ¢ that

(6] ®e] te ®e (6,06, +8 06, =6, 6,08, g

te/e,0e€ 6,16 e,0¢ 6,te 608 e,=0. (B.26)

for1<i<j<Mandl<p<qg< M when either p or ¢ differs from i and j. In addition, in

case 1 = p and j = ¢, we have

T o=l | =T o =T\(s o5 = oa)—als oals
(6; @€ +e; ®e )(e;®e —¢;0e)=¢,€RE;E

M= oals | aTas oals. _ aTs oals
—e e;Re e te;e e e —e;je; e e =0. (B.27)

It is also observed that, for 1 < ¢ < M and 1 < p < ¢ < M, the ((¢ — 1)M + 1)-th element
of EZ ® éqT + ég ® éqT is equal to the i-th diagonal element of épéqT + épéqT, which is obviously
zero for p # q. Consequently, the row vectors obtained by removing the elements with indices
; . T o =T | =T o =T T o =T _ =T o =T .
(i—1)M+1foralll1 <i< M frome, ®e, +e, @€, and g, ®e, —¢€, ®e, will be still
orthogonal with each other. Hence, it is deduced that the square matrix F has orthogonal rows,

thereby being full rank.
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B.7 Proof of Lemma 4.3

Let define E(0) = al (H)ﬁnﬁfav () and E(0) = al’(9)U, U a,(8) where U, and U,, consist
of, respectively, the eigenvectors of R, and A, (8)diag(p)A(8) + 71, corresponding to their
v — K smallest eigenvalues with K < v — 1. We know that the elements of @ are equal to the

minimizers of E(). Defining E,, = sup|E(#) — E(0)|, we have
0

By =sup fa’ (6)(U, 0 — u,ut! )aU(O)‘

= sup ‘ (aZ(0) ® a’ () vec(U, UH — U, U¥)
6

< [|la} () @ alf (8)|2lvec(U, U — U, U]
= 0?|vec(U, UL — U, UY)|,. (B.28)

It follows from (4.49) that limy_ ﬁnﬁf = U, UH. Hence, E,, — 0 as N — oco. This implies
that E(0) converges uniformly to E(f) as N — oo. Thus, the minimizers of E(6), i.e., the
elements of é, converge to the minimizers of E(G), ie., 01,05, --- 0k, as N = oco. This complete

the proof.

B.8 Proof of Theorem 4.5

Considering the consistency of 8 and following the same arguments as in [38, App. B], for

sufficiently large N, the asymptotic estimation error expression for EOCAB-MUSIC is given by

; R{z{ TITATF
Gy — 0y = — Az TT AT} (B.29)
TPr 4k cos(Or)
~ T 2
where AT =T —r and T = {Tf T, ... Tﬂ € v *(P=1) From (B.29), the asymptotic
(as N — 00) covariance between the DoA estimation errors is given by
€y, 00y = E{(Or, — O1,) (O, — Or,)}
_E {?R{z{l TJTAF}%{Z;‘; TJ'AT}} (B.30)
2Dk, Py G Gk €08(0k,) co8(0r,) .
Making use of the identity R{c{’ c;}R{cf co} = 1 R{cf cacl c5 + cfcacl cs}, we obtain
E {R{z{, TI'AT}R{z}, TITAT}} =
1
5E{§R{Z£] TI'AFATH IV T 27 4 R{z] TITATAT JH Tz} (B.31)

The matrix matys pr (I THz;) is Hermitian [38, Lemma 6], thereby

JHTHZx — K JH T g, (B.32)
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where Ky € {0, 1}M2XM2 is the commutation matrix defined as vec(C?) = Ksvec(C) for any

arbitrary matrix C [186]. In addition, since R = R, we have
AFT = AFTKI (B.33)
Inserting (B.32) and (B.33) into (B.31) and using the fact that K), = K = K, we obtain

E {R{z{, TI'AF}R{z] TI'AT}}
= E{R{z] TITATAT? I T 7} }}. (B.34)

Recalling (4.46) and (4.32), we have

0 Ip_y —jIp
TIIAF=TJ'I[1 o 0 [A J
0 Ip_: JjIp—:

0 Ip1 —jlp 0
=T|0o o 0 5 qj . (B.35)
0 Ip1 jIp
Additionally, from [53, Eq. (114) and Eq. (116)], we know
7T — J—
T= [OUQX(D_U), vec(L,_1),- -+ ,vec(Lo), - ,vec(Ly—1), 0v2><(D—v)L (B.36)
_ 1 if p—qg=
where [Ly]p.q :{ P B PTEEM gubstituting (B.36) into (B.35) yields
0, otherwise.
TITAT = T (¢ — ¢), (B.37)

where

J— 7T —
T = I:Ov2><(D7'u)a VeC(Lv_l), s ,vec(LT_l), VeC(Ll), s ,vec(Lv_l), Ovzx(va)] . (B38)
Inserting (B.37) into (B.34) gives
E {R{z] TI AT}R{z], TI AT} = R{z] TE{®(d — ¢)(d — ¢)" ¥} T 2 }}.  (B.39)
As a result, for sufficiently large N, using a first-order perturbation expansion leads to
E{¥($—¢)($— )" T} = (B.40)
_ N1
(JHFHdiag(b)F—H2—1F—1diag(b)FJ)
x TP diag(b)F~ 7' F~diag(b)FE{FF }
x FHdiag(b)F ¥ 2~ 1F~ldiag(b)FJ

— N —1
x (JHFHdiag(b)F—Hz—lF—1diag(b)FJ) o wH
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where ¥ = X () given in B.11 and [b], = ﬁ for 1 < n < M? — M. It remains to
~1In

~H ~ ~
compute E{#F }. Making use of the relation i = sine(5ix), we obtain

i (R{Fxlp) —R{Fxlq})
2

1 i (R{Fxlp)} —R{[Fxlq})
E<e 2 +e

im(R{Fx]p}+R{[Fx]q}) _in(R{Fx]p}—R{[Fx]q})
2 2

— €

j"'(g{[gx]p}*g{[;x]q}) _ jﬂ(g{[;x]p}*%{[ﬁx]q})
2 2

+e +e

i (S{Fx]p}+S{[Fx]q})
2

— €

i (S{Fxlp) +S{[Fxlg}) }
— e 2

j i (S {Fxlp} —R{[Fxlq)) —im (S {[Fxclp} —R{[Fxlq})
+ ZE e 2 +e 2

j’f(%{[gx]p}‘*'%{[?x]q}) —j"(g‘{[;x]p}ﬁ'%{[;x]q})
2 2

— € — €

g7 (R{Fxlp) ~ S {Fxlg}) i (R{Fxlp) —S{[Fxlg})
2 2

— € — €

im(R{[Fx]p}+S{[Fx]q})
Pl

+e +e

Jr(R{Fx]pt+S{[Fxlq})
- : } (B.41)

Considering that T L2 CN (¥4, ﬁﬁ)), the expectations in (B.41) can be computed using the

characteristic function of the Gaussian distribution as follows:

—[Zlp,p—[Zlg,q

B ;) =y cos (5 [R(lE} — Rl ) 0
—cos (5 [R{fE]p) + R{lE)]) e
+ cos (g [S{[Exlp} — %{[fx]q}]) et
— cos (g [S{[Ex]p} + %{[fx]q}]) - et

— jcos

+ j cos

+Jcos (% (Sfitxlp} — Rl ) ot
—jeos (3 5l + Rl 1) e F
) -t
)

N3 NN
=
—~
i
X
hej
—
|
&
—~
G
X
[l=)

R} + S{ )] eg“?}vp"”]. (B.42)
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Exploiting the Taylor expansion of the exponential function, (B.42) can be approximated for

sufficiently large N as

™M

E{[?]p[f];}fv;[cos(g R{[Exlp} — R{[Fxlq )

E
=
»Q
-

—_

[R{[Ex]p} + R{[ixlq )

o
=

+
3
o
M
S
»Q
-

o
=

[S{[Ex]p} + S{[Fx]q

[S{[Ex]p} — S{[Fx]q )
)

w
~ N
M =
5

—_
+

+ j cos

[S{lEx]p} — R{[Fxlq}]

=

[S{lFx]p} + R{[Fxlq}]

— j cos

[t
|

[R{lExlp} = S{[Fx)q}]

— jcos

=l

—
+

5 R{Exp ) + S{[Fxlo}]

+ j cos

/ﬂ/ﬂ/-\/—\w\ﬂ 1\3\>] 1\3\>1

SRR w\:}

=l

= sin (5 R{[i])) sin( GR{[E],
o sin( G { il ) sin(5 S {lExlp)
+ gsin(GS{[Exl, ) sin(5 R{[E)
— jsin(GR{[Ex], }) sin(5 3 )

# Pad con( Sl ) cos SRl )

~ ~ /?/—\/—\
%
~
M
b
»Q
—

(i) cos(5 3|

+ cos( 5

7N\
—
_|_
1\3'_'
s
)
——

—

N N N~
[

@
=~
M
]
[}

@
=~
M
3
=]

/\/\/}/‘\
|
%9
~—
I
=\
=)

S S e NN’

+j+ S{Zlp.g} |:COS(7TC\}{['I"X]1)}) COS(gER{[f'x]p})

2N 2

L T
 oos G R ) cos(5 3 ) .
Consequently, it follows from (4.30) that

[Tp.q :E{m [£];} ~ [#],[E];

Wl— ™G w— R}
+¢1—s w— 2 )R{[Z]p.q}
(w— w— Rl 2

\_/

+\/1— R{i] \/1— 2)%{ o)

(B.43)

(B.44)
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Inserting (B.44) into (B.40) and making use of (4.33) yields

E{¥(¢— ¢)(¢ — ¢)" ¥} =~

(jHFHdiag(b)F—H2—1F—ldiag(b)Fj) B

x T FH diag(b)F~# £ ~1F~!diag(b)FT
FHdiag(b)F 2~ 'F~ldiag(b)FJ

X (jHFHdiag(b)F’HE’1F’1diag(b)Fj>_1 , (B.45)

Finally, substituting (B.45) into (B.39) and considering that p; =
of Theorem 4.5.

Pk
——2Lk  concludes the proof
RS S P

B.9 Proof of Corollary 4.2

OCAB-MUSIC employs T = vec(R) instead of T. Hence, its asymptotic estimation error is
obtained by replacing AT with T — T in (B.29). Following the same steps from (B.30) to (B.34),
the covariance of the asymptotic distribution (as N — o) of the DoA estimation errors for
OCAB-MUSIC is obtained as

&0y, 00, = R{z], TI'E{T -7)(F - )"} 3T 2] }. (B.46)

Considering the fact that the diagonal elements of ﬁ and R are equal to one, (B.46) is simplified
as
. ~H i
Eop, 0, = R{2L TT [BEF ) — i } R (B.47)

- H
Substituting E{#f } from (B.44) completes the proof.

B.10 Proof of Theorem 4.6

To derive limgn r— o0 Ep,,, We need to calculate limgn r— oo (02+Z§:1 )2 /P, Woo = imgnpsoo W
and I's = limgnyp—00o I'. It is obtained from (B.20) that

2 K 2
’— ’ ].
fm O awma Py L g (B.48)
SNR— oo Pi SNR— o0 P

In addition, it follows from (4.55) and (4.56) that W and T" depend on SNR through R, ~ and ¥.
Hence, for calculating W, and Iy, it is sufficient to first compute Roo = limgnyr—oo Ry Yoo =
limgnr— oo ¥ and ¥oo = limgyr— oo I, and then insert them back into the expressions of W and
T given in (4.55) and (4.56). R is obtained in (B.20). Given Ruo, Yoo = limgnr_eo 7 is equal

to the (M? — M) x 1 vector containing the real and imaginary parts of the elements of R, above
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its main diagonal elements. Then, exploiting (4.38), we have f'o, = imgyr— 00 \IlfleF’l'y =
'Il_leF_lfyoo. This completes the proof.

B.11

B.11.1 Preliminary to the Calculation of ¥

Let us first introduce the following lemma which pares the way for calculating X.

Lemma B.1. Assume that wy, ws, w3, w4 are zero-mean jointly Gaussian random variables with
correlation coefficients @; j where 1 < i # j < 4. Define w, = sgn(wy,), for 1 <n < 4. The

expected value of wiwowswy is then given by

4 1
E{wjwawsws} = Z/ . 4 arcsin(%i(u))du, (B.49)
=270 /1 — 3 u? Sn(u)vn (u)
where
Tl(u) =P3,4 — P2,3P2.4 — [501,34,01,4 + 4P1,2(<,01,2<P3,4 — $1,4¥2,3 — @1,3@2,4)]“ , (B-50)
To(u) =P24 — 23034 — [P1201,4 + P1,3(P1,302.4 — P14P23 — P12934) ] U, (B.51)
T3(u) =23 — 24934 — [P1201,3 + P1.4(P1,402,3 — V13024 — P1,293,4)] 0%, (B.52)
S2(u) =3(u) = \/1 - <P§,3 - [90%,2 + 90%,3 - 2%’1,2%’1,3902,3]@7 (B.53)
va(u) =4 (u) = \/1 — 54— (1o + 914 — 201201 4p2.4) 02, (B.54)
v3(u) =v4(u) = \/1 — 34— (P13 + 01— 2013014034)u2. (B.55)
Proof. We refer the reader to [192]. O
B.11.2 Calculation of X
Define
2N
H-= ”TE{(?X — 1) (Fx — 1)} € @M XM (B.56)
Then, it is readily observed that
Bl et = Hpg, (B.57)

for pg e W ={1,2,--- M?>}\{k| k= (i—1)M+i,1 <i< M}. Hence, instead of 2, we
compute the elements of H for p,qg € W in the following.
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The (p, q)™" element of H is given as follows:

N . 72N .
Blpq = TR E) — T2 ey (B.58)
For any given 1 < p,q < M?, deﬁnem:pr JM Z—1+L ,n:qu%lJMand

=1+ 57 L|. Then, considering Ry = ~ S XXH =L Zt 0 Yx(t)x (t) yields

1 N-1 N-1
E{[Fx]p[Fxlg} =52 E { <Z [X(t)}m[X(t)ﬁ> (Z [X(U]Z[X(ﬂ]z) }

{?i?i [(@1[@»}
=iﬂﬂﬂmmk®MﬂMMMMﬁ
Z;éiiE{tl () E bt 3]0}
= ROl O O ) + (- edlrdy (B59)

Inserting (B.59) into (B.58) and considering that rx = Zarcsine(T) results in

71_2

[Hlp,q = E{E@Oln[x®)] @] x®)]:}
— arcsine([T],)arcsine([T],). (B.60)
Calculation of the expectation in (B.60) needs computing the forth-order moment of x(¢). We
note that p,q € W implies that 1 < m #i < M and 1 < n # [ < M. In the following, we

calculate (B.60) through computing the forth-order moment of x(¢) for all admissible values of

m,i,n and [.

1. Consider m = n and i = [. Then, we have

2
[H]p = L E{B(®)]m| "} — [arcsine([x],) |
w2 o
=T |arcsine([F],)|?, (B.61)

where the last equality is obtained from the fact that [x(¢)],, = +£1/v2 4 j/v/2.
2. Consider m = n and ¢ # [. Then, we have
7T2 2 * . - . -
Hlp.q = EUR@OInl"[x@)]F x(8)li} — arcsine([r], Jarcsine([r],)

7T2
=B x()]; pe(t))} — arcsine( (7], arcsine([f],)

:garcsine( [R")i.1) — arcsine([F],)arcsine([F*],),

where the last equality is obtained from the arcsine law given in (4.7).
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3. Consider m # n and ¢ = [. Then, we have

71_2
[Hly.q ZZE{\[X(t)]i|2[X(t)]m[X(t)]Z} — arcsine([r], Jarcsine([r],)

2
= ZE{ [x(t)]m[x(t)]} } — arcsine([T],)arcsine([T]q)

:garcsine([R]myn) — arcsine([T],)arcsine([F*],). (B.62)

4. Consider m = [ and ¢ = n. Then, we have

2

(M. =B { (x(®)}m)? (3x(1)]1)* } — axcsine([e],)arcsine([7],)

2

B[ (R0l — 90l 2
2R SO} (RO — [S{x(0)]
# 2RI b arcsine( [l arsine( ],
=B (R0} (0] RO} S (0]}

— arcsine([T],)arcsine([T],). (B.63)

Making use of Lemma B.1, we obtain

1

[Hp,q :/0 fom,i(u) arcsin (£, i (u)) du — / fim,i(w) arcsin (&, (w)) du

0
— arcsine([T],)arcsine([F"],), (B.64)
where
Hm, i(u) = MR ] iJ (B.65)
\/1 - |§R{ m z}|2u2
o) = B} (B.66)

w ~ (R

m{ R i 2 + [S{[R)miH?] w2

m(u) = R{R m}\/ = {2 = R HPuZ
R
R

_ 1= [IR{Rpi}2 + [S{ R } 2] w2
. ’“}\/1—%{[

mz}|2_“5{ mz}‘Quz -
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5. Consider m = [ and i # n. Then, we obtain

7T2
[y g = B{(Bx()]m)* (O [x(1)];,} — aresine([F], aresine([F],)

=7;E{%{[x(t)]m}%{[x(tnmm{[x(tni}%{[x(t)]n

+ S{Bx() ] FR{x(E) ] FS{ e ()] R [ ()] }
+ RO} SR [x (0] }R{[x(8)]n

- j%{[X(t)]m}%{[X(t)}m}%{[X(t)]i}%{[X(t)]n}

— arcsine([T],)arcsine([T],). (B.67)

Exploiting Lemma B.1 leads to

! Urmjin (1)
Hj, :/ m,i(u) arcsin (mm) du
[ }pq 0 ( ) 67rL,i(u)H7n,i,n(u)
1 9
— . m.,i n(u)
— fim,n (w) arcsin | = = du
| ot <6m,n<u>nm,z-,n<u>>

+j/ tm,i(u) arcsin [ ———————— | du
o 1t <6m,¢<u>nm,i,n<u>

+ j/o [, n () arcsin (5 iZ)ZRn(U) @ ) du — arcsine([r] )arcsine([r"],),
| (B.68)
where
ﬂm,i,n(u) :%{ [ﬁ]m,n} + C\\y{[ﬁ]m,i}%{[ﬁ]i,n} - §R{[ﬁ]m,z}
X [R{[R]im,i }R{[R]m,n} + S{Rm,i }S{R]m,n}] v, (B.69)
19m,i,n(u) :%{[ﬁ]m,i} + §R{[ﬁ]m,n}%{[ﬁ]z,n} - C\\f{[ﬁ]m’n}
X [%{[ﬁ]mn}%{[ﬁ]mz} + %{[ﬁ]mz}%{[ﬁ]mn}} u2, (B.70)
Dion (4) =S{ R} — S{(Rm,i }R{Rin} — R{[Rlm.i}
X [%{[ﬁ]m,i}g{[ﬁ}m,n} - m{[ﬁ]m,n}%{[ﬁ]m,i” u2, (B.71)

19m,iﬂ(u) :%{[ﬁ]mﬂ'} - %{[R]m,n}%{[ﬁ]un} - %{[ﬁ]mm}
X [R{R]m,n}S{Rlm,i} — R{[R]m,i}S{[Rlm,n}] u?, (B.72)
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Om,i(u) =\/1 — [S{[Rlmi}[* = [R{Rm,i }*u?, (B.73)
Orm,n (1) \/1 = [R{R]mn}? = [S{[R]mn}u?, (B.74)
Oum,n (1) =\/1 = [S{R]mn}? = [R{[R]pmn} [, (B.75)
Kmin () =1 — [S{[R]in}* = [[R{R] i} (B.76)

+ 13 Rmn} 2 = 2R{ R i SRl } SRl Ju2] 2
Fomin (1) =[1 — [R{R]; }2 = [IR{ R} (B.77)
 [R{ R 2 — 2R R s R{ R R R0 }u2] 2.

6. Consider m # [ and i = n. Then, we obtain

2

[Hlp.q Z%E{[X(t)]m[X(t)]z([X(t)]f )?} — arcsine([F], Jarcsine([F,) (B.78)
=7T2E{3?{[X(t)]i}%{[X(t)]i}?R{[X(t)]m}%{[X(t)]z

+ S{x @] R }3{x ()] }R{x(E)]1}
— JREB))}S{ ()] FRE ()] JR{ e ()i

= F{Be(@)]: R e ()]s} S{ ()]} S{x(D)]: } — arcsine([r], Jarcsine([r],).

Using Lemma B.1, we obtain

(E,, — /O (1) arcsin (M) du (B.79)

K U)Hi,nb,l u

1 _
_ . Yim,i () >
— i1(u)arcsin (| =—————— | du
/0 At ) <5i,l(u)f€i,m,l(u)
1 -
— m.i(uw)arcsin [ —————————— | du
J/o pni() <6m,i<u>m,m,z<u>>

-7 1 ; 1(u) arcsin mm—l(u) u — arcsine([T], )arcsine([T*
i [t (&,xu)ra,;,m,l(u))d (] arcsine((],),

where @ n1(w), Do i(w); Do i(w); Do (W) S i(w), Gmi(w), dmi(w), Kimi(u) and
Rim,(u) are defined from (B.69) to (B.77), respectively.
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7. If m # 1 # i # n, then we have

(B.80)

x(6)]3 [x(1)]1} — aresine([F], )arcsine([e],)

*
K2

(Bl = B0l ()

~—~ o~ o~ o~ ~~ ~~
~— — Y~ ~—~ ~—~ ~—~ ~—

S
O O s O B O 8
P T T T S e S NN
= £ £ £ £ = =
EEEEEEE
TR VU < T TR . TR TR
S s
O O s & 6 5 &

~— Y Y Y Y '

~—~ o~ o~ o~ ~~ o~~~
~— ~— ~— ~—~ ~—~ ~—~ ~—

1}} — arcsine([r],,)arcsine([F]).
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Making use of Lemma B.1, [X], , is obtained as given in (B.81) as follows

1 ! . pminl(u) . ﬁminl(u)
H = / myi [arcsm ( ek + arcsin | — 2 du
[ ]p’q 2 |: s ( ) Nm.,i,n, l( )nm,i,l,n (U) nm,i,n,l(u)nm,i,l,n(u)

1 ~
+/ ﬂm’i {arcsm( 'Omn” ) )—arcsm( pm“n( ) >} du
0 mnzl nmnzl nmlzn )nmlvn
1
—l—/ T [arcsm( pmn” )+arcsin< pm"” )}
0 nmlnl 77mnl1 mnll nmnlz
/1 |: ( pmznl ) . < pmlnz ):|
+ ,umm arcsin — arcsin
0 mlnl nmznl mlnz nmlzn
/1 |: ( pmlln ) . ( pmlzn ):l
+ /J/mJ arcsin — arcsin
0 nmzln nmnlz nmlzn nmlnz
1
_|_/ ﬂm,l( )|:aI‘CbIIl< pmzln )+arcsin<_ pm nlz ):l d’u:|
0 77m z,ln nmznl nm,n,lz nmnzl
J ! pmzln( )( ) pmznl
+ = tm.i(u) |arcsin — arcsin du
2 0 nmzln( )nmznl(u) nmznl nmzln(u
+/ Fim. i (1) {arcsin (~ pli ) + arcsin< pmn’l" ﬂ du
0 nmlzn nmnzl nmnzl nmlzn
! Prmni p z
+/ P (U {arcs1n< UL il ) — arcsin< LS ﬂ
0 nmnlz nmnzl nmznl nmnlz
! Prm.il p z
+/ P (U {arcsm( miitn )+arcsin< IR ﬂ
0 mznl nmlnz mlzn nmznl
1
+/ Porn,1 (U {arcsm( pm“" )+arcsin< pmlm ﬂ
0 nmzln nmlnz nmnlz nmlzn
1
+/ Fom, 1 (U {arcsm pm“" ) arcsin< pmz"l >} }
nmznl zln nmnlz
"]

— arcsine([T],)arcsine([F”]

(B.81)
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where

P () = R{R]pn} — R{Rin}R{R]i 1} — [R{R]mn}R{R]m.}

+ R{[Rlm.i} (R{Rlm i }R{Rln1} — R{Rm  IR{[R]in} — R{R]m.n }R{[Ri1}) ]*,
(B.82)

ﬁm,i,n,l(u) - }R{[ﬁ}n,l} - %{[ﬁ]l,n}%{[ﬁ]z,l} - [%{[ﬁ]m,n}%{[ﬁ]ﬂ%l}

+ R{[Rlm.i} (R{R]m i }R{[Rln.1} — S{RIm i }S{Rlin} — S{Rlm.n }S{[Ris}) J*,
(B.83)

ﬁm,i,n,l(u) = S{[ﬁ]i,l} - C\\Y{[ﬁ]z,n}é}%{[ﬁ]n,l} - [%{[ﬁ]nm}%{[ﬁ}m,l}

+ S{Rlmn} (S{R)mn}S{R]i1} — S{R]m 1 }S{[Rii} = R{R]m i }R{R]1}) ],
(B.84)

i () = S{R]ni} — R{Rin} S{Rii} — [R{R]m.n} S{R]m.}

+ R{R]mi} (R{R]m,i }S{R]n 1} — S{RIn IR{R]in} — R{Rm 0 }S{R]i}) Ju?,
(B.85)

pniona (1) = R{ R} = AR IR Rt} — [ Rl R}

+ SR} (SR R}~ SR IRAR s}~ SR JRAF 1),
(B.86)

v () = R R} = S{R}H R} — R R IR}

+ Rt} (SR YRR} = RA R SRt} = R R} R]}] Ju?

(B.87)
77m7i,nq,l(u) =
\/1 — [R{[Ri;n}? = [IR{[R]im,i}1* + [R{ R, }? — 2R{[R]im,i}R{[Rlm,n }R{[R]i,n}] 2,
(B.88)
Nm,iyn (1) =
\/1 — [S{R)i;n} 12 = [IR{[R]im,i}12 + [S{R)m,n }? — 2R{[R]m,i} S{[Rlm,n} S{[R]i,n}] w2,
(B.89)
Tm,iyn 1 () =

\/1 — [R{R]n 1} = [IS{R]imn}? + IS{Rm 1} = 23{[Rlm,n }S{[R]im, . }R{[Rn 1} u?.
(B.90)
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C.1 Proof of Lemma 6.1

The optimization problems (6.16) and (6.17) are equivalent. Hence, it suffices to prove this for
only (6.16). Define

y7n - ~'CV)VLS( 7”) + aT’LS(T”'L) + n’(r)n? (C'l)
where [aS,,a8,, 7%, 7,021 # [Qm, Cms T, T, M) T and thus, yS, # y.,. It suffices to show

that [Q(y2)]i # [Q(ym)]: at least for one I as L — oo. The previous statement holds only if, at

least for one [, the following occurs:

R{lymli} > R{[ymli} > R{[y
[ymli} <R{[vmli} < R{ly
mli} > S{{vmli} > S{ly
Y] [Vim] [

Ym l} < g{ 77nl} <C\}{y

7

=

{ i}
{ li}, or,
/ L), or, (C.2)
{ i}

o
m
o
m
o
m
o
m

Y

Let A denote the event described by (C.2) for a given I. In practice, the real and imaginary parts
of [ym]: and [y2,]; are upper bounded by, say, Amax. Then, probability of A is [193]

pu() = PRl I 9l Sl 3

The probability that (C.2) occurs at least for one [, denoted by H, is

L R{[ymli} — R{[ye,
_ H( (R{[ymli} — R{[ym]i}|

-1 2Amax

IS{[ymli} — S{lyn i}
- 12 o d > (C.4)

From [193], 1 — z < e~*,Vz € R. Hence, it follows that

179
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1R {lym]i}=R{lyp i} _ I1S{lym] 3 +S{lyp 11}

Pr(H) > 1— e Zis Hmax o . (C.5)

But y°, # ym. Thus, — 2L | Bmld=R2I0 _ SUvmld+SUVGIH o a5 [ oo, and

max 2Amax

limy oo Pr(H) = 1. This implies that y,, is the only point which satisfies the constraints in
(6.16) as L — oo. Accordingly, as L — oo, the optimization problem (6.16) reduces to the LASSO

estimator which has been shown to be consistent [194]. This completes the proof.

C.2 Proof of Theorem6.1

To show that (6.48) is equivalent to (6.47), we first prove that the global minimum of (6.47)

T
coincides with that of (6.48). Assume that rj and |r:7 v*| are the minimizers of (6.47) and

(6.48), respectively. Define a set K = {r e R} | w® (r —A) = 0} . Given J(r) > 0 for r € K,

*
it readily follows from the first constraint in (6.48) that §Eii; < v*. Considering that r} belongs
to the feasible set of (6.47), i.e., r} € K, we obtain ‘
* *
]:(ro) < ]:(re) < v*. (CG)

. T
On the other hand, defining v, = ;E;i; and considering r; € K, it follows that [r;T vo} is in

the feasible set of (6.48). Therefore,

(C.7)

ie.,

- (C.9)

indicating r} is also a minimizer of (6.47). This completes the proof.

C.3 Proof of Theorem 6.2

C.3.1 Preliminaries to the Proof

Recall the definition of sum-of-squares (SOS) polynomial and a useful related result as follows.
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Definition C.1 (Sum-of-squares). A polynomial P(u) of degree 2¢ is sum-of-squares (SOS) if
and only if there exist polynomials Y;(u),---,Yr(u) of degree ¢ such that P(u) = Zle YV2(u).

Lemma C.1. Given P as the set of SOS polynomials and polynomials E;(u) for 1 <i < I, define
the sets

W={uecR"|&)>0,Vie{l1,2,---,1}} (C.10)

Gp = { Zf:o Pi(w)éi(u) | E(u)=1,P;(u) eP,deg (Pi(u)&i(u)) < Qp}, (C.11)

such that W is compact and there ezists a polynomial U(u) € G, where {u € R™ | U(u) > 0} is
compact. Then, a polynomial B(u) of degree q is strictly positive on W, i.e., B(u) >0 Vu € W,
if and only if B(u) € G, for some integer p > max (]'q] , max PegT(g")—‘ )

Proof. We refer the reader to [195]. O

C.3.2 Proof of the Theorem

We first show that (6.48) satisfies the conditions stated in Lemma C.1 of Appendix C.3.1. In
consequence, it can be reformulated as minimization of a positive polynomial function on a
compact set. Lasserre has shown that minimizer of a positive polynomial function on a compact
set can be obtained through solving an equivalent SDP [152, Theorem 4.2]. Thus, we ultimately

resort to [152, Theorem 4.2] to recast the resulting optimization problem as an SDP.

Consider &;’s to be the inequality constraints of (6.48). Then, we need to prove the following

three statements:

1. The feasible set of (6.48) is compact.
2. A polynomial U([r,v]T) € G, exists such that {r € RM v € R |U([r,v]T) > 0} is compact.

3. The objective function of (6.48) is strictly positive on its feasible set.

For the first statement, note that the feasible set contains all of its boundary points and is
therefore closed. From Heine-Borel Theorem [196], to show compactness of the feasible set,
it suffices to show that it is bounded. To this end, note the constraint on the value of r
which is limited by the maximum detectable range ry,x € R~ of the NB-IoT nodes so that

Tm < Tmax for all m € M. This implies that the continuous function Z() i hounded on

J(r)
T ={r € RM | r, < rmax, ¥m € M} [196, Theorem 4.16]. In other words, §§:; < ¢, where
o= maxirqrrlize % The optimization problem in (6.48) is indeed a minimization of an upper
re

bound of ggg, i.e. v. Without loss of generality, assume v < vyax Where vy > ¢. These
practical constraints on r and v do not change the solution of (6.48) but guarantee boundedness
and thereby compactness of the its feasible set. On the other hand, it is possible to show the
boundedness of v, in turn, entails the boundedness of r. To show that, let assume B to be an
arbitrary subset of {1,---, M} and define ¢ such that [c]y = [r]i for K € B. When v < vpax,
from (6.45) and (6.46), we get
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- i (I )BT - 1) (- ) 3
— ([(I‘—Tll)@(I‘—Tll)]TH%}(I‘—Tll)>2), (C12)

Using Cauchy—Schwarz inequality and idempotency of II3;, we have

I (= DI [(F — 1) © (F - m1)]|I3 >

([(F—rll) ® (F—rll)]TH{‘,(f—rll))z. (C.13)

It follows from (C.12) and (C.13) that, when v < vyax and as each r,,, approaches infinity, the
constraint v 7 (r) — F(r) becomes negative. Hence, when v < vy, to ensure vJ (r) — F(r) > 0,
the ranges r,,, m € IM must be bounded. This implies that v < vy, is sufficient for the
compactness of the feasible set of (6.48). Accordingly, without loss of generality, the optimization

problem (6.48) becomes

minimize v
v,r

s.t. vJ(r) — F(r
(C.14)

Umax — VU 2 07

in which the feasible set is compact. Note that, in practice, the value of ¢ is unknown and, to

satisfy the condition vpax > ¢, Umax should be selected sufficiently large.

For the second statement, consider

1 if i=0,
vJ (r) — F(r), it i=1,
Ei(le, o)) =9 wis1(ric1 — Nim1), if i=2,- M +1, (C.15)
ey i o= M2, 2M 41,
Umax — U, if i=2M + 2,

and that G, is defined according to (C.11). Construct P;([r,v]T) =0 for i = 0,1,--- ,2M +1
and Papri2([r,v]T) = 1. It readily follows that vyayx — v = Z?ﬁfz Pi([r,v]T)E([r,v]T), thus
Umax — ¥ € G, with p > 1. Further, the set {v € R | vjax — v > 0} is closed and bounded and,

therefore, compact. This proves the second statement.

The third statement requires establishing the strict positiveness of the objective on the feasible set
of (C.14),ie, W={reRM veR|r=0, woO(r—A) =0, vJ(r)—F(r) >0, vpax —v > 0}.
Considering a € R~ as a constant parameter independent of r and v, it is always possible to

replace v with v 4 a in the cost function of (C.14) without affecting its solution. Then, it follows
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from (6.42) that v > L(r) = ?8 > 0, thereby v+ a > 0 on W for any constant a € Rs(. This

proves the third statement.

Consequently, according to Lemma C.1, (6.48) is equivalent to minimization of the positive
function v+a on the compact set W = {r € RM, v € R | &([r,v]T) >0,Vi € {1,2,--- ,2M +2}}
where &;’s are given in (C.15). Now, resorting to [152, Theorem 4.2], the resulting minimization

problem can be equivalently recast as the SDP in (6.57). This completes the proof.
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