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Abstract & Zusammenfassung

Abstract

Supersymmetric theories are an excellent playground in theoretical physics. Despite
their phenomenological challenges, their high amount of symmetry often implies that
the—otherwise ill-defined—infinite-dimensional path integral is well-defined and can in
fact be computed exactly. The study of two-dimensional supersymmetric theories in
particular has been propelled by string theory, leading among other things, to beautiful
and surprising results both in physics as well as pure mathematics. In this thesis we want
to study an “uplift” from two-dimensional to three-dimensional A’ = 2 supersymmetric
theories. Our discussion is focused on two related aspects of three-dimensional theories.

The first subject of study is a three-dimensional generalization of the correspondence
between two-dimensional supersymmetric gauge theories at high energies and topological
quantum invariants of the target space of these theories at low energies. We study a
three-dimensional gauge theory on a non-trivial background, whose low energy limit is
a non-linear sigma model with a Grassmannian Gr(M, N) target space, i.e., the space
of complex M-planes in CV. In this three-dimensional gauge theory, we study super-
symmetric Wilson loops. The algebra of Wilson loops describes, via the correspondence,
the quantum K-theory of Gr(M, N) studied by mathematicians, i.e., classes of complex
vector bundles with a deformed tensor product structure. The structure constants of this
algebra are quantum invariants of Gr(M, N). We find agreement between results from
the gauge theory on the one side, and results computed by mathematicians via different
methods on the other side.

The second subject we study is flat three-dimensional supersymmetric theory in the
presence of spacetime boundaries and its symmetric boundary conditions. In general, bulk
supersymmetric theories admit so called supercurrent multiplets. These are supersym-
metry representations, present in any local supersymmetric theory, whose components
are the conserved currents of the bulk theory, such as the supercurrent and the energy-
momentum tensor. The existence of a boundary means that we have to choose boundary
conditions for the bulk fields and that some of the symmetries of the theory are bro-
ken. We generalize the notion of bulk supercurrent multiplets to supercurrent multiplets
with bulk and boundary parts consistent with the unbroken symmetries and symmet-
ric boundary conditions. We successfully test our definitions in a simple model with
boundary conditions that are three-dimensional generalizations of matrix factorizations.
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Zusammenfassung

Supersymmetrische Theorien sind ein spannendes Untersuchungsgebiet in der theore-
tischen Physik. Trotz ihrer phanomenologischen Herausforderungen impliziert ihr hoher
Symmetriegrad oft, dass das—sonst schlecht definierte—unendlich dimensionale Pfadint-
egral wohldefiniert ist und tatsachlich genau berechnet werden kann. Insbesondere wurde
die Untersuchung zweidimensionaler supersymmetrischer Theorien von der Stringtheorie
vorangetrieben, was unter anderem zu schonen und iiberraschenden Ergebnissen sowohl
in der Physik als auch in der reinen Mathematik fiihrte. In dieser Arbeit wollen wir
einen Ubergang von zweidimensionalen supersymmetrischen Theorien zu dreidimension-
alen N = 2 supersymmetrischen Theorien untersuchen. Unsere Diskussion konzentriert
sich auf zwei verwandte Aspekte dreidimensionaler Theorien.

Das erste Untersuchungsobjekt ist eine dreidimensionale Verallgemeinerung einer Kor-
respondenz zwischen zweidimensionalen supersymmetrischen Eichtheorien bei hohen En-
ergien und topologischen Quanteninvarianten des Zielraums dieser Theorien bei niedri-
gen Energien. Wir untersuchen eine dreidimensionale Eichtheorie auf einem nicht trivi-
alen Hintergrund, dessen Grenze bei niedrigen Energien ein nichtlineares Sigma-Modell
mit einem Grassmann’schen Gr(M, N)-Zielraum ist, also mit dem Raum komplexer M-
Ebenen in CV. In dieser dreidimensionalen Eichtheorie untersuchen wir supersymmetri-
sche Wilson-Loops. Die Algebra von Wilson-Loops beschreibt, iiber die Korrespondenz,
die von Mathematikern untersuchte Quanten-K-Theorie von Gr(M, N), d.h. Klassen kom-
plexer Vektorbiindel mit einer deformierten Tensorproduktstruktur. Die Strukturkon-
stanten dieser Algebra sind Quanteninvarianten von Gr(M,N). Wir finden Uberein-
stimmung zwischen den Ergebnissen der Eichtheorie auf der einen Seite und den von
Mathematikern mit verschiedenen Methoden berechneten Ergebnissen auf der anderen
Seite.

Das zweite Thema, das wir untersuchen, ist die flache dreidimensionale supersym-
metrische Theorie mit Raumzeitrand und ihre symmetrischen Randbedingungen. Im
Allgemeinen kann man bei supersymmetrischen Bulktheorien ohne Rénder sogenannte
Supercurrent-Multiplets definieren. Diese sind Supersymmetriedarstellungen, die in jeder
lokalen supersymmetrischen Theorie vorhanden sind und deren Komponenten die kon-
servierten Strome der jeweiligen Theorie sind, wie z.B. der Superstrom und der Energie-
Impuls-Tensor. Die Existenz eines Randes bedeutet, dass wir Randbedingungen fiir
die Bulkfelder wahlen miissen und dass einige Symmetrien der Theorie gebrochen sind.
Wir verallgemeinern die Definition der Bulk-Supercurrent-Multiplets auf Supercurrent-
Multiplets mit Bulk- und Randteilen, die mit den ungebrochenen Symmetrien und sym-
metrischen Randbedingungen konsistent bleiben. Wir testen unsere Definitionen erfol-
greich in einem einfachen Modell mit Randbedingungen, die die dreidimensionale Verall-
gemeinerungen von Matrixfaktorisierungen sind.
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Chapter 1

Introduction and background

In this chapter we give an introduction into the topics studied in this thesis. We very
briefly describe motivation to study supersymmetric theories and sketch their connection
to manifold invariants. We also discuss the relevance of boundaries and supercurrent
multiplets in such theories. We present some of the mathematical notions behind some
of this work, namely quantum cohomology and quantum K-theory. We end the chapter
by a brief outline of the following two chapters, based on the publications of the author
and a short overview of related topics. The publications [I, 2] relevant to chapter 2
are joint work with Prof. Dr. Hans Jockers, Prof. Dr. Peter Mayr and Dr. Urmi Ninad.
The publication [3] relevant to chapter 3 is joint work with Prof. Dr. Ilka Brunner and
Jonathan Schulz.

1.1 Supersymmetric field theories

1.1.1 Why supersymmetry?

Quantum field theory is the enormously successful' child of quantum mechanics and
special relativity. However, an axiomatic, mathematically rigorous formulation of general
quantum field theories (in more than two dimensions) is elusive: in short, the infinite
dimensional integration of the path integral is in general not well-defined. Still, the
interaction between physics and mathematics has been very fruitful for both fields.

The study of supersymmetric field theories was mainly initiated as a mathematically
natural extension of the Standard Model, but phenomenologically speaking, such theories
have fallen out of favor. However, supersymmetric theories are a natural playground for
more tractable physical theories, as the high amount of symmetry severely constrains the
dynamics. An incomplete list of features includes that supersymmetric theories enjoy
non-renormalization theorems [1], are relevant in compactifications of superstring theory
[5] and also play an important role in holography [6]. More importantly in the context of
this thesis, in the last two decades there has been great progress in the computation of su-
persymmetric partition functions, the generating functions for correlators of observables,
by techniques of so called supersymmetric localization (see [7, 8] for pioneering work and
[9] for a review). These are powerful computational techniques that extend ideas of equiv-
ariant localization from mathematics to the infinite-dimensional setting. The techniques
have lead to a plethora of exact computations (as opposed to perturbative computations

Thttps://pdg.1bl.gov
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2 1. Introduction and background

of partition functions of general field theories) in various dimensions, curved backgrounds,
in the presence of boundaries or different amounts of supersymmetry. See [10-22] for an
incomplete list of exact results.

In addition, supersymmetric field theories are often a surprising source of new ideas
for mathematics. This is especially true for two-dimensional theories that are relevant in
the study of string theory, with fields

f: X=X (1.1)

mapping from a two-dimensional surface ¥ to some space X. A notable development is
the discovery by physicists [23] that special classes of spaces used in string theory, six-
dimensional Calabi-Yau manifolds, come in pairs connected by mirror symmetry. This
discovery has been very fruitful; its precise formulation and implications is a subject of
study by both physicists and mathematicians [21-26].

1.1.2 Twists and an example of invariants

Another (related) interesting direction is also that of topological field theories (TFTs),
first introduced by Witten [27]. These are quantum field theories in which correlation
functions of local operators do not depend on the insertion points and hence on the
metric of the space on which they are defined. As such, the correlators are numbers
that are invariant under continuous changes in the geometry of these spaces and describe
topological invariants. Additionally, TFTs form a class of theories that can be treated
axiomatically and rigorously [28], and the study of TFTs with eztended excitations (i.e.,
not-pointlike operators) is now an evolving field of physics and pure mathematics related
to higher category theory [29, 30].

General supersymmetric field theories are, despite the high amount of symmetry, not
topological. Supersymmetric theories and topological theories are nevertheless intimately
related. Namely, in many examples of supersymmetric theories, one can select a nilpotent
supercharge @), and restrict to the subsector of observables that lie in the ()-cohomology,
i.e., observables corresponding to classes of operators where the representatives O satisfy

Q,0]=0,, (1.2)

where [, -] denotes a graded commutator and where we identify any two operators O, O’
that satisfy

0=0+1[Q,U] (1.3)

where U is any operator. In particular Q-exact operators O = [Q,U] are equivalent to
zero. This non-trivial restriction implies, among other things, that some or all (depending
on the theory and choice of @)) translation generators P, become ()-exact, i.e., we have
symmetry operators @), Q,,, P, with

Q2 = [Qu, Qu] = [QuaPl/] = [Qa Pu] =0, [Q7 Qu] ~ Pu‘ (1'4)

This in turn means that in this subsector the dependence of the correlators on the insertion

point in spacetime drops out and the theory of this restricted subsector is topological.
This is in fact how TFTs were introduced in [27, 31], through the procedure known as

topological twisting. The procedure of twisting is roughly the following. One starts with



1.1 Supersymmetric field theories 3

a supersymmetry algebra on flat space, which is generated by fermionic supercharges,
with an R-symmetry automorphism and one tries to extend its definition on some curved
background. Mathematically, the curvature often comes with obstructions to defining
necessary spinors for the description of the symmetry. The obstruction can be circum-
vented physically by ‘replacing’ some subgroup of the Lorentz rotation group by a twisted
subgroup in the product of the Lorentz group with the R-symmetry group?. The choice
of new Lorentz rotation group changes the spin of some fields, but does not change the
fermion /boson statistics; in particular there is a scalar fermionic supercharge @ (a linear
combination of charges of the original untwisted theory) which can be defined on the
curved background.

A well-known example of twisting and invariants is given by the A-model. The model
is determined by the so called A-twist of the N' = (2,2) sigma model in [31]. The
twist impies that in general only a subalgebra is preserved (and there is another twist
where a different subalgebra is preserved leading to the mirror B-model). The sigma
model is the quantum field theory where the (bosonic) fields are maps ¢ : ¥ — X from a
Riemann surface Y to a Kihler manifold X3, while fermionic fields 1 are defined as certain
sections of bundles over X. Mathematically, the “twisting” amounts to considering in
fact a different theory. The new theory has the same local expression for the action pulled
back on X, but the fields are now sections of different bundles, given by tensoring the
original bundles with a square-root of the canonical bundle of X. In the twisted theory,
we may identify odd-degree forms on X with the fermionic fields ¢ and even forms to
bispinors (bosons). In other words, in the A-model, for each differential form 6 € A*(X)
we associate an operator

0 — 09. (15)

The scalar supercharge @ defined from the original NV = (2,2) supersymmetry by the
twisting procedure now acts as

[Q, Op] = —Oup, (1.6)

where d is the exterior derivative on X. We see that the nilpotent operator () is mapped
by this association to the exterior derivative d acting on differential forms. It is therefore
easy to deduce that restricting to ()-cohomology corresponds to restricting to differential
forms that are closed df = 0, and closed differential forms that differ by exact forms are
identified. In other words, @)-cohomology corresponds to de Rham cohomology and the
correlators of operators representing ()-cohomology classes are topological invariants of
X4

The wealth of results about (A- and B-twists of) two dimensional NV = (2,2) sigma
models has motivated a possible “uplift” to higher-dimensional theories with the same
amount of supersymmetry, (4 real supercharges), in particular 3D N' = 2 theories and
4D N =1 theories. Half of this thesis (chapter 2) is dedicated to analogous aspects of
supersymmetric field theories in three spacetime dimensions.

2In this discussion we assume that the twisting subgroups are Abelian.

3That is, a complex, Riemannian, symplectic manifold with compatible structures. The sigma model
arose from (topological) string theory, where the target space X is a Calabi-Yau manifold, which is a
Kaéhler manifold with vanishing canonical bundle, while ¥ is the two-dimensional string worldsheet.

4The correlators are in fact computable; the equations of motion force the maps ¢ to be holomorphic,
which is a strong enough constraint to make the path integral into a well-defined integral over the space
of holomorphic maps > — X. See next subsection 1.2 for some mathematical details.
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1.1.3 Boundaries and supersymmetric boundary conditions

We now want to discuss theories where the worldsheet or worldvolume has a boundary.
As a general rule, the boundary breaks the symmetry that generates translations perpen-
dicular to the boundary. Hence it must also break at least part of the supersymmetry
algebra generators, as otherwise they would anticommute to a broken generator. In
fact, for a generic supersymmetric theory, introducing a boundary will break most of the
symmetries, as divergence-free symmetry currents “leak” out of the boundary.

In any theory with boundary, we must choose sensible boundary conditions for the
fields. Choosing boundary conditions for field theories is itself a rich subject, once we
allow for purely boundary dynamics and couplings to bulk fields. However, for a very spe-
cial class of boundary conditions, we may preserve some supersymmetry. These are called
supersymmetric boundary conditions and are highly constrained compared to arbitrary
boundary conditions, similarly to how supersymmetric theories are highly constrained
compared to general field theories.

The A- and B-models were introduced in the previous subsections as examples of
two-dimensional theories with some (smaller) supersymmetry algebra after some twist-
ing procedure. The supersymmetry subalgebra can also be regarded as the remaining
subalgebra after the introduction of a boundary on the world-sheet or world-volume as
described above. The corresponding special classes of boundary conditions are referred
to as A-type and B-type boundary conditions [32]. In the context of string theory, where
boundary conditions define so called D-branes, these special boundary conditions are the
A- and B-branes [33, 34].

The three-dimensional N/ = 2 theories with boundary also possess boundary condi-
tions related to the A- and B-types [35-37] that are classified by the 2D subalgebras that
are preserved after the boundary is introduced. The choice of boundary conditions is a
necessary step in the computation of path integrals via supersymmetric localization [22,

] or supersymmetric half-indices via “sum over words” of classical UV operators [39].

Supercurrent multiplets

In any supersymmetric theory, the fields are (by definition) organized into representations
of the supersymmetry algebra. Currents and charges of any symmetry are represented
(classically) as function(al)s on those fields. One can study many universal features of
supersymmetric theories by organizing these currents into representations of the super-
symmetry algebra, i.e., into superfields (when the theory admits a superspace description)
with symmetry currents as components. These are the so called supercurrent multiplets
which will be discussed at length in chapter 3.

The identification of supercurrent multiplets has many advantages. Firstly, as a purely
representation-theoretic construction, it is independent of a Lagrangian description and
applies also to field theories that do not admit such a description. Secondly, the structure
of supersymmetry algebras and its action on the superfields dictates that the supercur-
rents (the symmetry currents associated to supersymmetry) and the energy-momentum
tensor are part of the supercurrent multiplets. The superfields satisfy further (defining)
constraints that imply conservation of those currents. Since the multiplet contain the
energy momentum tensor, one can use them to identify spacetime directions that can be
twisted. Lastly, supercurrent multiplets are a technical tool for supersymmetric localiza-
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tion techniques on curved backgrounds [10] mentioned in the previous subsections®.

Connecting to the topic of this subsection, one can then ask how to consistently
extend supercurrent multiplets in theories with boundary. Their definitions change both
because the supersymmetry algebra is broken to a smaller subalgebra, but also because
the some currents that form their components are no longer conserved. The contents
of the latter part of this thesis (chapter 3) are dedicated to discussing this question in
three-dimensional theories with boundaries.

1.2 A brief introduction to quantum rings

In this section we will introduce the necessary notions for quantum cohomology and
quantum K-theory. Our discussion is by no means rigorous or detailed, and we refer the
reader to the mathematical literature for details. We begin with a brief introduction to
quantum cohomology, as it is the precursor for quantum K-theory, which we describe
afterwards. In addition, this relationship is deeply embedded in the physical descriptions
related to supersymmetric theories from the previous section

2D N = (2,2) theory with target space X +— Quantum cohomology on X
3D N = 2 theory with target space X <+— Quantum K-theory on X

Many results from the study of quantum K-theory from 3D supersymmetric gauge theo-
ries have their two-dimensional analog in quantum cohomology, which therefore serve as
‘guiding’ principles. The various features that do not have an analog are also subject of
current research.

1.2.1 Quantum cohomology

Quantum cohomology is a deformation of the cup-product ring structure of classical co-
homology of Kéahler manifolds X%. The deformation is motivated by physical arguments
[41-44], by counting so-called worldsheet instanton contributions. However its proper-
ties, e.g., associativity, have implications for the enumerative geometry of X and and
the new deformed structure constants encode the Gromov-Witten invariants of X. By
viewing classical cohomology of a X as the study of intersection theory of X, we may
describe quantum cohomology as intersection theory of the space of marked holomorphic
curves in X. For general X and general curves, these spaces are mathematically “wild”.
For sufficiently “nice” X and under assumptions on the curves, these spaces become
themselves possibly singular manifolds that admit an appropriate compactification. One
such compactification, which we use in this introduction, is the moduli spaces of stable
maps M—M(X , ). Here, g is the genus of the curves, n is the number of marked points
P1,...,pn on the curve and B € HST, where HS™ C Hy(X,7Z) are the effective curve
classes, controls the degree of the curve. The cohomology of X is recovered in the limit
£ = 0 of constant curves.

5One extends the flat space supersymmetry to supergravity, including (background) metric fields and
superpartners. The metric is then coupled in an automatically supersymmetric fashion to the stress-
tensor, by using the supercurrent multiplet as opposed to components, and the variation of background
fields is set to zero.

6The Kahler condition can be weakened.



6 1. Introduction and background

Let us list some of the ingredients necessary in a loose fashion. For mathematical
details we refer to [15-50] and we follow mostly [25]. The points of M, (X, ) are
pointed holomorphic maps

(g, (1,2 m0) = X, (1.7)

where p;’s are marked points on the genus g curve ¥,. The maps must “realize” the class
B e HST e,

ful2gl =5 (1.8)
and must satisfy further stability conditions we do not list here (see [25] for details).
There is a natural evaluation map

ev: M,,(X,5) = X", f— (f(pl),...,f(pn)), (1.9)

with components ev;. There is also a stabilization map
st Mg (X, 5) = Mg, (1.10)

defined by forgetting the holomorphic maps, where on the right-hand side we have the
(Deligne-Mumford compactified) moduli space of curves of genus g with n markings, of
dimension dim M, ,, = 3g — 3 4+ n. The ezpected dimension of M, (X, ) is

d=dim M,,(X,8) = (1—g)(dim X — 3) — (B, c1(X)) +n, (1.11

)
The moduli space admits a virtual fundamental class [M,, (X, B)] € Hd< on(X, B) )
allowing us to integrate. Given classes v; € H*(X), the Gromov-Witten invariants of X
then look like

Iy, m) = / ev (y1) U---Uev*(y,). (1.12)
[Mg,n(X,5)]

Roughly speaking, these numbers count the number of holomorphic curves f(¥,) C X
of genus g, homology class § that are intersecting the cycles 4; € H,.(X) (Poincaré dual
to 7;) such that f(p;) € 4; (by picking representatives for the cycles). In other words,
the refined intersection theory counts the ways that cycles can touch “modulo” degree S
holomorphic curves in X.

The genus zero Gromov-Witten invariants with three arguments define a quantum
product structure on H*(X) as follows. Denote the intersection pairing

(a,b)x ::/Xaub, a,b e H*(X), (1.13)

and fix a basis ¢; for H*(X) (which also fixes g;; = (¢, ¢j)x, &' = > g ¢; with g” =
(¢71)i;) and denote by w the complexified Kéhler class of X. Then the formula

axb= Z Z 10,3”3(a, b, qb,)Q’qu’, (114)

i BeHst

where the Novikov variable Q° is defined as Q° = ¢*™ fﬁ“’, defines the multiplication
* in the small quantum cohomology ring. The ring H*(X) @ C[[Q1,...,Qnx)]]" is a

"Given a ring R, R[t] denotes the polynomial ring in ¢ with coefficients in R. Similarly, R[[t]] denotes
formal power series in ¢ with coefficients in R and R(t) denotes rational functions in ¢ over R.
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deformation of classical cohomology by the variables Q7. It is easy to see that the product
with § = 0 is the classical cup product on cohomology. The product is also associative,
and satisfies (a *b,¢)x = (a,b*c)x and [, a*xb = (a,b)x, i.e., it is a Frobenius algebra.

One can also “enlarge” the deformation by dim H*(X) new paramemeters called in-
sertions or deformations. Set

t= Zti@', (1.15)

and classes a,b € H*(X). Then the formula®

axb= ZZ > '10n+3,5 a,b, s, t")Q ¢ (1.16)

t n=0 ge st

defines the multiplication x in the big quantum cohomology ring. The ring H*(X) ®
CllQ1,- -, Qny(x)> to, - - - Laim 1( X)_l]]g is a deformation of classical cohomology. Restrict-
ing to t; = 0 yields the small quantum deformation (and product) defined above. The
big quantum multiplication still satisfies (a x b,¢)x = (a,b* ¢)x and forms a Frobenius
algebra. The structure of the big quantum ring is often described in terms of the so called
Gromov- Witten potential, which is the formal sum

Pawo(t) Z Z ' Tonp(t")Q (1.17)

n=0 5€Heff

It can be thought of as the generating function for the Gromov-Witten invariants; fur-
thermore we can show that (or equivalently define)

& cI>GW0 K
i * 1.18
More generally, we are interested in the gravitational correlators'®
ATay Y15+ > T Yn) g, = / )U U ev* () U e (L)%, (1.19)
[MO ”(X ﬂ)] =1

where o € H*(M,,,) (chosen to be trivial for the following) and £,’s are the universal
cotangent line bundles over M, (X, 3), (loosely) defined by requiring the fiber over
f € M, (X, ) to be the cotangent space 1%,

For d; = 0 and trivial class «, we obtain the Gromov-Witten invariants defined above.
One usually also studys the richer correlators with insertions ¢ (1.15) of genus g by the
formal sum

«lele .. Tdek Z Z Td1717 s aTdk/yk‘a tn>g,n+k,ﬁQﬂ (120)

n=0 ﬂeHe‘:f

8Here, 1o, 5(t") = Ion g(t, ..., t) with n-insertions.
9See footnote 7 for notation.
10The correlators deserve their name as they are identified with

<Od1;71 e Odnv"/n>
il d)

where Og, d = 0,1,..., are operators obtained from the operator O, associated to v € H*(X) as in
(1.5), via the so called gravitational descent [11].

(Tay Y15 -+ 3 Tdu Yn) gm,B =
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where t" denotes n insertions ¢, ... ,t.

1.2.2 Givental’s cohomological J-function

The correlators and correlators with insertions ¢ can be nicely “packaged” into the so-
called Givental J-function [50] which we describe now. We consider the trivial H*(X)-
bundle over the space T' of t-parameters with coordinates (1.15), and the Givental con-
nection V" over it, acting as

0]
vha — h— -

2 o Oi*, (1.21)

where A is a parameter'!. Associativity of % is in fact equivalent to flatness of V",
3

(any of) which is equivalent to ;t_cgt% satisfying the Witten-Dijkgraaf-Verlinde-Verlinde
i Olj

equation [51, 52]. We then define the formal sections S : H*(X) — H*(X) by the

endomorphism

Sij = gij + Z - (rag, diNo; (1.22)
d=0

where g;; is defined by (1.13) in the basis ¢, . . . , @dim m+(x) and we conveniently abbreviate
the infinite summation as

Si = 9i + <<%’ ¢j>>o — 9 i Z %<h¢TZc’ ¢j’tn>o,n+2ﬂQﬁ’ (1.23)

n=0 ,BEHSH'

by interpreting ¢" as 7,, representing an insertion of ¢;(£;)"™ as in (1.19). Clearly, the
sections are complicated functions of ) and t;’s. However, one can show that these are
in fact V/-flat sections, i.e., they satisfy

a5,
ot;

h—3% — 4. % S (1.24)

Givental’s cohomological J-function is then defined as

J(t) = Z(Sijﬁbj7¢o)x - @' = ¢ + Z <<h¢f C>¢0>>O¢i. (1.25)

ij

As with the endomorphisms S;;, the dependence on () and ¢;’s is complicated. However,
the flatness equations (1.24) imply that certain relations must hold. In particular, let
D(h%, e', h) represent a formal differential operator defined as a formal power series in the
ha%_’s, e'’s and h, and let D(¢;, Q;, 0) the cohomology-valued formal power series obtained
by setting ha% — ¢, €' — @, replacing product with (small) quantum product and
h = 0 afterwards. Then the flatness equations imply [25] that

D(h%, e' h)-Jx =0 = D(¢,Q;,0) =0 in small quantum cohomology. (1.26)

The operator D annihilating Jy is called a quantum differential operator.

H'More precisely, a generator of HZ. (pt), implying we have “refined” our treatment to C*-equivariant
Gromov-Witten invariants. See [50] for details.
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1.2.3 Quantum K-theory

Quantum K-theory and the study of K-theoretic Gromov-Witten invariants was first
discussed by Givental [53] and Lee [54]. In this subsection we give a brief non-technical
description of relevant notions following also [55, 50].

As discussed in the previous subsection, we may refine the study of intersection theory
on a Kahler manifold X by looking at the intersection theory on M, (X, ) instead.
A similar refinement can be considered for K-theory, by viewing classical K-theory as
the study of sheaves, or equivalently for smooth X, vector bundles. From this point
of view, quantum K-theory is the study of complex vector bundles over the spaces of
holomorphic curves into X. The various ingredients are defined in parallel to (quantum)
cohomology. The (classical) product is now given by the tensor product of vector bundles.
The virtual fundamental class is replaced by the virtual structure sheaf [OW( Xﬂ)]"ir €

g,

K (/\/lg,n(X , B)), and the intersection pairing on X is replaced by the holomorphic Euler
characteristic

g(a,b) = x(X;a®b) = Z(—l)kdimHk(X; I(a®b)) = / td(X) ch(a)ch(b) (1.27)

L X

where on the right-hand side we have used the Hirzebruch-Riemann-Roch theorem for
the sheaves a,b. Given classes v; € K(X), the K-theoretic Gromouv-Witten invariants
then look like

Iyn (15 m) = X(Mon(X, 8); O x5 @ Vi (1) @ - ®@evi (). (1.28)

More generally, given the line bundles £; € K (/\/lgyn(X, B)) as in (1.19) and a class

a € K(M,,) (chosen trivial henceforth) the ordinary K-theoretic graviational correlators
are

Ty T ) gns = X (Mon(X, B); Ongx @5t (@) © Q) L7 @evi (1) (1.29)
i=1

The quantum K-theory ring may then be deformed by the genus zero invariants, analo-
gously to cohomology. In particular, we consider the K-theoretic Gromov- Witten potential

— 1
F@Q= 3 3 —(tonsQ’, (1.30)
peHg n=0 "

where Q” is defined as in the previous subsection, with H{® C Hy(X,Z) denoting the
subgroup of effective curve classes, and the deformation t now denotes a general point in
K(X), upon picking a basis @, . .., Paim k(x)-1:

t= Zt,@i. (1.31)

The GW potential is valued in C[[Q,t]] = C[[Q1, ..., Qhy(x): tos - - - » taim K (x)-1]]'%, the
extension of the Novikov ring C[[Q]] by the deformations ¢. The (big) deformed ring

12Gee footnote 7 for notation.



10 1. Introduction and background

structure can be defined using the non-constant pairing G : K(X) x K(X) — C[[@, ],
acting on basis elements as

33
One can check that
QB
= gij + E E (D, P, t") 0128, Gijli=0,0=0 = Gijs (1.33)

BeHsH n=0

where ¢;; = x(X; ®; ® ®,). The big quantum product = on K-theory of X is then defined
implicitly in the basis ®; by the non-constant pairing G as

83
G((I) *(I)],(I)k) m./_" Z Z ' (I)z,q)qu)ka >0n+35@ﬁ (134)

BHefan

K(X) ® C[[Q,t]] is a deformation of the classical K-theory ring, and reduces to it upon
setting @ = 0 (the dependence on t drops in when @ = 0). The element &5 =1 = [Ox]|
remains the identity in the quantum product. The product is associative and commutative
by virtue of (1.34) and the K-theoretic WDVV equation [53, 5] and forms a Frobenious
algebra, i.e., G(®; x ®;, ®)) = G(P;, ©; x P;). The restriction to t = 0 yields the small
quantum K-ring K(X) ® C[[Q]] of X with product |;—g = *.

1.2.4 K-theoretic J-function

Just as in the cohomological case, the K-theoretic correlators and quantum products are
equipped with interesting structures. Let us consider the symplectic loop space'® K of X

[55, 57]
K =K(X)®C[Q]]®C(q,q "), (1.35)

where ¢ is an indeterminate!*. The symplectic structure is determined by the symplectic
form

QL9 =5 pr(Xf@ @ gl )L fgek (1.36)
The loop space K admits a Lagrangian polarization
K=Ki®K_, (1.37)
where

Ky =Clg, ¢ "] ® K(X)®C[[qQ]],
K- ={r € Clq,q ")Ir(0) # o0, r(c0) = 0} ® K(X) ® C[[Q]],

i.e., K, contains only Laurent polynomials in ¢ and K_ rational functions in ¢ where the
denominators are regular at 0 and have strictly higher degree than their numerators.

(1.38)

13See footnote 7 for notation.
4Tn fact, ¢ can be thought of as a K¢+ (pt)-equivariant parameter analogously to & in quantum coho-
mology. The ‘Chern map’ relates ¢ = e~ ".
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We can now consider the K-theoretic version of the Givental connection on the trivial
K(X)-bundle over K[[t]]'®

0
ti:(l—q)ﬁ—kq)i*, i=0,...,dimK(X)—1. (1.39)

ot; i
Once again, this is a flat connection [53]. We can also write an explicit fundamental

solution matrix S € End K(X) ® C(¢,q ') ® C[[Q, t]] for flat sections
Sii = gi; + Z ii<q) n ®; > Q° (1.40)
) 2] n| (3] ) 1 — QE 0.n+2.3 ) .
BeHgH n=0

where again ®;/(1 — ¢L) = ®; 37, (¢L)" with ¢"L* is interpreted as 7,®;, i.e., an
insertion of £§f_2 in the holomorphic Euler number. The endomorphism S(Q, ¢,t), along
with another endomorphism T'(Q, ¢,t), can be introduced in an equivalent way by

where f € K denotes f(¢7') € K. With these definitions S, T satisfy the differential
equations
(1 —q)@ZS—I—(IDZ*S: O,

(1 —q)0T = T(®;%), (1.42)

and furthermore also satisfy [50]
S=T7" S|yt =Tlyseo =1d, S|g=0.1=0 = T|g=0.4=0 = id, (1.43)

showing that 7' is also a fundamental solution matrix. The endomorphisms fulfill the
compatibility equations with the pairings g and G:

g(T®;, T®;) = G(P;, D), G(S®;, SP;) = g(®;, D;). (1.44)

The endomorphisms S, T can be used to equip K with a g-difference module structure!,

generated by the g-shift operator ¢’, § = Q%. The operator preserves the space T'- K

[55], and we can introduce the g-difference equations'”

Squ :ArqerS’ qerT:TArq9T7 r = 17_”’h27 (145)

where the endomorphism A,(Q,¢,t) € End K(X) ® C[[Q, ] is (for now, tautologically)
defined by

A, =T7HQ)T(qQr) = S(Q)S™(¢Qr). (1.46)

5Note a slight convention change compared to cohomological versions, leading to some relative (ex-
ponent) signs. We follow the notation of [56].

16This is a new development compared to quantum cohomology, where the extended rings form a
differential quantum D-module structure (see e.g., [58]).

17We adopt the correction by ‘logarithms of K-theoretic Chern roots’ P\°% @/ 1084

K3
chapter 2 corresponds to terms of the form Q¢ ‘correcting’ the I-function.

(see [56]), which in
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The appearance of a difference module structure in quantum K-theory was interpreted
via deck transformations on the loop space LX in [59, p. V.
The Givental J-function for ordinary quantum K-theory on X is then defined as

J(Q,q,;t) = (1 —q)TDg

. zzz e S

ﬂGHeﬁ 7

where t(q) € K(X)[q,q"] is called the input and in the last line we have used an im-
plication of the string equation [51]. Note that previously ¢t € K(X); the extension
to Laurent polynomials in ¢ implies the input ¢(¢) = ), t,¢® can now come with line
bundle insertions £%*. The above expansion is a decomposition into K, & K_, where
J = (1—q)+1t(q) mod K_. In other words, the J-function (minus the dilaton shift 1 —q)
is the graph of a function

T Ks Koyt Y ZZ < %%Mm (1.48)

/3€Heﬁ )

Refinements

The study of K-theoretic Gromov-Witten invariant can be refined by considering the
action of the symmetric group S, (or subgroups thereof) on M, (X, ) by the auto-
morphisms that permute the marked points. The equivariant n-insertion correlators are
organized into representations labeled by Young diagrams p of the symmetric group (see
[59, p. 1] for definitions)

n Sn? .
<7-1(Q)7 <. ,Tm(Q), t(Q)? s t(q>>gm+n B8 — XWM,L(X,ﬁ) (7'1((]), B ,Tm(Q), t<q)) T -
p€lrreps(Sy)

(1.49)
The ordinary, non-equivariant correlators are recovered by

(11(9), - - s Tm(@); 1(q), - - - (@) +m,p = Z Xij;“n (11(q), - ., Tm(q); t(q)) - dim p.

wElrreps(Sy)

(1.50)
The restriction to the symmetric representations, labeled by the trivial partition u = (n),
leads to symmetric correlators XS”’SYI(HX 8) (11(q), - - -, Tm(q); t(q)).

The refined correlators can be collected into refined J-functions, just as in the ordinary
case (1.47). In particular we have the permutation-equivariant J-function

JUQqt) = (1 - q)®g - 00 +t(g) 01 + ) ZZ@%%%;‘; (125?“‘0)‘%

peHg® ip n=0

(1.51)
where o, € A denotes a Schur polynomial in formal variables {zi,...,}, labeling the
symmetric representations, where A = C[[xy, .. .]]>™ is an extension of the Novikov ring.

The equivariant input £(q) - o7 is now valued in £, ® A.
The permutation-symmetric J-function is the restriction

RCRURIEY NSRS b ) SUL R W Crat) LS

ﬁEHeH 7
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with t(q) € K. There can also be mized versions with two kinds of input,
J™(Q,q.t) = (1— )0 + Form(4) + fora 0

2 S o, (i i)

ﬂEHCH 7

As we will see, the correspondence between 3D gauge theories with target space X and
quantum K-theory asserts that the path integral determines the permutation-symmetric
quantum K-theoretic J-function for X. At zero input, all the J-functions coincide and
are referred to as the “unperturbed” J-function

JQu0) = I@0.0) = M@0 = (-9 + Y N L s

BeHst i

1.3 Outline and outlook

1.3.1 Summary of chapter 2

We begin the chapter by the computation of the partition function of a non-Abelian gauge
theory defined in the UV, the three-dimensional version [60—(1] of Witten’s gauged linear
sigma model [65, 66] (GLSM). As described in [67], there’s is an uplift of the corre-
spondence between two-dimensional GLSMs and quantum cohomology (a deformation of
classical cohomology) [11, 13, 41]: the 3D GLSM/quantum K-theory correspondence for
GLSMs on X x S', where ¥ = D? or ¥ = S2.

The theory is a non-trivial extension of results in [67, (8] to gauge theories with a
non-Abelian gauge group. The GLSM in question has a geometric phase (i.e., a region
in its parameter space) where the low-energy description of the GLSM reduces to a non-
linear sigma model with target space Gr(M, N), the complex Grassmannian. The result
of the path-integral computation is of the schematic form

ZD2><q5‘1 = ]{dG fGr(M,N)(QC])IGr(M,N)(Q,@CI), (1~55)

where the function I, called the I-function, captures K-theoretic invariants for Gr(M, N).
The physical incarnations of K-theory generators are the BPS Wilson loops wrapping the
S1 factor. In the remainder of the chapter we study the algebra of Wilson loops by
studying the properties of this function. In accordance to the 3D GLSM/quantum K-
theory correspondence we identify versions of these algebras with quantum rings. We find
agreement with the rings computed by mathematicians by different methods, whenever a
comparison is possible. We end chapter 2 by discussing perturbations of the theory that
capture the IR parameter space, and mathematically correspond to further extensions
into the so called big quantum K-ring for Gr(M, N).

1.3.2 Summary of chapter 3

We start the chapter with a thorough discussion of Noether’s theorem and generalize the
classical statement to the cases with boundary. We then recall the structure and features
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of supercurrent multiplets in three-dimensional bulk theories, following [69]. Then we dis-
cuss at length how these structures must be modified in the presence of two-dimensional
boundaries (focusing on B-type boundary conditions preserving an N = (0,2) subalge-
bra), and formulate an Ansatz for their new definitions, check those for consistency and
formulate so called integrated supercurrent multiplets. The integrated multiplets retain
certain nice features that are present in two-dimensional supercurrent multiplets but are
“lost” for general cases with boundary. We end the chapter with a detailed application
on a simple example: a 3D chiral field with a superpotential. We compute its supercur-
rent multiplets, discuss supersymmetric boundary conditions and the three-dimensional
analog of the Warner problem [70] and its relation to 3D matrix factorizations.

1.3.3 Related topics and outlook

Let us list some interesting topics that are relevant to this work and some open directions,
in no particular order.

e Large part of the work in chapter 2 is deeply related to the so called gauge/Bethe
correspondence between supersymmetric theories and integrable systems [71-73].
The connection of quantum K-theory to integrable systems and quantum groups is
also relevant in [71-77], and in particular for Grassmannians in [78, 79].

e The GLSM/quantum ring correspondence from two-dimensional models on ¥ and
three-dimensional models on 3 x S! is expected to also have another uplift to four-
dimensional models on ¥ x T?. The associated ring is expected to be a quantum

deformation of elliptic cohomology [$0] of the target space. The overarching struc-
ture of the quantum rings is governed by so called formal group laws of cobordism
invariants [31].

e The results from chapter 3 can also be generalized to other dimensions and other
supersymmetries that allow a superspace description. In addition it would be in-
teresting to generalize the results into curved backgrounds, where a supergravity-
analog of the statements is expected. Another interesting venture is the explicit
physical description of additional non-trivial examples of 3D matrix factorizations.



Chapter 2

Quantum invariants of Gr(M,N)
from supersymmetric theories

In this chapter we will describe the computation of quantum K-theory invariants for
complex Grassmannians Gr(M, N) from supersymmetric gauge theories. The computa-

tion is an implication of the GLSM/quantum K-theory correspondence [67, 8], briefly
mentioned in the introduction 1. The theory in question is a three-dimensional version
of the non-Abelian gauged linear sigma model [66]. In the geometric phase [05], its low

energy limit is a non-linear sigma model with Gr(M, N) target space. The contents of
the chapter closely follow the results of the papers [1] and [2] by Prof. Dr. Hans Jockers,
Prof. Dr. Peter Mayr, Dr. Urmi Ninad and the author.

Notation note: In this chapter, Greek letters u, v, ... denote Young diagrams.

2.1 The K-theoretic I-function from gauge theory

2.1.1 Partition function on D? x, S*

In this subsection we describe the computation of the K-theoretic I-function for the
complex Grassmannian X = Gr(M, N) from the partition function of an N' =2 U(M)
gauge theory, defined in the UV with N fundamental chiral multiplets on an D? x, S*
background. The parameter ¢ here is a geometric twisting parameter, in the sense that
following a loop around S', a point 2z € D? is sent to gz (see [10] for details). Both vector
and chiral multiplets are assigned Neumann boundary conditions (N, N) as in [22]. The
computation closely follows the results of [2], to produce the result stated also in [1] (see
also [82] for a similar result).

Collecting supersymmetric localization results

The partition function Zp2, g1 of the gauge theory has been computed via supersym-
metric localization on the Coulomb branch [10, 22, 38]. We follow mostly the explicit last
reference. Given that the spacetime background D? x, S' has a T?-boundary, we must
first choose appropriate boundary conditions for all fields, as well as for Chern-Simons
terms, in order to preserve (some) supersymmetry. This can be done consistently by pos-
sibly adding boundary terms to cancel supersymmetry violating terms [22] (see also [3] for
a detailed, flat-space discussion). Then by deforming the action by a supersymmetrically
exact term, the original infinite-dimensional path integral reduces to a finite-dimensional
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integral over Coulomb branch parameters Lie(G) = u(M), implemented by Wilson loops.
The form of the result is

dz,
ZD2>< ST = M| /H 271‘@2& Selass. Zl loop- (21)

where z, = e?* fora = 1,..., M are Wilson loops associated each of the Cartan generators
of U(1)" C U(M). The classical contribution is given by Chern-Simons and Fayet-
[liopoulos contributions

Zeolass. = Zcs * ZF1, (2.2)

Here, the contribution from Chern-Simons action is'

2y, _FA 2
trsu () (07)+ 570g ¢ U (1) (07) —KR trR(0) (2.3)

)

_hs
ZCS — e2logq

where kg measures the bare SU(M) gauge/gauge level, k4 measures the bare diagonal
U(1) gauge/gauge level, while kg captures the bare diagonal U(1)-gauge/U(1)g-flavor
level. In principle one can add further gauge/flavor or background flavor /flavor levels in
the theory, which will affect the final result only by overall factors. Here the variable

q= e Pt (2.4)

is the U(1) weight of rotation in U(1)g X U(1)spin generated by a rotation around the S*
factor in D? x,S*, where f3 is tha radius of the S* factor. We set 3 = 1 for most of the fol-
lowing computations. The bare levels are ‘corrected’ by Chern-Simons-like terms coming
from integrating out charged fermions [61], leading to different effective levels captured
by (ks,ka, kgr), to be determined later in (2.24). Invariance under large gauge transfor-
mations (determined in 3D by 73(G)) and three-dimensional parity anomaly cancelation
[83-85] impose (half-)integrality conditions on the effective levels?

Ka— kg

/%5627 i

€L, kpcl)2 (2.5)

The Fayet-Iliopoulos contribution to the finite integral is

(o) N
Zpp = BQWCtr(U) =Q loga . Q= q_27T<7 (26)

where ( is the real Fayet-Iliopoulos constant.
The 1-loop corrections contain the 1-loop determinants for the field theory content,
namely 3D vector and chiral multiplets, as well as possible 2D (AN = (0,2)) chiral and
Fermi multiplets

Zl—loop = Zyect. * Zehir. * 22D matter- (27)

1For a matrix o = diag(oy,...,0 ) the trace symbols are defined as try(apy (02) = Y-, 02, try(1y(0?) =
21 (X0 06)?, trsuan (0°) = try(an (0%) — troy (0°) and trg(o) = tr(o) = 3, oa.

2Note that when Neumann boundary conditions N are used for the gauge fields on the T2-boundary,
there is a non-trivial boundary anomaly captured by these effective Chern-Simons levels. Strictly speak-
ing, the computation of this subsection is valid only when the bare CS levels are chosen such that the
effective ones are zero, otherwise the theory is ‘sick’. We will nevertheless keep an explicit dependence on
the effective levels, to produce an I-function depending on three (half-)integer parameters. In the next
subsection 2.1.2 we will again extract the I-function using Dirichlet boundary conditions D for the gauge
fields, allowing us — from a physical perspective — to keep the effective levels to non-trivial values.
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In this work we do not consider contributions from boundary matter, and the correspond-
ing 1-loop factor is set to 1. The three-dimensional contributions have been computed
carefully in [22]:

Zvect. N = H e loga (e—a(a); Q)ooa

roots a7#0

1
Z1xchir. N = H H +Cé IOgylZ) log q ) (28)

g
flavor £ weights p (ep(a)fr 5 tcelog ye; Q)oo

lechir. D — H H —- T)

flavor £ weights p

lo,
4 —c/log ye) (efp(a)*(%f‘) S —cologys, 7)o
?

where
logg 1 1,

24 47 4logq

Here, r is the R-charge of the chiral fields (and ¢'/? the corresponding fugacity), while ¢,
and y, are the flavor charges and fugacities respectively for any present (Abelian) flavor
symmetries. See appendix A for our definitions of basic functions. For a U(M) gauge
theory, the roots « are indexed all pairs a # b with a,b € 1,..., M so that

(2.9)

(o) = 04 — 0y = O, (2.10)
while the weights p of the fundamental representation are simply labeled by a’s with
pa(0) = 0. (2.11)

We consider N chiral multiplets with Neumann boundary conditions, R-charge zero, and
charges ¢y, £ =1,..., N for each chiral. We find that 1-loop contributions for our U(M)
gauge theory are

M )
Tab .
Zvect. - H€410gq<e ab7q>oo s

e . (2.12)
+%a_ Oa 1
Chlr 4 dlogq v cr ~ N -
eHl Hl (45" €75 ¢)oc

where in the last line we have omitted irrelevant constant factors depending on the flavor
fugacities®. For the remainder of the work we set the flavor charges of all chiral fields to
zero, so that y, = 0 for all ¢ (see [2] for further discussion).

Summing the poles

For large ¢ and @, we have |g| < 1 and the integral picks up a pole from the chiral
contributions coming from the ¢g-Pochhammer symbol in the denominator. Under the
variable transformation defined implicitly by

~ O'a

dy =d, — €, = — , (2.13)
log q
3We have also disregarded mixed terms ~ %ﬁ;qye in the exponent, as they correspond shifts in mixed

gauge/flavor Chern-Simons terms, which we do not consider.
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with ¢, € C and d, € Z>, there is a pole at ¢, = 0 for each d, > 0. Collecting all the
factors, the partition function (2.1) becomes the following sum over poles

_ (log Q)M MN deq ASM d, C’S Ha;éb(Q~b;Q)oo
Zposyst = — 4 2 HQm > Q T (g d gy (2.14)

d€Z>0
where the explicit g-exponent terms are collected into

- M— = ~
CS(d) - %trw (@) +

N
/‘iA—?
2

try)(d®) + (kr — §) tra(d),  (2.15)

which contains bare Chern-Simons terms, as well as shifts from the 1-loop determinants
(2.12), after using the identity

M
> d2 = 2M trgyan(d®). (2.16)
a#b

Again, d,, = d, — d, and similarly for other doubly indexed variables. The infinite
g-Pochhammer in the denominator may be rewritten using (A.3), (A.7¢) and d, > 0:

M 1 q—%zljzw:1€a(€a—1) ( 1>N2a 1daq2 Za 1 da(da+1)

_d - M ’ .
o (o Tl (s [0, T (1 — gree)N

N N N
C]_? trsu () (52)—3 try (1) (62)"1‘7 trr(e)

_ < (2.17)
[Tl (g5 )Y

(_1)N M, daq% trsu(M)(fP)Jr% trU(l)(UZQ)Jr% trp(d)
M dg, _
Ha:l Hr:l(l - qT €a)N

and similarly using (A.7b) the infinite g-Pochhammer in the numerator can be expressed

X

M M

| | 1 | | S€ab(€ | | —l 12 1 -d
(qdab; q)oo Q Eab q2 ab( ab+1) (_1)dabq Qdab<qdab/2 _ q dab/2)

a<b a<b a<b

M €ab - —€ab-
_ thrSU(M)(e2) H (q abs Q)oo(q 7Q>
1 1
a<b q2ab(q~ 2" — ngab)

- 1~
% q—MtTSU(A4)(d2)( 1 (M+1) 32521 da HqQ ab q_idab) ,
a<b

(2.18)
where we have also used that

Zdab_ (M +1 Zd mod 2. (2.19)
a<b

We substitute the massaged ¢g-Pochhammer expressions back in (2.14) and define

Q — (_1)N+M@ — (_1)N+1\4q727rﬁ7 (220)
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and we obtain

M
1 dEa SQK
Zomsss = 3y § 11 o Jorou(0.0)- 13 (@.0.0), (2.21)

where we have collected all ()-dependent terms and summed over the d,-dependent terms
in the normalized K-theoretic I-function

M ip L
SQK I da 08 [12%, g2% (q2™ — g 2%)
IGr(MN) Q,q,€) = Z @ <M da (2.22)
dez, I1 H(l — )N
a=1r=
Some further explanation is in order; the g-exponent is given by
-1 1 o -~
CS(d) = Shs trsu o (d?) + 2/@4 try1)(d®) + fg trr(d) (2.23)

where the triple (g, k4, fg) are the effective Chern-Simons levels satisfying the integral-
ity conditions (2.5), given in terms of the bare levels (2.3) by

. N . N . N
ks =ks— M+ — |, ka=kKa+— , Kr=Kgp+ —. (2.24)

2 2 4

The normalization factor is
N 1 —q
co(q, €, ks, ka, kg) = : ) (2.25)
qCS(—E) H q2 ab(q 9€ab __ q2€ab)

The statement of 3d gauge theory/quantum K-theory correspondence from [67] in this

case reads:

The generalized ¢-series [éf%AK/[ N)(Q,q,e) computes the I-function of the
permutation-symmetric quantum K-theory of X = Gr(M, N) defined in ref. [59].

For kg, ka, kg = 0, it corresponds to the level-zero I-function [36]. When the effective CS
levels are non-trivial, we obtain a three-parameter family of I-functions. One can check
(cf. discussion in page 26) that on the one-parameter slices (fg, ka, kr) = (o, {o, —{n/2)
and (Rg, ka4, kr) = (0, Mlger, —laet/2) the above result respectively reproduces the I-
functions at level /5 in the fundamental representation of U(M) and at level fge in
the determinantal representation of U(M) in quantum K-theory with level structure, as
defined in ref. [87] (see also refs. [32, 83-00]).

All remaining - and d,-independent terms have been collected in the so called folding
factor [2, 67, 6]

MN N N N
fGr(M,N)(Q; 6) — (log q)quTq(Mfg) trSU(M>(62),§trU(l)(GZ)Jr? trR(e)><

(_1)(1+M+N) Za:l Eacal Hﬁb(qeub; q)oo(q_eab; q)oo
1 1 i
Hi/ib qieib(qfiﬁ‘“’ — q26“b) | )P\

= (log q)Mq‘%q(M %) trsuan (@)= tru @)+ ra@©+CS(-0) o

(—1) MM Eamrea T (g1 ) oo (01 @)oo
M
l—q [T (g )X

X

(2.26)

X
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Contour integrals as integrals on X

The path integral (2.21) can be recast as an integral over X = Gr(M, N). To illustrate
this, we must identify the remaining €,-variables with cohomological elements: setting
€, = logq €, we identify

€a =P 24 (2.27)

where z, denote the Chern roots of the dual tautological bundle S* over X = Gr(M, N).
In other words, €,’s are rescaled cohomological elements.*
With this identification, for a symmetric polynomial F'(€) in the é,’s we have that [92]

M.
1 dé
vl oEar €)F(€) = F™(0,) = Fin_ap, 2.28
M! j{g omiCCr ) (€ F(€) /Gr(M,N) (o) = Fin—ppym (2.28)
where the ‘Euler class’-type integration kernel
I ) P
Earun) () = ==, Ew = — &, (2.29)

~ Y
Ha:1 651\7
transforms a contour integration to an integration on X. The formula can be interpreted

as follows. Any symmetric polynomial F defines a cohomology class F¥ on X since we
can always decompose a symmetric polynomial in terms of Schur polynomials

F(e)=> Fuo,(#), (2.30)

where the right-hand side is F¥ after identifying Schur polynomials inside the M x
(N — M)-box with generators of H*(X), associated to Poincaré duals of Schubert cells
[95]. The integration (2.28) then simply “picks out” the coeflicient Fiy_ppm of the top
cohomology class o(y_ppn € H*3™X(X) given by a “full” M x (N — M)-box.

A similar useful identity also follows directly from the definition of Schur polynomials
(B.6)

o= F TS5 Gornmul@F@), P =Y Fould) a1

2m
where
- M
Gty (@) = % e = Hléga. (2.32)
Equations (2.28) and (2.31) are in fact equivalent (see [93], Theorem 1.8).

4The Chern roots x, are of course not elements of H*(X), as S* does not split. However, by con-
struction the elementary symmetric polynomials (—1)%cj« in the z, (expressed here in terms of Schur
polynomials) are the Chern classes ¢,(x) of S and therefore represent elements of H*(X). Together
with the Chern classes of the quotient bundle @, which are expressible in terms of z, as ¢;(Q) = o;(x),
they provide in fact a valid presentation of H*(X) with the relation ¢(5)c(Q) = 1, It follows that
H*(X) is generated as a vector space by Schur polynomials o, in the z,’s, with g C Bhrx(N—ny in-
side a box Basx(nv—nr) of height M and length N — M. One may also identify z, as the generators
of H*(Y), Y = (PN~ where we view Y as the “intermediate” symplectic quotient by the maximal
torus U(1)M C U(M). Both points of view (the S* bundle and the symplectic quotient construction)
are equally good for our purposes. See [91-93] for the cohomological symplectic quotient construction,
and [94] for related K-theoretic versions. For more details on H*(X) and the characteristic classes of X,
we refer the reader to the appendix B.
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The partition function as a geometric integral

With the identification of €,’s as rescaled Chern roots of S* on X = Gr(M,N) from
the previous subsubsection, we may now express the folding factor (2.26) in terms of
characteristic classes.

Note first that we may rewrite the factor

M €ab - —€ab - M
ool 0@ i) _ (g 2054 (1 V2 4,(X) - T (X) - £4(0)
[Tz (g 0%
(2.33)

where I' /(X)) is the ¢-Gamma class (B.62) of X and td, stands for the Todd class (B.61)
with rescaled Chern roots x, — €, = logq €, and Ex is the ‘Euler class’ (2.29). The
¢-Gamma class I';(X) is the proposed [(7] g-generalization of the ordinary I'-class as
discussed e.g., in [96, 97]. In the small radius limit 5 — 0, where ¢ — 1, the ¢-Gamma
class is mapped to the Gamma class of X upon the identification (2.27) [98]. In two-
dimensional theories, the I'-class defines an integral structure in quantum cohomology
[99], and is related to the central charge of D-branes on dD? = S'. The g-uplift T, is
expected to play analogous roles for quantum K-theory and elliptic boundary conditions
on 9(D* x,SY) =T2

Secondly, the explicit sums over €,’s in (g-)exponents in (2.26) can be expressed as in
terms of Chern classes and characters of X using (B.60), (B.64). Finally, writing infinite
g-Pochhammer symbols using the Dedekind eta function

Y2 (4:0)0, gl < 1, (2.34)

n(q) =q
we can collect everything into

Ale)
fesn0/(0:9) = 1,(X) T, (0) - Ex(@) - - A0 (235

where

Ale) = (M = 5) trsyan () — § troy (€2) — Srptra(e) + CS(—e)
. (2.36)
= _561(6) — chy(e) + C'S(—e),

captures the total anomaly term. Here C'S(—¢) is given by the restriction d, = 0 in

(2.23). The remaining factor is

1y

N(g,€) = (log ¢)g 125

This concludes the expression of fays,n) in terms of characteristic classes. We refer the
reader to the summary of this section in 2.1.3 for further discussion.

M+1
)(~1)"~ 2O(1 — gL, (2.37)

2.1.2 From half-index to I-function
The half-index

Apart from the localization computation of the previous section, one may also compute
the I-function using the half-index

R
Iy = tropsy(—1)7g" 2! | (238)
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where F' is the fermion operator, J is generated two-dimensional rotations on the bound-
ary torus, R is the R-charge and x and f are general flavor fugacities and charges re-
spectively. The half-index counts half-BPS boundary operators in the cohomology of the
supercharge operator preserved by a supersymmetric boundary condition B [36, 38, 39].

In the case of Neumann boundary conditions N for the gauge fields, the computation
of Iy involves an integration over u(M) Coulomb branch parameters, to project to gauge-
invariant observables. Furthermore, it is only valid for zero effective CS levels as well,
and [y is thus a priori only indirectly sensitive to them. Both the integration and the
indirect sensitivity to bare CS levels, is completely analogous to the partition function
calculation via localization from the previous subsection.

On the other hand, we may also choose Dirichlet boundary conditions D for the gauge
fields. In that case, the boundary condition sets A,|s = 0 and the only remaining gauge
transformations on the boundary are the ones that are constant along the boundary direc-
tions. The U(M) gauge symmetry is thus broken, and the constant gauge transformation
build a remnant, global U(M)s symmetry.

The result for Ip was computed as a non-perturbative sum over boundary monopole
sectors in [39]. The presence of the monopoles shifts the charges of contributions of
matter and gauge fields to the index due to the presence of magnetic flux counting the
monopole sectors. In addition, CS levels explicitly enter the sum over sectors, and the
index is directly sensitive to them. However, the global nature of the U(M)s symmetry
means that one does not have to choose bare Chern-Simons levels that cancel anomalous
terms. The CS parameters in the [-function extracted from the Ip index can then be
chosen freely.

The general proposal from [39)]

For our U(M) gauge theory with N chiral multiplets with (D, N) boundary conditions,
the proposal in [39] for the half-index is

1 o o~
§m'Km+m~KT—HRZ£{:1 mazzi”:l Ma N
chir, (g

Lipony(2,q.7) = (q;M y ! T (2.39)

M
) mezM Ha;éb(q1+7ab+mab; Q)OO

where m € cochar (U(M)) = 7ZM counts the monopole sectors, ¢« with a = 1,..., M
are the fugacities for the boundary U(M)y flavor symmetry, z is the fugacity for the
topological U(1) flavor symmetry corresponding to the FI terms and again mg, = m, —
My, Tap = To — Tp- Lhe effective (boundary) gauge/gauge Chern-Simons levels as proposed
in [39] are captured by the M x M-matrix K with entries

Ko — Kg

Ky = Kglap + T

(2.40)
where &g is the SU(M)-level, &4 is the Abelian U(1)-level and £r captures the gauge/R-
symmetry CS level. The denominator accounts for the contribution of the vector multi-
plet. The contributions from chiral fields with Neumann boundary conditions N is

M

m-+T 1
Ienir, N(q + ) = H W . (2.41)

a=1
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Extracting the /-function with general CS levels

To rewrite the proposed half-index (2.39), note that we may write the chiral contribution

M M
Lenir, n(g mET) H 7 ) H (2.42)

a:l a=1

where in the last equation we have used (A.3). The finite product in the numerator is

- L—q™ :1_“_1 1 —q"™) | whenm, >0
(@™ Dm, = ( . )111 = ) . (2.43)
I T—ga—T , when m, <0

The overall factor (1—q¢™) = 7, + O(7?) for m, positive implies that the leading order in
T, is in the contributions with m, < 0. Note that the chemical potentials 7, associated to
U(M)p play a similar role as €,’s in the Neumann computation of the partition function
(2.21): they are interpreted as (rescaled) Chern roots of the dual tautological bundle S*
over X = Gr(M, N). In particular, they are nilpotent cohomological elements and terms
of order O(7Y) will be set to zero in the I-function. Sending m, — —m, for convenience,
eq. (2.39) becomes

o e - M
L km— mKTJr/iRZa:lmaZ—ny:l Mg

1 q2
Ipxny = —[ . % .
(q)% mezl\>/10 Ha;ﬁb(qlimab; q)OO Ha:l (qua; q)évo

O(TN)} : (2.44)

where m, = m, — 7, and My, = Mg — 7. The vector contribution may be expressed by
the identity

M M

1 1o 5 s
H _ 9 —€ab q26ab 6ab‘i’l) H(_l)dabq72dab (qdab/2 _ qidab/2>
1+mgp - 1—-mg H
a<b <q g Q)oo<q " q a<b a<b
ﬁ 1 1 y
1+74p - 1—7, 1 1
oz (17 el @77 Do 370 (27— g7

(2.45)
which follows from equations (A.2) and (2.18). The numerator in the sum (2.44) becomes®

q—'%s trSU(IM)(7—2)_7trU(1)(T )+ARtrr(T) ‘q'%s trsyan (m?)+ 4 trU(l)(mg)"""%RtrR("h)Z_ SM Mg (2'46)

With K as in (2.40), in the notation of footnote 1, we have

—_

-~ .- ks Ra
— -Km = 7 trSU(M) (m2) + 7 trU(l)(mQ)

[\
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The chiral contribution is rewritten using (2.17). Collecting everything we find

1 1
Iipn) =
(DX T (@7 @)oo 75 ) TT2L (75 @)X
1
% G M 1 2 17’ T
qCS(-T) Ha<bq2 ab(q 2 Tab q2 ab)
M % (21. Qmab 2mu,b
CS(m 1) (VHMHD) -1 M ma [lacs 22" (g q ) O(+N
Z q ) M r—Tq \N T (T )
meZ}M Ha:l Hr:l( - q a)
(2.47)
We can rewrite the last line into the final result
1 —1)WNHM+1) -1
]ID,N(Z>Q7T> :( )M(l— ) M l—i-(T( ) 1_r ) M NX
Do b = @) Tlac (0705 @)oo (¢ 775 @)oo [ Tama (475 @)X (2.48)
[Iéfiﬁ (DM g )+ O )
where the CS levels in I, defined as in (2.22), are®
—~ ks + N _ Fa+ N ~ - N .
CS(m) = = trgyan(m?) + 2 tryy (M?) + (Fr + =) trg(m) . (2.49)

2 2

2.1.3 Results of this section

The path integral of an N' = 2 U(M) gauge theory with N fundamental chirals on
D? x4 5% and Neumann boundary conditions (N, N) for vector and chiral fields on T
respectively computes the permutation-symmetric K-theoretic I-function for the Higgs
branch X = Gr(M, N). The result (2.22) from subsection 2.1.1 as in integral over X (see
(2.28)) is

Zpg = / T8 o (@) 122595 (@, ). (2.50)
Gr(M,N)

The K-theoretic I-function is K-theory-valued, i.e.,

fg?fm (Q.¢.P)= Y I'Q,q)0,(1—P). (2.51)

KB (N— M)

The I"-function given above is the image of I via the Chern character isomorphism
ch: K(X) — H*(X)", and is cohomology-valued. Tt is derived from (2.22) by expanding
in terms of Schur polynomials

L Q.= > IMQ.q)ou(e) (2.52)

KB (N - M)

and interpreting the admissible Schur polynomials as rescaled H*(Gr(M, N)) generators
associated to the (Poincaré duals to) Schubert cells [95] (see the appendix B for details).

6See footnote 1 for our sum conventions.
"Explicitly the ch sends K-theoretic Chern roots P, to ¢~ ¢, see page 26 and appendix B.2.
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The folding factor computed in (2.35) produces the following cohomological integration
kernel

¢*Nx(q)
n(q)MN=M(M-1)

X = tdg(X) - Ty(X) -

(2.53)

with A from (2.36) and Nx(q) as in (2.37).

The I-function depends on the Chern-Simons levels 4 appearing in the N' = 2 gauge
theory. Strictly speaking, when using AV boundary conditions for the gauge fields these
have to be chosen such that the effective levels are zero, otherwise the physical theory
is anomalous. In subsection 2.1.2 we computed the same [-function using D boundary
conditions for the gauge fields. The global nature of the remnant gauge symmetry on the
boundary means that the effective CS levels can be freely chosen here, up to integrality
constraints (see (2.5)). The dependence on the CS levels is important, as for levels outside
a certain “window” the I-function computed by the field theory will have a non-zero so
called input (see [I] and the discussion following in 2.2.2).

The two computations for Neumann and Dirichlet boundary conditions indicate that
Ig?(ﬁ ) does not to depend on the boundary condition chosen; choosing different bound-
ary conditions amounts to inserting in (2.50) non-trivial brane factors fg(q¢<, q) [067, 68]
(see also [100, 101] for two-dimensional analogs). After resumming the poles (which sets
z ~ ¢ ), these become elliptic factors

fs(az,q) = fs(z,q) (2.54)

and are constants with respect to g-difference equations satisfied by I. The factors can be
chosen in such a way to “pick out” a certain (linear combination of) I-function coefficients
I* from some (undetermined) basis of operators. In the language of [102, ], the
partition function computes the overlap between the boundary state on 772, labeled by
B, and the state determined by inserting an operator labeled by i in the center of the
disk D? via the state-operator map. See [(7] for a detailed discussion.

2.2 Wilson loops, g-difference equations and small quantum K-theory

The K-theoretic I-function for Grassmannians Gr(M, N) computed via an N = 2 U(M)
gauge theory with N chiral multiplets from the previous section is

v g esd T q%dzb(q%d“” —q_%j‘“’)
SQK 3 u
IG?(M,N)(QCL €) = co Z (— Q)%= de g <I;W @ (2.55)
ez 1:[1 1:[1(1 — gr—ca)N

where C'S(d), depending on three CS parameters (&, fia, fg), is given in (2.23) and ¢ is

chosen such that [g?(ﬁ v (0,4,€) =1 — g in (2.25). This function is of generalized basic

hypergeometric type [104, 105] and we will study its rich structure in this section.

2.2.1 Various expressions for the I-function

QK

First we will collect various technical results: we will re-write the function ]gr( M) from

(2.55) in a few more ways to study its properties.
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Sum over multiplicative genera

Let us write the factors in (2.55) in yet another form. Using (2.18) backwards and
combining with (A.7b) we find after some calculation

20 & D M

g2 (g2 —q a .

= = "= 1[0 @)an (2.56)
a<b q2 ’lb(q_ 2 —q2 ) ab

Furthermore, since d, > 0 we have

1 1
= ) (2.57)
[Tt T (=) T (a5 9)f)]
Lastly, the CS factor can be written
- Fa— R
CS(d) = CS(d) + CS(—e) — kg Z du€a — % > daes. (2.58)
Substituting in (2.55), we find
M
Iy (@, q,€) = (1= g)(—Q)™ Zem1cex
M 1—e,
3 () Q)E e gos-ode- S5 g a0 i

M _
[T (¢t q)l

(2.59)
In this form, the I-function for zero effective CS levels is a sum over multiplicative genera
in the sense of (B.59).

-7 M
deZZO

Genuinely K-theory-valued

We can now also write the I-function as a genuinely K (X)-valued function, as opposed
to its ch image in H*(X). The K-theoretic Chern roots P,, a = 1,...,a of S have images
ch(P,) = e * and with setting # = 1 in the rescaling (2.27) and abusing notation we
write (see appendix B.2 for details)

P, =q ‘. (2.60)
Then, (2.59) becomes
M Hi K/ K)
I (@ 0,6) = (1 = )(—Q)™ Zemr “IEs il (Q, g, P), (2.61)
where
T & [T (0% 9)a
RS,RA,R Z i a#b 454 da
TE (@0, P) = 3 (C)MQ Py ™) Bt ges ] prade, 7 D
dez, b=1 a=1 Ha 1(an7Q)da
7 (2.62)

As mentioned in page 19, the [-function for various one-parameter slices of CS levels
matches expressions in the literature. In the above form this is easy to verify.
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Via Abelian symplectic quotient

We now pass to an Abelianized version of the I-function, which amounts to refining the
()-dependence

M
ngle da — H an_ (263)
a=1

Physically, this means we are analyzing a U (1) gauge theory instead of a U (M), which
leads to M different Fayet-Iliopoulos parameters (,, thus defining M different @,’s as
n (2.20), one in each vortex sector d,. Mathematically, this means we’re analyzing the
symplectic quotient (PY~1)M = Hom(C*,C")//U(1)M by the maximal torus instead of
Gr(M,N) = Hom(CM,CY)//U(M). Since hy((PN~1)M) = M we obtain M parameters
(.. The Abelianized I-function becomes

M -
—' 15 _1s —Q. da
Ig?(ﬁ]v) = ¢y Z qCS d)Hquab qQ _q Qdab)H - ( ) 7 (264)
deZM a<b a=1 H (]_ _ qr—ea>N
- r=1

where of course the “de-Abelianization” is

S S
Loy (@, €) = I3, (@, 4,6)|g.=o- (2.65)

After easy manipulations we can write the numerator in (2.55) coming from the gauge
bosons as

1 . :
Hq2 ab qg —q 2 ab> _ q(M nyt (d;)q*ZKbdadb H(qd“ — qdb). (2.66)

a<b a<b

Similarly, using definitions from footnote 1 we can write the CS factor (2.23)

1 Ra—R Ra—Fk
O8(d) — g3 (Rst ™7 ) aly dotiin oLy dact S5 X0 dudy (2.67)

q =4q

We can now write (2.64) as

L2y )@ a 6) = A 13N (T q6), (2.68)

where the first factor is a Vandermonde ¢-difference operator

9
A =TI~ o). pu= a0, (2.69)
a<b
acting on the Abelianized @ ’s and I [5 QK ) takes the quasi-factorized form
jg?(ﬁ N) _’ — CO Z q72a<b dadb H IG;‘ﬁld};V) Qa7 q, Ga)7 (270)
deZM

where the factors in the product are the summands in the generalized PN~! = Gr(1, N)
I-function:

. B
qu wd( Q) J5QK

Hrzl(l _ qr—e)N’ Gr 1,N) (Q,q,¢) = ;Igr%d]\, (Q,q,¢). (2.71)

]g;ﬂﬂj\/ (Q q,€ ) =
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Equation (2.68) can be thought of as a three-dimensional /K-theoretic analog of the pro-
posal in the appendix of [106], later proved in [107]. The three CS parameters (kg, ~a, Ar)
are shuffled into

. ka—R
Oé:lis—i-%—i-M—l,
M—1
B=kr——5—, (2.72)
RA — KRg 1

with inverse mapping
kg =a—y— M,
fa=a+y(M-1), (2.73)

f%R:m%(M_n.

It is evident in this form, that I g?(ﬁ ) admits a series expansion in integral powers of ¢
only if the CS levels further satisfy the g-integrality congruence condition

ka — kg

a =26 mod 2 <<:)/%S—I— %

= 2kp mod 2), (2.74)
where the original integrality condition (2.5) has been used.

2.2.2 Putting bounds on the permutation-symmetric input

Let us make a small digression and discuss the mapping between the UV and IR of our
3D gauge theory on ¥ x S, as well as subtleties concerning .J-functions and I-functions.

The gauge theory we start with is defined in the UV as a gauged linear sigma model.
It flows in the IR (in the “geometric phase” [65]) to some non-linear sigma model with
a Kahler target space X, in our case a complex Grassmannian Gr(M, N). The non-
trivial computations of chiral rings and other BPS objects like Wilson lines, associated
to quantum rings of X, are performed in the IR. In the two-dimensional theories, e.g.,
in the limit of vanishing S! radius of the ¥ x S! theory, the twisted chiral ring of the
N = (2,2) theory corresponds to quantum cohomology. The IR correlators of the 2D
A-model can be identified with intersection products on the moduli space of stable maps
> — X, which in turn can be nicely described in terms of cohomological J-functions
(see section 1.2 for some details). The UV theory involves different of maps ¥ — X, the
quasi-maps (see for example [108—111] and references therein). The intersection products
on the moduli space of quasi-maps are then collected into the cohomological I-functions.
The 3D lift of a 2D theory on X to a theory on ¥ x S! with non-zero radius leads to
quantum K-theoretic analogs of these constructions.

The description of the UV and IR regimes is therefore different. Nevertheless, there are
‘protected’ quantities: the supersymmetric indices (e.g., the half-index from the previous
section) are invariant under the renormalization group flow and can then be used to study
the IR regime, for a given UV theory. The caveat is of course, that there is in general
a non-trivial mapping between UV and IR observables, known in 2D as the mirror map
(23, 112]. The mirror map relates I-functions to J-functions. However, when the mirror
map is trivial, the I- and J-functions coincide.



2.2 Wilson loops, ¢-difference equations and small quantum K-theory 29

The I-function computed by the gauge theory according to the proposal of [67] has,
in general, a non-trivial permutation-symmetric input t(q) € K, (1.52), where K, is the
Lagrangian subspace of the symplectic loop space K = I, @K _ (1.35) as discussed in the
introduction. In other words, we can expand the (ch-image of the) I-function computed
by the gauge theory as

1Q.,q.€) = (1=q)+1(Q, ¢, ) + Leon. (H(Q, q,€)), Q. q,€) € K, Leon.(t) € K_. (2.75)

The non-trivial symmetric input can be removed by integrating in appropriate massive
fields in the UV. A non-zero input thus precisely indicates a non-trivial UV-IR mirror
map between parameters of the theory in the UV and IR: an unperturbed theory (i.e.,
without the massive fields) defined in the UV, leads in general to a perturbed theory
in the IR. The non-zero permutation-symmetric K, -part must be first removed for the
K_ to encode IR correlators “on the nose”. We will discuss this point in more detail in
section 2.3.

For certain “window” of Chern-Simons levels (kg, ka, kg) or (o, 5,7) (2.72), the I-
function computed by the gauge theory has trivial input #(Q, q,€) = 0. In that case the
mirror map is trivial and the I-function computed by the gauge theory coincides with
Givental’s unperturbed J-function discussed in the introduction 1.2.4.

On a technical level, in view of the definition of I_, a zero input requires that the
I-function (e.g., in the form of (2.70) together with the Vandermonde factor (2.69)) to
only contain summands whose coefficients rational functions in ¢, where the denominators
are regular at 0 and have strictly higher degree than the numerators. This puts further
constraints on the allowed CS levels (o, 3,7), in addition to the integrality constraints
(2.5) and (2.74). While a precise, closed condition on «, /3,7 is not easy to detect,
inspection of the “Abelian” PN ~!-factor (2.71) shows that the window requires at least
the following condition to hold

0<a<N. (2.76)
As an example, we find computationally that the following («, 3, v)-triples lead to zero
input up to order Q' in Igﬁélg(@, q,€):
((0,0,0), (0,1,3), (2,-1,-1), (3,-3%,-1), (4,-2,-1),)
(0,0,1), (1,—%,—1) , (2,-1,0), (3,—%,0), (4,-2,0),
(0,0,2), (1,—3,0), (2,-1,1), (3,-%,1), (4,-1,-3),
(0,0,3), (1,—3,1), (2,-1,2), (3,—3,-3), (4,-1,-2),
(0,0,4), (1,-3,2), (2,0,-2), (3,—3,-2), (4,—1,-1),
(@.8,7) € 9(0,1,0), (1,-%,3),  (2,0,—-1), (3,—%,—1), (4,-1,0), ( (277
(0>171)a (17%7_1)a (27070)> (37_%’0)a
(0,1,2), (1,3,0), (2,0,1), (3,-1,1),
(0,1,3), (1,%,1), (2,0,2),
(1,3.2),
( (1,5.3), )
The canonical levels g, k4, kg = 0 correspond toa =M -1 =1, § = —@ = —%, v =

—1, which is the boxed element in the list. Canonical levels for other Grassmannians
Gr(M, N) lead to I-functions with zero input for all M < N as shown in [39)].
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2.2.3 An ideal of g-difference equations for the Abelianized theory

The Abelianization (2.68) of the I-function (2.55) is very useful when including half-BPS
Wilson loop operators in our physical theory, wrapping the S! factor of D? x, S! at the
origin of p € D% Wilson loops in the U(M) gauge theory are

1
Wr = dim R

trr P exp (j{ iAtz, + o|il), (2.78)
S1

where R labels a representation of the gauge group, A* is the (representation of the)
gauge field and o is the (representation of the) scalar in the vector multiplet. In an
Abelianized theory with gauge group is U(1)M, a Wilson loop W = Hiwzl Wre is labeled

by the negative charges n,, a =1,..., M. It has an expectation value [18, 20, 22, ]
<W—» A ~ — / H dza e_SClaSSAZII . 6—ﬁ'10§2 (2 79)
- 2miz, ooP ’ ’
A computatlon along the lines of (2.1) with an insertion e~™18 % a5 above leads to a vortex

sum I; with an insertion of q"ada in the vortex sector counted by d,:

M
— M 73 1 ra,B:da
(Wi)an. ~ [5(Q,q,€) = co- A Yt Zaco b T g 1805 (Qargrea)  (2.80)

dez, a=1

with A asin (2.69), and the remaining factors as in (2.70). The effect of inserting a Wilson
loop operator Wy can therefore reproduced by the action of a g-difference operator on
the Abelianized I-function:

M
L:(Q,q,6) = A~ Da(p) - Iogyy iy (@rav6),  Da(p) = [ [ oo (2.81)

Classically, the Wilson loop algebra of the Abelianized theory is freely generated as a
ring by such Wilson loop operators modulo the relation

Dy Dy = Dﬁ+m. (2.82)
]SQK

Quantum mechanically however, the basic hypergeometric nature of I (M.N) implies non-

trivial relations. The relations manifest as ¢-difference equations satisfied by Iggﬁ )

(2.64). In particular, for r € {1,..., M} fixed, the operator (1 — p,)" acts on the r-th
P¥~Lsummand (2.71) as

(1= )V IGT N (@) = (~Q T2 IS Qo). di=d, — 1. (283)
Using also that

'Yza<bd dy _ q72a<bd/ d qud' d; — da — 5("’ (284)
a#r
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the shift can be absorbed into a redefinition of the summation over d,’s, disregarding
terms of order O(e"). We find that the Abelianized I-function from (2.64) satisfies the
system of ¢-difference equations

Lo, B Tomhy (@0, = O(Y),  r=1,..., M,

a . . 2.
Lol B,7) = (1= p)N + 27 Q.p2 [ [ 5. (2:85)
a#r

The g-difference system depends on the Chern-Simons levels through «, 8,7 (2.72). In
particular, since p, is invertible, we see that the highest degree in p= i

N Ho<a<N
D =deg(Lg,,) =S N—-a ifa<0 : (2.86)
« ifao>N

We see that the Chern-Simons window condition (2.76) implies that the first term in the
g-difference operator is in fact the leading term. When 0 < o < N and v < 0 (e.g.,
for canonical levels & = 0), the g-difference system contains denominators; these can be
cleared however, by repeated use of these ideal relations. In particular we can substitute
both denominators and high powers of p, by using the following two (equivalent) useful
forms of the relations:

N—-1
A a O TT - NY,
oY = ()" g2 PQpr [ o + (=D Y (k) (—p,)* (2.87a)
a#r k=0
1 a N-1
— = —q2tPQ,po pr)* 2.87h
5= a2 A gpa ; (k+ 1) Pr) (2.87b)

2.2.4 Wilson loop algebras

In this subsection we will describe the algebras of Wilson loop operators in our N = 2
U(M) gauge theory. We will do so by describing the algebra as a quotient by an ideal
quotient® of g-difference operators acting on the Abelianized I-function from the previous
subsection.

Wilson loops in the non-Abelian gauge theory

In the U(M) gauge theory, there is only one exponentiated Fayet-Iliopoulos parameter Q.
However, we still find the ¢-difference structure for the /-function, generated by Wilson
loops. Wilson loops are now labeled by a representation R of U(M), determined by
some Young diagram with height up to M, corresponding to symmetrized U(1)™ Wilson
loops. Computing the expectation value of a Wilson loop will, as opposed to (2.79),

8Recall, an ideal quotient I : J of two ideals in a ring I, J C R is itself an ideal defined as

I:J={reRrJcClI}.
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amount to inserting a symmetrized sum of ¢-factors in the path integral, which will lead
to a symmetrized sum of ¢-shifts in the vortex sum

Z cae~ 0BT Z cng™, (2.88)

—
n n

for some ¢z symmetric. The shift can again be implemented by g¢-difference equations
acting on an Abelianized version I of the I-function. In other words, we may pick a basis
0

of Wilson loops by Schur polynomials in the g-shift operators p, = qQa@ and associate
W, — o,(p). (2.89)

In view of the the g-difference structure satisfied by the (Abelianized) [ -function, given
n (2.85), it is useful to also rather use the basis of shifted Wilson loops W,,, defined by
Schur polynomials in the ¢-difference operators

A~

b0 =1 — P, (2.90)

SO we associate

W, = 0,(0). (2.91)

Shifted and unshifted Wilson loops have been studied as alternative bases for quantum K-
theory also in [114]. In the following, we will also choose a basis defined by Grothendieck
polynomials (B.29)

W), = 0,,(6), (2.92)
to match the basis of Schubert structure sheaves in K-theory (see appendix B.2 for de-
tails).

To summarize, in the basis of Wilson loops given by (for example) VAV[L, we find that?

(W) ~ L(Q,q,€) = [A- 0u(0) - Iey ) (@0, o (2.93)

with A as in (2.69) and ]SQ(]\IZ ) as in (2.70). We now address the question of multiplying
two such Wilson loops in our theory.

The ideal from Abelian ¢-difference equations

Just as in the Abelian case (2.82), the g-difference operator algebra associated to Wilson
loops is classically additively freely generated, and multiplicatively obeys the relation
(see (B.29) in the appendix)

0,(6)-0,(5) = 3" DL,0,(5). (2.94)

where D?, are the K-theoretic Littlewood-Richardson coefficients [115]. However, viewed
as operators acting on [ SQ(AIZ N); @S S00n as operators P2 act on I g?(ﬁ Ny where D is given
by (2.86), we must employ the quantum relations (2.85). Taking the Vandermonde factor
A into account, we must quotient out any g-difference operators ®, whose product A -9

with A lies in (£, a)a=1,..m. In other words, we are taking the quotient by the ideal

91,(Q. g, €) is not to be confused with I,(Q, q) from 1(Q, q,€) = ZM 1,(Q,q)o,(€) or related notions.
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quotient (£¢, a)a=1,..m : (A) (see footnote 8). Since the Vandermonde factor A is of
degree M —1 in each p,, we find that the Grothendieck (or other) polynomials must have
individual powers up to D — M in each operator p, or 0, The generating set of Wilson
loops W/i is thus restricted to lie in the box

1 C Burx(p—ms (2.95)

that is, the Wilson loops associated to larger partitions are set to zero. In total we have
a (Chern-Simons level dependent) number of independent Wilson loops given by

(AZ) = tr(—)", (2.96)

which is expected to coincide with the 3D Witten index [116, 117]. Furthermore, the
structure constants are modified so that

OM<8) * OV(S) = Z DZV(Q’ g, ’%‘) OP<3)7 (297)

PCBar x (D— M)

as operators acting on jzgrQ(]\lZ N where we indicate by x the multiplication of g-difference

operators upon taking the quotient by the relations £¢, , (2.85), and setting (), = @ in
the end.

Extracting the Wilson loop algebra

The algebra of g-difference operators is not the same as the algebra of Wilson loops: the
Wilson loops “should” only act on the I-function, while the ¢-difference operators in d,’s
will also act on the @),-factors coming from £, ,. To extract the action on I only, note
that

S(F(QI) = BN+ f(a@)d] = ()01 +O(1 —g), (2.98)
for a meromorphic function f. This computation shows that the structure constants of

the Wilson loop algebra

Wy« Wy = > do,(Q,R) W)(0) (2.99)

PCBr x (D— M)

are given simply by the leading coefficient (1 — ¢)® in the constants from (2.97), so that
dr,(Q,K) = Dy, (Q,1,K). (2.100)

2.2.5 Algebras for different Chern-Simons levels

In this subsection we specialize the general discussion from the previous subsection to spe-
cific Chern-Simons levels kg, <4, kr. In the last example, &g, k4, kg = 0, to be discussed
in the next subsection, we will argue that the algebra of the theory with canonical effec-
tive Chern-Simons levels (2.24) is isomorphic to the ordinary small quantum K-theory
[53, 5] of complex Grassmannians computed e.g., in [115].
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Factorized case: v =0

When v = 0 (2.72), the Abelianized ideal (2.82) of g-difference operators factorizes,

Lo, 8,0) = (1= )Y +¢2*PQ,p2,  r=1,...,M, (2.101)

reflecting that also the I-function (2.70) factorizes

I (@ a.€ )—ColA HI&%N (Qas ;s €a) o (2.102)

The relations match those obtained in [20] on an S? background.

Quantum cohomology/Verlinde algebra: a« ==~ =10
We now consider the subcase of the factorized case with CS levels a =3 =~v=0, or
M—1

5

These levels are in the Chern-Simons window (2.76) discussed earlier, and the I-function
is unperturbed. The ideal relations (2.82) become, expressed in the operator d,:

g =—M,  fs=0, fp= (2.103)

0N = —Q,. (2.104)

These relations are the same relations as in the “symplectic quotient” presentation of
quantum cohomology QH*(Gr(M, N)) (B.17) studied also in [12, 13, 119] (up to a sign
convention, and @), = ). According to [120], this algebra is also isomorphic to the
Verlinde algebra [121] for the gauged Wess-Zumino-Novikov-Witten model U(M)/U(M)
at level N — M. In this model we find a member of the family deformed Wilson loop
algebras isomorphic to this algebra (see also [90] for a connection between K-theory
correlators and Verlinde numbers).

2D limit of all Wilson loop algebras

We can also consider the 2D limit of our three-dimensional gauge theory by shrinking
tha radius 8 — 0 of the S' factor. Taking the limit carefully, ¢ = e="# will be sent to 1,
the (rescaled) K-theory Chern roots P, = 1 — ¢~ — fe. The Fayet-Iliopoulos parameter

Q gets renormalized to Q, — Q?*PBN [67]. For any Chern-Simons levels «, 3,7 the
g-difference relations (2.82) become in the above 2D limit the differential relations
(BQuzd-)Y = —BYQ2P. (2.105)

This reproduces once again the relation (B.17) of quantum cohomology, so the three-
parameter family of Wilson loop algebras collapse in the 2D limit to a single algebra.

2.2.6 Wilson loop algebra for level zero is quantum K-theory

Finally, we disuss the * canonical” case with zero effective levels &g, k4, kr = 0 or equiv-
alently o = M — 1, = —2=1 4 = —1. Again, the I-function (2.55) takes the form

I (@ a,€) = [A - TG0 v (@ a.€)] (2.106)

a:Q
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with féQK as in (2.70), A = [],.,(Pa — Py) and effective CS levels zero. Further-

r(M,N)
more, it precisely matches the K-theoretic small J-functions for Grassmannians from the
. . M
mathematics literature [36, 8%, 89] modulo an overall (—Q)~ %=1 factor. We assert
that

The algebra of Wilson loops at zero effective Chern-Simons levels is isomorphic to
small quantum K-theory of Gr(M, N).

Let us spell out the computation of the product * (2.99) of two Wilson loops VAV;L, Wlﬁ

Zs defined in (2.92). The g¢-difference ideal (2.85) that annihilates IE%Z ) 1s generated
Y

~M
er=0 (1—;5@)N+QQH§’; — - 1. M. (2.107)
b=11’b

As discussed around (2.87) we write this relation into two equivalent, but useful forms:

N—

—_

~N _1 N+1 ﬁéw _1 N+1 N A k 2 108

pa_( ) Qa M A+( ) k (pa)v ( a)
[To=1 Do k=0

1 ﬁM_l N-1 N .

— =—Qu—=— + (—pa)". (2.108b)

Pa Hl]a\ilpb kzo k+1

These allow us to apply the “ideal replacement algorithm”

1. replace monomials of order N or higher in p with a polynomial in p with lower
degree, possibly with denominators and

2. replace denominators that don’t cancel with a polynomial in p with lower degree,
possibly with new denominators.

3. repeat as necessary and set (0, — () in the end,

until both “high” powers and denominators have been cleared. The product VAV;’L * W; is
then computed as follows
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Wilson loop product algorithm

1. Assign WIQ « W/ (”)N(S) L0,(8) = P, (p), b, = 1 — p, where on the right
classical multiplication - of Grothendieck polynomials is used. Note that P,
is a symmetric polynomial in p’s (and hence also §’s).

2. Multiply P, (p) by A = [[,.,(Da — Ds)-

3. Apply the ideal replacement algorithm, resulting in a totally antisymmetric
polynomial A, (p).

4. Decompose
A (D)

- DL, (Q)0,(9), (2.109)
PEB (N - M)
to obtain the structure constants
WoxW, = > Dh(QW), (2.110)

PCBAr (N — M)

Notice that the ordering subtlety discussed around (2.98) is already resolved in the re-
placement algorithm: difference operators are treated like formal commuting variables
and do not act on the @),’s.

An example in Gr(2,4)

Let us work through an example in the simplest non-trivial complex Grassmannian
Gr(2,4). The basis of Wilson loops is given by the Grothendieck polynomials

O =0, O1(0) =01+ 02— 0102, Oa(0) =57 + 03 + 6105 — 0103 — 0305,

o UV s (2.111)
01’1((5) - 5152, 02’1((5) == (515% + 5%52 - (5%5%, 02’2(5) = (5%(53

Computing e.g., the product VVI’ * W2/1 we have with &, = 1 — p,:

1. O1(8) - O1(0) = Puy o)D) = 1 — p1 — Pa — prba + 203Pa + 2103 — PIps — Pips —
~D A3 ~3 ~3
P1P5 + P1Ds-

2. A Puy 1) = —P1 + P} + Pipa — 2082 + Pp5 + pips — pips — (1 ¢ 2).
3. Ideal replacement pf jo=—1+4prjs — 6p3 ot 4p3 o~ Q% and for denominators

1: P21 _

that do not cance Prs = —Q + 4pan — 6p1D2 + 4]5%/2132/1 — ﬁ:{’ﬂﬁg/l. We get

A Puy21)(p) = —h + Py + Pip2 — 2P3D2 + Pibs + (B3 — P3)p1 — (1 ¢ 2)
= —p1 + P} + Pip2 — 2pib2 + PiD)
+ (95 — P3)(—1 + 4p1 — 6p7 + 497 — QB) — (1 > 2)
= —p1 + P} — D5 + Pib2 + 4p1ps + Py — 6pTP5 — 2p1P2 — 4p1ps
+ 5pip; + 6p1P; — 4pips + (—Pip2 + pr1p2)@ — (1 ¢ 2)
= A,
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4. We write A(l)’(g?l)(l — 5) = (51 — 82) (8%8% =+ Q(l — 51 — 52 + 8182)), SO

~

A 1-9 A A .
“W’Z( ) _ 022(8) + Q(Ou(8) — 01(9)) (2.112)
so we find in Gr(2,4) that
01 * 0271 == 0272 + Q(OO - (91) (2113)

In a similar fashion, we obtain the multiplication table for all generators of Gr(2,4):

O, x Oy = p, O1 %0y = Oy,

O1 %011 =041, O1%0y1 = Oz5+ Q(Op — 0y),

O * 02,2 = QOx, Oy % Oy = 02,27

Oy * (91,1 = Q0Oy, O, * (92,1 = QOx,

Oy * 02,2 = QO1,17 (91,1 * 01,1 = 02,27

(91,1 * 02,1 = QOx, (91,1 * 02,2 = Q0O;,

02,1 * (92,1 = Qp, 02,1 * 02,2 = QOZ,la

Oz9% Og9 = QQOO, p=011—031+ O,
This multiplication table matches the ones obtained from the the “quantum” Pieri and
Giambelli formulas defined by Buch and Mihalcea in [118], which use quite different

arguments. We print the multiplication tables for Gr(2,5) = Gr(3,5) and Gr(2,6) =
Gr(4,6) in the appendix B.3.

(2.114)

2.2.7 g-difference structure for level zero

In this subsection we discuss the g-difference equations that the I-function (2.55) satisfies.
As discussed in the introduction 1.2.4, the big quantum multiplication and the flatness
equations for sections (1.39) imply some differential and g-difference operators annihilate
the endomorphism 7" implicitly defining the J-function (1.47). In case the J-function is
unperturbed, it coincides with the I-function, and the small quantum multiplication * is
enough to determine the g-difference equations for J(0) = I(0). To see this, given the
equation (1.45)

0
0 0
T=TA 0=0Q— 2.115
q q Y Q&Q? ( )
we may compare against
(1= ¢)¢"T =0 - ®o = 4" J(0)
S gy
[q ]QG—Q (2116)

= [(1 = 01(0)) Ilg.=¢
= (1—®1) = J(0),

where we have used 6, = Qa%, the Abelianization I from (2.64) and the identity of

Grothendieck polynomials 1 — Oy(x) = [[,(1 — x,). This shows that, as an element of
End K(X) @ C[[Q, t]]"°

Ao =(1—-01)e),_,=(1—01)x. (2.117)

10Gee footnote 7 for notation.
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In other words, a relation of the form
d
> bDEO, =0,  Dy=((1-01)x)q (2.118)
k=0

for some degree d, implies by (2.115) that the J-function satisfies the quantum q-difference
equation

(ibk«f)k) J(0) =0. (2.119)

This is in complete analogy to quantum cohomology, where every quantum differential
equation implies relations in quantum cohomology [25] (but not the other way around).

The case with effective CS levels zero kg, k4, kg = 0 from the previous subsection is
“firmly” in the CS window (2.76) and the I-function (2.55) for these levels is unperturbed
(see also direct proof of the last assertion in [39]). We may thus compute sufficiently high
powers of D, = (1 — O;) x ¢°, where x is the product of Wilson loops/quantum K-theory
product from the previous subsection. Relations between the powers will then lead to
g-difference relations for J(0).

Gr(2,4) as an example and its 2D limit

As an example, let us consider the simplest non-trivial case of Gr(2,4). We can compute
from (2.114) that
DO, =1,
D) -0Op=1-0s,
D20y =1-20,+ Oy + 011 — Os1,
D Og=1+Q— (34 Q)01 +305+3011 — 5051 + Oa,
Dy - Og=1+06+q¢Q — (4+ (6429)Q)O1 + (64 qQ)Os (2.120)
+ (64 qQ)01,1 — (14 + ¢Q) O3 + 603,
D) Og=1+ 14450+ ¢*)Q + ¢’Q* — (54 (20 + 11 + 3¢*)Q + ¢°Q*) O
+ (10 + (6¢ + 3¢*)Q) O + (10 + (6 + 3¢*)Q) O11
— (30 + (6¢ + 5¢*)Q) 021 + (20 + ¢*Q) 01 5.

With some computer assistance we find that
(1= 5)° + QU1 + gp)(ap* — 1] 1525, (@, q,¢) = 0 (2.121)

with p = ¢, up to terms of order O(e*). In a similar fashion we obtain quantum g-
difference equations for low-dimensional Grassmannians, which are printed in the ap-
pendix (B.3).

We can also take the 2D limit of the ¢-difference equations as discussed in 2.2.5, by
q=e P (setting h=1), p = e P and Q = Q?*PB" and taking the leading term in 5. We
find

Dar(za) = 0° — 2Q* (1 + 20). (2.122)

This is precisely quantum differential operator annihilating the cohomological I-function
for Gr(2,4), computed in [122].
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2.3 Perturbed theory and the big quantum K-theory

In this section we will discuss the perturbation of the original theory by massive fields,
as well as pairings in quantum K-theory and their interpretation.

2.3.1 Perturbed theory and reconstruction

We recall our discussion from subsection 2.2.2: an unperturbed theory defined in the UV
leads, in general, to a perturbed theory in the IR. The non-trivial identification between
UV and IR observables is the 3D analog of the mirror map between coupling parameters.

The mirror map is non-trivial precisely when the input ¢t = I|x, — (1 — ¢q) of the
permutation-symmetric /-function is non-zero. The input of the I-function computed
by the gauge theory may be modified, e.g., to zero, by integrating in appropriate mas-
sive fields in the UV. In addition, the different choices of massive fields can be used to
completely characterize the space of deformations in the IR. Let us briefly sketch this
procedure following the proposals in [67].

The I-function (2.55) is of the form (ignoring the obstruction to factorization (2.70),
and a global (—Q)~ 2 “-factor)

1(Q,q,¢) ~ [A . ZJJ(—@)J} oo (2.123)

It is computed, for example when the gauge fields satisfy Neumann boundary conditions
on the T? boundary, via supersymmetric localization as described in subsection 2.1.1.
The summation over d comes from the multi-dimensional Jeffrey-Kirwan integral over
Wilson lines z,, to which the infinite dimensional path integral reduces (see (2.1)). Now
we consider deforming the original gauge theory, by integrating in a collection of massive
Neumann chiral fields in some representation U(M) labeled by a diagram g, and mass
parameter (. The computation of the partition function of the deformed theory follows
similar steps as the ones outlined in section 2.1.1. The chiral fields will schematically

contribute a factor
1

(277 Cui o
to the integral, where the notation f(z#) for a Young diagram p implies an appropriate
symmetrization 3, ], f(24"“). As with the insertion of Wilson line operators (2.81), the
factor from the massive fields may be reproduced by acting with a ¢-difference operator

on the unperturbed, Abelianized [-function, and taking the limit (), = @ in the end. In
other words a collection of insertions will act as

: (2.124)

1
el

S G (Prg)
= [exp <Zr(1—_qqr)> 'I(Qa,%e)}QFQ

16.Qua.) = | o

(2.125)

where P, = ¢~ accounts for the ‘missing’ (—Q)~ 2 -factor and on the right-hand side
we have used (A.5). This deformation, after a refinement of (, to a matrix of mass
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parameters Z,,, corresponds to so called multi-trace deformations [07], generated by a
g-difference operator

0 T r( DU O\
Rarr(€) = exp (2 i Z(T,Cﬂl)_(];)q ) > (2.126)

The specialization to the r = 1 term in the exponential is referred to as a single-trace
deformation, generated by a g¢-difference operator depending on twisted masses p

tr R(p,) (P q")
1—gq )
In the context of the 3D gauge theory/quantum K-theory correspondence, these dif-
ference operators were identified in [67] with Givental’s reconstruction operators [59,
p. VIII] (see also other reconstruction results in [50, ]). In particular, integration
of multi-trace operators reproduces the permutation-equivariant reconstruction operator
Req (C (teq)), while integration of single-trace operators reproduces the ordinary recon-
struction operator Ro.q (p(tord)). The operators ‘reconstruct’ the permutation-equivariant
or ordinary J-function respectively at non-zero (equivariant or ordinary) input!! from the
unperturbed J-function. For example, for the ordinary J-function

J(QaQat) = Rord(p<t>)J<Q7Q7 0)7 (2128)

and similarly for the equivariant case.

To sum up this subsection, we reiterate the most important points. The partition
function Z((, p) of a general UV gauge theory with multi- and single-trace deformations
computes the I-function with non-trivial mired permutation-symmetric and ordinary
input forq + teq. Choosing different deformations amounts to acting with appropriate
reconstruction difference operators on the I-functions, and we can “map out” the spaces
of these deformations. For special initial theories, namely for those for which the CS
terms are inside the “CS window” described in subsection 2.2.2, the input is zero. In that
case we can map-out the space of ordinary deformations solely by acting with ordinary
reconstruction operators. We describe this in the following subsection.

Rer(p) = exp ( (2.127)

2.3.2 A technical description for ordinary reconstruction

Starting from an unperturbed J-function J(0) we may perturb it to a J-function with an
ordinary non-zero input J(t), where

t= Y t,0, €K, (2.129)

HEBN s (N~ M)

The coefficients ¢, a priori lie in C[g, ¢*] @ C[[Q]]; however, the physical correlators are
encoded in the J-function with input ¢ € K(X) (or more generally, K(X)[q,¢'], which
we do not consider here) and hence we must only perturb such that ¢, € C. This can be

done recursively in powers of (), by acting with the ordinary reconstruction operator R
J(t) = [R(p(@.a:1)) - Jo.(0)] 5, o (2.130)

We are omitting a more detailed discussion of the mathematical reconstruction theorems, which
would require discussing also Givental’s ruling spaces, fake quantum K-theory, overruled cones and their
adelic characterization.
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where

ﬁ(p(@,q, t)) = exp [ (1—q)” Z Pa a] (2.131)

aCB*

The dependence of R on t is implicit and complicated but can be computed recursively.
Let us explain how this operator acts, determine the dependence on ¢ and elaborate on
important technical details in the process.

Firstly, the operators O, are g-difference operators

O, = 0,(1 - Pg), (2.132)

where on the right-hand side we have the Grothendieck polynomial (see (B.29)) in the
g-difference operators 1 — P,q%. The action of the operators is defined through the
Abelianized I-function (2.64), but this is a mere technicality. As explained in [2], the
procedure of integrating in massive fields can be performed in the non-Abelian U(M)
theory, with no need to “factor through” the Abelianized U(1)™ version.

Secondly, note that we do not restrict the Young diagrams o C B* to lie in a@ C
Buix(n—my, as one would expect since dim K(X) = (Aj\;) = number of diagrams in
Bhrx(n—ny; in fact for a recursive computation it will suffice to take av C By ~ 2. This is
a techmcahty the operators act on an Abelianized version Jg, of the J-function, match-
ing (2.64) without the overall [['_,(—Q,) ‘e-factor. The missing factor is important as
the operation by Ou is identical to the operation of O (5) (3 = 1—¢%), when they are

acting on 1(Q,) (2.64). To see this, note that for P = ¢=¢ and d = d — ¢, we have that

= (=Q) - (Y001 - Pe)(-Q)) (2.133)
(-Q) - 01— Pg’) - 3 (-7,

~

where @J = Hyzl Q% . This sketch would suggest that the g-difference operators O,
may be substituted by (fewer) K-theory generators O, with p C Basx(n—ar), where * is
the small quantum multiplication from (2.110). However, using ¢-difference operators as
opposed to formal K-theory generators is more convenient: due to the relations (2.107)
it is clear that the g-difference operators acting on I (2.64) identically satisfy

0u(0) - O, () => D1 (Q)O, () +--- . (2.134)

Here, the suppressed higher order terms come from the repeated action of g-difference op-
erators acting on (),-dependent coefficients. The labels are unrestricted and Grothendieck
polynomials of “too large” Young diagrams are in fact expressible in terms of polynomials
labeled by smaller, admissible diagrams with coefficients that involve higher powers of @),
so there is no contradiction with (2.110) (see proposal in [2] for details).

12In fact even fewer generators are needed: Working in the basis of “K-theoretic” Schur polynomials
o5(z%) (B.27), we only need diagrams with |3| < dim Gr(M, N) = M(N — M). Expressing these in
terms of Grothendieck polynomials O, we find we must allow labels up to o C Bpsxn as above (but of
course only dim Gr(M, N)-linearly independent combinations of these).
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Lastly, p, is valued

pa = pa(@Q,q,t) € Clg, ¢ '] @ C[[Q]] = K. /K(X), (2.135)

and we refer to it as ‘testinput’. It depends on ¢ in the sense that it depends on the t,’s;
furthermore it satisfies

pulQO = tﬂ for 1% Q BMX(NfM)a pa'QO =0 for « Z BMX(NfM)' (2136)

This is the initial condition for the recursive computation in powers of @ for p(Q,q,t)
which we now describe.
To compute p(Q, g, t) such that (2.130) holds for a given perturbation ¢t € K(X) we have
the first step

1. Set a testinput pg)) =t, € Cfor u C Byxnv-m) and pg,o) = 0 otherwise.

2. Compute A
[R(P) - Ja.(0)], _o = T(0M), (2.137)

3. Decompose
J(oM)=1—-¢+ oY mod K_, (2.138)

to determine o € K. The “output” o™ can be expanded in powers of Q and it
satisfies

oM =>"1,0,+) &0.,Q+0(Q%), (2.139)
17 @

for some ‘correction’ coefficients &\ € Clq, ¢ 1.

4. The correction coefficients are subtracted from the new testinput: set

PV =61, —lQ. (2.140)

The process can now be repeated for a general step labeled ¢, ¢ > 0:

5. Compute
J(0 D) = [R(p™) 'JQa(O)}Qa:Q‘ (2.141)
where the testinput is
i—1
Py =0, =Yy QN + Q) (2.142)
k=1

with correction coefficients ¢, &) € Clq,q']. The coefficient of Q" is not fully
corrected yet.

13The correction coefficients might be labeled by “too large” diagrams . As explained in the previous
paragraph, the ‘generators’ O, (expressed here as Grothendieck polynomials in 1 — ¢~¢’s) of such large
diagrams are expressible (in quantum K-theory) in terms of admissible generators O,, (possibly increasing
the powers of @), but it is more convenient keep the output in this form.
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6. Decompose

J(H) =1 - g+ 0™ mod K_, (2.143)
where the output is ‘corrected’ up to Q*~! in the sense that
o =3 "1,0,+ 0+ Q0+ 0(Q™). (2.144)
o «a

7. (Internal step at order Q':)
We set 6&3) — 58) — Egl) and repeat step 5. and 6. until the output is corrected up

to Q%
o) =3 "1,0,+0+ ) dTNQTO0, + OQ), (2.145)
W [

8. We set i) = Eg), and then
p =t, = PQF+ QY (2.146)
k=1

and we move to step 7 + 1.

The process is terminated at some chosen order Q*. It is also useful to rescale ¢, — 7-1,,,
with 7 a formal variable tracking the number of insertions: the coefficients of 7" in J(t)
will be (linear combinations of) n insertions of t.

Example: Gr(2,4)
The level zero I-function matches the unperturbed J-function, i.e the function

d

-

Q(Q%Q _ q—éfzm)

D=

Jar(2,4)(0) = co Z <_Q)J1+j2q

— , (2.147)
dy1,d2>0 H H (1 _ qTfea)4
a=1r=1

where dys = dy — dy and ¢ is given by (2.25), satisfies

Jara)(0)c, =1 —q. (2.148)

We perturb it to a non-zero ordinary input J(t),
t =101+ 105+ 1t11011 + 121021 + 122025 € K(X), (2.149)

with ¢, € C by applying the ordinary Givental reconstruction operator, with testinput
p(t) computed recursively: up to orders @' and 72 (7 counts homogenous order it t,’s):

2
p(Q,q,t) = Q1 (—tatas — 313) O + (1t + Q7 (ta(tar — tao) — %t§,1 + %2))@1
+ (TtQ + QT2<%t§71 — t271t272))02 + (Ttl,l + QTQ(%tEJ + t2t272))0171
+ (Tt271 + Q7'2(t271t2,2 — %t;l))OZl + Tt2’20272

— %QTZt;Q(OS + 04— 031 —039—0335+ 041+ Os2+ Os35+ O44)
(2.150)
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Indeed, with this testinput we find up to terms above Q72 that

Jar2(1) = [R(p) - Jar20.2.(0)] o, o0 (2.151)
where the perturbed J-function enjoys the expansion
Jarea(t) =1 =g+t + J&G 4 (1) + 0(Q%, %), (2.152)
with
EEolt) = > JaphOu (2.153)

HCBarx (N - M)
We find, suppressing unnecessary labels, the correlator coefficients for the Grassmannian

Gr(2,4):

0 (— —1)t t t
I = Qghy + (55 + e + atip i)
+T(((q 1§1+(( )2_|_(t11)2+t21)t _}_t2t11)},

Jl = Q[ 2q(q+2) +r(= q(q+3)4 + ( at2_ 4 (§t111)3 + t22)

(¢—n* (¢-1) q—1)3
tT ( by T (25 + £2)0 + g + (t“)Q + 52+ 1)
T = gty + Q[ - Y + T(_q(qQ(ﬁql);)tl oyt <§t111>3 T Gtr i)
+7 ( oy + (— % — i + )t + ey + 2(?1’11)3 - 2(?—11> + %22)],
TV = gty + Q- W (A g i e s — )

2 t qt1, to, qt i t2 i tato,
+T (_2<q—11>4 + (-5~ o Tt Tt 2<q—21>3 + 5t ~ weep T o))
J2’1=(i+(t2 +t“) t)7?

2(¢—1)
+ Q[ 5q3—;;9q12)—3q 1)
+ T(q(q (54% Dtz Q(QQ(;‘E‘i;l)tl + q(q2&4q1—)1)t1,1 + Q(?z‘f'i))ff,l _ q(zz;ll);g,z)
+r( (q2(4;<iq1+)1>t% _ Q(3’(f31+11))t1t2 _ q(3%q+11t)1t1 L q(q(:l)lt)ltzl
O T iy + ),
P =7y — gy + )
+r(— (¢° +3q(q—1i9;1 5)t1¢? + (¢ —(iq li)’:)tzq + (¢ —?;1 f))h 1¢? + 2(2%:1)132,1112 _ (qJ(rqlztlz),ZqQ)
g (qQ(qu_’?f;z)t% B 2(251(;?)175)16752(1 2(2q—(i;11)§1)t1 1q2 n (q+(1q)i11t)25,1q2 " qz((g-i-i)) n 2(?;11);551)]

2.3.3 Pairings in quantum K-theory and sphere partition functions

In this subsection we want to compute the non-constant pairing (1.32), its variations and
recall its relation to sphere partition functions. We will first discuss the CS level zero
case & = 0. Afterwards we will discuss how the pairing can be modified when the levels
are non-trivial.
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At level zero

In the K-theory basis of Grassmannians {Oy, O1, 02,011, ...,On_n.. N—m} the pairing
can be defined as

— 1
G = g + Z Z m«gu? Ous "o n12,5Q", (2.154)

5€H§ff. n=0

where g, = x(X;0, ® O,) is the Euler pairing in K-theory.
Let us recall from section 1.2.4 how the pairing G' can be computed from the recon-
structed J(t)-function. The J-function is

J(t) = (1 —q)TO,, (2.155)
where T'=T(Q, q,t) € End K(X) ® C(q,¢ ') ® C[[Q, t]] is a matrix that satisfies

(1—-¢q)0,T =T(O,*), (2.156)

The above equation has a natural interpretation from the point of view of the gauge
theory. As mentioned before in the end of section 2.1, the partition function can be
interpreted as computing the overlap between two states, one determined by the boundary
condition on d(D? x, S') = Tq2, and another determined by inserting an operator (e.g., a
Wilson line) on the tip of D? (wrapping the S'-factor). The partition function computed
in subsection 2.1.1 corresponds to the insertion of the trivial operator 1 = O, and
computes the overlap of the vacuum state and the boundary state, tacitly also labeled by
O,,. The overlaps may thus be identified the matrix elements of 7". Now, insertions of non-
trivial operators in the deformed theory can be generated by single-trace deformations
(2.127), taking the derivative at zero with respect to the twisted mass p. Schematically,

this is
0 dz, Zy %
(1— Q)a—pu/H exp <1——q> fx(q,2)Ix(Q, ¢, 2)

Za

: (2.157)

p=0

corresponding to the left-hand side of (2.156). Since %exp (Z’{fgzy)]pzo = £ (the
notation again implying some symmetrization), this computation amounts to an insertion
of a Wilson loop W, as explained in subsection 2.2.4. In view the identification of the
Wilson loop algebra with small quantum K-theory, we arrive at the right-hand side of
(2.156).

The endomorphism 7' is related to the non-constant pairing G by the compatibility
equation

G(0,,0,)=¢(TO,,TO,), (2.158)

where T = T(Q,q~',t). Note that while the right-hand side depends a priori on ¢, this
equation shows that it is in fact ¢g-independent. This is a non-trivial check of the results
computed by the gauge theory.
Note that 7" can be recovered from the J(t)-function. We have by definition 7O, =
1

7 (t), which determines a row of matrix elements for T'. For the other rows

TO, = T(0,Op) = (1 — q)0,TOy = 9, J (1) (2.159)
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by the flatness equation (2.156). Expanding left- and right-hand sides in the basis of O,’s
we find the matrix elements of T" as functions of Q), ¢,

Y T17,0,=Y 0,70, (2.160)

Using the T-matrix, we may compute the matrix elements of the non-constant pairing

G =Y T g T, (2.161)
PA

The non-trivial check of ¢g-independence has a natural interpretation on the gauge theory
side, as did the flatness equation (2.156). By viewing the matrix elements of 7" as the
overlaps between boundary states on 9(D? X, S') and operators inserted at the “tip”, the
above equation (seen as a definition of the left-hand side) computes the sphere partition
function'® with insertions O,, 0, at the poles, by summing over pairs of products disk
partition functions [103]. The sums-of-products are interpolated by the classical pairing
g, interpreted as the annulus partition function. The two disks have opposite orientation
(a ‘left’-boundary becomes a ‘right” boundary), reflected in the inversion of the geometric
twisting parameter ¢ in one of them, while the partition function on the sphere as expected
does not depend on ¢. This is an instance of a general phenomenon for disk partition
functions known as factorization [10]. See also [07] for a more detailed discussion.

Example: Gr(2,4) We can set 7%, = >, (7", )kn@"7", where 7 counts the homo-
geneous order of ¢,’s. In the ordered basis

{00,01,05,011,051,0,,}, (2.162)

for the first few (printable) orders, we find the coefficients of the T-matrix as follows
(T%,)o0 = id, and (v determines the row)

q+1 —q—1 1 1 1

(g—1)* (g—1)3 (g—1)2 (¢-1)2 1—q 0
2¢(q+2) _ q(g+3) q q 0 1
(g—1)° (g—1)* (g—1)3 (¢-1)3 1—q
a(3¢>+8¢—1) _a(¢*+49-1) q q q g
TV _ (¢—1)° (g—1)° (g—1)3 (¢-1)3 (g—1)3 (g—1)?
( #)1,0 - a(3¢>4+8¢—1) a(g®+49-1) q q q g ’
(g—1)° (g—1)° (g—1)3 (¢-1)3 (g—1)3 (g—1)?
9(5¢°+19¢°~3¢—1)  q(¢*+6q+1) a(@®>—4¢-1) q(¢>~4g-1) q¢(3¢+1)  a(g+1)
(¢—1)7 (g—1)° (g—1)° (g—1)° (g—1)% (¢—1)3
2¢%(3¢>+14q+3)  ¢*(®+3¢°—19¢—5) ¢*(¢*—8¢—3) ¢*(¢®*—8¢—3) 2¢*(2¢+1) *(q+1)
(¢—1)7 a (g—1)7 (g—1)° (g—1)¢ (¢=1)°> 7 (¢—1)*
(2.163)
0 0 0 0 0 O
1% 0 0 0 0 O
' al 0 0 0 O
(T Von = | e 19 (2.164)
ol = 0 0 0 0 '
faa  Zhitbethin 6 B g
1—q 1—q 1-¢g 1—¢q
l20 f21 BT WU T
1—q 1—¢q l1-¢g 1-qg 1—¢

14The resulting ‘sphere’ obtained from gluing two solid tori D? Xgq S! by Dehn surgery can be S? x St
or S3 or generalizations of such spaces. The field theoretic constructions are known to be compatible
with such topological operations in a variety of examples. See [10, ] and references therein.
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Furthermore, we set
D (Cu)in@ 7 = (1 - Q)e "G, (2.165)
k,n>0
in order to get simpler expressions. Note that the exponential term captures the entire
dependence on ty. At order 7° we find

111111 000000
111110 000001
~ 111000 ~ 000111
(Guloo=9w =171 g1 90| Cwho=]g0g10 11| 2160
110000 001111
100000 011110

and (Guv)2,0 = 0,,(2,2)00,(2,2), While (G, )0 = 0 for k > 2. These results agree with results
from [32] computed by directly evaluating the unperturbed S? x S* partition function.
At order 7! we find

U(t) U(t)—t2,2 ti+t2 t1,1+t1 t1 0
- U(t)—t22 t11+t14+t2 11 t1 00
= t1+ta t1 0 0 00
(Guu)o,l t1,1+t t1 0 0 00 |’ <2167)
t1 0 0 0 00
0 0 0 0 00
0 0 0 0 0 ta.2
0 0 0 0 0 ta2
~ 0 0 2,2 0 ta2 to 1+t2 2+t2
(GW)Zl - 0 0 0 t2,2 tae  tiittaittae | oo (2-168)
0 0 t2,2 t2,2 taa+ta2  U(t)—t1
to2 ta2 t2,1+t22+t2 t11+t2,14+t22 U(t)—t1 U(t)
and
U(t) U(t)—ta2 t1+t2 t1,1+t1 t1 ta 2
U(t)—ta2 t1,1+t1+t2 t1 t1 0 ta,2
g — ti+t2 t1 t2,2 0 to2  t21+t22+t2
(G“V>1’1 - t1tth t1 0 t2,2 tao  tia+t2attae |0 <2‘169)
1 0 t2,2 ta2,2 to1ttee  U(t)—t1
2,2 12,2 t2,1+t224+t2 t1,1+t2,1+t22 U(t)—t1 U(t)

where U(t) = tl -+ t2 + t171 -+ tQ’]_ -+ t272.
We can also compute the K-theoretic Gromov-Witten potential. As before, the to-
dependence can be dropped, as it can easily be reinstated and we have the relation

0,0,F = Gy — Gy, (2.170)
o ju w

evaluated at to = 0. It can be integrated order-by-order in Q’s and 7’s, starting at 72.
We set

1 [ k_n
F(Q,t) = e > FaQFrn, (2.171)
k,n>0
and we find at order Q°
~ ~ 3 4
Fop=0, Foz =%+, + b8, Fa=13 (2.172)

At order Q' (modulo the overall factor)
Fio=5(U@#)?—13,),
Fi3 = %[U(?ﬁ)‘g — (t?+t§,1 —Hg,g+6(t2t2,1t2,2+t1,1t2,1t2,2)
+3(tt1 1+ tt3 o+ tal3 o+t 115
o155+ totap+1T 1t o +15 1 ta o +1at]))],

(2.173)
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where once more U(t) = t; + to + t11 + ta1 + ta2. At order Q*:

n 1,42
F22 - §t2,27

)

Py = %(@1 +t§,2+6(t2t2,2t2,1 +t11t20t21) (2.174)
+3(topts  +15 sta 1 +HEils s Flath o+t 115 s+ 5o 2 HE] 1122)).

At non-zero level

The endomorphism 7" and the non-constant pairing G were computed from the J = I-
function of the canonical theory with Chern-Simons levels &4 = 0. For non-zero levels the
I-function computed by the gauge theory corresponds to the “quantum K-theory with
level structure”, first studied in [37]. The correlators (1.29), i.e., the Euler characteristics
of sheaves on (some) moduli space of curves to Gr(M, N), are now twisted by further

insertions D € K (M,,(X,3)) (see [37] for details)

<7_d1’717 ce 7Tdnﬁ)/n>§n,ﬁ = X(Mg,n(Xa 5)7 OMg,in(X,ﬁ) RD® ® E?dl ® GV:(")/Z)) (2175)
i=1
If the CS levels are inside the “window” from subsection 2.2.2, the I-function computed
by the gauge theory has zero permutation symmetric input, and can be identified with
the J-function.
I:(0) = J:(0). (2.176)
After reconstructing the function at non-zero ordinary input ¢, the endomorphism 7} is
computed as

(Tx)",, = 0u(Jx)". (2.177)
As noted in [87], the classical pairing g must be modified. With a modified classical
pairing gz, we may compute the analog of the non-constant pairing (1.32) by
Gi(0,,0,) = ga(Tr0,, T;0,) (2.178)
or in components
(Ga)uw = Y (Te)u(9:) A (T2, (2.179)
PA

For non-zero levels (but still inside the window) we find the right-hand side is g-independent
if the classical pairing is modified as

g = X(Gr(M,N); 0, ® O, @ Wit vy) (2.180)

where wear(a,n) is the canonical line bundle of Gr(M, N). In terms of Schur polynomials
in the Chern roots of S* (see appendix B.1)

ch(war(a,ny) = exp(—0o1) = exp(—€; — ... — ep). (2.181)
For example, for Gr(2,4) we have

%(%R—l)Q(%R—?’)(?RR—l) —%(RR—l)(%R—l)(‘lRR—i’)) (kr—1)(2kr—1) (Ar—1)(2kr—1) 1-2kR 1

N —%(RR—l)(2RR—1)(4RR—3) (2hp—1)2 1-2kR 1-2kR 1 0
Iy = (hr—1)(2kr—1) 1-2AR 1 0 0 0
(kr—1)(2hr—1) 1-2kpr 0 1 0 0

1-2kR 1 0 0 0 0

1 0 0 0 0 0

(2.182)
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The dependence of T, and hence also of G, on the levels & is more complicated: the
levels /& influence the decomposition into K@ _ by adding powers of ¢ in the numerators
of summands of J;(0). The reconstruction to J;(t) is then performed recursively on a
case-by-case basis for the CS levels. The ¢-independence of GGz has been established for
Gr(2,4) for all levels (2.77) leading to a zero permutation-symmetric input.
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Chapter 3

Supercurrent multiplets in three
dimensions with boundaries

In this chapter we will study supercurrent multiplets in three-dimensional theories with

boundaries, following mostly the results from the joint work [3] with Jonathan Schulz
and Prof. Dr. Ilka Brunner.
Notation note: In this chapter, greek letters p, v, ... and «, 3, ... denote spacetime and

spinor indices respectively, and not Young diagrams as in chapter 2.

3.1 Currents, charges and Noether’s theorem in boundary theories

We start off by discussing how the classical Noether’s theorem is modified in the presence
of a flat boundary on the Minkowski background. The modification of the theorem into
curved bulk and boundary spaces involves introducing appropriate bulk and induced
boundary metrics that we do not deal with here. While we keep the dimension general in
this subsection, we will specialize to the case of three spacetime dimensions in the next
section.

3.1.1 Set-up: bulk and boundary actions
We thus consider the Minkowski half-space M with spacelike boundary oM

M = {z" = (2% 2", ... ot ... 2Vt <0}, OM = {2+ =0} = {2"}. (3.1

Indices with hats take all values except the normal direction L. A Lagrangian theory
with bulk and boundary dynamics will have the an action of the form

S=88+89= / cl+ | o (3.2)
M oM

Here, the Lagrangians are functionals

EB[(b? aﬂqﬁ}’ Ea[ﬂ7aﬂﬂ7¢’aaaﬂ¢|a]7 (33)

where ¢ denotes bulk fields, m denotes boundary fields and we suppress the integration
measure. Note that we also assume that the boundary Lagrangian £? contains only
tangential derivatives along x/-directions and that all derivative terms are of first order
(otherwise ‘higher-order’ versions of Noether’s theorem must be used later).
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To study such a theory, one has to impose boundary conditions; in this language,
these will be general relations of the form

B(fields|g, derivatives of fields|y) = 0. (3.4)

One then would like to consider variations of the fields d¢, dm, such that these (or their
boundary restrictions d¢|s for the case of bulk fields) are compatible with the chosen
boundary conditions in the sense that

5Bls_o = 0, (3.5)

holds. Under such a compatible, rigid! variation, the action transforms

632/5£B+/ 6L°
M oM

_ oLB aLB Lo Lo Lo oLB
- /M [ ¢ aua }&b"" /8M [( on aua(a )5 + (&m aua(am@) + 9(0ndla) )&bla}
\—/—/ %/—’
Bulk EoM?Z[¢)] Boundary EoM?|[x] —A

(3.6)
modulo Jj(-)-terms in the last integral. Minimizing the action under the assumption of
boundary conditions B means imposing the bulk and boundary equations of motion, as
well as

[A - 6¢a]=0 = IpA", (3.7)

for some boundary vector A”.

Throughout this chapter will work with a special class of boundary conditions, also
appearing in [39, |, the dynamical boundary conditions. This is determined by the
choice

B = A. (3.8)
Then (3.7) is automatically satisfied with zero right-hand side.

3.1.2 What constitutes a symmetry in a theory with boundary?

Let us spell out what is meant by a symmetry in the case of a Lagrangian theory with
a boundary. Analogously to the case of a bulk theory, a symmetry is an off-shell trans-
formation dgyy, of bulk and boundary fields ¢, 7 that leaves the action invariant, possibly
after using boundary conditions B:

Osym S| = (OsymSE + O4ymS?) |50 = 0. (3.9)

However, in the presence of boundaries, we must additionally have that boundary condi-
tions are invariant with respect to the symmetry action [3, |:

SsymBla—0 = 0. (3.10)

These boundary conditions are called symmetric boundary conditions with respect to
dsym. This condition parses well with the requirement (3.5): it simply means that dgym, is
an allowed variation, or rather, that B has been chosen compatibly with a given dgyp,.

'T.e., no variation of the manifold M.
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One often wants to study (and we do in this work) possible symmetry transformations
65 . that are ‘inherited’ from a pure bulk theory, i.e., where 62 £ = 9,V* holds, for

sym sym
some bulk vector field V#. Applying this transformation to the total action we obtain

dgmswzozz/”agm534-/p @@mcawzozl/)(v“-+5§m£8ﬂ&ﬂ (3.11)
M oM oM

If the boundary condition B = 0 can be chosen such that the integrand of the right-hand
side vanishes, then we say that B preserves the bulk symmetry 6£m. More interestingly, if
the integrand can be set to zero by choosing an appropriate £2, we say that the symmetry

is preserved without a choice of specific boundary condition B [125, .

3.1.3 Currents and charges: general structure

When a 5£m—transformation is a symmetry of a bulk theory, i.e., 5£,m£B = 0,V*, there
exists a current Ji, 0,J5 = 0 associated to that symmetry. The corresponding charge
Qp = fz J%, where X is a spacelike constant-time slice of M, is preserved in the sense
that JyQp = 0 due to the divergence-freeness of Jj.

It is clear that when a boundary is introduced, (g is in general no longer time-
independent “on the nose”, since now ¥ has a non-trivial boundary 9%: the bulk “leaks”
from the boundary. In fact, when a dgym-transformation is a symmetry of a theory with

boundary, then there must exist bulk and boundary currents Jj and Jg that satisfy
O Jh =0,  9J5 = Tk, (3.12)

where the second equation holds possibly after using a boundary condition B = 0. The
“boundary piece” J4 compensates the “leakage” of the bulk current through the bound-
ary. These may be combined into the total current

St = Jp + 5($L)Puﬂjﬂ7 Ot = 5(95L)Jfﬁ11|8 (3.13)

where P";, =0, P? 0= 6%. The time-independent charge can be then defined as

% (o)) %

3.1.4 Improvements and their geometric interpretation

Currents associated to a charge () are note unique: they are determined up to improve-
ment transformations. For a pure bulk theory, an improvement is a transformation of the
currents that locally takes the form

Jhs Jh = J8 4 9,0, (3.15)

It is clear that the divergence-freeness equation 8,“7 ' = 0 and the charge Qp = fz j% are
preserved.
For a theory with boundary, the appropriate extension of the notion is a transforma-

tion that sends R
T Jhy = Jl + 0,01
{Jg} ” {jﬂ = JU + QL 4 Qpull [ (3.16)
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which preserves the generalized conservation equation (3.12) and the charge (3.14). Here,
the bulk improvement via Q! induces a boundary improvement; the boundary current
may still be further improved by w!#1.

The currents, their improvements and the corresponding improvement-invariant charges
have a topological interpretation®. Let us first restrict to pure bulk theories. Implicitly
in this discussion, we have assumed we have a family of embeddings i; : ¥; — M foliat-
ing our manifold M by (N — 1)-dimensional constant-time slices ¥;. Furthermore, there
are maps »; — >y which “time-evolve” the constant-time slices. As discussed in the
previous subsection, to each symmetry of the theory we associate a current with local
expression .J,, and more generally, a one-form J with local expression J = J,dz*. The
divergence-freeness equation is written in coordinate-free manner as

dxJ =0 (3.17)

where x is the Hodge-star operator on M, while the charge may be written as

Qt:/z iy (xJ) (3.18)

Thus, (3.17) means that xJ is a closed (N — 1)-form, and hence @); depends only on the
homology class (i¢).[2;] € Hy_1(M), i.e., Q; = (if(xJ) — 1,[%]) = [X¢] — i7(xJ), where
the pairing is integration, which we rewrote as a cap product in de Rham cohomology.
The resulting charge is an element of Hy(M) = R. The statement of conservation of the
charge can be rephrased as a topological statement

The slices {¥;}+ are homologous and hence @ does not depend on t. (3.19)
Furthermore, the improvements follow naturally: the transformation
*J > xJ =xJ +d*Q (3.20)

for some 2-form €2 corresponds to a change of xJ by exact terms and thus does not change
the cohomology class [xJ] € HN=1(M).

Analogously, for the case with boundary we have the following (family of ) embeddings,
forming a commutative diagram:

Z'a
0¥, —— OM

jbt jb (3.21)

Y, M

To a symmetry we associate one forms Jg and Jy on M and OM respectively. The
generalized conservation equations (3.12) are written as

d % JB = O, da *9 Ja = b*(*JB) (3.22)

where dg, x5 are the operations on OM. The charge is written as

Qt:/& z‘;‘(*JBH/ i * (xa.J9) (3.23)

0%t

2We are tacitly assuming that M is connected, compact for these arguments to apply without asterisks.
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Improvements then take the form
*Jg +— xJp +d*Q,

3.24
*gdy > *gJy — b*(*Q) + dg *p w ( )

for some 2-form 2 on M and a 2-form w on M, and they preserve (); by the commuta-
tivity of the diagram (3.21).

One can extend these definitions to accommodate for “charges with indices” or brane
currents [69], corresponding to higher-dimensional charged objects, using the cap product
~ in de Rham cohomology. Let us spell out some structure for the case of a pure bulk
theory. Instead of a current one-form, we associate to such a higher dimensional charged
object a current d-form C' on M. The corresponding charge Q); will be a closed (d — 1)-
form on M defined @Q; = u(W;) where Wy € Hy_1(M) is a homology class defined by
the cap product W, = [2] —~ if(xC) and u : H,,(M) = (H™(M))* = H™(M) is the
isomorphism defined by the universal coefficient theorem. Given a local expression C),, ...,,,
for C, Q; is locally

(Q) iy = /Z C”m - AV e, (3.25)

3.1.5 Currents and charges: computation via modified Noether’s theorem

Now let us turn to actually computing the currents and charges with the structure outlined
in the previous subsection. To this end we must modify Noether’s theorem from bulk
Lagrangian theories to theories with boundary, following [3, .

By assumption, we have a symmetry of the full theory, meaning that

0 = SoymS|5=0 = / 9, VH + / Osym L |0 = / [VE 4 0iym L] 50, (3.26)
M oM oM
which implies that we must have
[VE 4 0qymLl] =0 = O K" (3.27)

for a vector field K# on the boundary M. The same variation can be performed “on
shell”, yielding on the boundary Lagrangian

Srem” = |35 — naris ) mla + BOM [l + 05 (G853 Do + 57 Oam o).

(3.28)
where ¢ and 7 denotes bulk and boundary fields, respectively. We rewrite the first term
of the right-hand side using the stationarity condition (3.7) (assuming that the equation
of motion is satisfied)

8ﬂAﬂ on—s:hell [% aA (Bfala :| Sym¢|8 _.I_ [ J— Jé-]a’ (329)
where Ji = ?gi dsym@® + V*# is the bulk Noether current. With this we obtain that
on-shell, assuming B = 0 we have that

on-she e}
Soym L0 "2 [TE — Vo + 0, (AR + aaaﬁﬂ)ésymwjt o) ¢|a Osym®|9)- (3.30)
Together with (3.27) we obtain the boundary Noether current in the sense of (3.12).
) o o )
Ty = K" — AP — o8 30 Osym ™ — %@ym@a, Jy = Tzl (3.31)

where the A" is defined by (3.7) and K* through (3.27).
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3.2 Supercurrent multiplets in bulk theories

3.2.1 Generalities and ancient history

We may now focus on the goal of this chapter: supercurrent multiplets. As already
outlined in the first section of this chapter, supercurrent multiplets are supermultiplets,
a.k.a. representations of a supersymmetry algebra, whose components contain (Noether)
currents of a given (local) field theory. The list of Noether currents included contains at
least the supercurrents, i.e., the Noether currents associated to supersymmetry, and the
energy-momentum tensor of the local field theory?.

The study of supercurrent multiplets is an old story [127-129]. As in [3], we refer the
reader to the literature [69, , | for a general, comprehensive review of supercurrent
multiplets. We will spell out some general structure of these objects in this subsection,
and we will focus on the case we're interested in in the next subsections: three-dimensions
and (initially) N' = 2 supersymmetry. We will follow [3] and [69] throughout this expo-
sition.

To start, a supercurrent multiplet must satisfy the following points:

a. The energy-momentum tensor (T2)* is a component of the multiplet; in fact, it is
the only component with spin 2.

b. The supercurrents, i.e., conserved currents associated to supersymmetry, are com-
ponents of the multiplet; in fact, they are the only components with spin 3/2.
No component other than the supercurrents and the energy-momentum tensor are
allowed to have spin larger than 1.

c. The supercurrent multiplet is not unique; it can be transformed by (supersymmet-
rically complete) improvements.

d. The multiplet is indecomposable, i.e., it may have non-trivial submultiplets, but it
may not be decomposed into two independent decoupled multiplets.

As stated in point ¢, the conserved currents and other components of a supercurrent
multiplet are note unique: they can be improved arbitrarily by “exact” terms, leading
to the same conserved charges. The structure of the multiplet, however, restricts these
improvements: for the resulting, improved components to form a multiplet, the “exact”
piece by which we improve must also form a multiplet. Conversely, given two components
(say, conserved currents) that initially do not form a multiplet under the SUSY algebra,
one may find improvements such that the resulting components do form a multiplet. In
[3], we introduced the notion of an improvement frame, to describe representatives of
currents (and other components) that do in fact form a supersymmetry multiplet.

3.2.2 Intermezzo: conventions and (spinor) notation

Let us first establish notation and conventions from [3].

3The nomenclature is somewhat degenerate: the three notions of supermultiplets, supercurrent mul-
tiplets and supercurrents are all related, but different. Supermultiplets are abstract representations of
the SUSY algebra; supercurrent multiplets are specific examples of those, which furthermore contain the
supercurrents as components.
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Spacetime The three-dimensional (half-)spacetime is given by
M = {(2° 2", 2%) |2 <0}, (3.32)
with a mostly-plus Minkowski metric 7,, = diag(—1,1,1). Light-cone coordinates are
e* =2"+2%, ay=1Laota), 2=z =2t (3.33)

and the metric in these coordinates reads

0 -1 0 0 -2 0
Mw=|—-3 0 0], »=-2 0 0}. (3.34)
0 0 1 0 0 1

The reader is urged to some caution not to confuse +-spacetime indices with 4-spinor in-
dices. The Levi-Civita symbol is defined by €y = —1, €?12 = 1. In light-cone coordinates

itis ey = —3, €+ = 2. It satisfies

opA __ pPs O ocp
€€’ =0,0,7—19,70,",

vpA v
€upr€ P = 25# .

(3.35)

Spinors Spinors in 3D two component spinors ¢, « € {1,2} = {—,+}. Their indices
are raised and lowered by €.z, €*? where €15 = —1,€'? = 1 according to the rule

P = Py, o = €apt’ (3.36)

Explicitly, we have

=)= () = () -(0)
= = , a — — _ . 337
o= ()= () w= ()= (3 (837)
Indices that are contracted with “north-west to south-east” convention are omitted:
VX = Xa =V X- F T X (3.38)

Note that x = xt holds. Since Hermitian conjugation flips the order of spinors without
flipping index position (unlike 4D notation), we have that ¢y = —v¥.
Some useful identities are given by

Y = 297y,
PP = =5 (), (3.39)
wawﬁ - %(2/)7,@)6&5-

Clifford algebra We use a real, symmetric basis for gamma matrices

Vs = (g Vas ves) = (1,0, 0%). (3.40)

In light-cone coordinates these are

Vos = (Vs> Vagr Vap) = ((8 _02) , (_02 8) , <(1) é) ) (3.41)
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They are symmetric v, 5 = ’yga, real and satisfy the Clifford algebra
(V") = 06,7+ P ()" (3.42)
A useful list of identities follows from these:

(fYM)aﬁ(fYH)’Y(s = €ay€58 T €astyB,
(VY )as = —(Vp)as (3.43)
A =5 (tr A)8,7 + Jtr(7,4) ("),

The symmetry allows us to nicely decompose bispinors into subspaces. In particular, we
may map vectors to symmetric bispinors and vice versa by

Vap = —29h50u Uy = 373 Uag. (3.44)

These imply in particular that

Vi = 4 U4,

+_ 1,4+

vt = —5vT, (3.45)
L. _ 1 _ _1l,.—+

VT =0 = 50y SV .

These rules establish how to transform space-time vectors (tensors) to symmetric bispinors
(multispinors).

Integration We establish integration conventions by the requirements
/ 420 02 =1, / d%00° = -1 and / do+do o ot =1 (3.46)

i.e., adjacent symbols cancel in (0, 2)-integration. These imply

/ 426 = % / do=do+, / 420 = % / 49 da-, (3.47)
1
/ d‘0 = 1 / d20ta2e-, (3.48)

/ d20* = / d0=dg™. (3.49)

and

where we have defined

Supercharges and superderivatives The supercharges of 3D N = 2 supersymmetry
as super-differential operators in terms of (z*, 6, #)-coordinates are

o6 e 42000, —i0 0,

o —a,i_ — 2070 +1i610,
20, 00, )

= ot
Qu = o+ (/D)o = (ﬁ 00—l aL) :

(3.50)
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The covariant derivatives are

.—— -
o= 2 i), = ( — 200 +i aL>
(90Jr

9h —2i0'8, +i0 9,
(3.51)
N —-2 4+ 2i070_ — 670,
o« = ——z +i(7"0)ad, = _8%+2w+8+—2'9‘&

They satisfy the N' = 2 supersymmetry algebra
{Qa, Qs} = 24504, {Da, Ds} = —2ink50,. (3.52)

The action of physical supercharges via commutators is represented by the action via the
super-differential operators by

[€9Q0 = €7 Q0 X] = i(€°Qu — €'Qu) X = 055X
where Q denotes the physical supercharge.

3.2.3 Supercurrent multiplet in bulk 3D N = 2

In this subsection recall, following [69] some structure of the case of interest: bulk 3D
N = 2 theories.

The most general supercurrent multiplet satisfying the conditions (a)—(d) (called the
S-multiplet) consists of three superfields, Sug, Xa, Vo With S, real symmetric (equiv-
alently, S, real), Xq,), fermionic, and a complex constant C'. They must satisfy the
defining superfield relations:

EBSQB = Xa T yom
EaXB = %06&57

D%xa + ana =0, (353)
D.Ys+ DgYs =0,
DYV, +C=0.

These defining relations are solved by the following expansions (using bispinor relations
(3.44)):

Sp = G — i0(S, + <57,0) — i0(S, — Lsyw) + 16°Y, + 10°Y,
— (0770) (2T — DA — 16,“,pH ) — 289( €up "’ + €4,,0" ] )

R ) I ) , (3.54a)
+10%0(7" 0,8, — 5 0"®) + 10°0(1 9,5, + N0’ w)
—2 " .
- %929 (aua Jv — %823u)7
Xa = _i)‘a(y) + 05 [5046D(y) - (7#)045 (Hﬂ<y) EMVPFV ( )):| (3 54b)
+ 30,0 = 6° (19, a(y), |
= V2w + 200B + 20750V, + V2i(070) €y (7 0 0)
(3.54c)

+V2i00(10,0) 0 + 16°730° 0, B — 70,0, Y* + 52 929 we
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Here (S*)a, (S8")s are conserved supercurrents, 7T, w1 a symmetric energy-momentum
tensor in the same improvement frame (see page 56) as the supercurrents, and
Ao = —2(7"5,)a + 2V 21w,
D = —AT", +4A,
B = A+10,3",
dH =0, dY =0, dF =0,

(3.55)

where H, F,Y are forms with components H,, F},,,Y,. Additionally, y is the “chiral”
coordinate y* = x* — i0~y"f. If the forms Y or H are exact, the superfields Y, or . may
be written as covariant derivatives: If Y, = 0,, then Y, = D, X where X|gp = z, and if
H, = 9,9, then x, = iD,G where G|gp = g.

Improvements

As discussed in earler, the solutions (3.54) with constraints (3.55) and current conserva-
tion equations 0,(S*), = 0, 0"T},, = 0 are not the unique solution to defining constraints
(3.53). We may improve without violating the constraints
Sy— S, + i'yg‘ﬁ[Da,ﬁﬁ]U,
Xo = Xa — D' Do, (3.56)
ya = ya - %DQEZU,
where U = u+0n—07+6>N 0N+ (0y"0)V,,—i00K +. .. is an arbitrary real superfield.
On a level of components, the improvement transforms
(Sp)a = (Sp)a + €up(770°N)a,
T = Ty + 39,0, — N0,
H,— H,—40,K, (3.57)
F— F, —4(0,V, —0,V,),
Y, Y, —20,N.
The general multiplet S, encompasses other, more restricted versions of supercurrent

multiplets. This is reflected in the fact that S, may be improved into smaller multiplets.
In particular:

1. When C = 0, x, = iD,G (in other words, H is exact) where there exists a well-
defined real U such that G = 2iD" D, U, then an improvement by U as above sends
Xa to zero and we obtain a Ferrara-Zumino multiplet [127] (we relabel Sy to Jap):

Eﬂjaﬁ = yom

. (3.58)
DayB+D,8ya:O7 D Y,=0.

2. When C' =0, ), = D, X (equivalently, when Y is exact) where there exists a well-
defined real U such that X = %E2U , then an improvement by U as above sends ),

to zero and we obtain an R-multiplet [129]:
ﬁﬁRab’ = Xa;

_ . (3.59)
DaX,B =0, D%%a+D Y,B =0.
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In this case, the lowest component j, of the multiplet R, (we relabel S, to R,,) is
a conserved R-current (in the general S,-multiplet, j* is not conserved; however,
we still call it a “non-conserved R-current”).

3. When C' = 0 and the improvements from 1. and 2. coincide, we can improve both
superfields Y, Vo to zero simultaneously. In that case we obtain a superconformal
multiplet

D’S,5 = 0. (3.60)

Note that even if smaller multiplets exist, they enjoy some remaining “improvement gauge
invariance”. In particular, we may further improve the smaller multiplets without vio-
lating the respective additional constraints. For example, in the case of the R-multiplet,
the improvements that preserve the defining constraints (3.59) are transformations

Ry — R+ 392Dy, Dg)U,

— 3.61
Xo — Xa — D' D,U. (361)

where U is not not arbitrary but must satisfy
D.D’U =0 (3.62)

Brane currents

We may associate to the closed forms F, H,Y,C the brane currents defined by taking
their Hodge dual in M:

Cpu~ €upF"?, Chw ~ €upH?, Ol ~ €upY ", Chup ~ €. (3.63)

and their conservation follows by construction and the brane charges Z,,, .., = [+ C°, ..

are conserved and are invariant under the improvements (3.57) (cf. subsection 3.1.4). The
brane charges, if they are non-trivial, are central charges of the supersymmetry algebra
(but not of the Poincaré algebra). Indeed, the multiplet structure of S, implies a (more
general) local version of the supersymmetry algebra:

{Qa, (Su)s} =45(2T 0 — t€upH") + i€asieuw,F"? + total derivatives,

{Qa, (Su)s} = 1(0)asC + ieuwﬁgﬁ?p’

One may find non-trivial central charges in the supersymmetry algebra upon integration
of both sides of each equation (to map (S,)s to @3). Each current C,,, ,, and the
corresponding charge 7, ,, is associated to a k-brane and non-zero brane charges form
a physical obstruction to improvements into smaller multiplets. In particular, a non-zero
charge associated to F' or H obstructs the existence of a Ferrara-Zumino multiplet, and
a non-zero charge associated to Y obstructs the existence of an R-multiplet.

(3.64)

3.3 Supercurrent multiplets in 3D with boundary

In this section we will now layout the appropriate extension of supercurrent multiplets
to the case with boundary.
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3.3.1 General remarks and observations

Let us first discuss how the introduction of a boundary influences the structure of bulk
supercurrent multiplets.

Firstly, since at least one momentum generator is broken, supersymmetry is broken
to a subalgebra. The main focus of this work and of [3], is the case where subalgebra
isomorphic to 2D N = (0, 2) is preserved. We will also partly discuss the case where 2D
N = (1,1) is preserved. Now, the bulk supercurrent multiplets, previously 3D N = 2
superfields, must decompose to corresponding subalgebra-superfields. We spell out these
decompositions in appendix C.2.1. In addition, the constraints (3.53), which are written
in 3D N = 2 language, must now decompose into constraints of the smaller subalgebra
superfields. We will exhibit the decompositions of these superfield equations in the next
subsection.

Secondly, as we saw in section 3.1, when a boundary is introduced, the conserved bulk
currents of any remaining symmetries (since some can be in principle broken) must be
supplemented by appropriate with boundary currents (3.12) satisfying appropriate con-
servation equations. The complete conservation equations of currents that are included
in supercurrent multiplets must follow from the constraints that define said supercurrent
multiplets, just like in bulk theories. The full supercurrent multiplets must therefore
consist of bulk and boundary pieces. The schematic form of full supercurrent multiplets
reads A

Sl S8 4 5"y 2,
Xl = Xa +0(")xa, (3.65)
Yl = Y7 + (=) Ve,

where once again P" 5 1s an embedding.

These two points imply, among other things, that conditions (a)—(d) are modified. It is
clear that the new superfields should contain the full conserved currents of unbroken sym-
metries (conditions (a), (b)). Furthermore, improvements of the full conserved currents
in the sense of (3.16) that form consistent multiplets under the smaller subalgebra, will
now form the improvements new supercurrent multiplets under the smaller subalgebra
(condition (c)). Lastly, under the smaller symmetry algebra, the previously indecom-
posable (bulk) multiplet in general decomposes into several indecomposable multiplets.
Therefore condition (d) is not preserved in general.

Let us state the structure of (maximal) subalgebras of the 3D N = 2 algebra which
may be preserved after the introduction of a boundary. The remaining, unbroken sym-
metry algebra is generated by tangential translations P, Lorentz transformations My,
in the directions tangential to the boundary, as well as one of the following sets:

1. the supercharges Q,,Q +, which correspond to a 2D (0, 2)-subalgebra satisfying
Q) =0, {Q4,Q.}=—4id,, (3.66)

2. the supercharges Q_, @ _, i.e., the left-moving (2, 0) counterparts,

3. (real) supercharges Q_, Q. corresponding to a 2D (1, 1)-subalgebra satisfying

(Qe)? = =0, {Q-,Q:}=0. (3.67)
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We focus mostly on the first case. In particular, we want to determine constraint equations
that define R-supercurrent multiplets in a 3D theory with boundary and 2D N = (0, 2)
supersymmetry. To do so, we first decompose the 3D N = 2 bulk constraints that
define the R-multiplet into N' = (0, 2) bulk constraints, and then investigate N = (0, 2)
boundary constraints.

As a technical step, we supplement the superspace derivative operators Q. , Q. 4 with

covariant derivatives DSB’Q), E(fz) deﬁned in appendix C.1.1. These operators are not to
be confused with the operators D,, D, acting on 3D N = 2 superspace; the two sets of
operators are related by (C.4). We will omit the label (0,2) from now on.

3.3.2 Bulk 3D N = 2 constraints decomposed into N' = (0, 2)

In this subsection, we will decompose the superfields* (R, o) and the constraints (3.59)
by the N = (0,2) subalgebra. The decomposition can be performed using features of
superspace: we define a branching coordinate £ that will essentially reduce the decom-
position into a Taylor expansion. It has the defining property that in the coordinates
(€#,6%,07), the preserved supercharges Q, and Q 4 commute with 6~ and 0 ; another
property is that Q,, @ + do not involve a derivative in L-direction; for precise details,
see appendix C.1.1. In terms of £ we can decompose

RE(2,0,0) = REO + 9~REW 5 RV 4+ 979 RE®), (368
XB(2,0,0) = yBO 4 g B0 4§\ BU) 4 g-g @) '

where we now denote bulk fields by a sub-/superscript B, and boundary fields (to appear
later) with a sub-/superscript 0. The bracketed number superscripts refer to the order
in #~,0 we have expanded in. Here, each field on each right-hand side is a function
of (5,9+,§+), and we have suppressed the dependence for readability. The attractive
feature of ¢ is the following: because Q,, Q 4+ commute with 07, 0, the coefficient at
each order in ~,0 is in fact a (0, 2)-submultiplet — the remaining supersymmetry group
acts independently on each of them. This is a constructive way to decompose 3D N = 2
superfields with respect to the 2D N = (0,2) subalgebra. The above decomposition,
e.g., for § is written explicitly in the appendix (C.26)—(C.28). The decomposition for
R-multiplet then follows immediately by setting appropriate terms to zero.

In terms of the (0,2)-submultiplets, the constraints (3.59) are then written as the
following collection of equations, where we use coordinates £ = €9 ¢, &= = €0 — ¢!
and &+ = 2L +i(670 —070"). Explicitly:

From D_x, = 0:

B — o, (3.69a)
2@ 4 2i0_xBO = 0. (3.69b)

4The more general case of the S-multiplet is quite similar and is given in the appendix, see (C.32)-
(C.37).
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From D, Y, = 0:

D 2O =, (3.70a)
E+X§(1a) + 2289(5(0) — ()’ (370b)
D,\5® =0 (3.70¢)
From Im D%y, = O:

Im (D, ®® = x71) =0, (3.71a)
§+W 5@ — 209 42O _2i9,, PO =, (3.71b)
Im(DJrX?(?) _ 22'87)(5(1&) . 228L)£(1a)) = 0. (371C)

Finally, the relation EﬁRaﬁ = Xo yields:®
PO — 5+RB(O) _ RQBJ(FI), (3.72a)
— B0 = DL RED 4 RED) 1 059, RE® 4 210 REL, (3.72D)
0= D+Ra5 , (3.720)
XE® =D, RE? +2i9, RIO 1 2i0_RED. (3.72d)

Note that we have not introduced any new structure here: component-wise, equations
(3.59) have identical content as (3.69a)—(3.72d), simply “packaged” in N = (0,2) lan-
guage. In particular, the bulk conservation equations follow from these constraints. Let
us explicitly recover for example the conservation of the R-current jf. This might seem
like a pointless exercise, but it will elucidate the analogous computation necessary to
“guess” the boundary constraints later.

We start with equation (3.72b) setting @ = + and taking the imaginary part. Using

the reality of R,s (which implies the reality of Rfﬁ(o) and ng)), we arrive at

— Im(x2") = Im(D, R%M) + 20, RFY + 20_RYD. (3.73)

Now consider equation (3.72a); setting o = —, conjugating, applying D, on both sides
and finally taking the imaginary part we obtain

Im(Dx*) = Im(D, D, R?) — Im(D, R®WM). (3.74)

From the reality of Rfﬂ( we get Im(D+D+RB(0 ) = 28+R€@. Finally, we use (3.71a) to
combine (3.73) and (3.74) into the bulk conservation equation for the R-current:

20,R” 120, RPY 4 20_RYY = 0. (3.75)

This equation also implies the bulk conservation of (7)., (§f)+ and T, as can be
verified by the expansions (C.26)—(C.28).

The bulk conservation for Rfﬁ(l) and Rfﬂ(m follows similarly, while the conservation of
Rf[gz) follows from (3.71c), (3.72b) and (3.72d), and implies the conservation of the bulk

®These have already been simplified by some relations already derived, e.g., (3.69a).
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tensor 7,7 . More interestingly, the conservation of Rfﬁ(l) follows from (3.72a)—(3.72d)
together with (3.71b), and implies the conservation of bulk supercurrents (S7)_, (gf)_
and the tensor Tfi. As expected, the decomposition “singles out” these components,
indicating that they are components in “broken” directions (once a boundary is intro-

duced).

3.3.3 Boundary constraints in N’ = (0, 2)

In this subsection we want to essentially guess the correct structure for the boundary
pieces of the supercurrent multiplet. In the case of the R-multiplet we have restricted
: o d o
ourselves to, the boundary parts are (collections of) superfields R;, and xg (and Y5 in
the case of the S,-multiplet). These must satisfy constraints, i.e., N' = (0, 2)-superfield
equations, such that the boundary conservation equations follow for their components.
To extract an educated guess, we note again that the bulk constraints (3.69)—(3.72) can
be rewritten: bulk and boundary superfields are combined to our total supercurrent
multiplet
full B I\p Apd
RS =R, +6(E)PIR,, (3.76)

where £ is the “branching coordinate” (see discussion in the appendix around (C.1)) and
where both bulk and boundary pieces can be decomposed into (0, 2)-multiplets:©

RE(2,0,0) = RE® 4+ 9 RED g REW 4 976 RE®,

(3.77)
0 7y _ IO . g2
RY(2,0,0) = RY” + 070 R)®,

and for auxiliary fields

X (@,0,8) = xZO + 07X 20+ 6 xF0 + 676 5, (3.78)
X2(2,0,0) = x2O + 67\ 1§20 1 976 9@,

Here, again, the fields on the right-hand sides are functions of (¢, 6+,§+). The boundary
part is motivated by the (0,2)-expansions (C.26)—(C.28) of the bulk multiplet, which
imply that
B(0) _ :B
R, =7, +--,
B(1) _ __./qB
RV =—i(S))-+ ..., (3.79)
RE®) = 2K, +...,
where again jf is the R-symmetry current, (Sf) the supercurrent and, (for the R-
multiplet) K, = 2T,, — ieu,,pH ?. We therefore simply complete these pairs by setting

ROV =40+ ...,
3(2) 5 (3.80)
R/l - _2Kﬂ_ + ey

as the bulk conserved currents have to be paired with their respective boundary currents.
Note that we do not consider a boundary contribution to the “broken” (SE )— currents,
as we have no guiding principle in this framework. The constraints that the boundary

6This is essentially an embedding into 3D A/ = 2 superspace, see [132, ].
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pieces must satisfy, must be of similar form as (3.69a)—(3.72d), but instead of imposing
divergence-freeness, they should impose (3.12) on the remaining, conserved boundary
currents.

We postulate the following adjustments on (3.69)—(3.72), now applied to boundary

multiplets R and we check their validity directly after:

1. There are only 4, — spacetime directions for a two-dimensional boundary (z,,z__
in bispinor notation, cf. (3.44)). Hence, we only have superfields Ri(i), R(z(j), and

no superfield Ri(j)

2. The supersymmetry associated to (Sﬁ3 )_ is broken in the presence of a boundary;
therefore, we do not consider boundary contributions to this component and as such
no Riﬁi) should appear.

3. Lastly, in order to transform the bulk conservation equations to boundary conserva-
tion equations for boundary components, we must replace terms of the form 9, A?
with — AP, whenever such terms appear, as motivated by the form of (3.12). This
transformation parses well with the fact that derivatives in the L-direction make
little sense when they act on boundary currents, in particular when the boundary
currents are functions of purely boundary fields.

Using these principles, we can obtain the following set of constraints on the postulated
boundary multiplets:
Analogs to (3.69):

X200 = g, (3.81a)
P 4 2i0_" <. (3.81b)
Analogs to (3.70):
D" =o, (3.82a)
D2 — 2P, = 0, (3.82b)
D 2@ <. (3.82¢)
Analogs to (3.71):
Im(D, x*@ — 30y =0, (3.83a)
Im(D,x"® — 2i0_x 7" 4 2ix 21 |,) = 0. (3.83b)

Lastly, the analogs to (3.72):
29 = o, (3.84a)
YO =D, RO, (3.84b)
1) = —R++ + 2Ry — 2i0_RIY, (3.84c)
20 = 9 RB ]a, (3.84d)
P = rBO|, (3.84¢)
(3.84f)

2 =D, RIY — 2iRED,,
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Note that, a priori by applying our guiding rules 1.-3. we obtain three further relations,
which we have intentionally omitted. More precisely, these are: the analog of (3.69b) for
o = 4+, which reads

P 4 2i0 150 =0, (3.85)
the analog of (3.70b) for & = —, which reads
D2 — 20y PO, (3.86)

and lastly, the analog of (3.71b) reads

a(2)

=Y d(la
DX )+x+

2@8_X+ +2ix"9), = 0. (3.87)
To see why these must be omitted, we have the following argument from [3]: the first
relation (3.85) is compatible with equations (3.84a) and (3.84e) only if ng)b = 0.
The second relation (3.86) is consistent with equations (3.84d) and (3.72a) again only if
Rf(,l)b = 0. Lastly, the third relation (3.87) is consistent with (3.84a), (3.84d), (3.84e)

and (3.72a), once more only if ng)b = 0. Hence, including any of the three relations
in the constraints of boundary (0, 2)-supermultiplets implies that we must have

RYW|o = —i(SP)_|o+... =0, (3.88)

which is equivalent to the conservation of the “broken” charge Q_ (and similarly for Q_,
with trivial boundary components (3.12) with a trivial boundary part. However, the
conservation of Q_,Q_ would imply, by the supersymmetry algebra, the conservation of
of P, which is obviously inconsistent with the presence of the boundary.

Let us now verify that the boundary conservation equation follows from these con-
straints, in the example of R9Y): Taking the imaginary part of (3.84¢) and using the
reality of the multiplet, we have

Im(x ") = 2RPY)|, — 20_RIY. (3.89)

Now we take equation (3.84b), conjugate it, apply D, on both sides and finally take
imaginary part again and we get:

Im(D, ™) = Im(D, D, R*?). (3.90)

Again, due to the reality of RO , we have that Im(E+D+R?(E)) = 28+R?(9). Finally, we
can combine equations (3.89) and (3.90) using (3.83a) into the conservation equation for
the boundary R-current:

2RO, —20_RIY — 20, R = 0. (3.91)

Like its bulk counterpart, this superfield equation also implies the boundary conservation
of (52),,(S7); and T?,.

In a similar fashion, we may derive boundary conservation of R using equations
(3.84f), (3.83b), (3.84c) and (3.84d). Component-wise it implies the conservation of the
boundary tensor Tgf. As we would expect, no boundary analog to bulk conservation of
(S7)- follows from the boundary constraints.
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3.3.4 Integrated supercurrent multiplets
Comparison to pure 2D theories

The supercurrent multiplets defined by (3.69)—(3.72) for the bulk part and (3.81)—(3.84)
for the boundary part are (0,2)-multiplets of a three-dimensional theory with boundary,
with supersymmetry algebra isomorphic to that of a 2D (0,2)-theory. Since 2D (0, 2)-
theories come with a lot of inherent structure [134, |, it is interesting to compare
these pure 2D (0, 2) supercurrent multiplets with the exising structure of this theory. Let
us first recall some generalities about the pure 2D supercurrent multiplets following [69,

]

In a 2D theory with N = (0, 2) supersymmetry, the general S-multiplet is given by the
following superfields (S(ff) , W&o,z), 7:(%2,),, (') along with defining constraints, such that
conditions (a)-(d) are satisfied. For details on their structure see [69, 134]. Similarly
to three and four dimensions, if the (0,2)-model we consider has an R-symmetry, we
may improve the Sff)—multiplet into a smaller multiplet set (Rgo,z), 7-_((12_)_) whose lowest
components are those of the R-current. In addition to the R-current components, these
multiplets contain an improved energy momentum tensor 7),,. Furthermore, the structure
of the multiplet guarantees that we can define the so-called half-twisted energy-momentum

tensor T,
Tiy =Ty + 50454,
T\ =T, —30 iy, (3.92)
T =T _—1idj.,

which satisfies
{Qy, -} =Ty,
@, T} =0, but{Q,, -} #T .

simply by virtue of the multiplet structure. In other words, the components of the twisted
energy-momentum tensor are Q -cohomology elements, and T _ is a non-trivial element.
The representation in @ ,-cohomology is important, because one can show that the chiral
algebra in the @ -cohomology of observables is invariant under renormalization group
flow and therefore ‘knows’ about possible IR fixed points of the model under consideration
[134]. In particular, there is an emergent conformal symmetry on the level of cohomology.

(3.93)

As a technical step, note that the Q -cohomology is isomorphic to the D -cohomology
(as an operator acting on fields). We can therefore establish the existence of the “half-
twisted” stress tensor on the level of superfields by examining the defining constraints of
the 2D (0,2) supercurrent multiplet: the non-trivial components of the twisted energy-
momentum tensor must arise as a D -closed linear combination of superfields from the
supercurrent multiplet. Indeed, one can easily check [131] that the following relation
holds:

D (TP 42i0_R"Y) = 0. (3.94)
In the remaining of this subsection we will perform a similar analysis to conclude whether

some linear combination of fields (corresponding to a “half-twisted” stress tensor) is in
the @, -cohomology.
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An energy-momentum tensor (not) in the cohomology

Our three-dimensional theory with boundary has the same supersymmetry algebra as a
2D N = (0, 2) theory; hence, we might expect a similar structure as far as Q -cohomology
is concerned. Indeed, we can identify the relations similar to (3.94) in 3D by combining
bulk equations (3.69b),(3.72a) and (3.72d) for & = — to

D, (R®® 1 2i0_RP") = —2i9, R®D, (3.95)
as well as boundary equations (3.81b), (3.84b) and (3.84f) to
D (R?® 1 2i0 RV = 2iR%D) . (3.96)
In addition, we can also use (3.70b), (3.72a) and (3.72b) for a = + to conclude

D, (RZY + 2iRPO) = —9i9, RED. (3.97)

Similarly, we combine boundary equations (3.82b), (3.83b) and (3.72a) into

E+(R++ +2i0_R2Y) = 2iRPV),. (3.98)

full (*

Using the full R-multiplet R,z = ng*) +§(EHR] a(* these relations are written

Dy (RM® 4 9i9 RMO) = _9i9, RED 4 2i5(eHYRED,, (3.99)

Integrated currents and multiplets

From equation (3.99) we deduce we cannot simply apply the pure 2D argument to ex-
tract a local energy-momentum tensor twisted by the R-symmetry such that it is a @ 4-
cohomology element. However, some similar structure still remains which we discuss
now.

We may view our three-dimensional quantum field theory with boundary with a finite
number of fields as a two-dimensional quantum field theory with an infinite number of
fields. More precisely, instead of viewing bulk fields, loosely speaking, as maps OM X
R<y — T, we view them as maps OM — {maps: Ry — T’} [39, 136]. Now, instead of
considering separate bulk and boundary actions, we can write a single Lagrangian for the
full theory:

£int. — £8+/ decB; S :/ de_lﬁint" (3100)
R<g oM

The action is unchanged, but integration along z* is now an operation on the new target
space, as opposed to an integral on spacetime. The integration along x* also translates
to conserved currents: as the theory is now formally two-dimensional, applying Noether’s
theorem to the above Lagrangian yields a two-dimensional current of the form

Jt = J5‘+/ dz"J7. (3.101)
R<o

Its conserved charge

Q= [ Ji. (3.102)
[0)>
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is identical to the one belonging to the local current: To find the conserved charge of a
current, one has to integrate all spatial directions, and the integrated current is merely
an “intermediate step” of this integration. The conservation equations (3.12) now take
the familiar form

Or It =0, (3.103)

where boundary conditions are possibly used.
In a similar fashion, we introduce the integrated supercurrent multiplets

Rt — RI + / datRE (3.104)

RSO

These have then the desirable property that the right-hand side of (3.99) cancels exactly
due to the integral: _ .
D, (R™® 4 2i9 R™M)) = ¢,

o . (3.105)
D, (R™® 4 2i9_R™ ) =0,

The general arguments from [134] presented in section 3.3.4 then imply that the lowest
components, ~ (T — £9_j"*) appearing in the first equation and ~ (7™ — £9_j*")
appearing in the second equation, are in fact Q ,-cohomology elements in the integrated
2D theory. In fact, a stronger statement holds: the integrated multiplets are genuine 2D
N = (0,2) supersymmetry multiplets. Setting

R0.2) . RS;'(O),

T2 . _Rint® (3.106)
the constraints (3.69)-(3.72) and (3.81)-(3.84) imply that these are proper 2D (0,2)-

supercurrent multiplets in the sense of [69, 134].

3.4 Case study: Landau-Ginzburg model

In this section we want to test the structure outlined in the previous section 3.3 on a sim-
ple theory, namely one with a chiral superfield and a superpotential, following [3]. First
we recall some structure of this model from kindergarden, including explicit field content
in components, the Lagrangian and equations of motion. Then we introduce a bound-
ary and discuss preservation of (N = (0,2)) supersymmetry. In that regard we discuss
adding boundary matter and possible boundary conditions. Lastly, we explicitly identify
examples of supercurrent multiplets accommodating for the existence of the boundary.

3.4.1 Set-up: Field content and boundaries

Bulk theory for one chiral with superpotential

We now study a 3D A = 2 Landau-Ginzburg model, i.e., a theory of chiral superfields
with superpotential, which lives on three-dimensional Minkowski space, which will be
modified later to the half-space M = {z € RY?|zt = 2! < 0} with boundary.

The chiral field is given by

®3p(z,0,0) = ¢(y) + V200 (y) + 06F (y),  y* = 2" —i6y"0, (3.107)
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where ¢ is a complex scalar field, v, is a complex fermion, and F' is a complex auxiliary
field. Under the 3D N = 2 supersymmetry, the components transform:
5sym¢ - \/§E¢a
Saymta = V26aF — V2i(1'€)a0,0, (3.108)
OeymE = —V/2ie7"0,1).

The simplest Landau-Ginzburg model consists of a single chiral superfield with Kahler
term

Lyin. = / d*0 P3pPsp = —8,00" )+ 5 (V7" 0ut0) — 5(0,07"Y) + FF + 10°(99), (3.109)

where we keep total derivative terms explicitly as they become important when a bound-
ary is introduced.
The superpotential is determined in superspace and component form:

Ly = /d29 W(®3p) +cc. = W(¢)F — sW"(d)01p + cc. (3.110)

The bulk equations of motion are given by

0=F+W(¢)
D'® = —AW'(®) & { 0= 0,00+ W"($)F — LW (¢)ibi) p . (3.111)
0= i(v"9uth)a — W"(¢)ta

Adding a boundary and breaking to N = (0, 2)

Now let’s consider that the theory is on the half-space M. As discussed in subsection
3.3.2, we must first decompose bulk fields into representations of the remaining N = (0, 2)
subalgebra. Under the subalgebra, the chiral field ®35 decomposes into a (0, 2) chiral mul-
tiplet and a Fermi multiplet. More details about decompositions are written in appendix
C.1.1. We obtain

= ¢+ V20T, —2i070" 0,0,

. . . (3.112)
U =1_ —V20"F —2i070 0,¢_ +2i0 9.6 — 2070 9,9,
The chirality condition reads -
D, ® =0, (3.113)
while the “chirality” condition for the Fermi superfield is
D,V =V2Ey, Eg=—i0,®, (3.114)

where Ey is the E-potential. The (0,2) supersymmetry variation (generated by dsym =
€Q1 — €@, cf. equation (C.2)) of the component fields is

Osym® = \/§E¢+7 Osym¥P4 = _2\/§i€8+¢:

3.115
SsymF = 2V/2i€d p_ + V2ied )y, Oyymih- = —V/2eF + V/2ied, ¢, (3.115)
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i.e., simply the restriction of (3.108) to the (0, 2)-subalgebra, given by choosing e* = (9).
The Lagrangian in terms of (0, 2)-superspace is written as

Lin. = % / 420+ [@aup —i0_BD + TT
+0, <§9+9 0. (BP) + 07TV + -0 \1@) } , (3.116)

Ly =~ /d&*\l}W’((I)) + ce.

Note that the first line in Ly, is invariant under (0, 2)-supersymmetry even in the pres-
ence of a boundary, as its (0, 2)-variation is just a total x*-derivative. The second line
is an xt-derivative, so it manifestly breaks (0,2)-supersymmetry in the presence of a
boundary, and hence dictates part of the “boundary compensating term” that must be
compensated to preserve supersymmetry in “a boundary condition-independent way”
[126].

The equations of motion may again be written as N' = (0, 2) superfield equations:

0=2i0_D,® +/2i0, ¥ — V2" ()

0=D, U+ V2W' (). (3.117)

3.4.2 Preserving some supersymmetry: boundary fields, factorization, bound-
ary conditions

The bulk action (3.116) is not (0, 2)-supersymmetric in the presence of a boundary:

umS = [ Gumllon+ L) = [ 0V VI = [ (h 4V, Gas)
M M

oM

which is non-zero in general. To preserve at least NV = (0,2) supersymmetry, we must
compensate these bulk variations.

For the kinetic term, we add a boundary compensating term ﬁkin, to the boundary
Lagrangian (in a boundary-condition-independent way) as in [120, |. The boundary
term is determined to be minus the total L-derivative from the bulk Lagrangian in (0, 2)-
superspace (3.116):

Aiin, = —501(00) — §0, - + 50ty (3.119)
This ensures that no boundary condition is necessary for cancelation. In addition, we
note that the —}18 L (¢¢) of the proposed Ay, cancels the bulk total derivative in xt

direction when it is rewritten as a bulk term. Hence, we may drop a 182 (¢¢) term from

the bulk and a——@ | (¢¢) term from the boundary simultaneously, leavmg us with bulk
and boundary Lagranglans with first-order derivatives only (which makes our lives easier
when applying Noether’s theorem later on)

LP = — u¢au¢ +3 (T/JVM W) ( WV’@)
+FF +W/($)F + W (§)F — LW"(¢)vy + LW (8)0, (3.120)
Ain, = =50, 0 + 50 ¢ = =g
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For the bulk superpotential term, the supersymmetry variation yields

dsymLw = 0. (—i/d@*EW(CI)) - cc.) +0:(...) = 0L (—iep, W' (@) + cc.) + (... ),

(3.121)
where the right-hand side needs to be canceled again somehow. To that end, we introduce
a 2D boundary N = (0, 2) Fermi multiplet with E- and J-potential terms, as done in [100,

—139], where a 1D Fermi multiplet was used to compensate bulk 2D superpotential

terms, or as in for three-dimensional cases [22, 36]. The Fermi multiplet in components
is given by
H=n—V20"G—2i070 0.n— V20 E(¢) + 2070 E'(¢)v., (3.122)

where 7 is a complex Weyl fermion, G is an auxiliary field (related to the J-potential
on-shell), the E-potential is a holomorphic function of chiral fields — in our case the
restriction of the bulk chiral fields to the boundary. The “chirality” condition is

D, H =V2E(®), (3.123)
and the explicit (0, 2)-supersymmetry variation of the components is given by

Ssym = —V2(eG + €E),

3.124
by = V(21041 — ). 120
The boundary Lagrangian term associated to the Fermi field is
Ly = /d29+lHH— /d@*ij ® H+/d§+L76H
" 2 73/ (®) 73/ (®) (3.125)
_ o _ = . ——
= indyn — 10,70 — E'mpy — B n+iJ'my —iJ o, 77— |[EfP — | J]%,
The boundary equations of motion are
- G=il
D,H+V2iJ(®)=0& < , N (3.126)
2i0,n = E' ()4 —iJ (9)Y
The N = (0, 2) supersymmetry variation can be computed to be
dsymLm = i/d@*EJ(CI))E(QD) +cc. +04(...). (3.127)

which is of the same form as the variation of (3.121). Hence, in case of a matriz factor-
1zation

W(®)]o = E(®)J(D)lo, (3.128)

the bulk term from the variation will be compensated exactly, and (0, 2)-supersymmetry
is preserved. This deviates from the folklore [65] that a pure 2D N = (0,2) theory must
fulfill £ -J = 0 in order to preserve supersymmetry: the “failure” of the boundary
Fermi multiplet to meet this condition cancels the failure of the bulk theory to preserve
N = (0,2)-supersymmetry at the boundary.
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The full action of the factorized Landau-Ginzburg model then reads in (0,2) super-

oM

_5/ {/d%ﬁ[@a ® —i0_PP + UV + 0, A] — \/_/d0+\IfW( )—i—cc}
M

+%LM{/d20+[—A\a+FH] — \/§i/d9+J((I>)H+cc.}, -

i 5 7T
where %fd29+A = mfd%*(@*d)\l/ +0 VD) = WMZ)— —ap_aby) (cf. (3.120)). Af-
ter using the algebraic (auxiliary) equations of motion, we get the following component
expansions:

L8 = —8,00"¢ + (" 9,1) — §(0,97" )
— W@ = §W"(@)g + 3 (6)00,
L7 = ifo.n — idy7 — |J)* — |E[* = E,n — By
— i =T = (W = D).
Assuming the factorization condition, the (0, 2)-variation of the total action is zero, and
ence N = (0,2) supersymmetry is preserved in a boundary-condition-independent way

(although imposing factorization may restrict the possible boundary conditions). Let us
however look at possible (classes of) explicit boundary condition in more detail.

(3.130)

Symmetric boundary conditions

We discuss the case with and without superpotential separately, following [3]
1. Without superpotential (discussed also in [39])

e (generalized) Dirichlet: ® = 0 or more generally ® = ¢ (in components ¢ = ¢
and 1, = 0), where we may need to add boundary terms to the action to
make it supersymmetric.

e Neumann: ¥ = 0 (in components ;¢ = 0 and ¢y = 0. This is the dynam-
ical boundary condition in the sense of (3.8) for the action (3.120) without
superpotential. One can “flip” into a (generalized) Dirichlet as a dynamical
boundary condition by adding appropriate boundary terms [39].

e Mixed conditions: In models with more than one 3D chiral superfield, we may
assign Dirichlet conditions to some and Neumann conditions to others [39].

2. With superpotential.

e (generalized) Dirichlet: Setting ® = ¢ is symmetric and also statically cancels
the supervariation of the potential (3.121), although in a boundary-condition-
dependent way. However, if W/(c)|s # 0, supersymmetry is broken sponta-
neously, as the vacuum expectation value of ¢/_ then transforms non-trivially
under supersymmetry.
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e Mized conditions: Setting W = 0 (Neumann) is only symmetric if W/(¢)]s = 0.
For one bosonic field, this holds only if W = 0, as ¢ is unconstrained on the
boundary. If W # 0 and the theory has more than one chiral superfield,
one can assign Dirichlet conditions to some and Neumann conditions to oth-
ers while maintaining supersymmetry (a requirement the authors in [39] call
“sufficiently Dirichlet”).

e Fuactorized Neumann: This is the main case we want to focus on. It the dy-
namical boundary condition imposed if we introduce boundary Fermi multiplet
and have a non-zero superpotential, as in this subsection (see page 73). It is
thus the analogue to the Neumann boundary condition for zero superpotential:

Y =—imE —nJ',
d.p=—FEFE —JJ —[[E" —inJ" VW, |

(3.131)
One can check that it is indeed symmetric if the factorization condition (3.128)
is met. We use this boundary condition in our computations for currents and
current multiplets. This choice of boundary condition in fact encodes a collec-
tion of boundary conditions labeled by the choices of matriz factorizations of
W (since the boundary condition depends explicitly on E and J).

V=—iHE(®) - HJ(®) < {

3.4.3 Current components

In this subsection we explicitly compute the Noether currents of the Landau-Ginzburg
model with non-zero superpotential, a boundary Fermi multiplet and assuming factoriza-
tion condition (3.128) and (factorized) Neumann boundary condition (3.131).

R-current

Suppose that the superpotentials W, E| J are (quasi-)homogeneous functions of ®. In the
case of one chiral field this means that

Ww=0ol E=0% J=3a", (3.132)

where 1/a, (g, {; are non-negative integers. For multiple chiral fields ®;, the condition for
quasi-homogeneity reads W (®q,...,®;) = >, a;P;00,W for some choice of R-charges «;.
Under these assumptions the action is invariant under the R-symmetry transformation:

0" — e hT, D s e 2P,

U — 6—1’7’(204—1)\1;’ H — e—iT(EE—EJ)a[_L (3133)
where 7 is the symmetry variation parameter Note that factorization implies
allp +0,) = 1. (3.134)

The bulk contribution to the R-current is given by
gy = 2ic(¢0,p — 0,00) + (1 — 20)hy,1), (3.135)

while the boundary contribution is given by

i = (ﬁ) B (a(fE EEJ)WW) ' (3-136)
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Supercurrents

After introducing the boundary only (0,2)-supersymmetry is preserved; however we
present th full 3D A = 2 supersymmetry in the bulk, as the (0,2)-restrictions of the
bulk currents remain identical (and covariant notation can be conveniently used).

e Nocther frame (S-frame).
The bulk supercurrent induced by d¢ym = €@ in the Noether frame is given by:

(SB)0 = V201" 7800 — V2i(1,80) W (3.137)
Its (0, 2)-restriction dgym = €7Q4 is given by setting a = +:
(S%)+ 2\/§w_+8+5_ —

(Sf)-i- = (D) | = —V2(¢p_0,9 + i W) : (3.138)

(SB)4 V211006 — 20 0. + i, W)

The boundary contribution induced by dsym = €™ Q4 reads in the Noether frame:

D) Cata) o

o R-frame.
If the Lagrangian has an R-symmetry (3.133), we may improve the above supercur-
rent to a supercurrent which is part of the R-multiplet. We call this improvement
frame the R-frame. The bulk components are:

(S2)R = (S2)3 = 2v206,,, (v 0 (34)) )

= v2(1 = 20) (771000 + i(3,0)aW') + 2V20(0, 00 — $0utba),
(3.140)
where (S7)5 denotes the supercurrent in the Noether frame, o = (degW)~! and
the last equality holds assuming equations of motion (3.111) and homogeneity of
w.

The boundary components are

(ST = (S5 + 2v20€1m(7" 1) + 6 = ( Vaa(ly — EJS) n @7)) L (3.141)

where the last equality uses boundary conditions (3.131).

Energy-momentum tensor

Similarly to the case of supercurrents, we stick to covariant notation for the bulk pieces,
even though certain directions are no longer symmetries. Let us start by simplifying the
Lagrangians (3.130) on-shell:”

LB =N 0,600¢ — W', (3.142)
L=t B2 -T2 (3.143)
"Note that the second equation also uses boundary conditions (3.131). Without using them, we get

£02N | BR I = LWE o+ BTy + i i +iT 0,7) — L - — b ty)o.
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e Nocther frame (S-frame).
Using the Noether procedure, in the bulk we find the non-symmetric stress tensor

TE = 0,60,6 + 0,60, + 10,070 — 2,0, — 1, (8,607 + |W'|?),  (3.144)

and in the boundary we find (using equations of motion but not boundary condi-

tions)
fer =0,
19 = ifo_n— Lo T,
T0_ =400 — 50 gy + HEP + 4P (3.145)
+ LBy + B, —id 'y +iT0,7), '
T2, = - — P ¢y + Y EP + 3]
+ By + Ed,n—iJny + 17 0,7).
If we utilize the boundary conditions (3.131), the expressions simplify to
fir =0,
T2 = 570 = 50-7. (3.146)

T? = inoin— 30+ L(|EP + |JP),
0, = L(IBP + %)

2

o Symmetrization.
The stress tensor can become symmetric using an improvement. In the bulk we

find
T8 =T5 — le, H
= “¢a”¢ + 3ng3ugb) - 17,“,(\8@2%— ’W,| ) + %(8(u¢%)¢) (@’y(yﬁu)dj),

— (3.147)
where H? = —2i9°(y1)).® The bulk improvement induces a boundary improvement
is Tga = T[?f, - ﬁﬁwngwa, so we find

Ter =0
T9_ = ino_n— io_mn,
- i (3.148)

T = §own — 50y + 5(|E + 1J1*) = §@0_¢y — 00 )]a,
O = S(BP+1I1P) + gt — ¥ )o.

Note that using boundary conditions (3.131) and equations of motion for 1 (3.126)
we find that

Sy =)o = imdyn — 047, (3.149)

which shows that the boundary components are symmetric modulo boundary con-
ditions in this frame as well.

8This is precisely the brane current from the supercurrent multiplet, see appendix C.2.5. To obtain
the desired form for T ﬁ, we use equations of motion and the Clifford algebra.
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e R-frame.
Again, as for the supercurrent, there is an improved energy-momentum tensor in

the R-frame. We find
(T,0)" = (T;)° + (0.0, — 1 0%)(—20¢9)
= (1 - a)(ay¢aua + 8M¢6V§_b) - a(auauagb + aauaugb) + %(a(l/%j/u)@b)

- %(@b'y(,uau)@b) - (1 - Qa)nuu(|0¢’2 - |W/‘2) + O‘nmx(id]’ypap?vb - iap¢7p¢)>a
(3.150)
where for the last equality we have used equations of motion. The boundary con-
tributions are given by (Ta)gﬁ = (Ta)gl; + 001 (—2a¢¢), hence

(Tf-i-)R =0,

(T2)" = §70—n — 50-7n,

(T9)F = §10n = 50:7m + 5(|EP + |[T1%) + §00(60)lo — §(¥-vs — 0y )lo,
(T2,)% = S(EP + 1JP) + 500(60)lo + §(V_ths — ¥ 0 )o.

(3.151)
Note that the boundary stress tensor is still symmetric, assuming the factorized
Neumann boundary condition.

3.4.4 Supercurrent multiplets of the LG model

In this subsection we will assemble the conserved current components into supercurrent
multiplets. First we assemble the bulk parts into 3D N = 2 supercurrent multiplets. Then
we break them into multiplets under the N' = (0, 2) subalgebra, and complete these into
admissible supercurrent multiplets of theories with boundary, in the sense of section 3.3,
following [3]. Finally, we discuss the integrated supercurrent multiplets for this theory.

In the bulk, in N/ =2

Let us assume for the moment that the theory is a pure bulk theory and the Lagrangian
is given by £ = Ly, + Ly where the summands are as in (3.109), (3.110). In such a
theory a valid S-multiplet is given by

Saﬁ == Da(PgDEﬁa?)D + D/BCI)EIDE(XaSD- (3152)

It contains the supercurrent and energy-momentum tensor (in the S-frame) in its com-
ponents (cf. (C.44). We may set

R, — -2 =
yﬁ = —Daq)ng q)BD = 4DQW((I)3D), Xa = (—%)D Da(q)?,Dq)?;D) (3153)

where in the first equation we have used the bulk equation of motion (3.111). The
multiplet §,5 then readily satisfies

D"Sup = Vs + x5 (3.154)

and the remaining defining equations in (3.53) can be verified easily, proving that this is
indeed an S-multiplet, with zero central charge C'. This S-multiplet can be improved to
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a Ferrara-Zumino multiplet (3.58) using the improvement Ugpy = —%63D®3D in (3.56),
yielding !, = —%E2Da (P3pPsp) — E2DQU = 0. The multiplet is explicitly

Top = 3(Da®3pDs®sp + DsPspDa®sp) + 1(iP3p0asPsp — i00sPspPsp).  (3.155)

If the theory has an R-symmetry (i.e., if W(®3p) = @ég“, cf. section 3.4.3) is present,

we may improve the multiplet using Ugr = —2a®P3pP3p, which sets ), to zero modulo
equations of motion:

V!, = 4D W (®3p) — %DQEQU = 4D W (P3p) — 4aD,(P3pW' (P3p)) = 0. (3.156)
Then S, becomes

Raﬁ == (1 — 2&)(DQ(I>3DD/3¢3D + D/Bq)?,DDaq)gD) + 2a(i<I>3D8a5<I>3D — Z‘aa/gq)gpq)gp).
(3.157)
We see that the lowest component of this multiplet is exactly the R-current (3.135), and
one can check that the remaining currents in the R-multiplet are in the R-frame.

In the “bulk”, in N = (0,2)

Let us revert back to our Landau-Ginzburg theory with a boundary and a boundary
Fermi multiplets whose E- and J-potentials factorize the superpotential (3.128). We want
to extend the above bulk supercurrent multiplet to a bulk and boundary supercurrent
multiplet as described in subsection 3.3.2. Following [3], we do so for the Noether current
in the R-frame, furnishing the R-multiplet.

The proposed structure of the full supercurrent multiplet takes the following form,
written as an embedding [132] into 3D N = 2 superspace:

B _ B0 |, p-pB(1) 7 BL) | g7 B

af
Rila =R +0"RI —0 Raw) +070 RID. (3.158)
=0 =0

The boundary components only have (++) and (——) indices as the indices (+—) corre-
spond to the L-direction. Each summand of the above expansion is a (0, 2)-submultiplet
of the left-hand side (for details, see the intermezzo in 3.2.2). Explicitly, these submulti-
plets of the bulk R-multiplet are:

e The zeroth-order bulk (0, 2)-superfields are

REO) = 8a(i®8, ® — i0, D) — 2(1 — 20)D, DD, P
=457 + ...,

RPO = 8a(iB0_® — i0_BD) — 4(1 — 2a) TV
=458 +.. |

REO = _40(i%0,® — i9, D) — V2(1 — 2a)(D, DV + VD, )
=27 +....

(3.159)
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e The first-order bulk (0, 2)-superfields are

RYW = 4(1 - 20)(i0, 9D, @ — D, W (D)) — 8iv20(9, DY — B, V)

= —4i(SHYF + ...,
REW = _8iv2(1 — a)VO_T + 8iv/2aD0_T
= —4i(SBYR + ...,
R = 2v/2i(0, 8V — 30, W) +2(1 — 2) (iD, 89T — V2UW' () + 2i00, V)
=2i(SP)*+....
(3.160)
e The second-order bulk (0, 2)-superfields are’
RYY = —16(9,00_® + 09, @ 4 a9, 0_ (D) — 26% (dD)
—10_Dy®D, @+ LD,®0_D P — 1LP)
= —16(a0,0_(DP) + 20, PO, @ — 207 (PD) + 1|W'(®)|?
—10_Dy®D,® + +D,P0_D, P)
= —16(TB )R +2(CEB R+ ...,
B2) L (3.161)
REY = —16(20-20_-® — ad? (PP) — L0V + LWO_V)

= —16(TE )* + ...,
RYP = 8(0_00,® + 0,80_® — ad_0, (D)
+55(0-D4y @V +9_-¥D, P — D, 0y — VI_D,P))
=8(TZ)" — (CT)™...,

where the lowest components are given by the energy-momentum tensor (3.150) and
the brane current (C)% = €,,,(H?)® in the R-frame: HX = —2i(1 — 42)9, (1))
where we have used (3.57) and the explicit improvement Ugx. Additionally, £P
stands for the (0,2)-completed superfield starting from the bulk Lagrangian on-
shell

—~

LB =20,00_® + 20 00, D — 0,00, & — |[W'(D). (3.162)

Adding a boundary

We now complete the decomposed bulk pieces by appropriate boundary pieces, guided
by the explicit current components from the previous section.
For the zeroth component Rg(o)’ we simply (0, 2)-supersymmetrically complete the bound-
ary R-current (3.136), where again o = (deg W)™, {x = deg E and {; = deg J:

RO — da(ty — 0,)HH,

(3.163)
2(0
RIY = 0.

This (0, 2)-completion (R?®)); of (j?), does not contain all the boundary contributions
necessary: we need also T?_ to the energy-momentum tensor, which are not contained in

9Note the general expansions (C.26¢),(C.27c) and (C.28c¢), in particular the definition of K, (C.29).
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our boundary multiplet (R%®), .1 The correction for the second-order terms (R%?),q
is

R = 89 — 800, (DP) + 4v/2ia(D,®V — TD, )|,
= —8[J(®)|* — 8| E(D)|> — 82D, (BP) + 4v/2ia(D, DY — UD,d)|,
= —16(T? )*F +209_+..., (3.164)
R = 8io_HH — 8iHO_H
= —16(T° Y* +...,
where the boundary contribution (CZ,)® to the brane current (C})* in the R-frame

(CY_)R = —i(1 — 4a)yy) is induced by symmetrization of the energy-momentum tensor

(cf. page 77), and £9 stands for the (0,2)-completed the on-shell boundary Lagrangian:
L0 = —|J(®) — |B(®). (3.165)

Integrated supercurrent multiplets

We now look at integrated supercurrent multiplets as in section 3.3.4. We integrate all
the fields along 2+ € (—o0, 0), which renders the Landau-Ginzburg model effectively two-
dimensional. By doing so, we recover the genuine 2D A = (0, 2) (integrated) supercurrent
multiplets.

We thus find, according to (3.104):

RO _ / det [80(i®0,® — i0,BP) — 2(1 — 20)D, 3D, ],

R™O) — 4oty — 0,)HH + / dzt [8a(i®d_® — i D) — 4(1 — 20)¥ |, 150
as well as
RYEE) = _8J(®)? — 8|E(D)|* + 4v/2ia(D, ¥ — UD_ )|,
16 / det [00,0_(FP) + 10,30, @ + L|(®)
—$90_D,y®D. P+ +D,.®0_D, 9|, (3.167)

R™®) — 8i0_ HH — 8iHO_H
16 / Aot [20_B0_0 — ad? (3D) — L0_T + 1TH_V].

After using equations of motion (3.111), (3.126), boundary conditions (3.131), fac-
torization condition (3.128) and homogeneity of superpotential terms, we find that these

integrated current multiplets indeed satisfy the relations
Dy (R™® 1 2ig R™ O =0,
- pint.(2) , int.(0) (3.168)

which shows that the respective lowest components are @ 4-cohomology elements (cf.
section 3.3.4).

10See (C.26)—(C.28) for details: Ty _ and Ty, are contained in the (0)-pieces, while 7__ is contained
in the (2)-piece.
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Appendix A

Special functions

In this appendix subsection we recall some basic functions [L104, 105].
The g-Pochhammer symbol is defined by

(2 ) = [I2o(1—q"2) , lg <1, z€C, o
ZQ)oe =\ Tye0 1 L e e (o (A.1)
Hr:l 1—q 72 , al > 1, 2 € C\ {¢" }rezao-
The inversion formula !
2q)oc = 7, |q| 21, A2
(G = o 012 (A2)

follows directly from the definition.
The g-Pochhammer symbol for general index complex index is defined as

(23 q)oo
2iq)a =
(z:9) (4°%; @)oo
from which the usual formulas follow

o IS =q2) , n=0,
(Z,Q)n = {H_n 1 Con< 0. (A4)

r=11-q~ "z

. lgl =21, z,a € C (generic) , (A.3)

The g-Pochhammer symbol can also be expanded as

-7 o~ Bl .
(2;¢)o0 = €Xp [ — Z ﬁ] = exp [102(1 Z Bnlogg Lis_pn(2)], (A.5)
r=1

where on the very right-hand side B, are the Bernoulli numbers and Liy is the k-th
polylogarithm. We also define the theta function as

0(2) = (2:0)00(027 "1 @)oo - (A.6)
Finally, we collect some useful interrelated identities to make g-gymnastics more trans-
parent

n=0

1
(21q)a = @ izg ) . (A.7a)
Pole)__ (2 @)nlaz"q) 0 = (—U"qé"(”‘%” (A.7Db)

04(q"2) U e ’ '

(210 o = (27 @u(=1)"g 2" 02 (A.7c)

where 2z, € C are generic and n € Z.
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Appendix B

Cohomology and K-theory of
complex Grassmannians

B.1 Cohomology

In this section, we discuss the classical cohomology of complex Grassmannians Gr(M, N),
i.e., complex M-planes in CV. Results from the literature concerning different presenta-
tions elucidates the ‘transition’ between classical, quantum and equivariant versions of
the topological rings. Throughout this section Greek letters u, v, p, ... will denote Young
diagrams.

B.1.1 Cell structure, Schubert calculus and Schur polynomials

Cell structure

The most ‘constructive’ way to present H *(Gr(M , N )) is to consider its cell structure
[95]. One can show that complex Grassmannians have a CW structure with cells given
by the complex codimension |u| Schubert varieties C,, C Gr(M, N)

{Gr(M,N) = Cyg, C1, Cy, Cr1, -+, Ciy_rpym }, (B.1)
and trivial boundary maps. The definition of C), depends on choice of a complete flag
0O=VocWVic...Vy=C", (B.2)
and it reads

Cp=1{p€Gr(M,N)[dim(pNVy_pmiap,) =@, a=1,...,M}. (B.3)

Schubert calculus

Each C), defines a (Schubert) cycle [C,,] € Hadim 2 ( Gr(M, N)) which in turn defines a
cohomology class o, € H 2l ( Gr(M,N )) by Poincaré duality. The classes are independent
of the choices of flags. We find that H*( Gr(M, N)) is freely generated (as a vector space)
by the (Aj\;) elements

{O-N}NQB]\/IX(Nflw)’ (B4)
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where Bysx(v—ar) is the ‘full box” Young diagram (N—-M )M . The multiplicative structure
can be similarly determined: the cup product obeys

0,0y = Z Chop, (B.5)
p

where (7, are the Littlewood-Richardson coefficients, computed e.g., via Pieri and Gi-
ambelli formulas, with the added relations that €%, = 0 whenever any of u,v,p 7

Bss(N—nr)-
Schur polynomials

Schur polynomials are symmetric polynomials in M variables, labeled by Young diagrams.
They can be defined as [140]

det(xngrM_b)ab
g,\Tr1,....T =
o) = )

(B.6)

and they form a basis of the vector space of symmetric polynomials in M variables. Their
multiplicative structure is

0,(@) - 0(x) = 3l @), (B.7)

where C%, are (as opposed to (B.5)), unrestricted Littlewood-Richardson coefficients,
computable by Pieri and Giambelli formulas. It is hence clear that Schur polynomials
yield an incarnation of (duals to) Schubert cycles, and hence a presentation of Grassman-
nian cohomology rings in the sense that, as rings!

Clou)

(000 =32, Clwoo {0} ugBar i any)

H*(Gr(M,N)) = (B.8)

Note that the above presentation is not a minimal one: as a ring, we in fact only need
the Schur polynomials labeled by ‘vertical’ diagrams oy, 041, ..., 0qum.

In the context of Schubert calculus, geometric interpretation of variables z,. These
variables, however, arise naturally when we consider different presentations of H* ( Gr(M,N ))
based on “splitting” rings, or based on the symplectic quotient construction of Gr(M, N).
We discuss these constructions in the next subsections.

B.1.2 Splitting ring presentation

Another presentation of H*( Gr(M, N)) can be found e.g., in [120] or [111, Ex. 14.6.6].
We start with the fact that the tangent bundle satisfies T'Gr(M, N) = Hom(S, @), where
S is the tautological bundle of rank M and @) is the quotient bundle of rank N — M
determined by the Euler sequence

05 —-C"=Q—0 (B.9)

'The numerator denotes the free commutative polynomial ring in the symbols {o,}, and the denom-
inator (x,y) denotes the ideal generated by elements z,y.
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of bundles over Gr(M, N). The bundle ¢(S5*) does not factorize over H*( Gr(M, N)), but
due to the splitting lemma there is a larger ring R with an injection H*( Gr(M, N)) <
such that ¢(S*) factorizes and we can set

M M
ca(S7)q" = [J(1 + za9), (B.10)
a=0 a=1

where ¢ is a formal (degree 2) variable, and x, € R are the Chern roots of S*. From the
above equation it is clear that

ca(S*) = 014 (), (B.11)
where on the right-hand side we have the a-th elementary symmetric polynomial, written
in terms of Schur polynomials [I10]. One can also show that, in terms of the roots x,,
the Chern classes of () are

i(Q) = 0i(x). (B.12)

The ¢,’s and ¢;’s generate H*( Gr(M, N)) with the relation stemming from (B.9) so

* ~ <( 1)a0 () z( )>a:1 ..... M,i=1,..N—M
(Gra, ) = eaS)c@) — ) (B.13)

where ¢,(E) = 1+qci(E)+. ..+ ¢%ca(E) is the total Chern class weighted by the formal
variable ¢.

B.1.3 Presentation via symplectic quotient construction

One can identify Gr(M, N) with the symplectic quotient
Gr(M, N) = Hom(CM,C™)//U(M) (B.14)

where the action of U(M) is acts on the right. We can then describe the cohomology of
Gr(M, N) via the cohomology of the symplectic quotient by the maximal torus

(PY"HM = Hom(CM,CN) //U(1)M. (B.15)

The variables x,, interpreted in the previous subsection as Chern roots of S*, are now the
H? generators of the a-th PN~!-factor. For symplectic quotients A//G and A//T, where
G is a non-Abelian group with maximal torus 7' C G and Weyl group W, the we have
from [91, 92] is

H*(Af/T)™
H*(A)/G) = —————
(g6 = =2

Here, ann(e) is the annihilator of e, i.e., elements of H*(A//T)" that are annihilated
upon multiplication by e, the Euler class of a vector bundle reflecting the non-Abelian

nature of G. For the case of Gr(M, N) we may identify A = Hom(C™,C"), G = U(M),
T = U(1)M, Weyl group W = Sy, and the result is?

(B.16)

% ~ C[l‘l,...,l’M]Sym
H*(Gr(M,N)) = — oAy A= [ — ). (B.17)
<$17'-'7xM>'< > a<b
2In [92], ann(e) is computed in the case of Gr(M, N) to be (z¥V,... z%}) : A% This is an equivalent
presentation to the one presented above. A careful discussion is found in [91] and a proof of this assertion

in [93, Thm 1.8].
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where [ : J = {r|rJ C I} denotes the ideal quotient. The quotient by the ideal quotient
is taken inside the larger ring Clzy, ...,z (neither (z{, ... z};) nor (A) are ideals of
Clay, ..., zy)5™).
This presentation can also be interpreted as being derived from the Kirwan map [93,
|. For symplectic quotients A//G and A//T, where G is a non-Abelian group with

maximal torus 7' C G, we have surjective maps
kr: Hi(A) — H*(A//T), (B.18)
kot Hy(A) » H'(A))G),

where the left-hand sides denote equivariant cohomology. For the case of Gr(M, N) the
equivariant cohomologies are the freely generated ‘numerators’

Hi(A) = Clay, ..., xn), HHA) = Hi(A)W = Clay, ..., 2™ (B.19)
The kernel of the map k7 is then given by (2, ..., x};) and the kernel of the map kg is

given precisely by taking the quotient of Hg(A) by the ideal quotient (z, ... z}) : (A)

as subrings of Hp(A).

B.1.4 Deformation to quantum cohomology

There are deformations of the multiplicative structures of H*( Gr(M, N)) that lead to
quantum cohomology Q) H* ( Gr(M,N )) These can also be determined by deforming the
presentations (B.8), (B.13) and (B.17) given above. In that order we have

1. The deformation of Littlewood-Richardson rules C%, = C%,(q) for (B.8) can be

found in [143, 144] and we do not repeat it here.
2. In [12, 43, 120], it was shown that the deformation of (B.13) is
_]_ @ a 1 a=1,... 1=1,....N—
QE* (Gr(M, N)) = T 00 (@), @ ot btit,obs (B.20)

(cg(9)c(Q) — ¢ — (=1)N=Mgh)
where the (previously dummy) variable ¢ now counts degrees of curves.

3. Lastly, the presentation via the symplectic quotients (B.17) can be deformed by
adopting the quantum relations for the Abelian quotients PV !

N=q a=1,...,M (B.21)
and otherwise remains unchanged, so that
C[l‘l, N ,[L’M]Sym

(@l —q,...,2, —q) : (A)’

QH*(Gr(M,N)) = A=T]@.—m). (B22)
a<b
In other words, the classical Kirwan map extends to quantum cohomology.
Note that the presentation in terms of symplectic quotients can also be deformed to
present U(1)Y-equivariant cohomology of Gr(M, N), by replacing the P¥~! relations by
“equivariantized” relations

N
[[@e—w)=0 a=1... M (B.23)

i=1
In the analogous presentations via Schubert cycles, Schur polynomials will be replaced
by factorial Schur polynomials (see [115] and references therein).
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B.2 K-theory

Classical K-theory for complex Grassmannians (over Q or C) is isomorphic to classical
cohomology, by virtue of the cell structure, via the Chern character [116]

ch: K (Gr(M,N)) = H*(Gr(M,N)), (B.24)

so it is in some sense redundant to discuss different presentations of K-theory. However,
the isomorphism is not clear for the deformation to quantum K-theory. In the case of
cohomology in the previous section in B.1.4, we saw how one can slightly deform various
presentations of cohomology to obtain quantum cohomology. We want to make analogous
statements for K-theory: we will recall again three related presentations of classical K-
theory, and present the proposals from [1, 2] two of the three presentations are deformed
to quantum K-theory. The remaining deformation is the one presented in [144].

B.2.1 K-theoretic “Schur” classes

The description of cohomology via the tautological bundle S over Gr(M, N) has an analog
in K-theory. We may write (in some larger ring)

where P, denotes the K-theoretic Chern root. It is related to the cohomological Chern
root by the Chern character®
ch(P,) = e ™. (B.26)

We may then present K-theory using Schur polynomials in the variables X =1 — P, so
that*

Clou(z"))

(ou(@X) - 0u (@) = 32, Clwop(@5), {0u(®™) bugBrr v any)

where Cf, are the classical Littlewood-Richardson coefficients. The ch-images of the

K(Gr(M,N)) = (B.27)

classes 0,(z%) € K(Gr(M,N)) can be computed by expanding % = 1 — e in z,
up to order z! (N_M), and decomposing the result in terms of (cohomological) Schur

polynomials o, (z). The dimension of K-theory is of course (ﬁ), the same as cohomology.

B.2.2 Schubert structure sheaves and Grothendieck polynomials

Another presentation in addition to (B.27) involves the Schubert varieties C, (B.3). In
particular one can show that K (Gr(M , N )) is generated additively by the structure
sheaves O, on these subvarieties. The multiplicative structure can be computed algo-

rithmically [115], to determine some structure constants Dy, to give
C(O
K(GI‘(M, N)) o < H>NQBM><(N—M) (B28)

<Ou -0, — Zp DZ”OP>'

3In the bulk of chapter 2, we implicitly assume that all K-classes have been evaluated via the Chern
character map and we work in cohomology.
4See footnote 1 for notation.
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The two presentations (B.27) and (B.28) can be seen to be compatible using Grothendieck

polynomials, first introduced in [117]. These are symmetric polynomials in M variables,
labeled by Young diagrams. There is a determinantal definition (see [118] and references
therein)

o ) det (xﬁj”M*b(l — xa)bfl)
Ti,...,Tp) =
e " TToco(za — o)

Their structure constants match the ones of the abstract Schubert structure sheaves

Ou(w) - O,(x) =Y D}, 0(), (B.30)

ab (B.29)

and hence they form an incarnation of the Schubert structure sheaves. We find that we
can present

C{Ou(="))

K(Gr(M,N)) = . (B.31)
( ) O O 5, OO, @) 1O Tz n )
In the above notation we have also tacitly incorporated the fact that
ch(0,) = Ou(xK)7 (B.32)

where on the left-hand side we have the (abstract) Schubert structure sheaf, and on
the right-hand side we have the Grothendieck polynomial in the cohomological variable
xf =1—e"%,

The Grothendieck polynomials are related to Schur polynomials by linear transfor-
mations
Oul) = Uwoy(x), (B.33)

that can be computed explicitly. Note that, while o, () is homogeneous of degree || in
x, while O,(z) is not homogenous, but its degree in x bounded below by |u|. However,
the (infinite dimensional) bases of symmetric polynomials in M variables, given by Schur
and Grothendieck polynomials admit compatible filtrations “by rectangular boxes”; con-
cretely, this means that if u C Byxr then the coefficients U,, above will be non-zero
only for v € By;«r. The ‘compatibility’ of the two presentations is reflected in the fact
that the structure constants D, can then be computed from the Littlewood-Richardson
coefficients €', and the transformation matrices Uy, .

B.2.3 Presentation via symplectic quotient

Using the symplectic quotient construction (B.14) of Gr(M, N) we may apply the result
from [94]
K(A//T)"

ann(e)

K(A)JG) = (B.34)

where e is the K-theoretic Euler class of a bundle over A//T, reflecting the non-Abelian
structure of G. This is the K-theory analog of the cohomological statements (B.16) in
[91-93] used for (B.17). We take A = Hom(CM C), G = UM), T = U(1)M, Weyl
group W = S);. The K-theory of the Abelian quotients is

CIP{, ..., P
(1=P)N, ..., (1 = Py)N)

I

K ((PV-HM) (B.35)
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and the K-theory of the full symplectic quotient is

ClP, ..., Py
(I=P)N,..., (1= Py)N) : (Ag)’

K(Gr(M,N)) = Ag =[](P.— R), (B.36)

a<b

where I : J = {r|rJ C I} denotes the ideal quotient. The quotient by the ideal quotient
is taken inside the larger ring C[P!, ..., P{']. This presentation can be mapped to the
previous ones by setting P, = 1 — 2%, i.e., we can also present®

a )
Claf,. .. x5

(@Y, (i) V) = (D)

Ak =[JEk -2 (B3

a<b

Once again, this presentation arises by considering the K-theoretic Kirwan maps [94]
from equivariant K-theory to K-theory of symplectic quotients

ket K(A) = K(A)/G), Ky Kp(A) — K(AJ/T). (B.38)

The maps can be shown to be surjective, [119] and the quotient presentation above reflects
the kernel of the maps.

B.2.4 Proposal for quantum deformation

In the previous section B.1, we have recalled different presentations for the cohomology
ring H* ( Gr(M, N )), and we subsequently deformed these presentations yielding presen-
tations for the quantum cohomology ring, listed in page 88. Throughout the current
section, we have recalled analogous presentations for K-theory K (Gr(M , N )) In this
subsection we argue that results from the literature and results from subsection 2.2.6 are
K-theoretic analogs of the cohomological deformation presentations of B.1.4.

In particular, we want to argue that (see the list in page 88)

1. “Schubert” presentation:
The quantum deformation [1 18] of the classical K-theory structure constants [115]
is the K-theory analog of the deformation 1. of classical cohomology structure con-
stants, where the Littlewood-Richarson coefficients in (B.8) are replaced with ¢-
dependent coefficients.

2. Explicit presentation d la Intrilligator, Vafa, Witten:
The quantum deformation of the explicit presentation (B.31) in terms of Grothendieck
polynomials, proposed in [2], is the K-theory analog of the deformation 2. of classical
cohomology of Grassmannians by Vafa, Intriligator and Witten.

3. “Symplectic quotient” presentation via ideal quotient:
The quantum ring described in [1, 2] and discussed in 2.2.6 is a deformation of
(B.36) which is the K-theory analog of the deformation 3. of classical cohomology
(B.17). In other words,

CIP", ... Py o™

QK (Gr(M,N)) = S0 (Ax)

. A =[P - R, (B.39)

a<b

®Note that, while the K-theoretic Chern roots P, are invertible (in the ‘numerator’ ring), the gener-

ators xf are not.
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where £¢ is the ideal

N

Lo = (1~ P)" + Q- (1= P +Q M Pa) (B.40)
Once again, the quotient is taken inside the larger ring C[Pj™", ..., Pi;']. The above
presentation can be again viewed as the image under a quantum Kirwan map be-

tween respecitve equivariant versions [150]. Equivalently, we may present

C[D1, ..., Dy>™
QK(Gr(M,N)) = , Axg = ||(D,— Dy), (B.41)
( ) L4 : (Ak) g
where £ is the ideal
N 1-DYN N 1-D¥

Lo =D\ + Qur -+ Dar + Qr 755)- (B.42)

B.3 Quantum K-theory of low-dimensional Grassmannians

In this section we print some multiplication tables for the first few Grassmannians,
computed by the proposal (B.41). The multiplication rings of their dual counterparts
Gr(N — M,N) = Gr(M, N) are obtained by transposing the labeling young diagrams
p— u’ and sending Q — (—1)Q (which leads to a relative sign between dual pairs
when N is odd). After performing this redefinition, one can check that our results agree
with the ring structure from [1411].

We also state the quantum g-difference equatlons of the corresponding I-functions as
discussed in section 2.2.7, with 6 = 1 — ¢’ and 6 = Q-% 3G and their corresponding 2D
limits, matching the results from [122].

B.3.1 Quantum K theory of Gr(2,3) = Gr(1,3)

The generators of QK ( Gr(2,3)) are the structure sheaves on the Schubert varieties
{0, 01,011}, (B.43)
and the multiplication table is
O1%01 =011, 01011 =00, O11%0;1=CQ0. (B.44)

The multiplication table for Gr(1,3) is obtained by p +— u?.
The quantum difference operator annihilating the /-function is

Dq,Gr(2,3) = 83 - Q7 (B45)

with 2D limit
Dlns = 07 — Q7. (B.46)



B.3 Quantum K-theory of low-dimensional Grassmannians 93
B.3.2 Quantum K theory of Gr(3,4) = Gr(1,4)
The generators of QK ( Gr(3, 4)) are the structure sheaves on the Schubert varieties
{007 017 01,17 01,1,1}7 (B47)
and the multiplication table is
O, x0; = 01,17 O, * 01,1 = 01,1,1,
O * 01,1,1 = —QO0Oy, 01,1 * 01,1 = —QO0O,, (B 48)
01,1 * 01,1,1 = —Q0, (91,1,1 * 01,1,1 = —Qol,l- '
The multiplication table for Gr(1,4) is obtained by Q + —Q and u + u’.
The quantum difference operator annihilating the I-function is
DQ»Gr(374) = 54 + Q’ (B49)
with 2D limit
Dé[r)(?,,z;) =0"+Q*". (B.50)
B.3.3 Quantum K theory of Gr(2,5) = Gr(3,5)
The generators of QK ( Gr(2, 5)) are the structure sheaves on the Schubert varieties
{007 017 027 01,17 (937 02,17 (93,17 02,27 03,27 (93,3}7 (B51)

and the multiplication table is

O1%x01 =011 —0g1 + Os,

O * 01,1 = (92,1>

O1 %031 = O+ 031 — O3,
O, * 02,2 = 03,2,

01 % 033 = QOs,

Oy % 011 = Oz,

Oy %031 =035+ Q(Oy —O1),
Oy % Og5 = QOx,

Oy % 033 = Q0 1,

O1,1 % O3 = QOy,

011 %031 = QOx,

01,1 * (93,2 = Q0O,,

O3 % O3 = O33,

O3 % 031 = QOq,

O3 * 03,2 = QOQ,b

Os1 %01 =033+ Q (01 —Os),
02,1 * 02,2 = Q0O,,

O1 %0y = Og1 — O3 + Os,

Oy % O3 = O34,

O1 %031 =035+ Q (Op — O1),
O1%x039=033+Q (01 —0,),
O % Oy = Oz + 031 — O3,

Oy % O3 = 03,27

O%031 =033+ Q (01 —0,),
O %039 =Q (011 — 021+ Oy),
01,1 * (91,1 = (92,2,

@1,1 * 02,1 = 03,2,

O1,1 % Ogp = O33,

01,1 * 03,3 = Q03

O3 % Oy = QO

O3 % O = QO 1,

O3 * 03,3 = Q02,27

021 %031 = Q (011 — 01 + 0s)
Oy1 %035 =0Q (021 — 031+ O3)



94 B. Cohomology and K-theory of complex Grassmannians
(92,1 * (93,3 = Q(93,1> (93,1 * (93,1 =@ (02,1 - (93,1 + (93) )
O31 % Oy = Q04 1, O31 %039 =0Q (022+ 031 — O3,),
03,1 * 03,3 = QO3,27 02,2 * 02,2 = Q03
(92,2 * (93,2 = Q(93,1> 02,2 * (93,3 = ono’

03,2 * 03,2 = QO3,2 + Q2 (Oo - 01) ) 03,2 * 03,3 = Q2017
03,3 * 03,3 = Q201,1~

The multiplication table for Gr(3,5) is obtained by Q — —@Q and p +— u?.
The quantum difference operator annihilating the /-function is

with
Lo =
L, =

£3:

Ly =

4

Dy cr(25) = Z Q'L (B.52)

1=0

—2567(—1+ 0+ ¢)*(1 + 3¢ + ¢*)°

256"(¢ = 1)g*(1+ q)(1 + g+ ¢°)

+256%(q — 1)2¢* (1 + 2¢)(1 + 3¢ + ¢*)°

—250% (g — 1)¢* (2 + 99)(1 + 3¢ + ¢*)°

— 58%*(1 + 3¢ + ¢°)*(2 + 10 + 63¢°)

+ 565 (1 + 3q + ¢*)*(—7 — 160 + T8¢%)

+56%(q — 1)¢* (=13 — 13¢ — 3¢> + 2¢° + 2¢*)

—58%(g — 1)g*(—12 — 3¢ + 12¢% + 32¢° + 47¢* + 24¢%)

+567¢4(3 — 7q + 39¢° 4 295¢° + 815¢* + 1087¢° + 677¢° + 191¢" + 25¢°)

= 6"9° — 5%(q — 1)¢°(1 + q) + 25¢°(1 + 3¢ + ¢*)*(1 + 3¢*> + ¢*)

—587(q — 1)¢°(3 + 28 + 51¢% + 50¢° + 25¢%)
+505(g — 1)¢°(4 + 79¢ + 162¢% + 190¢° + 115¢°)
—250¢°(1 + 3¢ + ¢*)(5 + 12 + 21¢* + 45¢° + 19¢* + 18¢° + 5¢°)
+2502¢% (10 + 45¢ + 108¢% + 240¢° 4 345¢" + 240¢° + 180¢° + 72¢" + 10¢%)
+ 56%¢% (12 + 104q + 200¢% + 525¢> + 685¢" + 598¢° + 766¢° + 210¢" + 25¢°)
— 573 (25 + 201 — 125¢° — 5¢® + 205¢* + 875¢° + 1699¢° + 225¢" + 25¢°)
— 50%¢%(32 + 179¢ + 475¢° + 1190¢> + 1645¢* + 1193¢° + 1096¢° + 3904" + 50¢°)
—567q"% 4+ 50°¢" (=2 + 5¢) — 5(g — 1)¢"* (5 + 8¢ + 9¢* + 8¢* + 5¢")
+56(q — 1)¢"3(25 + 38¢ + 45¢* + 42¢° + 25¢")
—56%(q — 1)¢"*(25 + 21q + 48¢> + 48¢° + 25¢")
—50%(q — 1)¢**(50 + 70q + 91¢* + 88¢° + 50¢*)
+56%(q — 1)g"*(50 + 61¢ + 93¢> + 92¢° + 50¢*)
+0°¢13(—25 4 34q — 70¢° + 25¢* + 25¢°)
(=1 +0)°¢"
(B.53)
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with 2D limit

DElas) = 3125[(6 — 1)°07 + Q*P0°(3 + 110 + 116°) + (Q°")?]. (B.54)

B.3.4 Quantum K theory of Gr(2,6) = Gr(4,6)

The generators of QK ( Gr(2,6)) are the structure sheaves on the Schubert varieties
{007 017 027 (91,17 037 (92,17 047 03,17 OZ,Q) (94,17 03,27 O4,2a (93,37 04,37 0474}7 (B55)

and the multiplication table is

O1 %01 = 01102140, O1 %0y = 0g1—031+03,

O1 %011 =041, O1 %03 = 031—041+04,

O1 %021 = 025+03;—033, O1 %Oy = Oy,

O1 %031 = 039+041 =049, O1 % Og9 = O3 9,

O1 %041 = O042+Q (Og—0y) , O1 %039 =0334+042—0y3,
O1 %049 =043+Q (01 -0,), O1 %033 = Oy,

O1 %043 = 044+Q (02—-03), O1 % 044 = QO3

Oy % Oy = (92,2—1-(9371—@3,2—04,1 +04, Oy % (91,1 = 03,1,

Oy % O3 = O354+041—04 2, Oy % Oy1 = O354+041 -0y,
Oy % Oy = Oy, O3 %031 = O33+042—043+Q (0 —0O1)
Oy % 039 = Oy 9, Oy % O41 = O043+Q (01—0,),
Oy % O35 = O43+Q (01— 04), Oy % 042 = 044 +Q (011 =041 +0,—03),
Oz x 033 = QOs, O3 % O43 = Q (021 —05,+03),
Oy * (94,4 = QO3,17 01,1 * (91,1 = 02,2,

(91,1 * O3 = (94,1, 01,1 * 02,1 = 03,2,

01,1 * Oy = QOy, 01,1 * 03,1 = 04,2,

(91,1 * 02,2 = 03,37 01,1 * 04,1 = Q0,

01,1 * 03,2 = 04,3, 01,1 * 04,2 = Q0

01,1 * 03,3 = (94,4, 01,1 * (94,3 = Q0Os,

O1,1 % 044 = Q04 O3 % O3 = O33+049—043,

O3 % 031 = O42+Q (Oy—01), O3 % Oy = Oy3,

O3 %031 = 04 3+Q (01—07) , O3 % Og9 = Q04,

O3 % O41 = 04 4+Q (03— 03), O35 035 =0Q (011—021+0,),
O3 % 042 = Q (0,1 —031+03) , 03 % 033 = Q0,1

Os * 04,3 =@ (02,2+O3,1—03,2) ) O3 * (94,4 = QO3,27

021 %021 = O033+0495—04s3, 021 % 04 = Q04

O21 % 031 = O43+Q (01— 0s) Oa1 % Oz 5 = Oy 3,

Os1 %041 =Q(011—021+0,), 021 % 039 = 044+Q (02—03),
021 % Oy =Q (031 —05:+03), Os1 % 033 = Q0s,
O1 %043 =0 (031—041+0y), 091 % Oyq = QO04,
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Oy %0y = (94,4, Oy * 03,1 = Q0,,
Oy * 02,2 = QOM, Oy (94,1 = Q0;s,
O4% O35 = Q0,1 O4 % 042 = Q03 4,
Oy * (93,3 = QO2,2, Oy * (94,3 = Q03,27
Oy % Os4 = Q0s53, Os1 %031 = 044+Q (011—0214+0,—-03),
031 % Ogp = QOs, 031 %041 = Q(021-05,+03),
Os1 %039 =0Q(021—031+03), O31 %040 =0Q (022+031—032—04,+0,),
031 % 033 =03, O31 %043 =Q (032+041—04p),
03,1 * 04,4 = QO4,2, 02,2 * 02,2 = 04,4;
(92,2 * 04,1 = QOQ,la 02,2 * 03,2 = Q03
Oz % 042 = Q031, 022 % 033 = QO4,
02,2 * 04,3 = QO4,1, 02,2 * 04,4 = QQOO,
O41 %041 =Q(031—041+0,), Ou1 %039 =0Q (022+031—035),
Os1 %040 =0Q (032+041—042), Oy1 % 033 = Q03.,
Os1 %043 =0Q(033+042—043), O41 % Ogq = Q043,
O32% O35 =0 (031—041+0,), O32% 040 =0 (032+041—043),
O32% 033 = Q04, O30 % Oy 3 = Q0424+ Q (Og—0),
Osz9% 044 = Q*0y, Ou2% 040 =0Q (033+045—043)+ +@Q° (Oy—01),
Ouo % O33 = Q0 , Ouo*%Oy3 = QO4,3+Q (01—0,),
Oy % Osq = QZO% O33% 033 = Q2007
(93,3 * 04,3 = Q201> 0373 * 04,4 = Q201,1>
04,3 * 04,3 = Q2 (01,1—02,1+O2) ) @4,3 * 04,4 = Q2(92,17
(94,4 * 04,4 = Q202,2-
The multiplication table for Gr(4, 6) is obtained by p > u?.
The quantum difference operator annihilating the I-function is
8
Dycon = 3 Q'L (B.56)

1=0

where the lowest- and highest-order terms are (the most amenable to printing)
Lo = 882(3 + 3¢ + 18¢* + 15¢°® + 22¢" + 14¢° + 6¢° + 3¢") x
X (q—1)°(1+4g+2¢2)*° (6 + ¢ — 1)°(6 + > — 1), (B.57)
Ls = 729¢°7(1 - 6)°.
The 2D limit of the operator is

Dla) = 177885288(0—2) [(0—1)°6°—(Q*")0°(1420) (4+130+136%) —3(Q*")*(2+36) (4+30) .
(B.58)

B.4 Characteristic classes

As discussed in the previous section, the tangent bundle satisfies T'Gr(M, N) = Hom(S, Q),
where S is the tautological bundle of rank M and @ is the quotient bundle of rank N — M
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defined by the Euler sequence 0 — S — CY¥ — Q — 0. The sequence implies the K-
theory relation [T'Gr(M, N)] = [Hom(S, C)*N] — [Hom(S, S)] = N[S*] — [S* @ S] [94].
For characteristic classes G defined by multiplicative sequences g(z) this means that® for
X =Gr(M,N)

[, g(za)™
G(X)= “ , Tapy =Tg— Ty, B.59
( ) Héﬁb 9(%b)9($ba) ( )

where z, are the Chern roots of S*. The right-hand side can be decomposed g(z) =
Zu 9,0y, where the allowed Schur polynomials o, (meaning, polynomials labeled by
Young diagrams fitting into an M x (N — M)-box) are interpreted as the generators of
H*(Gr(M,N)). Thus, the Chern class with g(z) = 1+ x is”

Hfzvil(l + xa>N
Hi\ib(l —x2)

M N2 M NM M
:1+NZxa+(T(Zma)Z_szngZbe)+...
a=1 a=1 a=1

a<b

=1+ NtI‘R(I) + (M — %) tl"gU(M)($2) + %N(N — 1) trU(l)(xQ) + ...,

co(X) =

(B.60)

while the Todd class with g(z) = == is

l—e—%

td(X) = 1_[1 ((1 _xg;pa)) l_Ib L= eza?(;(?lb_ _— ’ (B.61)

and the ¢-Gamma class is given by the sequence of g(x) = I';(1 4+ x) and hence

T, Ty(1 4 a0)N

X = 1,001+ 2an) Dy (1 — 2p) (B.62)
Lastly, by mapping Chern classes to Chern characters
ch = rank +c; + £ (cf — 2¢2) + ¢ (¢ — 3cica 4 3e3) + . .. (B.63)
we find from (B.60) that the Chern character of (the tangent bundle of) X is
ch(X) = dim X + N trp(z) + (5 — M) trspn (@) + 5 trpay(@?) + ... (B.64)

~

6The relation can also be derived from the symplectic quotient construction Gr(M,N) =
Hom(CM, CN)//U(M) [92].
"See footnote 1 for the definitions of traces.
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Appendix C

Decompositions and supercurrent
multiplets in 3D

In this chapter we gather some details about the decomposition of supersymmetry al-
gebras in our setup from chapter 3. Throughout this chapter (as in chapter 3), Greek
letters p, v, . .. denote bulk spacetime indices, hatted Greek letters i, 7, ... denote bound-
ary spacetime indices, while Greek letters a;, 3, ... denote spinor indices.

C.1 Decomposition of 3D N = 2

C.1.1 Decomposition to 2D N = (0, 2)

In this subsection we discuss decomposition of 3D N = 2 superfields into their (0, 2)
subrepresentations. To do so, we use the branching coordinate (or invariant coordinate)
3, , |. It is defined such that in superspace with coordinates (£#,07,607), the
representations of the preserved supercharge operators Q, and @ + commute with 6~ and

0 , i.e., contain no derivatives in these variables. Another property of the branching
coordinate is that the preserved supercharge operators do not contain or generate P, .

If we want to preserve the (0, 2)-subalgebra generated by Q.., Q +, one can easily check
that we need

¢h=at+i6 "0° = (2,27, 2" +i(070 — 9’9+)). (C.1)

Indeed, in terms of &* the operators (3.50), (3.51) are

Q+=a%+2z'§+a%, Q- za%wié‘a%_—%@*a%,
@__a%—mma%, Q_ ——a%—zw—a%Jrzwa%, o)
D+=a%—2¢§+%+zié‘a%, D:a%—zz@‘a%_, |
D, = —a% + 2z‘9+8% - M_a%’ D_ = —% + 2@0‘%.

In particular, the Q,,Q + do not contain any 0, terms. The (0, 2)-covariant derivatives
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are defined by
pO2) _ 0 Tk 0

T o6 T o

(C.3)
—(0,2) 0 e 0
D = —— + 210" —
+ 50" T2 de+
so we have that 02) 3
D, =Dy 4+2i0 9.,
T - (C.4)

D, =DV —2i070,.
We often drop the (0,2)-label when the covariant derivative type is clear from context.
We may now simply perform a Taylor expansion of an N = 2 superfield X:

X(2,0,0) = X 0% ) +0- XU(&,07,0 )+ XMW (,07.6)8 +070 XD (£, 0%,8").
(C.5)
Since the (0, 2)-operators {Q+,©+,Df’2),5$’2)} do not contain derivatives in 6,60 ,
the coefficients in these variables are preserved by these operators; in other words, the
coefficients are the (0, 2)-subrepresentations of X'(z, 6, 0).
For example, let us decompose 3D chiral field (3.107) into its (0, 2)-submultiplets. In
terms of £ we find that the “chiral” coordinate y* is

(v y,yt) = (65 —2i0%0 & —2i070 &5 +2i070"). (C.6)
The expansion of ®3p gives then
Psp(w,0,0) = D(E,0%,07) — 2070 0_B(€,07,0") +V2070(e,07,8"),  (C.7)

where the chiral and Fermi multiplets are

= ¢+ V20Th, —2i070" 0.,

_ _ _ (C.8)
U= — V20T F — 2070 0.0_ +V2i0 0.6 — 20070 0,1,
in agreement with [05]. These satisfy
D,®=0, D,¥=—iv20,0. (C.9)

We can obtain the full expansion using (C.1) on the right-hand side of (C.7)

Bsp = D+V20 U +i(010 —070 )0, ®—2i070 9_D—/2i0760°0 0,V —0"0 070 5>,
(C.10)
where now all (super-)functions depend on x.

C.1.2 Decomposition to 2D N = (1,1)

In the presence of a boundary we may also preserve a 2D N = (1,1) subalgebra. For
completeness, we also present decomposition of 3D N = 2 superfields and operators into
this subalgebra.

We want to preserve the (1, 1)-subalgebra generated by’

Q- =3(Q-+Q.),
Q4 = %(Q+ - @Jr)

!Note that in breaking from a 2D (2,2) algebra to 2D (1,1) we may additionally “pick a phase”, i.e.,
we may choose

(C.11)

Q= 3 Qi+ e q,),
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These satisfy the (1, 1)-algebra:

Q. Q) =20,
{Q+, Q4 } = —2i0,, (C.12)
{Q—v Q+} = 0.

Defining rotated, real Grassmann variables
V- =—i(0 =0 ), I =—(0"+0),
Oeg v =0 ) (C.13)
It =—(0"+0"), It = —i(0t —0").

and using the shifted “branching” coordinate
(¢ ¢, ¢ = (ah e, + L0 +9T))
= (yT =0T,y + 9Oyt = LIt — it — it — J70T)),

the supercharges take the form

R
av- " ac—

o .0
a3

Q. =

Qy = —1

We can then define also the (1, 1)-covariant derivatives

N I
“ig Y e
0 _ g+ 9
oo U act

D_=

(C.16)
D+:_7;

which of course satisfy
{D4,D.} = 2004,

{]D+, ]D,} - O
Then, (1, 1)-irreducible multiplets are of the form

(C.17)

Y =A+i" B+ C+id 9" D. (C.18)
Using the branching coordinate we find the decomposition
Dyp(2,0,0) =P+ 0D P — 9 D_&+ 90 (D_Dyd — 9, D) (C.19)

where on the right-hand side we have super(functions) of (¢,9,9) and we have defined
the (1, 1)-multiplet

D= — 50 + 50T + 5070 (01 +iF). (C.20)
for i = 1,2 [24, 32]). However, in 3D N = 2 to (1, 1)-subalgebra breaking, we further need to impose

that the charges do not generate any 0, -derivatives, i.e., that

{Q1,Qa} = L Re(e™ )0, <0,

which fixes the phase to v1 — vy = § + k.
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Around the same point, the full branching reads

D3p =P+ 9D — I D+ LI +9T97)0. 0+ 9 I (D_Dy P — 9, D)

L. L C.21
+ 2979070, D@ + L9 0, D_d + }lﬁ‘lai@, ( )
where 94 == 9t9+t9— 9.
The (1, 1)-variations are induced by dgym = ie1 Q4 +ic_Q_, e4 real spinors:
5sym¢ = _\/L§€+w+ + \/Lég—l/}—a
o . 1 .
Ssymtos = V2ie 040 + 755—(8J_¢ +iF), (C.22)

Soymt)— = —25e1(010+iF) — V2:_0_0,
OoymiF = V22 (04p- + 30004) — V2ie_(0_¢y + 501).
The 3D N = 2 bulk Lagrangian of one chiral field ®3p is decomposed as follows
L— / 40(Byp®s — (00)(00)00_ (Tsp®ap)) + / LOW (D31 + / QG (T )

= / d*y [2(]1),5]1)@ —D,dD_ @)+ P), & — 0, PP — 2i(W + W)
+ 0. [29T (D 0P — PD D) + 19~ (D_PP — OD_P)
+ 070" (10.(@0) + (W — )]

(C.23)
The equations of motion are in superspace
0=2D_D,d—0,0+iW (B), (C.24)
which in components are the usual bulk equations.
C.2 Supercurrent multiplets in 3D
C.2.1 Decomposition to (0, 2)-multiplets
We decompose the bulk multiplet S, = —27558# using the branching coordinate &

according to

Sus(2,0,0) = SO)(£,07,8") + 078 (e,07,8") 8 S{)(e,07,8") + 078 ST)(£,07,8").

(C.25)
We obtain:
1. The +-direction
S =44, — 4i07(S,), — 40 (S). — 16070 T, (C.26a)
SM = —4i(S,). — 22w, + 0 (4i0,j, + 4K, + 4iL,) — 4i07Y, (C.26b)

+ 80700, (S,)-,
S? = 8K, +8070.(5.)_ — 80 0.(S.)_ +8070_(5,)s — 80 0_(5. ),
— A2i00, T — 4v/2i0 Daw_ — 4v/2i070 wy — 4V/2i0 0 W,
— 4070 0%, — 8010 0 Ly — 4070 (—20,0,5” + 9%5.).
(C.26¢)
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2. The —-direction

SO = 45— 4i0T(S_), — 40 (S_), + 2v20 w_
— V20w — 80T K,

SYW = _4i(S.)_ —4i0"Y_ 440 (K_, +i0,j_ +iL_)
+ 800 0, (S_)_ +4v2i00 0_w,,

S — 16T _ + 8010, (S_)_ +8070_(S_); — 80 0_(5_)s — 80" 9, (5_)_
+40Y0T% 5. — 8010 O, L_ — 4010 (—20_0"j, + 0%]_).

(C.27a)

(C.27h)

(C.27¢)
3. The L-direction
S = —2j, +2i0%(SL), +2i0 (51), + V20w, (C.289)
. _ .20a
V20w, +4070 K,
SY = 42i(S). — Vo — 20 (K, +i01j, +iL,)+2i07Y | (C.28b)

— 4070 0,(S))- — 2v/2i010" 9, w, — 2V/2i010 0. w_,

S® = 44K, —4670.(S.)- +40 9.(SL)- —4610_(S1)4
F4070_(S )y + V2i0T 0w, +V2i0 0_w, + 4070 9, L, (C.28¢)
+20707 9%, — 4070 (8,07), — 10%).).

where

K., =2T,, —nuwA — %EWPHP =2T,, — A — }IC’W,

C.29
Ly = %equFVp + €up0” " = %CM + €up0”j’ ( )

where we have also defined the brane currents C,, = €,,,H” and C,, = €,,,F"?. The de-
composition for the R-multiplet is found simply by setting the multiplet Vo > (wa, 4, Y),)
to zero.



104 C. Decompositions and supercurrent multiplets in 3D

C.2.2 3D N = 2 supersymmetry variations of components

Under a variation induced by dgym = £Q — £Q, we may compute from (3.54)

SsymAa = i6aD — i(V€)a(H, + 2,y F"?) + £€,4C, (C.30a)
Ssym D = EY* DN — EVFOLN, (C.30D)
SymH, = —ED N + DN, (C.30c)
€upOsymF’ = —2i€,,,(E7P "N + EPD"N), (C.30d)
dsymC = 0, (C.30e)
Soymia = V2B — 355€,C — V2i(1"€)aY,, (C.30f)
dsymB = —\/Ei(gfy"@#w), (C.30g)
Ssym Yy = V2(£0,w), (C.30h)
Osymn = T75(E00) — 5 (Evuw) — i(€S,) — i(ES,), (C.301)

Osym(Sp)a = i(%é“)aa + EMPV(VVQQVP +&, (iEMVﬂFW + Equanp)

e oo (C.30))
—i(7")a(2T)u — 1€uwpt” + 10,7, — 0] M)
Osym B = =3 [260,06707S, — V/2i€,, 0/ — S517,,67,0°0 (C.30K)
— QEVP,\E%(?”?M — ﬁieyupgﬁpw — %W@papw}, .
6SymTMV = _ﬁjn/w(g’ypapw) - %g'Y(V’VpapSu) + %ga(usu) (C 301)
— 1w (£7,0"w) = 3€7700” S,y + 5€00, - '
C.2.3 Decomposition of bulk constraints
Using the branching coordinate £ and the expansions
B _ . B(0) — B(la) | 7~ B(1b) )
= +0 +0 +6070 ,
Xa = Xa Xa Xa Xa (C.31)

V2 =YEO 407 yR00 10y 1070 Y7

we may rewrite the constraints (3.53) for the bulk S-multiplet to the following collection
of equations:

From D_x, = 3e_oC (recall e_, = —1 otherwise zero):
X2 = ze_oC, (C.32a)
B = —2i9_x 2O, (C.32b)
From Dy, = %e+aC’:
D B9 =1, .0, (C.33a)
DB =249, \BO) (C.33b)
D xP® =o. (C.33c)

From Im D%y, = O:

Im(D, " — 19y = o, (C.34a)
D" 4P 210 PO _2i9, PO =0, (C.34D)
Im(D"® = 2i0_y 50 — 2i9, %'y =0 (C.34c)
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From D,Ys + DY, = 0 we obtain

D YO yPia — g, (C.35a)
D, YyPU =, (C.35h)
D YU = 9;9, PO L yBE) _9ip yPO) (C.35¢)
D . YP9 — o, (C.35d)
D, Y — o, (C.35¢)
D YPI = 9;9, yPO (C.35¢)
D YP® = _9;9, yP1) (C.35g)
Y — o, (C.35h)
VP = 2i9_yPO), (C.351)
From ana + C = 0 we obtain

D+y Oy C =0, (C.36a)
D Y2 1219, PO 1 YPO 4 oip PO — g, (C.36b)
D,y — g, (C.36¢)
D.YP® —2i9, B _ 2i9_yP0t — o, (C.36d)

And the relation E’BSQB = Xa + Vo
BO) 4y yBO) —H, SPO _ 5 (C.37a)
xf““ + Y800 = D sV - §P _2i9, 8P — 2i9_ 8P (C.37h)
le ,C+ Y50 =D,3Y (C.37¢)
24 yB@ =D, 8P 1 29,5V +2i0.8). (C.37d)

C.2.4 Decompositions of bulk improvements

Using the branching coordinate and the expansions (C.25) and (C.31) we may compute
the improvements of decomposed multiplets:

SP 5 §PO D, D, UPO, (C.38a)
SPO SB(O) —2UB®), (C.38D)
SPY 5 §PO  p UM — D UPW, (C.38¢)
SPW s $PD 4 p, DL UPY 4 4i0, DLUBO), (C.39a)
SEW oy §PW i PO, (C.39D)

SPW  §BW _ p UB® 4 2i0, UPY — 2i9_D, UPO), (C.39¢)
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S s 8PP 4 D, DU + 4i0, D, UBD

+4i0, D,UP® — 892 UBO (C.40a)

8PP §PB) _ 82 yPO), (C.40D)
SP@ y §5@) _9i9_p, UBD — 2i9_D UPM +89_9, UBO). (C.40¢)
2O s PO 9D, D UBM, 4+4i9, D, UPO), (C.41a)
2O PO L 9D UP® — 4i0_ D, UPO), (C.41b)
U s (P09 LoD DL UP® — 4i9, D, UPD — 4i0, D, UBD (C.d10)

+ 892 UP® 4 4i0_D, D, UBO

20D s (PO 320 DLUBD — 9, UB® 4+ 21'8L(9_UB(0)), (C.41d)

x B0 s\ BAY) (C.4le)
2 s (P —4io_ (D, D UBD 4 2i9, D, UPO), (C.41f)
2@ = PP _4i(0_D,UP® —2i0> D, UPO). (C.41g)
yf“” - yf(o) — D,D,UBM), (C.42a)
V2O o yPO LD UB® 429, UBD +2i0_ D UP), (C.42b)
Y2 yBle _ p D,UP® —2i0, D, UM — 2i0_D, D, U, (C.42¢)
yhue o yBa) (C.42d)
YR B _9ip, D, UBD), (C.42¢)
YE yf’(”’) +4i0_D,UBD, (C.42f)
VPO o yP® L 9i0 D, D, UBD —2i9, D U (C.42¢)

+ 492 UBM 4 49,6_D, UPO®
VPO yB@ L 9ig DLUP® — 46_8LUB — 49D, UBO. (C.42h)

C.2.5 Explicit bulk components of S,, for LG model

We compute the components of the supercurrent multiplet for the Landau-Ginzburg
model:

Sop = Do®3pDs®sp + Dg®3p D, P3p,
—9 —
Xa = —3D Ds(P3pPsp), (C.43)
_2_
ya =-D (I)SDDa(I)SD-
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according to the expansions (3.54). In other words, we are in the S-frame (cf. page 56)

and we obtain:

R-“current” :
supercurrent :
lowest in Y, :
lowest in Y, :

EM tensor :

irrelevant auxilliary :

{Q, S} 1-brane charge :
{Q, S} 1-brane charge :
{Q, S} 0-brane charge :

3" = ("),
Spa = V2("30)a00% — V2i(3,0)a TV,
Ao = 2V2(7"0) 00,6 + 2V2iW 1),
Wa = 4W'thq,
T, = (0,00,6 + 0,00,0) 1, (106" + [W'|?)
+ 501 Y) — (Wi ),
A= _4|VVI|2 + iau%“w - i@’y“@,ﬂ,&,
Y, = 49,W,
H* = =2i0" (),
o 1 = — 46, 0" " — 8i€ O 90" .

(C.44a)
(C.44b)
(C.44c)
(C.44d)

(C.44e)

Note that all (Hodge duals to) brane currents are exact forms. This is to be expected,
since we are working on a trivial space, and it only shows local triviality in general
backgrounds. For example, if W is not a properly defined function, then Y* is not

identically exact.
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