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Abstract

This study shows how the coexistence of online and offline firms affects
consumer welfare. By introducing two dimensions of heterogeneity in
productivity and quality, we find that the consumers' indirect utility under the
coexistence of online and offline firms is higher than that of only offline firms.
Specifically, we show that: (1) if the initial investment of online firms is small
enough or if the initial investment of offline firms is large enough, or (2) if the
fixed costs of offline firms are sufficiently large under the general distribution of
productivity and quality. Additionally, we find that the cutoff productivity level
of domestic online firms increases due to the cost-saving of the fixed costs
among online exporting firms, leading to the higher indirect utility compared to
the indirect utility without cost-saving.
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1 Introduction

We observe that the coexistence of online sales and offline sales is normal and common
in many countries. The purpose of this study is to contribute to a better understanding
of this phenomenon by exploring the main heterogeneities on online and offline markets
and the cost-saving stemming from the property of the online market.

Melitz (2003) explained that productivity differences may reflect cost differences as
well as differences in consumer valuations of the good. However, the distinction between
the two differences is not clear in Melitz (2003) due to the single channel of heterogeneity.
Bekkers (2016), Hallak and Sivadasan (2013), and Johnson (2012) explicitly addressed
these differences. However, the distinction between online firms and offline firms has not
yet been explored. Bekkers (2016) as well as Hallak and Sivadasan (2013) assume that
firms’ production costs depend on product quality. Following Johnson (2012), we assume
that there is no relationship between production cost and product quality. However, we
employ a general distribution of two heterogeneities rather than a special distribution.
By introducing these two dimensions of heterogeneity explicitly, this study allows us to
investigate how the combination of imperfect information and the cost-saving of exporting
online firms affects the market equilibrium and its welfare.

Electronic commerce contains many aspects, as explained by Borenstein and Saloner
(2001). Online sales are characterized by easy access to numerous types of information,
asynchronized communication, and tailored information. As a result, better matching be-
tween consumers and sellers can be achieved, and the costs related to product handling,
theft, rents and selling costs are saved. Furthermore, geographically dispersed offline
stores incur inventory costs, whereas online firms may enjoy the economies of central-
ized inventories. The uncertainty or imperfect information can be considered the primary
shortcoming of online shopping, because some information of an item may not be trans-
mitted smoothly via the Internet. Furthermore, consumers may have no patience to wait
for the delivery of an item bought from an online market.

Online sellers outsource many tasks to the selling platform (such as Amazon.com)
in order to avoid the activities for which make it difficult for a single seller to achieve
economies of scale. Thus, online sellers can enjoy more outputs and higher labor produc-
tivity as demonstrated in a study on outsourcing IT (Han, Kauffman, and Nault, 2011).
The development and operation costs may also decrease if a large number of sellers gather
on the platform, as development costs are shared equally among platform owners, as dis-
cussed by Nocke, Peitz, and Sthal (2007). Furthermore, Hounde, Newberry, and Seim



(2017) has clarified that the economies of density works in Amazon’s delivery network.

We consider firms with heterogeneous product quality to express imperfect information
only in the online market. To understand the impact of these two channels, we avoid
the search and matching, and the waiting costs associated with online purchases among
the characteristics of online sales, although Goldmanis, Hortagsu, Syverson, and Emre
(2009) and Williams (2018) analyze the former, and Loginova (2009) focuses on the latter.
Furthermore, we consider that online exporting firms require the same fixed costs even
if the number of regions increases while offline firms need to incur the same fixed costs
when entering each region.

The assumption on the imperfect information of the online market in this study is
similar to that of Chen, Hu, and Li (2017). Firms of heterogeneous quality choose an
online or offline market, and then the quality of the products is disclosed in the offline
market while remaining hidden in the online market. Furthermore, the higher fixed costs
of the offline market correspond to the cost of disclosing information. The analytical
framework of Chen, Hu, and Li (2017) concerns vertical product differentiation under
oligopolies following the literature on industrial organization. In contrast, our analytical
framework is based on the Dixit-Stiglitz model of monopolistic competition, which is
popular in trade, economic growth and economic geography. Furthermore, Chen, Hu,
and Li (2017) do not consider two channels.

The importance of sensory examination differs among products. Using the results of
a consumer survey on clothes, books and digital cameras in online and offline markets,
Gruber (2009) shows that offline (resp. online) channels of clothes (resp. digital cameras)
generally reveal more price dispersion, while books take up a moderate position. Higher
price dispersion can be regarded as an indicator of differentiation with quality or services.
A case that relies heavily on sensory examination, for example, would be an art auction.
Kazumori and McMillan (2005) show that higher-value items are more likely to be sold live
than an online auction. Furthermore, they show that a lower valuation uncertainty leads
sellers to choose online auctions both theoretically and empirically. Low-value uncertainty
can be interpreted as low-quality products. Thus, our model illustrates the market for a
product in which there is a huge gap in information between online and offline markets,
such as for clothes.

Our main findings are as follows. The indirect utility with coexisting online and
offline firms is higher than that of only offline firms if the initial investment of online
firms is small enough or if the initial investment of offline firms is large enough under

the general distribution of productivity and quality. As the consumption share of the



varieties produced by offline firms increases, the threshold values of initial investment by
online or offline firms become larger or smaller depending on the size of the consumption
share, as well as the elasticities of substitution among online firms. Furthermore, the
large fixed costs of offline firms provide that the indirect utility with coexisting online and
offline firms is larger than the indirect utility in the offline case only. Additionally, we
find that the cut-off productivity of firms selling for the home market only becomes higher
due to the cost saving of the fixed costs among online firms, which leads to the higher
indirect utility compared with the indirect utility without the cost-saving of exporting
online firms. Furthermore, we find that the measures to improve the lowest quality of
goods in the online market, such as comments by customers, improve indirect utility.

Cost-saving in this study is related to cost-sharing, as in Krautheim (2012) which
introduces cost-sharing in the Dixit-Stiglitz monopolistic competition model for hetero-
geneous firms, accounting for the fixed costs of exporting, which, in turn, decreases with
the number of exporters. To determine the number of exporters, the study assumes that
the total number of firms in an industry is fixed, and under these conditions, firms’ entry
and exit in an industry are not affected. On the other hand, we endogenize firms’ entry
and exit.

The remainder of this paper is organized as follows. Section 2 explains the one-region
model. Section 3, 4, and 5 analyze the economy of sole offline firms, sole online firms, and
coexistence of offline and online firms. Section 6 compares the welfare under an economy
with only offline firms to those with both online and offline firms. Section 7 analyzes the

multiple-region model. Section 8 provides concluding remarks.

2 The model

2.1 Basic setup

A country comprises a continuum of firms producing horizontally differentiated products
under the Dixit-Stiglitz monopolistic competition. We denote the population in the econ-
omy at the aggregate level as L. Each individual inelastically supplies one unit of labor,
which is the only production factor. Without loss of generality, we take labor as the
numéraire, which implies a unit wage w = 1. Thus, the individual income, y, and regional

income, Y, are, respectively, given by y =1 and Y = yL = L.



2.1.1 Demand

We consider an economy with online (type V) and offline (type F' ) firms. All consumers

share the same homothetic preference and the utility function given by:

1
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where CF is the consumption of the composite manufactured good produced by offline
firms, C'y is the consumption of the composite manufactured good produced by online

firms, p is the share of C'r, and 1 — p is the share of Cy. We define C, as follows:

90

oo—1

= [ “aol™ oe ()

where (), is the set of available varieties produced by all o-type firms, ¢,(w) is the quantity
of the consumption of variety w produced by an o-type firm, ¢, (w) is the product quality
index of variety w produced by an o-type firm, and o, > 1 is the common elasticity of
substitution between any two o-type firms.

Each consumer’s budget constraint is

/wego Po(w)qo(w)dw = 1

oc{F,N}

where p,(w) is the price of variety w produced by an o-type firm.

Utility maximization yields the total demand for variety w given by:

) = Fopor [T oe r), @)

where R, is the aggregate expenditure of o-type firms', and the price index of varieties

produced by all o-type firms, P,, is given by:

P, = { / o soo(v)""lpo(v)l""dv} o : (3)

Note that (2) implies that the higher the quality, the larger the demand. Thus, each

ILabor market clearing condition implies that Ry + Rr = L holds.



consumer’s indirect utility, V', is determined by

1

S PEPLH
2.1.2 Production

Following Melitz and Ottaviano (2008), we consider a static (one-period) model. Prior to
entry, firms are identical. Fach firm faces uncertainty about its productivity level 1) and
quality level ¢. To become an o-type firm, each firm must make an initial investment.
In other words, entry as an o-type firm requires a sunk cost of F, units of labor. Once
this cost is paid, firms observe their productivity ¢ € (0,400) and quality ¢ € (0, +0o0)
from the common joint probability density function h(1), ) which has positive supports
over (0,400) x (0,+00) and has the joint cumulative distribution H (v, ). There are
M, potential o-type firms, who draw the lottery, and M, active o-type firms, which
produce differentiated products under increasing returns to scale technology with different
productivity levels. Prior to selling its product, each o-type firm incurs a fixed labor
requirement f, > 0 in production. Specifically, f, = f holds for online firms and f, =
F > f holds for offline firms, respectively. > Furthermore, there is no economies of scope
in production. Thus, each firm produces a single variety and each variety is produced by
a single firm. For simplicity, we assume that the two variables ¢ and ¢ are independent
and drawn from the same density function g(-), which implies that h(v, ) = g(¢)g(p)
holds. To produce a variety for an o-type firm (1, ¢), it needs a marginal requirement
¢,/ units of labor with ¢, > 0. Choosing the unit of each variety, we set ¢, = (0,—1)/0,.

Consumers have perfect information on firms’ productivity ¢ and quality ¢ in the
offline market, while they have imperfect information on the firms’ quality ¢ and perfect
information on productivity 1 in the online market. The reason behind this is because
consumers can identify firms’ productivity by observing firms’ prices. In other words,
observing online firm’s price p(1)), the consumer can induce its productivity ¢ under the
markup pricing strategy. On the other hand, since the quality ¢ and productivity ¢ are
independent, consumers have only a common expected value of online firms’ quality Ey,

which is defined as follows:

By = / /O N iy (1, p)dipdep, (4)

2The fixed production cost f, can also be explained as the entry cost of online market and offline
market, respectively.



where ON is the set of firms who choose online sales, and py (1, p) is the conditional
probability of online firm (1, p). That is, we assume that all consumers have rational
expectations on ON, which is also common knowledge for all firms. Thus, both consumers
and firms make their optimal decisions based on the same Eg. Note that each firm’s
behavior does not impact on the other firms under monopolistic competition. Similarly,
we can assume that each firm’s behavior has no impact on consumers’ choices, but the
aggregate behavior of firms affects each consumer’s expectations and choices.

The demand of an online firm (1, ¢) is given by:

an (1, ) = @Esow‘l {

PN (@D: 30):| N
Pn '

Pn

Accordingly, the profit of an online firm (¢, ¢) is given by:

c
o (6.) = w0 ) — & o) - . ©)
where gn (1, ¢) is given by (5). Profit maximization yields an online firm (¢, ¢)’s optimal
price: .
ONCN
o) = TNy 2 7

Substituting (7) into (5) yields the demand and revenue of online firm (¢, ¢) as follows:

Ry (Bp)7v
an (P, p) = U—g—( 7;01)@ YN, and
N
R E on—1 B
rn(yg) = SXBDT on-a,

ON Pll\faN
Substituting (5) and (7) into (6) yields the online firm (¢, ¢)’s profit given by:

_ Ry (Bp)7v!

17
on Py

TN (¥, ) N f, (8)
which implies that the profit of online firm (v, ) increases in its productivity 1 and
the quality of online firms expected by consumers Ey. However, it is independent of its
quality .

Correspondingly, the profit of the offline firm (v, ¢) is given by:

e, ) = {mw, o) ﬂ 4 (v, ¢) — F, ©)



where qr (1, p) is given by

Rp 1 pr(Y, 90):| o
o) = ZE pop-1 |PEW O 10
ar (¥, ¢) P, 7 { P (10)
The profit maximization yields the optimal price of the offline firm (1, ¢):
O Cp 1

op —1 E N @
Thus, we have pr (1, ¢') = pn (1, "), V¢, ¢". In other words, the difference in productiv-
ity changes the price, but the difference in quality does not affect the price. Substituting

(10) and (11) into (9) yields the offline firm (1), ¢)’s demand, revenue, and profit, given
by:

op—1
QF(%(P) = RFSO1_UF nga (12)
PF
7! 1
TF(wa (10) = RF l-op ng? ) (13)
PF
RF gOO'F—]. 1
= £ or-l _F. 14
FF(¢7 SO) o P;_ng ( )

Thus, the offline firm (¢, ¢)’s profit increases in both its productivity ¢ and quality ¢.
The ratios of any two online firms’ outputs and revenues depend on the ratio of their

productivity levels:

QN<w27 EQO)

av (11, Bp) (¢_>N ry (¢, By) (¢_>N
7 TN(¢27E90) .

¥y (>
The ratios of any two offline firms’ outputs and revenues depends on the ratio of the

combination of their productivity and quality levels:

gr(V1, 1) _ (g) <¢_) re(v1, 1) (w_) (w_)
qr (¥, ¥2) P2 Py 7 7F(13, 02) P2 ¥y
That is, a more productive online firm and a more productive and qualified offline firm will

be bigger and earn a higher profit than a less productive online firm and a less productive

and qualified offline firm.



3 Only offline firms

Let us first consider the case in which there is only an offline sector in the economy,
setting ¢ = 1. Thus, this case is a variation of Melitz (2003) with two dimensions of

heterogeneity. We now define the iso-profit condition of offline firms as

[(@) = {(¢, ) €ERE : 7P 1771 =& >0} .

We further define the zero cutoff profit condition of offline firms as wr(1, p) = 0, which

is equivalent to:
orF (L I(®).  (15)
Rp Pr e

Accordingly, the offline firm (1, ) € I(®") = {(¢, ) € R2 : "1 ~1 > &} has a
positive profit, which will be an active offline firm. The offline firm (¢, ¢) € I(Q_) =

ZCP-F = {(1/}, p) ERL 1 TPl =D

{(W, ) € RE : p7Fr~1y7F 1< @} does not produce and quits the market immediately
after observing its own productivity and quality.

The ex-ante probability of successful entry for an offline firm, pep, is determined by

per = / /1 (w)g(qﬁ)g(w)dlbdw-

Accordingly, the conditional distribution of the productivity and quality of the offline firm
(1, p) operating in the market is given by

9Wgle) )
pp(h, ) = vep T (Wy0) €1(2T),

0 otherwise.

We also have Mr = pepMFp.
We define the aggregate combination of productivity and quality levels for active offline

firms as follows:

H(HT) — A e op—1,,0rp—1 :L op—1_j0p—1
o(@ )—/0 /0 QT up(, p)dibdep peF/[(w)so Y7 g(0)g(p)dibdep.
(16)



Using (3) and (7), we obtain the following price index:

Prr = / (+)MFQO”F‘lpF(l/J,w)l‘”FuF(w,w)diﬁdso
I(®
= / Mpe™r 77" pup (3, p)dpdp
(@)

— Mpd. (17)

The average revenue and profit of active offline firms have the following relationship with

the revenue and profit of firm (¢, ¢) € I(®):

op—1
Yo — 90 O'F—l o F ~ o — ~
Tp = / /I<q)+) RFP}?_UFlﬁ pp (Y, @)dipde = —P};_UF O =rp(1, ‘P)‘(w,w)el(@ = rp(®),
Rp 77! - r rp(® ~
=/ (lwlw‘” - F) pel,pdpdp = = — P =) _p oG,
1(2+) \OF Pr OF oF

The free entry condition is Fr = pepmr. Meanwhile, the market-clearing condition for

labor is given by
o — 1

L=M¢pFr+ Mp

7+ MgpF.
OF

Thus, the mass of active offline firms can be obtained as follows:

_fe_ L

Mp

Tk UF(ﬁF+F)

Combining (15) and (17), the welfare measured by the indirect utility of the representative

consumer is determined by

1 ~\ 7T Rp® 1/ler=1)
V= — = (M @) === : 18
F PF F (O'FF) ( )

Equilibrium is obtained by using the zero-cutoff condition and the free entry condition.

We need to derive the equilibrium value of ®. Using the zero-cutoff condition for offline

_ o
Tp = (6 - 1) F. (19)

firms, 7p(®) = 0, we obtain

Substituting (19) into the free entry condition yields

% = pep (% — 1) . (20)



We define
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We have

. P
jr(®) = —per —pep

>
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Its derivative is as follows:
, 19 [fooo Jatrer—p-r-vior @UF_WUF*IQW)Q((P)dQ/Jd@}
]F(@) = 6 9P

1 9 [fooo Jor/er-1 y—tep-1/tep-1 g(w)g(w)dlbd@]
_ 5 .

|

Furthermore, we obtain

0I5 Jixiier-y-tar-vtonn #7707 g (0)g(0)dudy]
0P
1

_ p-or/or—g / > G(@V@r =D e =D/er=1)) () (e 1)/ (ar -1 g,
op—1— =), 9=

and

0 [fooo Jar/er—1y-r-1/op-1) 9(1/1)9(90)d¢d90]
0P
1

- QUF/(O'F].)/ g(@1/(0’1:fl)w—(ap—l)/(ap—l))g(go)go—(aF—l)/(aF—l)dSO.
o — 1 0

Thus, we have

];"(Q) = ——ber < 0.



Furthermore, we have limg_0 jr(®) = oo and limg_.o jr(®) = 0. Therefore, equation
Jjr(®) = Fr/F has a unique solution ®* € (0, 00). As a result, the zero-cutoff condition of
offline firms provides the equilibrium value of P}, which leads to the equilibrium value of
Vr. Furthermore, we obtain the equilibrium value of per using this definition. Then, the
free entry condition provides the equilibrium value of 7. Thus, we obtain the equilibrium
value of My and then the equilibrium value of 7r and Mp.

Note that kp(®) = % — 1 holds; thus, we obtain the following:

Jr(®)® ¢ pep

Jr(®) D jr(®)

Investigating (20), we find that an increase in Fr results in a decrease in @, which
means that the average profit level of offline firms increases to hold the free entry condition
of offline firms, which ultimately leads to a decrease in ® holding the zero-cutoff profit
condition of offline firms. Since a decrease in ¢ leads to an increase in peg, the net value
of entry on offline firms is maintained. Then, (15) shows that a decrease in @ is fulfilled
with milder competition for the offline firms under the cut-off profit, which implies an
increase in Py and then a decrease in Vp from the definition of the indirect utility.

Investigating (19), we find that an increase in F results in a larger value of ®, which
means that an increased average profit level of offline firms (to hold the zero-cutoff con-
dition of offline firms) leads to an increase in ® to hold the free entry condition of offline
firms. The same reasoning for an increase in Fr indicates that an increase in F' results

in a decrease in P}, an increase in Vg, and a decrease in pep.

4 Only online firms

We now consider the case in which there is only an online market in the economy, setting

i = 0. Thus, the iso-profit condition of online firms can be defined as follows:

I[(0)={(¢,p) ERY :9p =T > 0}.

We further define the zero cutoff profit condition of online firms as (3, ) = 0, which

is equivalent to:

ZCP-N = {(w,w) ERY 9=



where Py is the price index of the available varieties produced by only online firms, and
Ry is the aggregate expenditure for online firms only. Thus, the offline firm (1, ) €I
(¥F) = {(¢, ) € R? :¢p > ¥} has a positive profit and become an active online firm.
The offline firm (¢, ) €l(¥™) = {(¢, p) € RZ : ¢ < ¥} does not produce and exits the
market immediately after observing its own productivity and quality.

The ex-ante probability of successful entry for online firms, pey, is

pex = / / o) ddp.
(‘If+

Accordingly, the conditional distribution of productivity and quality of the online firm
(1, ) €I(¥") operating in the market is given by

slste) | +
LN (Y, ) = pen (¢, p) € IET) ,

0 otherwise.

We also have My = pexyMy.
We define aggregate productivity and quality level as

T / / vt ¢d¢d¢—— / / 0, B g(wg )i
(22)

Using (3) and (11), the price index of the sole online market case can be written as:

ploov _ / [ My (B o) ()i

_ / / My (Bep)™ 7Ly (4, )bl
I(TT)

= MyV.

The expected revenue and profit of online firms are, respectively, determined by the

following;:
= g d d —
= A . v = SO,
Ry (Bp)™ ' (U
I e P
Iet) \ON ON

The free entry condition is expressed as Fy = peymy. Meanwhile, the market-clearing

13



condition for labor is given by

O'N—l

L=MyxFn+ My

TN + My f.
ON

Thus, the mass of producing online firms can be obtained as follows:

L
N

v on(An+f)
Using the zero-cutoff condition of online firms, the welfare measured by the represen-

tative consumer is given as follows:

_ 1/(on—1)
Ry (Byp) N gonv -t "

UNf

Ve 1 —<M \fI;)l/(UNl)
N = P = N

where Ey is determined by:

J Jon e9(W)g(@)dipde [ pg(e)de
pen Jo a(e)de

By = //ON un (¥, p)dppdp =

Using the zero cutoff condition and the free entry condition of online firms, we derive the
equilibrium value of ¥. Combining the zero-cutoff condition of online firms, 7wy (¥) = 0,

and 7y, we obtain

TN =

(Bep)™ 1 gon

v - 1] f. (24)

Substituting this expression into the free entry condition yields:

In _ e v -1
N

We define:

kyv(¥) = ——— — 1 and

in(®) = k(¥)pen.

Thus, we have:
— =i~ (D). (25)

14



Therefore, jn(¥) can be rewritten as:

<E¢)3%w_1—1] Pey = o / / BN g() g () dipedip— / / o).

Taking the derivative of jy(¥) with respect to ¥ yields:

in(¥) =

357 o v g()g(p)dyde 1

jN(—) ai Engl
N 7 R S I (O G
- (UN - ) (ESO)UNfl EUN—l ipe 8£
=—(ony—1) v pen < 0.

(Bep) " @

Furthermore, we have limg_ o jy(®) = oo and limg .o jn(®) = 0. Therefore, jy(¥) =
Fn/f has a unique root of ¥* € (0, c0).

Thus, the zero-cutoff condition of online firms provides the equilibrium value of Py,
which leads to the equilibrium value of Viy. Using the equilibrium value of ¥*, we can
obtain the equilibrium value of pey using the definition of pey. Then, the free entry
condition provides the equilibrium value of 7. Accordingly, we obtain the equilibrium

value of My and then the equilibrium value of 7y and M y.

Note that
(Eyp) WY
kv () +1] T = gow and
Iin(¥) = k(¥)pen.

and thus we obtain

By ERVI
Jn() W ”(“k@)< (on = 1)

Similar to the impact of Fr, investigating (25), we find that an increase in Fy results in
a smaller ¥*, which means that the increased average profit level of online firms due to
an increase in Fy leads to a decrease in W™ to hold the zero-cutoff profit condition for
online firms. Because a decrease in U* leads to an increase in pey, the net value of entry
on online firms is maintained. Then, (21) shows that a decrease in U™ is realized with
milder competition for the online firm with the cut-off profit, which implies an increase

in Py and then a decrease in Vy from the definition of the indirect utility.
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Investigating (24), we find that an increase in f results in an increase in ¥** which
means that the increased average profit level of online firms (to hold the zero-cutoff
condition of online firms) leads to an increase in ¥* to hold the free entry condition.
Furthermore, the reasoning on an increase in Fy provides that an increase in f results in

a decrease in Py, an increase in Vi, and a decrease in pey.

5 Online and offline firms

We now turn to the economy with both online and offline firms, setting 1 € (0, 1). In this
case, we denote the expenditure for the varieties produced by offline firms, Rr, and that

for the varieties produced by online firms, Ry, as follows:
Rr = puR and Ry = (1 — p)R.

Using the zero cutoff conditions, we obtain the profits of an online firm (1, ¢) and an

offline firm (v, ), respectively, given by:

op—1,,0r—1
7TF<¢7()0> = <%_1>F7

waNfl_
N (Y. p) = <W - 1) I
We further have Mr = pepMp and My = pexyMy. Meanwhile, the market-clearing
condition for labor is given by

O'F—]_

L = MpFr+ Mg

e+ MpF
OF

oy — 1
+MnyFn + My N

N + MNf.
ON

Since Fr = pepTip , Fn = penTin, Tr/o = Tp + F, and 7y /o = Ty + f, the market-

clearing condition for labor can be rewritten as the following:

L=opperMp (Tp+ F)+ onpenMn (Tn + f) . (26)

3Differentiating Fy = jn(¥)f, we obtain

. , 0¥  Fy 97V 1
IN(@)Of + fin(¥)0O¥ of  on—10(W) 12
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Furthermore, the equilibrium values of ¥ and ® are, respectively, determined by:

% = jn(¥)
and 7
F .
F = JF(@-

Thus, we obtain the equilibrium values of ¥* and ®*. Accordingly, we obtain the equilib-

rium values of the price indices,

1

[ opF \7
Pr= (uR@*)

{(1 - M)E]JE;O)‘”“} . v

W*
where Bo = [5% @g(p)de/ [ g(@)dp. Using the definitions of pep and pey, we can

and

Py =

obtain pej(®*) and pel (¥*), respectively. Accordingly, we obtain ®(®*) and U(¥*),

respectively. Therefore, we obtain the following;:
My =Py o7 /®(®")  and My =Py N /U(L).

Combining zero cut-off conditions for online firms and for offline firms with M} =
per (@ )Mp and My = pey(¥*) My, we obtain
(W) 7 (Bep) 7> o*

Mp———t = My _ = . (27)
(1= p)onf (¥ )pey (¥F) 1o p FO(®")pes (27)

Combining (26) and (27) yields M}, and M} in equilibrium as follows:

. L
My = « () | Q=S 2° (T = L F) 47 ’
UNpeN(— ) nF 5(g*)(g*)aN_1(Ecp)gN_l (ﬂ-F + ) + ™~ + f
and I
MF - . q)* a3 5(Q*)(g*)”N_1(E<p)UN_1 _ B F .
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Finally, the indirect utility of a representative consumer is given as:

v (1) e ({(l L) 2 i) 8)

We examine the impact of F' or f on V as the following. Since

1 () x) 1
%P m® and ( ! S =@ 1
GF% 1—|—k1(©) of <%>ﬁ\p* 1+ @ ov —1
we obtain: .
oV 1% 1
8f f 1+ n (D) ON — 1
and .
o w VI E® ] <0
OF op—1F | 1+ @ ’
which yields:
a_v + a_v — ()
of  OF
<:> 1
kv (@)
OF l—pop—1F Higm
— =- —— <0
of Iy poon—1f m@
1+@

where V is the given value of V. In other words, an increase in F or f leads to a lower
indirect utility.

We now turn to examine the impact of Fy or Fr on V. Using Fy/f = jn(¥) and
Fr/F = jr(®), we obtain:

oy 1 0® 1

0Fn ) f 0Fr  jp(®)F’

which leads to:

and
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Thus, we obtain:

v,
0Fn OFr
<~
OFn| 1= pd® jp(@)F
0Frly A5 T N(D)f

In other words, an increase in Fy or Fr leads to a higher indirect utility.

6 Comparison: Offline case and online-offline case

To compare the offline case with the online-offline case, we assume that op, F, and Fr
are the same in both cases. Thus, we obtain the same value of ® in equilibrium for both
cases. Furthermore, we set Rrp = pR in the online-offline case and Rr = R in the offline

case. We have the following:

— on—1 ﬁ 1= _% 1—p —
Ve o {[u 1) R(Eep) ] g} (R@) T (1 g

O'Nf O'FF

First, we examine the impact of Fy and Fy on V > Vi as the following. Using
Fn/f=7n{¥) and Fp/F = jrp(®), we obtain

ov 0P

— <0 — =0.
oy = oF

Because of BEp = [* @g(p)de/ [ g(¢)de, we obtain 0E@/0¥ = 0. Therefore, if Fy
approaches to zero, ¥ goes to infinity, while E¢ and ® remain unchanged. Accordingly,
there exists a threshold value of F ~ to hold V = Vg. That is, V > Vr holds if Fy < F N-
Similarly, Fn/f = jn(¥) and Fr/F = jp(®) provide
ov 0P
—— = ()7 — < 0.
0Fr 0Fr
Therefore, if Fr approaches to zero, ® goes to infinity, while Ey and ¥ remain unchanged.
Thus, a threshold value F r to hold V' = Vp exists. That is, V' > Vp holds if Fr > F 7.

We now obtain the following Proposition.

Proposition 1 Assuming or, F, and Fr are the same as in the offline case, as well as
that in the online-offline case, the indirect utility in the online-offline case is higher than

that of the offline case if Fy < ]?N or if Fp > .?EF
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As we obtained in the case of only online firms, a decrease in Fy results in smaller
Pr because of the tougher competition among online firms. On the other hand, an
increase in Fp results in an increase in Py because of the milder competition among
offline firms. Thus, if F decreases, V increases, but Vr remains unchanged because Fg
remains unchanged. Meanwhile, if Fr increases, V' decreases more than V.

We now further examine the impact of the consumption share on welfare. Since

V > Vs

1

on—1 ﬁ Top-1 -
Ron—1 71 {[(E@ N } N 2}< QF) T > (1— ) e (29)
OfF

UNf

we obtain

2 —p 9 L
6(1 — M)_UN_llj,(”F_l)(l_“) (1 _ ,LL)_UN_llj,("F_l)(l—H) -
= 1 p)(20p—1— — 1)yl Z0.
ol (on —D(op —1) [( 1) (20F on)+ (on ) nu]<0
(30)

Therefore, we obtain the following proposition.

Proposition 2 As the consumption share of varieties produced by offline firms, u, in-
creases, a smaller Fy and/or larger Fp are needed to hold V > Vi if (1 — p)(20p — 1 —
on)+ (ony—1)Inp > 0, whereas larger .7?N and/or smaller .7?F are needed to hold V > Vg
if(1—p)(20p —1—0on)+ (on —1)Inp < 0.

If op = on, wehave (1—p)(20p—1—on)+(on—1)Inp = (ony—1)[1—p+Inpy] <0,

— 2 —
which is equivalent to 9(1 — u) "N*l,u@’F*l;L(l*“) /O < 0. That is, if o = oy, as the
consumption share of varieties produced by offline firms increases, obtaining V > Vg

becomes easier. If o is sufficiently large compared with oy, and if p is large enough, we

obtain 0(1 — ;L)_"NQ—1 u(”F:lﬁL(l—“) /Op > 0. That is, as the consumption share of varieties
produced by offline firms increases, obtaining V' > Vi becomes more difficult.

In other words, if the product differentiation is the same between online firms and
offline firms, as the online market becomes more dominant than the offline market, it
becomes harder to have V' > V. This is simply because the difference between V' and Vg
decreases. However, if the products of offline firms are less differentiated than those of
online firms, and if the consumption share of offline products is large, it becomes easier
to hold V' > Vi as the consumption share of varieties produced by offline firms increases.

This is because the exponential of p in the LHS of (29) becomes smaller.
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Since oy > 1 and o > 1, we rewrite the bracket of (30) as follows:

200 =p)lop = 1)+ (on = 1) [Inp — (1 = p)]
O'F—]_
UN'—-l

AV AV

We find that 2'(p) < 0, lim,_,o 2(p) = 00, and lim,,_; 2(x) = 1. Since it is easy to compare

prices in the online market with those in the offline market, a consumer’s relative choices

over varieties in online market may change more than that in offline market as the relative

prices of varieties change, which implies o < oy. Thus, if we assume or < oy, we have

op—1

-1

increases, a smaller F N or larger F F is required to hold V' > Vp.

< 1. That is, as the consumption share of varieties produced by online firms, 1 — p,

Next, we examine the impact of fixed costs on V' > Vp. Because f changes f itself

and U* in the LHS of (29), we obtain:

() )

SO A
of < of U* <onx—1
Using Fny = jn(¥)f, we have:
ov - gn(¥) N ()
of i@ In@)f
Since (1) . .
JN
=—(on—1)(1+ -,
e (1) g
we obtain:
0w v
OF  (on-1)(1+25) f
Thus, we obtain:
ovr f 5 1 > 1
a7 T < ON—1<:>1<1+]€N(E)
That is, we have:
1\oN—1 g%
()" )
< 0.




We also obtain:

o((3)" " w) 1
! - f _ __ k(¥ 1

which is smaller than —1 if oy is larger than 2. Thus, a lower f provides a larger V,

which leads to a wider gap between V' and V. Using I’Hopital’s rule, we obtain:

1 1
1 ony—1 ]_ ony—1 1
lim <—> v = lim <—> R A p—
=0\ f =0\ f f—01+ (@

There are two possibilities: lim;_, (1/]")"1\11—1 ¥* = 0 or lims o (1/f) o v* # 0. If
limy_.g (1/f)°'1v1—1 U* = 0, there is a contradiction with 0 ((1/]”) TN g*) /Of < 0. Thus,

1 1 1

we have limy_o (1/f)°~=T U* # 0. We find that lim;_,o (1/f)°~=1 ¥* # 0 and limy_ (1/f) T ¥* =

limg o (1/f)7n=T ¥* x lim;_g m implies lims_,o m =1 limy o1+ @ = 1.
Thus, 68—%*% = Ulel holds when f — 0, which implies that 0 ((1/f)"N*1 g*) JOf =0

holds when f — 0. Thus, lims_o (1/f )ﬁ U* becomes the positive maximum value of
(1/f)ﬁ U* when f — 0.

Furthermore, we examine the impact of F' on V > Vg. Because F' changes F' itself
and ®* in the LHS of (29), we examine ®/F. We have:

Q

[}
P21 108 2 (  0RF\ 0P F -
B FF  FOF F?

= tora)<"“ora <

Using Fr = Fjr(®), we obtain:

0® JF
OF  Fji.(®)
Thus, we get:
o F jr F jr_ 1 1
= = = _— = — —=—7"<1%
OF ® Fin@2 (@2 1+
1
1 < 1+
kp(2)
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That is, we obtain:

Furthermore, we obtain:

02 F 0d F 1 1
) S :—1’“”@1 <1
F = T @ T @

We find that, if F' approaches to co, ®/F goes to 0. Thus, we obtain the following

proposition:

Proposition 3 Assuming or, F, and Fr are the same as in the offline case and the
online-offline case, a sufficiently large F' holds V' > Vg, and a smaller f affords to lower

F to hold V> Vp.

When F' increases, F' increases more than ®*; when f increases, f increases more
than ¥*. In other words, the direct impacts of F' and f on the indirect utility under the
online-offline case surpass their indirect impacts via ®* and ¥*. That is, the competition
among firms becomes milder with an increase in F' or f because of increased average profit

level.

7 Multiple Regions

7.1 Setup

We now consider that the economy consists of a number of symmetric regions indexed by
s=1,2,....,5+1and S > 1. Therefore, firms trade with other S regions. Consumers in
each region share the same homothetic preferences as in (1). We assume that each region
is endowed with L population that supplies L units of labor inelastically. Without loss
of generality, we take labor in a region as the numéraire. Symmetricity implies that the
equilibrium wage rates in any two different regions are equal, that is, w, = ws = 1, Vr,
Vs # r holds.

Firm heterogeneity H, (1, ¢) takes the same form among all regions such that H, (¢, ¢) =
H(1, ), Vr. After paying the same sunk entry costs for o-type firms (F,, = F,, Vr,
o € {F,N}), a firm in region r draws its productivity index 1 and quality index ¢ from
the cumulative distribution H (v, ). We assume that the two variables ¢ and ¢ are

independent, and firms draw from the same density function g(-), which implies that
h(¥, ) = g(1)g(e) holds.
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There exists a fixed labor requirement f > 0 for online firms and a fixed labor re-
quirement F' > f for offline firms, respectively. Additionally, we assume that all firms are
required to pay advertisement costs for their products to be visible in the foreign market.
This cost is independent of the amount sold. Furthermore, offline firms need advertise-
ment costs for each region and the advertisement costs of online firms for one region cover
that for another region. The advertisement costs of an online firm are f,, units of labor,
and that of an offline firm is F},, units of labor. We assume F,,, > f,, because online firms
use online shopping malls to sell goods not only in the home market but also in foreign
markets. Each firm can choose only one region to produce and sell its products to local
and foreign consumers.

Each firm incurs iceberg transport costs, as in Samuelson (1954), to sell its goods in
a foreign region. The costs are the same for any two regions. In specific, 7 > 1 units of
goods must be shipped from region r to ensure the delivery of one unit to region s # r.
For simplicity, we assume that the transport costs are zero within a region. Each firm’s
pricing rule in its domestic market is given by pur(¢, ¢) = pan (1, ¢) = 1/1. The firms
who export set the higher price pr,r(¢, ) = pran (¥, ) = 7/1. The revenue of an o-type

firm depends on its status:

ri (), o) if the o-type firm does not export,
ri (1, o) + SrEe (1, p) if the o-type firm exports to all regions,

To(, ) = {

where 7 is the revenue of o-type firm from the home country, and rZ® is the revenue of
o-type firm from the foreign country.

Some active online firms serve consumers in all regions, while other active online firms
may serve consumers only in the home market. Using (5), the profits of online firm (¢, ¢)

selling their goods in the home market and foreign markets are, respectively, given by

(1= R Y™ (By) !

F%@b’ @) - oN 7)1_0-]\, - f7
N
1 — )R Sy (Bp)7v !
W) = ZLREE BT
N

where ¢y = 71797 € (0,1) represents the trade freeness. Thus, the marginal exporting

online firm, ¥gx, who is indifferent between exporting to the S foreign market simulta-
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neously and only serving the local market, is given as:

(1 — p)RSoy(Vpx) ™ (Bp)T~ - L onfuPy Y
—fmn=0& (Upx) ¥V (Ep)’N"" = —————.
o pron g e B = = wiRS
(31)
Note E¢ is determined by the system and is given in (31). Thus, we have:
1 1
\I/EX = UmePN_UN Nt
OnS(Ep)v =11 — p)R
Meanwhile, the zero cutoff profit condition of the online firm yields:
_ . oNfPN N
(L) (Bep) ™ = (32)
(1—pR

Note Eyp is determined by the system and given in (32). Thus, we have:

1
B O.f'PJlV—UN on—1

S BRIy

It is natural to assume that the marginal exporting online firm has a higher productivity
than that of the online firm with the zero cutoff profit, that is, ¥Ygx > W. That is,
the online firm ¢ € (0,¥) leaves the market, the online firm ¢ € (¥, ¥gx) produces
exclusively for its domestic market, and the online firm ¢ € (Vgx, 00) produces for its

domestic market and all foreign markets. Combining (31) and (32) yields:

1

)”N_l S1& o> bySt (33)

\IJE'X o ( fm
v NS

In other words, we assume that not only is f,, sufficiently large, but also that S is
sufficiently small to ensure that online firms first serve local markets and then export
to foreign markets as the online firms’ quality increases.

The ex-ante probability of successful entry for online firms, pey, and the equilibrium
distribution of (1, ¢) for incumbent online firms p, (1, @) are the same between the closed
and open economies. Ex-ante probability that one of these successful online firms will

export is

] fiws ) 9@)g(p)ddyp
pen

where (¢, ) €l(V;y) = {(¥,¢) €R2 : ¢y > ¥px}. Accordingly, the conditional dis-

PENX =
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tribution of productivity and quality of online firm (¢, ¢) GI(\IIJECX) exporting is given

by

o)ale) | +
pnx (¥, @) = PEN X £ (¥, 0) € (¥gx) ,

0 otherwise.

The equilibrium mass of successful online firms is My. Then, the equilibrium mass of
exporting online firms, Myx, is Myx = penxMpy. The total mass of varieties by online
firms available to consumers in any country is Myr = My + RMyx.

The aggregate productivity and quality level of successful online firms is the same as

in (22). The average productivity and quality level of exporting online firms is

Tox (T) — /0 /0 (E)™ L gy (0, )b

1 on—1 -1
— )TN L poN dipde.
/ /Iwzx)( ©) YN g(¥)g(@)dipdp

PENX

Then, the average productivity and quality is the following:

~ 1 ~ 1z on—1 Ulel
\I/t: MN\I/+SMNX (’7' \I/E)(> .
Myt
We obtain the price index of varieties produced by online firms:
73]1\;0'1\7 - MNTEIt-
Now we have

FN = Tﬁ(@)—FpGNXSTﬁx(CI}Ex),

ﬁN = W%(CI;)—FP@N)(SWJL?C({I;E)().

Thus, we obtain 7y /0 = Ty + f + penx fm-
Using (9), the profits of offline firm (1), ¢) selling their goods in home market and
foreign markets are, respectively, given as:
H pRp7F oot
e = 2L ¥R
ﬁSCwagF_l(PUF_l

T2 (Y, p) = p— N — SF,,.
F
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where ¢, = 7179F € (0,1) represents the trade freeness.

Thus, the marginal exporting offline firm, (¢™, ™)

, who is indifferent between
exporting to S foreign markets simultaneously and only serving the local market, is given

as: l—o

pRop

Meanwhile, the zero cutoff profit condition of the offline firm yields the survival offline

()7 ()7 = = 3

firm, ()", %), given as:

1—
opFPLF

R (35)

(wFS)UF*1 ((pFS)UFfl ==

It is also natural to assume that the marginal exporting offline firm has a higher produc-
tivity than that of the survival offline firm, that is, ®gpx > ®. That is, the offline firm
® € (0,®) exits the market, the offline firm & € (&, Vpy) produces exclusively for the
domestic market, and the offline firm ® € (®gx, 00) produces for its domestic market and

all foreign markets. Combining (34) and (35) yields:

= > 1. (36)

q)EX Fm
e ¢pF

The ex-ante probability of successful entry for offline firms, per, and the equilibrium
distribution of (1, ) for incumbent offline firms (1), ¢) are the same between the closed
and open economies. FEx-ante probability that one of these successful offline firms will

export is

J it 9(@)g()dibde
per
where (1, ) €l(®Ly) = {(¥, ) € R% : 7717 1 > dpx}. Accordingly, the condi-
tional distribution of productivity and quality of the offline firm (1), ) EI((I)}: X) exporting

PEFXx =

is given by

s)ale) | .
prx (W, @) = Perx £, 0) € (Ppx) ,

0 otherwise.
The equilibrium mass of successful offline firms is Mp. Then, the equilibrium mass of
exporting offline firms, Mgy, is Mpx = pepxMp. The total mass of varieties by offline
firms available to consumers in any country is Mpr = Mp + SMFpx.

The aggregate productivity and quality level of successful offline firms is the same as
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n (16). The average productivity and quality level of exporting offline firms is

~ o0 [0 1
o @3) = [ [Tt etvopaiap = S [ [ et gt

Then, the average productivity and quality is

~ 1 ~ = op—1 ﬁ
&, = § —=— | Mp® + SMrx <T <I>X> .

FT

We obtain the price index of varieties produced by offline firms:

PLF = Mpr®,.
Now we have
Tp = r?(é)—l—pepxSrf:m(&)Ex),
ﬁF = Wg(&;)—i-peFx;S?Tgx((fi)Ex).

Thus, we obtain

FF/a:ﬁp—l—F—i—peFXSFm.

7.2 Equilibrium

Using the zero cutoff conditions, we obtain the profits of an online firm (¢, ¢) and an

offline firm (v, ¢), respectively, given as:

op—1,,0r—1 on—1
e () = (SO v ) WNQ:UQD):(%_I)JF’
op—1,,0r—1 on—1
T2 (Y, ) = (SO dj ) N (W, 0) = @w_l - 1> -
EX

The zero cutoff profit conditions 74 (¥*) = 0, 72 (®*) = 0, 7¥2(V% ) = 0 and 727 (P4 ) =
= fk(¥"), i (®) = FE(@"), 75" (¥px) =

0 are, respectively, equivalent to W%(@)
Fmk(Uhy) and 727(px) = F,k(®% ) where k is defined as before. Thus, we have

v = fEQY") 4+ penxSfnk(Yix),
T = Fk’(@*)—l—peFXSka(CI)EX)
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The free entry conditions are given by Fny = peyTy and Fr = pepmp. Thus, we obtain

fiQ¥) + Sfmi(Vex) = Fu, (37)
Fj(®") + SFnj(®px) = Fr. (38)

1
Since % = <ﬁ> "V and % = é—WF, (37) and (38) are the function of ¥ and @,

respectively. Because j is decreasing function from infinity to zero on (0, 00), there exists

a unique value of ¥* and a unique value of ®*. Accordingly, we obtain the equilibrium

1
[ opF \7
Pr= (uR@*)

onf } ﬁ i
(1 = p) R(Bp)rvt v

We also have Mp = pepMp, My = penMy, Mpx = pepxMp, and Myx = penx

values of price indices,

and

|

My . Meanwhile, the market-clearing condition for labor is given by

O'F—]_

L = MpFr+ Mrp . r+ MpF + MpxSFE,,
F

O'N—l

+MnFn + My TN+ Myf+ Myx fm-

ON

where Bp = [ pg(@)de/ [° g(p)de. Using Fy = pexyTn and Fp = pepTp, the market-

clearing condition for labor can be written by:
L= peFMFO'F (7_TF + F + peFXSFm) +p6NMNO'N (ﬁ'N + f + peprm) . (39)

Using the definitions of per and pey, we can obtain pel.(®*) and pey (¥*), respectively.

Accordingly, we obtain ®(®*) and W(¥*), respectively. Therefore, we obtain the following:
Miz =P " /®(®")  and  Mig =Py /¥(¥").

Combining zero cut-off profit conditions for online and offline firms with M}, = pet(®* ) Mp
and M3 = pey(U") My, we obtain (27). Combining (39) and (27) yields M} and My
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in equilibrium as follows:
My
L

o pess (17) [(1;;»” 5@*)@%0&%5&@)01\7*1 (7p + F + pepxSFy) + Tn + f + pepx fm

and
M
L

& * *\on—1 on—1 ’
orpe(27) [(ﬁiﬁ 22 )(2*&?@(?” “~—(n + [ +perxfm) +Tr + F +p€FX5Fm]

The indirect utility is the same as (28).

7.3 Increase of F,, and f,,

We investigate the effects of an increase in F,,, and f,, in the following. Using (36) and

(38),

F, )
0Py = —— 0P + ——0F,,
opl’ opF
and
Fj'(®*)09" + SFpj' (Pyx) 0Py x + Sj(Phx)0F, =0
yields
0o S [P (®hx) s + (Pix)]
oF,, Fj' (@) + Sij’(QD*EX)(;—mF '
. RGN SN .
Since W =— (1 + W*EX)), we obtain
0P Sper

= 5 < 0.
oF,, Fj(® )+Sij’(<I>*EX)£—mF

Thus, we obtain
00y, —FJ (@) 5% — Sj(Ppy)

= > 0.
oF,, SFEnj' (P%y)

Using (33) and (37),

1

Upx :( fm >"N1
v NS f

30




and
i)+ Sfmi(Vix) = Fn

yield

oV px _( - )UNl O + ! ‘I’EXQSNSfafm
ON — 1 fm

and
fi'()0¥* + S frnj (¥ix)0¥gx + Si(VEx)0fm = 0.

Thus, we obtain

f3' ()X +8 frnj' (Vx)

N 1 S .
(f—) ov + \IIEX(bN fafm +85 (V% )0 fm = 0,

¢NSf o JN_l fm

which is equivalent to

o -S |:j,<‘1’*EX)ﬁ\IJEX¢NSf/fm + j(\IITEX)}

£ + SFnd W) (5227) ™

Ofm

Note that % =—(on—1) (1 + @) Thus, we have

ou —S5(U%y) [— (1 + k(%m)) oINS/ fm + 1}
)+ i (W) (55)

1

3 v _ fm on—1 :
Since = = (W) < 1, we obtain

ov

Furthermore, we obtain

oWy, —fI(W) 5 — Si(Vi)

: > 0.
Ofm Sfmi' (Vi)

The results obtained in this subsection are the same as the results in Melitz (2003).
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7.4 Decrease in the transport costs

We investigate the impact of an increase in transport costs in the following. Using (36)

and (38),
F E,

Obpy = —200 — ®0
and
FJ(8%)0% + SFj! (9% )00y — 0 < OZEX Fj(2) %2
J\& )02 mJ = Ean— * . "
TR 06 Fj'(2°) + SFpj(Ppy) L2
yields
0® Sij/(q)*EX) - =0
8¢F Fj(®*) 4+ SFnj’ ((I)*EX) o F
and

0px _ Fy Fj'(@7) 1,
efogs ¢FF Fj/(@7) + SFnj' (CI)*EX) (bF
In othe