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Practical Implementation of a General
Numerical Lifting-Line Method

Cory D. Goates∗ and Douglas F. Hunsaker†
Utah State University, Logan, UT, 84321

A general numerical lifting-line method provides corrections to overcome the singularities
inherent in the lifting-line downwash integrals in certain cases. These singularities have previ-
ously limited the scope of lifting-line theory to straight wings not in sideslip; in all other cases,
more traditional numerical approaches to solving Prandtl’s hypothesis fail to grid converge.
However, this general numerical lifting-line method grid converges even for swept wings and
wings in sideslip. In the current work, we apply the general numerical lifting-line method to
any number of wings with arbitrary geometry. We also provide a dimensional derivation of the
basic general numerical lifting-line equations and discuss how airfoil section properties can be
corrected for sweep. We develop a linearized system of equations and a nonlinear improvement
method to solve the general numerical lifting-line equations. Results show that placing the
lifting-line on the wing locus of aerodynamic centers, as done by others, may not yield the
most accurate results. Comparisons with published data reveal that the general numerical
lifting-line method can accurately predict the lift distribution for swept wings.

I. Nomenclature

U = angle of attack
U!0 = zero-lift angle of attack
0 = speed of sound
a = vector of airfoil parameters
2 = chord length
2̄ = average chord length
�̃� = section drag coefficient
�̃! = section lift coefficient
�̃!,U = derivative of section lift coefficient with respect to angle of attack
�̃!,'4 = derivative of section lift coefficient with respect to Reynolds number
�̃!," = derivative of section lift coefficient with respect to Mach number
�̃< = section moment coefficient
X = horseshoe vortex joint length
X 5 = flap deflection
dl = vortex filament differential length vector
dl j = bound segment vector for horseshoe vortex 9
3( = differential element of wing planform area
Y = linearized section flap efficiency
L = aerodynamic force vector
Γ = horseshoe vortex strength
[P] = Jacobian matrix
" = Mach number
S = aerodynamic moment vector
a = atmospheric kinematic viscosity
# = number of control points/horseshoe vortices
l = aircraft angular rate vector

∗PhD Candidate, Mechanical and Aerospace Engineering, 4130 Old Main Hill, AIAA Student Member.
†Assistant Professor, Mechanical and Aerospace Engineering, 4130 Old Main Hill, AIAA Member.
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k = relaxation factor for applying Newton’s corrector formula
p = aircraft position vector
q = aircraft orientation quaternion
d = atmospheric density
r = position or displacement vector
A = displacement vector magnitude
X = residual vector
'4 = Reynolds number
B = span fraction of a wing segment projected into the body y-z plane
( = total wing planform area
Δ B̄ = lifting-line blending distance
f = lifting-line blending parameter
C = displacement along the effective lifting-line
u∞ = freestream direction vector
ua = section unit axial vector
un = section unit normal vector
us = section unit span vector
\ = aircraft velocity vector
v ji = velocity induced by horseshoe vortex 9 of unit strength at control point 8
\ind = velocity induced by the horseshoe vortex system
\∞ = freestream velocity vector
\wind = wind velocity vector
G = x-coordinate
H = y-coordinate
I = z-coordinate

Subscripts
1 = body frame
8 = control point index
9 = horseshoe vortex index
!! = lifting-line
Λ = swept
B = stability frame
F = wind frame
0 = inbound horseshoe vortex node
1 = outbound horseshoe vortex node

Superscripts
′ = horseshoe vortex joint˜ = effective lifting-line
Superscripts
8 = effective lifting-line index

II. Introduction

Prandtl first introduced lifting-line theory in 1918 as a method for estimating the lift distribution and induced drag
on a finite wing [1]. The central point of Prandtl’s theory was modeling the wing as a variable-strength bound vortex

segment, called the lifting-line. A vortex sheet lying in the plane of the wing then extended from the lifting-line into
infinity in the direction of the chord. In order to satisfy Helmholtz’s vortex theorems [2], the local strength of the trailing
vortex sheet was defined as the negative of the change in strength of the bound vortex segment. This vortex sheet induces
downwash on the bound vortex segment, making the local angle of attack a function of span. Prandtl hypothesized that
the lift produced due to vortex circulation at any point along the wing must be the same as that produced by an infinite
wing of the same cross section at the same local angle of attack. This is called the lifting-line hypothesis. Under this
hypothesis, Prandtl’s theory proves remarkably accurate for wings of aspect ratio greater than 4 at small angles of attack
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[3].
However, Prandtl only considered a single, straight wing with control points placed on the lifting-line [1]. Because

of this, the velocity induced by the bound vortex on the control points is identically zero and so is left out. By including
the velocity induced by the bound vortex, a wider range of geometries can be accounted for [4]. However, there are still
two issues with Prandtl’s classical formulation when wings with sweep or in sideslip are modeled. The first is that the
integral for determining the velocity induced by the lifting-line at a point on the lifting-line contains a singularity which
cannot be evaluated when the lifting-line has nonzero curvature at the point of interest [5]. Thus, non-straight wings
cannot be modeled. The second issue is that the integral for determining the velocity induced by the vortex sheet at a
point on the lifting-line contains a singularity which cannot be evaluated when the vortex sheet is not perpendicular
to the lifting-line local to the point of interest [5, 6]. This means that, if the trailing vortex sheet is aligned with the
freestream as is traditionally done [4], wings in sideslip or with sweep or dihedral cannot be modeled.

A. Modern Numerical Lifting-Line Method
In 2000, Phillips and Snyder presented a numerical analog to Prandtl’s classical lifting-line theory, which we will

refer to as the Phillips-Snyder (P-S) method [4]. Within the P-S method, Phillips and Snyder replace Prandtl’s classical
variable-strength bound vortex and trailing vortex sheet with a finite set of semi-infinite horseshoe vortices of constant
strength, as depicted in Fig. 1 [4]. It is assumed in the P-S method that the lifting-line should be placed along the locus
of aerodynamic centers (LAC) of the wing [3]. Each horseshoe vortex consists of a straight bound segment, lying
approximately along a portion of the wing LAC, and two trailing segments extending behind the wing to infinity. A
control point is also designated on each bound vortex segment at which the relevant equations are formulated and solved.

Fig. 1 Discrete horseshoe vortices applied to a swept wing as used in the P-S method.

At each control point, the total velocity vector due to the freestream velocity and the vortex system can be determined
from

\8 = \∞i +
#∑
9=1
Γ 9v ji (1)

where Γ 9 is the strength of horseshoe vortex 9 and v 98 is the velocity vector induced at control point 8 by vortex 9 ,
assuming unit vortex strength. The induced velocity is calculated using the Biot-Savart law [3] and is given by

v 98 =
1

4c

[
−

u∞0 × r j0i

A 908 (A 908 − u∞0 · r j0i)
+ (1 − X8 9 )

(A 908 + A 918) (r j0i × r j1i)
A 908A 918 (A 908A 918 + r j0i · r j1i)

+
u∞1 × r j1i

A 918 (A 918 − u∞1 · r j1i)

]
(2)

where X8 9 is the Kronecker delta function and r 98 is the vector from control point 8 to a node of horseshoe vortex 9 ,
with the subscripts 0 and 1 denoting the inbound and outbound vortex nodes, respectively. The inbound and outbound
trailing vortex segments are specified by recognizing that the strength of a vortex filament cannot change along its length.
Therefore following the right hand convention, one trailing segment points towards the wing, and the other points away
from the wing.

The lifting-line hypothesis is then imposed at a control point on each bound vortex segment to find the strength of
each horseshoe vortex. Once the strength of each horseshoe vortex is known, the total force acting on the wing can be
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determined by vector summing the forces acting on each section. This will provide an estimate for the lift and induced
drag acting on the wing. Sectional moments and parasitic drag can also be included by determining the respective
coefficients for each section at the angle of attack found from \8 and then summing across the wing.

By including the velocity induced by the bound vortex segment, the P-S method can be used to model more complex
wing geometries, such as wing-tail combinations [3]. However, taking the limit as the number of horseshoe vortices goes
to infinity, the P-S method can be shown to be the numerical equivalent to Prandtl’s original theory for a straight wing
[5]. Because of this, the singularities described previously are present in the P-S method, and it fails to grid-converge for
swept wings or wings in sideslip [5]. Experience has shown that the P-S method will attempt to force the lift distribution
to zero at points of nonzero curvature on the wing in order to avoid predicting infinite lift.

B. General Numerical Lifting-Line Method
Recently, Reid and Hunsaker presented what they termed a general numerical lifting-line method(herein referred to

as the R-H method), which comprises several modifications made to the P-S method to allow for wings with sweep or in
sideslip [5]. Among these modifications, Reid and Hunsaker defined an effective LAC (they also place the lifting-line on
the wing LAC) for each control point, which has zero curvature at the control point [5]. When calculating the velocity
induced at each control point by the vortex system, the vortex system geometry is defined using the effective LAC for
the control point under consideration, rather than the original LAC of the wing.

Reid and Hunsaker also added joints to the trailing vortex segments and forced these jointed portions to be
perpendicular to the effective LAC [5]. Figure 2 shows these modifications applied to a swept wing.

Effective LAC

LAC

Control point

Bound segment

Jointed segment

Trailing
segment

Fig. 2 The effective LAC and jointed horseshoe vortex for a control point on a swept wing as used in the R-H
method.

These changes lead to a new definition of v 98

v 98 =
1

4c

[
−

u∞0 × r ′j0i

A ′
908
(A ′
908
− u∞0 · r ′j0i)

+
(A ′
908
+ A 908) (r ′j0i × r j0i)

A ′
908
A 908 (A ′908A 908 + r

′
j0i
· r j0i)

+ (1 − X8 9 )
(A 908 + A 918) (r j0i × r j1i)

A 908A 918 (A 908A 918 + r j0i · r j1i)
+
(A 918 + A ′918) (r j1i × r ′j1i)

A 918A
′
918
(A 918A ′918 + r j1i · r

′
j1i
) +

u∞1 × r ′j1i

A ′
918
(A ′
918
− u∞1 · r ′j1i)

] (3)

where ′ denotes that the position vector is from the control point to the joint location. The vortex node locations are
defined by the effective LAC for control point 8.

With these modifications, the R-H method grid converges for wings with sweep and in sideslip. Reid and Hunsaker
also provided empirical correction factors to the airfoil section properties to account for the effects of sweep [5].
Compared to experimental data collected by Weber et al., the R-H method produces accurate results for the lift
distribution on a swept wing [5, 7]. Reid and Hunsaker also showed that solutions obtained using the R-H method are
relatively insensitive to the vortex joint length and effective LAC blending distance above a certain threshold. This
shows the R-H method does not require tuning to a specific case in order to be accurate.

C. Current Scope
Within the current work, we expand the application of the R-H method to allow for an arbitrary number of wings

with fully three-dimensional geometry. We also expand upon Reid and Hunsaker’s [5] analysis of various methods for

4



determining the effect of sweep on airfoil section properties. When evaluating the usefulness of thin airfoil theory, Reid
and Hunsaker assume the chordwise circulation distribution is not a function of sweep and so predict no change in the
section lift coefficient (when normalized by the swept chord length) [5, 8]. We relax this assumption and show that
reliable predictions of swept section properties can be made from thin-airfoil theory.

In presenting the P-S method, Phillips and Snyder derive a linearized version of the lifting-line equation which
results in a system of linear equations that can easily be solved [4]. This linear solution gives reasonably accurate
results for wings of high aspect ratio at small angles of attack [3]. Phillips and Snyder also derive a Jacobian matrix for
the original lifting-line equation, which can be used in Newton’s method to iteratively determine the vortex strengths
which exactly satisfy the lifting-line equation [4]. We mirror the solution scheme of the P-S method in the current work
and develop a linearized version of the general numerical lifting-line equation. We also determine the Jacobian of the
general lifting-line equation to be used in Newton’s method.

We will refer to the expanded version of the R-H method described in the current work as the Goates-Hunsaker
method (G-H) for solving the general numerical lifting-line problem. Using the G-H method, we discuss how sensitive
the lift distribution is to changing the placement of the lifting-line. Both Phillips and Snyder [3], and Reid and Hunsaker
[5] place the lifting-line on the wing LAC. We examine the validity of this and whether the lifting-line should be placed
on the LAC or some other set of reference points. We will provide recommendations based on comparisons with
experimental data. Because we wish to remove any necessary link between the wing LAC and the lifting-line used
in the G-H method, we will refer to the effective LAC introduced by Reid and Hunsaker [5] instead as the effective
lifting-line. Based on our findings on where to place the lifting-line, we will then compare results obtained from the
G-H method to experimental data found in the literature.

III. Geometric Definitions
We here give definitions for the effective lifting-line and jointed trailing vortices for an arbitrary number of wings

with arbitrary sweep, dihedral, and twist. We also develop expressions for the swept section direction vectors based on
the local sweep, dihedral, and twist. Throughout, we make use of the traditional body-fixed aircraft coordinate system.

A. Geometry of Multiple Wings
In order to analyze multiple, interacting lifting surfaces, we must clarify the effective lifting-line introduced in the

R-H method. The effective lifting-line serves to enforce zero curvature in the lifting-line local to the control point under
consideration [5]. Each control point then "sees" a lifting-line which is slightly different from the actual lifting-line of
the wing if the control point belongs to that wing. If there are other wings being analyzed to which the control point
under consideration does not belong, then that control point will "see" the original, unchanged lifting-line of the other
wings. Therefore, for systems of multiple wings, both the original and effective lifting-line geometries must be dealt
with.

B. Vector Definition of the Effective Lifting-Line
To account for arbitrary wing geometries, it is useful to define the lifting-line and effective lifting-line as vector

equations. Within this section, we will arbitrarily assume the lifting-line is placed on the wing locus of quarter-chord
points (LQC). How the placement of the lifting-line affects the solutions obtained from the G-H method will be discussed
later.

First, we must define the sign conventions for sweep and dihedral, as these will depend on which half of the wing we
consider. For both, we say the angle is positive if it results from a right-hand rotation about the corresponding axis (see
Figure 3). For sweep angle, Λ, we say a wing which is swept back has a positive sweep angle on the right half and a
negative sweep angle on the left half. This follows the right-hand rule if we consider sweep to be a rotation of the LQC
about the I-axis. For dihedral angle, Γ, the convention is similar, following the right-hand rule for a rotation about the
G-axis. A wing with dihedral has a positive dihedral angle on the right half and a negative dihedral angle on the left half.
The twist angle, g, is not dependent on the wing half but is simply a right-hand rotation about the section z-axis, which
is dependent upon dihedral. The sweep, dihedral, and twist are all defined relative to the quarter-chord of the wing.

We also define the span fraction, B, as the nondimensional distance along the wing locus of quarter-chord points
(LQC) projected into the body H-I plane for a given wing half. This distance is nondimensionalized by dividing it by the
wing semispan, 1/2. The span fraction, B, has its origin at the wing root and is equal to unity at the wing tips. Note we
do not use the projected wingspan here to nondimensionalize B. Using this definition for B, the components of the LQC
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x

y
Λ-Λ

(a) Sweep is positive for a right-hand rotation about the
z-axis.

z

yГ
-Г

x

(b) Dihedral is positive for a right-hand rotation about
the x-axis.

Fig. 3 Sign conventions for sweep and dihedral.

(relative to the wing root quarter-chord) for the right half of a wing at a given span fraction B are given by

ΔG!&� = −
1

2

∫ B

0
tanΛ(B)3B (4)

ΔH!&� =
1

2

∫ B

0
cos Γ(B)3B (5)

ΔI!&� =
1

2

∫ B

0
sin Γ(B)3B (6)

If the LQC for the left half of the wing is being calculated, then the signs for Eqs. (4-6) are reversed.
As we move forward in defining the effective lifting-line, we will not take the explicit definition of the lifting-line into

consideration. Instead, we simply assume the position of the lifting-line is given by r!! (B) and its spatial derivatives
can be determined either analytically or numerically.

To determine the effective lifting-line, r̃8!! , for a control point 8, we define a straight line tangent to the original
lifting-line at the control point under consideration. This is then blended with the original lifting-line using an
exponential blending function in B to obtain

r̃8!! (B) =
(
1 − 4−f (B−B8)2

)
r!! (B) + 4−f (B−B8)

2

(
r8 +

3r!!
3B

����
B=B8

(B − B8)
)

(7)

where f is a positive, real value and B8 is the location of the control point, r8 , in B (i.e. r8 = r!! (B8)). In the R-H
method [5], f is related to an approximate distance, Δ B̄, (called the blending distance) using the relation

Δ B̄ =
2 cosΛ
1
√
f

(8)

We follow this convention in the current work.

C. Effect of Dihedral and Twist on the Section Direction Vectors
Beyond affecting the geometry of the lifting-line, the inclusion of dihedral, sweep, and twist affects the definition of

the swept section normal, axial, and span vectors used to determine the effective freestream properties and the placement
of the trailing vortex joints. Section IV discusses the importance of considering the swept section; within this section,
we simply give definitions of the geometry.
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The swept section normal, axial, and span vectors are defined as follows. The swept section span vector, uBΛ , lies
tangential to the lifting-line, oriented such that positive circulation about uBΛ produces positive lift (e.g. for a straight
wing, uBΛ points along the body y-axis). If r!! is known, then uBΛ is given by

uBΛ =
Z

| |Z | | (9)

where

Z =
3r!!
3C

(10)

where C is defined as displacement along r!! (note this is different from the variable B defined previously). To preserve
the sign convention for lift due to circulation, C should increase from left to right along the wing. By normalizing the
swept section span vector with respect to its H and I components, 3r!!

3B
(used in calculating the effective lifting-line) can

be determined.
The swept section axial vector, u0Λ , lies normal to the lifting-line in the plane of the wing. This plane is spanned by

uBΛ and u0, the unswept section axial vector. Using the local dihedral and twist angles, u0 is defined as

u0 = [− cos g,− sin g sin Γ, sin g cos Γ]) (11)

We must observe that there are two vectors which will satisfy the given definition for u0Λ , both parallel but opposite in
direction. We therefore choose the one which will point most nearly in the direction of u0. This can be written as the
constraint u0Λ · u0 > 0. We can neglect cases where this dot product is equal to zero, as this would only occur when the
sweep angle is ±90°. Applying this constraint, the swept section axial vector is given by

u0Λ = 21u0 + 22uBΛ (12)

where

21 = +
√

1
1 − :2 (13)

22 = −21: (14)

: = uBΛ · u0 (15)

The swept section normal vector is then simply the vector which completes a right-handed, orthonormal system with
u0Λ and uBΛ and is given by

u=Λ = u0Λ × uBΛ (16)

When determining the effective flow properties at each control point, the section direction vectors should be
calculated based on the original lifting-line of the wing, r!! . However, when using u0Λ to place the vortex joints, the
effective lifting-line for each control point should be used.

In certain cases, one may desire to place the lifting-line on the wing LAC, rather than the wing LQC. Often, we
assume the LAC and the LQC are coincident. This assumption is appropriate for straight wings. However, for wings
with constant sweep, the LAC is usually offset from the LQC using a hyperbolic interpolation suggested by Küchemann.
We suggest that, if used, Küchemann’s correction should be applied in the direction of u0.

D. Placement of the Vortex Joints
Reid specifies that the jointed portions of the trailing vortices lie in the plane of the wing, normal to the lifting-line

[5]. To satisfy this, the jointed vortex segments are aligned with u0Λ evaluated at the vortex node location. The joint
location is then given by

r̃ ′9 = r̃!! 9
+ X2 9u0Λ 9 (17)
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where X is the vortex joint length given as a fraction of the wing chord and 2 9 is the local chord length at the vortex node
location. Note that the position of the effective lifting-line is used in eq. (17), rather than the true lifting-line. This is
because the jointed vortices are part of calculating the induced velocity at each control point, for which the effective
lifting-line must be used. In determining the joint locations, u0Λ should also be calculated using the effective lifting-line.

Experience has shown that an issue arises when defining the vortex joint locations using u0Λ for wings with sudden
changes in twist. Since u0Λ is defined using u0, which is dependent upon the local twist, a sudden change in twist
results in a sudden change in the direction of u0Λ as a function of span. This sudden change in direction amounts to a
discontinuity in the trailing vortex sheet, which can cause large spikes in local induced velocity near the discontinuity.
This tends to negatively affect solver convergence. To remedy this, we recommend blending u0Λ in the manner of Eq.
(7). In doing this, u0Λ at control point 8 is analogous to the ’straight’ portion of Eq. (7), and the swept section axial
vectors at the vortex nodes are analogous to the ’true’ portion of Eq. (7). Implementing this blending strategy results in
greatly improved solver performance and much more reasonable induced velocities while having negligible impact on
the final circulation distribution.

IV. Properties of Swept Wing Sections
Within potential flow, the basis of many prediction methods is to replace the wing geometry with a set of elementary

flows (typically doublet or source sheets in a freestream) of specified strength such that the surface of the wing becomes
a stream surface of the flow. In the case of an infinite swept wing (i.e. a swept airfoil section) an alternate coordinate
system is typically defined which has been rotated by the sweep angle about the I-axis so the rotated H-axis is then
parallel to the wing. We will call the rotated H-axis the [-axis and the rotated G-axis the b-axis. We can then express the
freestream velocity acting on the wing in either the G-H-I system or the b-[-I system.

\∞ = DiG + E iH + F iI = E b i b + E[ i[ + EI iI (18)

If we assume the wing is of constant cross-section, then the component of freestream velocity parallel to the wing, E[ ,
will automatically satisfy the requirement that the surface of the wing be a stream surface of the flow [9]. This means
that the arrangements and strengths of the elementary flows used to simulate the wing geometry will not be affected by
E[ . We thus assume that E[ should be ignored when calculating the aerodynamics of a swept wing using potential flow
theory. This assumption is made by many others (see, for example, [9–11]).

Lifting-line theory differs from other potential flow methods in that, instead of solving for source or vortex strengths
to satisfy a streamline condition, the vortex strengths are determined such that each bound segment produces the same
circulation as an infinite wing of the same geometry at the same angle of attack. We replace the wing with a set of jointed
horseshoe vortices, their bound portions forming a lifting-line. The bound vortex segment will then only induce velocity,
and thereby circulation, in the plane normal to the lifting-line. Thus, if we desire to equate the bound vortex segment to
an airfoil section, that section must also only induce circulation in the plane normal to the lifting-line. Thus, we assume
we must evaluate the aerodynamic properties of the wing section which lies in the plane normal to the lifting-line.

Since we are concerned with the wing section in the plane normal to the lifting-line, we define a section sweep
angle, Λ8 . We define the section sweep angle as the minimum angle between the body H-I plane and a line tangent to
the lifting-line at the control point under consideration. This angle is given by

Λ8 = − arctan
(
3r!! (B8)

3B

)
(19)

Note this follows the sign convention for sweep described previously.
We can observe that using the vortex lifting law to predict lift automatically takes sweep into account through use of

a cross-product [3]. This law is given by

3L = dΓ\ × dl (20)

However, we must use other means to account for the change in lift of a swept wing section. We will discuss how
the changes to the aerodynamics of swept sections are accounted for in the G-H method using an effective freestream
velocity (following from our discussion on the effect of E[) and an effective section geometry (following from our
discussion on section circulation). The definition of an effective section angle of attack follows from the effective
freestream velocity. We will then discuss how swept section aerodynamic coefficients are to be redimensionalized and
how the change in these coefficients can be predicted.
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A. Effective Section Geometry
As discussed previously, when evaluating the section aerodynamics of a swept wing, it is the section in the plane

normal to the lifting-line which should be considered. Since sweep is traditionally defined as a shear transformation,
the section geometry is usually known in the plane normal to the unswept spanwise direction. For a wing of constant
cross-section, the swept section geometry is then simply the unswept section geometry scaled in the chordwise direction
by cosΛ8 . Because of this, the swept chord length is given by

28Λ = 28 cosΛ8 (21)

This scaling of the section geometry is approximate for wings of non-constant cross-section; as long as there are not
rapid changes in section geometry as a function of span, the errors introduced by this approximation will be small.

1. Effective Flap Deflection
The change in section geometry due to sweep also has an effect on the flap deflection in the plane normal to the

lifting-line as shown in Fig. 4. For a flap with a given unswept section geometry and flap deflection, we can determine
the effective swept flap deflection, X 5Λ , from the unswept flap deflection and the local sweep angle. We do this by
recognizing the vertical distance from the chord line to the tip of the flap, ℎ 5 , does not change with sweep. We can thus
equate

δf hf
hf

δfΛ

Fig. 4 The effect of sweep on section flap deflection angle. The left image is unswept, the right image is swept.

2 5 sin X 5 = 2 5Λ sin X 5Λ (22)

Note that 2 5 and 2 5Λ are related in the same way as 2 and 2Λ. Solving for X 5Λ , we obtain

X 5Λ = sin−1 (
cosΛ sin X 5

)
(23)

This has an effect on the corrections to section coefficients discussed subsequently.

B. Effective Freestream Velocity
As shown previously, when determining the aerodynamics of a swept, infinite wing, the freestream velocity parallel

to the wing, E[ , should be ignored. We thus define the effective freestream velocity, +∞Λ , as the component of the
freestream velocity vector in the plane normal to the lifting-line.

We can obtain the effective freestream vector by projecting the freestream vector into the plane normal to the
lifting-line. Recognizing that this plane is the orthogonal complement to B?0={uBΛ }, the projection matrix that will
project a vector into the plane normal to the lifting-line is

%eff = �3×3 − uBΛu)BΛ (24)

The effective freestream velocity is then given by

\∞Λ = %eff\∞ (25)
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Within the G-H method, we also are concerned with the change in local dynamic pressure caused by induced velocities.
However, since we are still only concerned with the component of velocity acting in the plane normal to the lifting-line,
we use %eff to determine the effective local velocity, \Λ8

, given by

\Λ8
= %eff\8 (26)

1. Swept Section Angle of Attack
Using the effective velocity (either freestream or local), we define the swept section angle of attack as

UΛ = arctan
(
\Λ · u=Λ
\Λ · u0Λ

)
(27)

The swept angle of attack is then used to determine the section lift and moment coefficients.

2. Swept Section Reynolds and Mach Number
One significant advantage of numerical lifting-line theory over other potential flow methods is the possibility for

correcting section aerodynamic coefficients based on Mach and Reynolds number. The change in effective velocity for a
swept section also results in a change in the section Mach and Reynolds number. For a swept section, the effective Mach
number is given by

"Λ =
|\Λ |
0

(28)

where 0 is the local speed of sound. Since Reynolds number is a function of both the flow velocity and the reference
length, the Reynolds number is affected in two ways by sweep. As discussed previously, the chord length of a swept
section is reduced by the cosine of the section sweep angle, Λ8 . Thus, the effective Reynolds number is given by

'4Λ =
|\Λ |2Λ
a

(29)

C. Redimensionalization of Swept Section Coefficients
As sweep has an effect on the section geometry and freestream properties, we would expect a change in how section

aerodynamic coefficients are redimensionalized. In correcting section aerodynamic coefficients for sweep, we will
assume the nondimensional coefficients are given with respect to a unit chord length. We would then redimensionalize
using the swept chord length, 2Λ. However, to obtain the aerodynamic force for a discrete section of the wing, we
must multiply by the area of the entire section. Where sweep creates a decrease in section chord length by cosΛ, it
also creates an increase in the length of the segment in the directions of uBΛ by 1/cosΛ. Thus, the area of the swept
discrete section, 3(, remains the same as in the unswept case. Using the effective section velocity to redimensionalize
the coefficient, the aerodynamic force produced by a section is given by

3� =
1
2
d |\Λ |2�̃�Λ3( (30)

To redimensionalize the section moment, we include 2Λ as the required reference length.

3" =
1
2
d |\Λ |2�̃<Λ2Λ3( (31)

As a departure from both the P-S [4] and R-H [5] methods, we have chosen to redimensionalize the swept section
lift coefficient using the effective local velocity at each control point. Within the P-S [4] and R-H methods [5], the swept
section lift coefficient is redimensionalized using the freestream velocity to allow for nondimensionalization of Eq. (38)
[4, 5]. However, doing so reduces the accuracy of the final solution, as this neglects the increase in dynamic pressure
seen by the wing due to induced velocity.
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D. Corrections to Section Properties Using Thin-Airfoil Theory
The change in lift on an infinite wing due to sweep predicted by thin airfoil theory has been considered before.

Rosen and Rand [10] describe how, under the assumptions of thin airfoil theory, the lift per unit span on an infinite
swept wing is reduced due to a decrease in the effective angle of attack. They show that, assuming small angles, the
effective angle of attack is given by

UΛ = U cosΛ (32)

Note that this relation can be obtained by applying the small angle approximation to Eq. (27). Rosen and Rand [10] take
the lift slope as being 2c (as predicted by thin airfoil theory) but only consider a symmetric airfoil (i.e. U!0 = 0). We
can expand this, however, to provide a correction for asymmetric swept airfoils based on thin airfoil theory.

Thin airfoil theory models an airfoil section as an infinite vortex sheet lying on the chord (or camber) line of the
section [2, 3]. The vortex strength per unit distance along the sheet, W(G), is then solved for such that the camber line of
the airfoil becomes a streamline of the flow and the Kutta condition (W(2) = 0) is satisfied. Thin airfoil theory predicts a
lift slope of 2c regardless of section geometry. Thus, for a symmetric airfoil, the swept section lift coefficient predicted
by thin airfoil theory is no different than the unswept section lift coefficient, given the effective angle of attack is used.
From thin airfoil theory, the zero-lift angle of attack is predicted to be

U!0 = −
1
c

∫ c

0

3H2

3G
(1 − cos \) 3\ (33)

where

G =
2

2
(1 − cos \) (34)

and H2 (G) is the equation of the airfoil camber line [12]. If we assume the chord length has been normalized for a given
swept airfoil, then sweep will have no effect on the lift slope predicted by thin airfoil theory. However, Eq. (33) shows
U!0 is dependent on the geometry of the camber line through 3H2

3G
, which does change with section sweep angle. When

sweep is applied, 3H2
3G

will be scaled by a constant factor of 1/cosΛ. Since this is a constant, it can be taken out of the
integral in Eq. (33), yielding

U!0Λ = −
1

c cosΛ

∫ c

0

3H2

3G
(1 − cos \) 3\ = U!0

cosΛ
(35)

Thus, for a cambered airfoil, sweep creates a change in the lift coefficient at a given angle of attack due to a change in
zero-lift angle of attack. The correction given by Eq. (35) makes no assumption as to the magnitude of the local sweep
and so may be applied to arbitrary wing geometries as long as the assumptions of thin-airfoil theory are still valid.

Similar to the effect of sweep on the section lift coefficient, thin airfoil theory predicts a change in section moment
coefficient due to sweep. From thin airfoil theory, the section moment coefficient about the quarter-chord is given by

�̃<2/4 =
1
2

∫ c

0

3H2

3G
(cos(2\) − cos \) 3\ (36)

This is constant with respect to angle of attack. As with zero-lift angle of attack, sweep scales the camber line derivative
by 1/cosΛ. This factor can be taken out of the integral, yielding

�̃<2/4Λ =
�̃<2/4

cosΛ
(37)

E. Corrections to Viscous Section Drag Coefficient
One of the major advantages of numerical lifting-line theory, compared to other potential flow methods, is the

ability to account for some viscous effects through the evaluation of the parasitic drag on each airfoil section based on
a knowledge of the freestream properties. However, determining the section drag coefficient on swept wings poses
unique challenges and must be treated differently than swept lift and moment coefficients. Parasitic drag is a viscous
phenomenon dominated by boundary layer growth in the streamwise direction. Because of this, the assumptions made
previously to neglect E[ and to consider the geometry of the wing in the plane normal to the lifting-line are not valid
when considering parasitic drag.
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Different methods for predicting the viscous section drag coefficient of a swept wing have been suggested in the past.
The P-S method uses the unswept section drag coefficient at the unswept angle of attack and applies that drag force in the
direction of the local velocity [3]. However, this fails to take into account spanwise boundary layer development which
occurs on swept wings. A "2.5D" method has been proposed which uses CFD and somewhat accounts for spanwise flow
development [13, 14]. With this method, the drag coefficient is determined as a function of sweep and angle of attack
for a given section geometry using a CFD solution over an infinite swept wing. This drag coefficient can then be used in
a lifting-line solution based on the local unswept angle of attack. However, this is not a correction, per se, as the swept
section drag coefficient is calculated entirely independent of the unswept section drag coefficient.

Within the G-H method, we desire to estimate the parasitic drag of a swept wing based only on the parasitic drag
on an unswept wing of the same section geometry. As a first-order approach, we mimic the P-S method [3] within
the G-H method, as this does not require any knowledge of the actual boundary layer behavior over the swept wing.
We acknowledge this has limited accuracy, but is desirable for simplicity and ease of implementation. Corrections to
viscous predictions for swept wings is an area of possible future research.

V. Solution Methods
The governing lifting-line equation is derived by recognizing that the only aerodynamic force produced in potential

flow is lift due to circulation. This means the aerodynamic force predicted by the vortex lifting law for a given bound
vortex segment must be equal to the section lift predicted by the aerodynamic properties of the corresponding swept
wing section. This relation can be expressed as

dΓ8
��\Λ8
× 3 l 8

�� = 1
2
d
��\Λ8

��2 �̃!Λ8 (a)3(8 (38)

where a is the set of local aerodynamic parameters, such as angle of attack, flap deflection, Reynolds number, etc. and
3 l 8 is the vector extending from the inbound vortex node to the outbound vortex node for horseshoe vortex 8. Note that
the vortex lift in Eq. (38) is calculated using the effective local velocity, rather than the total local velocity. It can be
shown that these are equivalent, as the cross product accounts for the decrease in lift due to non-perpendicularity if the
total local velocity is used. We have chosen to use the effective local velocity for simplicity in deriving later equations.

Equation (38) follows the standard definition of lift in potential flow and assumes positive circulation generates
positive lift. This can be expressed mathematically as

B86=(Γ8) = B86=(�̃!8) (39)

Since 3 l 8 specifies the direction of the bound vortex segment, 3 l 8 is defined such that Eq. (39) holds. Thus, the
horseshoe vortex nodes are placed so as to proceed from the left tip to the right tip of each lifting surface. This will
result in 3 l 8 having the same direction as uBΛ8 .

Simplifying, Eq. (38) can be written as

2
��\Λ8
× dli

�� Γ8 − ��\Λ8

��2 �̃!Λ8 (a)3(8 = 0 (40)

Equation (40) is the governing equation of the G-H method. To determine the aerodynamics of the given wing
configuration, all that is required is to determine the strength of each horseshoe vortex such that Eq. (40) is satisfied at
each control point. We will now delineate two solution methods for determining this vortex strength distribution.

A. Linearized Solution
As a fast, first approximation, a linearized version of Eq. (40) can be used to solve for the vortex strength distribution.

By applying the small-angle approximation and dropping nonlinear terms, the lifting-line equation can be written as a
set of linear equations. At this point in the derivation, for convenience, we will drop the 8 subscript, denoting evaluation
at a control point, and assume this is implied.

To obtain a linear system of equations, we begin by assuming a linear model for the swept section lift coefficient.

�̃!Λ (a) ≈ �̃!Λ ,U (UΛ − U!0Λ + YX 5Λ ) (41)

where the swept angle of attack, UΛ, is given by Eq. (27) and where Y and X 5Λ are the section flap efficiency and swept
deflection, respectively. The swept section lift slope and zero-lift angle of attack are determined from the relations
described in Section IV. We ignore any influence of the Mach and Reynolds numbers on the lift coefficient.
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Assuming small angles of attack, the induced velocities will be small compared to the freestream velocity and the
effective freestream will be approximately aligned with the swept axial vector. The following approximation can then be
applied to the denominator in Eq. (27)

\Λ · ua� ≈ \∞Λ · ua� ≈
��\∞Λ �� (42)

Assuming small angles, we can also apply the approximation tan G ≈ G. The local swept angle of attack can then be
approximated as

UΛ ≈ u∞� · un� +
1��\∞�

�� ©«
#∑
9=1
Γ 9v ji

ª®¬ · un� (43)

where

u∞� ≡
\∞���\∞�

�� (44)

To further linearize Eq. (40), we can write the magnitude of the effective local velocity as

|\Λ |2 = %eff
©«\∞ +

#∑
9=1
Γ 9v ji

ª®¬ · %eff ©«\∞ +
#∑
9=1
Γ 9v ji

ª®¬
=

��\∞�

��2 + 2\∞� · %eff
©«
#∑
9=1
Γ 9v ji

ª®¬ + %eff ©«
#∑
9=1
Γ 9v ji

ª®¬ · %eff ©«
#∑
9=1
Γ 9v ji

ª®¬
(45)

The last term in Eq. (45) is neglected, as it is second-order in the induced velocities, which we assume to be small. As
an approximation at small angles of attack, we can also assume the induced velocities, Γ 9v ji , are nearly perpendicular to
the effective freestream, which makes the second term go to zero. |\Λ |2 can then be approximated as

��\∞�

��2. Applying
all the approximations thus far to the right half of Eq. (40), we can write

|\� |2 �̃!Λ (a)3( ≈
��\∞�

��2 �̃!Λ ,U ©«u∞� · un� +
1��\∞�

�� #∑
9=1
Γ 9v ji · un� − U!0Λ + YX 5Λ

ª®¬ 3( (46)

If we drop the nonlinear terms from the first term in Eq. (40) (we assume these are small at small angles of attack)
and combine this with Eq. (46), we obtain

2
��u∞�i × dli

�� Γ8 − �̃!Λ ,U8 ©«
#∑
9=1
Γ 9v ji · un�i

ª®¬ 3(8 =
��\∞�i

�� �̃!Λ ,U8 (
u∞� · un�i − U!0Λ8 + Y8X 5Λ8

)
3(8 (47)

Equation (47) is linear in Γ and is readily solved at a set of control points using numerical linear algebra techniques.
This solution proves remarkably accurate for lifting surfaces with high aspect ratio and low angle of attack. Experience
has shown the norm of the residual vector obtained from substituting the solution for Γ from Eq. (47) into Eq. (40) is
typically on the order of 10−1 for a traditional airframe at small angles of attack. This solution can also be used as an
initial guess for iteratively solving Eq. (40) using the method described next.

We must quickly remark that the right hand side of Eq. (47) can alternatively be written as
��\∞�i

�� �̃!Λ8 (a) 3(8
where a represents the airfoil parameters such as angle of attack, Reynolds number, etc. at each section, not taking
induced velocity into account. This represents linearizing the system about the current global angle of attack, rather
than an angle of attack of zero. This also makes no linearizing assumptions about angle of attack and flap deflection.

B. Nonlinear Improvement Using Newton’s Method
If we write the vortex strengths as a vector, �, we can present Eq. (40) as a vector equation of the form

f (�) = X (48)
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where

58 (�) = 2
��\Λ8
× dli

�� Γ8 − ��\Λ8

��2 �̃!Λ8 (a)3(8 (49)

and X is a vector of residuals. Finding the vortex strengths, �, then simply reduces to finding the roots of Eq. (48).
Newton’s method lends itself well to this root-finding problem. Given an initial guess for � and a corresponding residual
vector, X, the update to � can be found from Newton’s corrector formula

�Δ� = −X (50)

where � is the Jacobian matrix of f (�) and Δ� is the update. Equation (40) is readily differentiated with respect to �
and so we can derive an expression for � analytically. The elements of � are given by

�8 9 =
m

mΓ 9

(
2
��\Λ8
× dli

�� Γ8 − ��\Λ8

��2 �̃!Λ8 (a)3(8) (51)

As a first step, it is useful to write the derivative of the effective total velocity, \Λ8
with respect to Γ 9 , as this term

occurs frequently in subsequent steps.

m

mΓ 9

(
\Λ8

)
=

m

mΓ 9

©«%eff ©«\∞i +
#∑
9=1
Γ 9v ji

ª®¬ª®¬ = %effv 98 (52)

The derivative of the first term in the right hand side of Eq. (51) depends upon whether 9 = 8. For the case where
9 = 8, we must use the product rule, which yields:

m

mΓ 9

(
2
��\Λ8
× dli

�� Γ8 ) = 2
��\Λ8
× dli

��+2Γ8
m

mΓ 9

(��\Λ8
× dli

��) = 2
��\Λ8
× dli

��+2Γ8

(
\Λ8
× dli

)
·
(
%effv ji × dli

)��\Λ8
× dli

�� (53)

For the case where 9 ≠ 8, the product rule is no longer needed and the first term of Eq. (53) disappears, yielding

m

mΓ 9

(
2
��\Λ8
× dli

�� Γ8 ) = 2Γ8

(
\Λ8
× dli

)
·
(
%effv ji × dli

)��\Λ8
× dli

�� (54)

The second term in Eq. (51) must be evaluated using the product rule

m

mΓ 9

(
−

��\Λ8

��2 �̃!8 (a)3(8) = −3(8 [��\Λ8

��2 m�̃!Λ8
mΓ 9

+ �̃!Λ8
m

mΓ 9

(��\Λ8

��2)] (55)

We assume the section lift coefficient is dependent upon Γ 9 through the effective angle of attack, Reynolds number, and
Mach number. We thus write

m�̃!Λ8

mΓ 9
= �̃!Λ ,U8

mUΛ8

mΓ 9
+ �̃!Λ ,'48

m'48

mΓ 9
+ �̃!Λ ,"8

m"8

mΓ 9
(56)

The derivatives of section lift with respect to angle of attack, Reynolds number, and Mach number are assumed to be
known airfoil properties. The swept section angle of attack at any given control point is given by Eq. (27). Taking the
derivative of this with respect to Γ 9 , we obtain

mUΛ8

mΓ 9
=

(
\Λ8
· ua�i

)
(%effv ji · un�i) −

(
\Λ8
· un�i

)
(%effv ji · ua�i)(

\Λ8
· ua�i

)2 +
(
\Λ8
· un�i

)2 (57)

The swept section Reynolds number at any given control point is equal to

'48 =

��\Λ8

�� 2̄Λ8

a8
(58)

Where a8 is the local kinematic viscosity and 2̄Λ8
is the swept section chord length. The derivative of Reynolds number

with respect to Γ 9 is then
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m'48

mΓ 9
=
2̄Λ8

\Λ8
· %effv ji

a8
��\Λ8

�� (59)

The swept section Mach number at any given control point is equal to

"8 =

��\Λ8

��
08

(60)

Where 08 is the speed of sound at the control point. The derivative of Mach number with respect to Γ 9 is then

m"8

mΓ 9
=
\Λ8
· %effv ji

08
��\Λ8

�� (61)

The second half of Eq. (55) is evaluated to yield:

�̃!Λ8
m

mΓ 9

(��\Λ8

��2) = 2�̃!Λ8\Λ8
· %effv ji (62)

Simplifying, we obtain the final solution for each element of [P]:

[P]8 9 =X8 92|wi | + 2Γ8
wi · (%effv ji × dli)

|wi |
− 23(8�̃!Λ8E8 98

−
��\Λ8

��2 3(8 [�̃!Λ ,U8 E08 (%effv ji · uni) − E=8 (%effv ji · uai)
E2
08
+ E2

=8

+ �̃!Λ ,'48
2̄Λ8
E8 98

a8
��\Λ8

�� + �̃!Λ ,"8

E8 98

08
��\Λ8

��
] (63)

where

wi ≡ \Λ8
× dli (64)

E=8 ≡ \Λ8
· uni (65)

E08 ≡ \Λ8
· uai (66)

E8 98 ≡ \Λ8
· %effv ji (67)

Using this formulation for �, we can solve Eq. (50) for Δ�. We then update � using

�:+1 = �: + kΔ� (68)

where k is a relaxation factor and : is the iteration index. A relaxation factor of unity corresponds to accepting the full
update. A relaxation factor of less than unity is underrelaxed and tends to more gradual convergence, which may be
beneficial for some poorly-behaved situations. We continue iterating until the norm of X falls below some specified
threshold. Experience has shown for simple wings, this solution method typically converges to a norm of X of less than
10−10 within 10 iterations.

Within this nonlinear solution method, no assumption has been made as to the exact model for �̃!Λ . Therefore, the
swept lift coefficient can be determined using a simple linear model, an interpolated database of experimental data, or
any other method most useful for the designer. All that is required is that derivatives of the swept section lift coefficient
can be obtained with respect to angle of attack, Reynolds number, and Mach number at a given condition.
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C. Calculation of Aerodynamic Forces and Moments
Once the strength of each horseshoe vortex is known, the forces and moments acting on each wing can be determined.

We calculate the inviscid force acting on each bound vortex segment using the vortex lifting law

3LΓ8 = dΓ8\Λ8
× dl 8 (69)

The differential moment due to vortex lift is then given by

3SΓ8 = r8 × 3LΓ8 (70)

where r8 is the location of the control point relative to the aircraft center of gravity. To evaluate the total inviscid moment
acting on the aircraft, we must also consider the moment due to section aerodynamic properties. The differential
moment vector due to section aerodynamic properties is given by

3Ssection8 = @Λ8
2̄Λ8

3(8�̃<Λ8 (a)uBΛ8 (71)

where

@Λ8
=

1
2
d8 |\Λ8

|2 (72)

As a first-order approximation, we also predict the viscous drag on an aircraft from a knowledge of the parasitic drag
generated by the airfoil sections at a given flow condition. The differential viscous force vector acting on a section is
given by

3Lvisc8 = @83(8�̃�8
(a)u8 (73)

where

@8 =
1
2
d8 |\8 |2 (74)

u8 =
\8
|\8 |

(75)

This follows from our previous discussion on the section parasitic drag coefficient for swept wings. The corresponding
differential viscous moment vector is then given by

3Svisc8 = r8 × 3Lvisc8 (76)

Summing these differential elements across each wing gives the total inviscid and viscous force and moment vectors
acting on the aircraft.

D. Transformation of Forces and Moments to the Wind and Stability Frames
As the angle of attack and sideslip angle encode successive rotations from the wind frame to the stability frame to

the body frame, these angles can be used to determine the vector components of L and S in the wind and stability
frames. In the previous section, we obtained L and S in the body-fixed frame. This was due to the ease of defining the
geometry of the aircraft in the body-fixed frame. Transforming the forces and moments to the wind and stability frames
is a straightforward matter. This transformation can be accomplished using one of two methods: a rotation matrix or a
quaternion transformation. For this derivation, we use the definitions of the wind and stability frames given in [15].

1. Rotation Matrix
A rotation matrix can be constructed from the directions of the coordinate axes for the wind and stability frames

expressed in the body frame. As the body and stability frames differ by a rotation about the body H-axis (the angle of
this rotation is U, the angle of attack), the H-axis is the same in the body and stability frames. Similarly, the stability and
wind frames differ by a rotation about the stability I-axis (the angle of this rotation is V, the sideslip angle) and so the
I-axis remains the same in the stability and wind frames [15]. From a knowledge of the body-fixed coordinate axes, iG1 ,
iH1 , and iI1 , and the freestream direction vector, u∞, we can construct all other coordinate axes.
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The direction of positive lift is opposite the stability and wind z-axes. Lift is defined as being perpendicular to the
freestream. However, to allow for a definition of sideforce as well, we say that lift is also perpendicular to the body
H-axis. Thus

u! =
u∞ × iH1��u∞ × iH1

�� (77)

The order of the cross product is important for preserving the correct direction of lift. Normalization is required as u∞
and iH1 are not guaranteed to be orthogonal. To complete the orthogonal stability coordinate system, we define

iGB = u! × iH1 (78)

Normalization is not needed because u! is guaranteed to be orthogonal to iH1 from Eq. (77). The rotation matrix that
will transform a vector from the body frame to the stability frame is then

'stab =


i)GB
i)H1
−u)

!

 (79)

To obtain the rotation matrix to the wind frame, all that remains is to define the direction of the sideforce, as the
wind G-axis is opposite u∞. To do this, we simply complete the orthogonal coordinate system formed by u! and u∞.

iHF = u! × u∞ (80)

Again, normalization is not needed. The rotation matrix that will transform a vector from the body frame to the wind
frame is then

'wind =


−u)∞
i)HF
−u)

!

 (81)

The lift and drag forces will then be the negatives of the wind G- and I-forces, respectively, as implied by the negative
signs on u! and u∞ in Eq. (81).

A vector, v1 expressed in the body frame can then be transformed to the wind or stability frames simply by
premultiplying by the appropriate rotation matrix.

vB = 'stabv1 (82)

vF = 'windv1 (83)

2. Quaternion Transformation
As U and V describe two successive rotations, the total rotation can be encoded by a quaternion. Phillips [16] gives

formulas for calculating the orientation quaternion of an aircraft from its Euler angles, which we can adapt to frame
transformations based on U and V. To go from the wind frame to the stability frame, there is a rotation about the I-axis
by V. This is analogous to the heading angle when transforming from the Earth-fixed frame to the body frame. To go
from the stability frame to the body frame there is a rotation about the H-axis by U, which is analogous to the elevation
angle. The bank angle has no analogue in this case. Using Phillips’ equations, the quaternion which encodes a rotation
from the wind frame to the body frame is given by

qwind =


�U/2�V/2
−(U/2(V/2
(U/2�V/2
�U/2(V/2


(84)
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where � and ( denote the cosine and sine, respectively, of the subscripted quantity. Note we use the scalar-first definition
for the quaternion in the current work. The quaternion encoding a rotation from the stability frame to the body frame
will then be the same except with V set to zero.

qstab =


�U/2

0
(U/2

0


(85)

To transform a vector, v1 , from the body frame to either the wind or stability frame, it is simply necessary to perform an
inverse quaternion transform using the appropriate quaternion [16].

vF = qwind ⊗
(
v1 ⊗ q∗wind

)
(86)

vB = qstab ⊗
(
v1 ⊗ q∗stab

)
(87)

where ∗ denotes the quaternion conjugate. As this method requires evaluation of trigonometric functions, the rotation
matrix approach is preferred for computational speed.

VI. Lifting-Line Placement
There is some ambiguity as to where the lifting-line (i.e. the locus formed by the bound vortex segments) is to

be placed relative to the actual geometry of the wing. In Prandtl’s original theory, the lifting-line is placed at the
quarter-chord of the wing [1]. However, since Prandtl’s theory encompasses only straight wings, the location of the
lifting-line relative to the actual wing has no impact on the solutions obtained when considering a single wing.

Others have put forward suggestions for where to place the lifting-line. Phillips and Snyder [4], and Reid and
Hunsaker [5] both propose that the lifting-line should be coincident with the LAC of the wing but offer no justification
for doing so. For swept wings, Reid and Hunsaker [5] use Küchemann’s correction to offset the LAC from the LQC.

Weissinger [17] places the lifting-line on the quarter-chord line and enforces a flow-tangency condition at the
three-quarter-chord. Within his work, Weissinger cites Helmbold in a then yet unpublished work saying that for an
infinitely wide plate, "the downwash of the lifting surface and the downwash of the lifting line located at the one-quarter
chord position are equal to each other at the three-quarter chord distance" [17]. Thus in this case, the placement of the
lifting-line on the quarter-chord stems from analytical results of potential flow theory. The approach of placing the
lifting-line on the quarter-chord is also followed by Rosen and Rand [10], albeit on an infinite, straight-swept wing.

Guermond [6], in developing an analytic lifting-line theory for swept wings, places the lifting-line such that it
represents the "spanwise mean geometry" (i.e. it is placed on the half-chord line). In presenting a numerical application
of Guermond’s method, Devinant and Gallois [18] state that, within Guermond’s method, the lifting line may be placed
anywhere along the chord. They choose to place it on the quarter-chord in order to facilitate direct comparison with
Prandtl’s classical theory. In practice, Devinant and Gallois model the lifting-line of a straight swept wing as lying on
the quarter-chord except at the root. At the root, they join the two halves of the lifting-line using a small cosine curve, so
as to ensure a continuous radius of curvature along the lifting-line [18].

Using the G-H method, the placement of the lifting-line does have a noticeable impact on the predicted lift
distribution. Figure 5 shows the variation in the predicted lift distribution for a straight swept wing when the lifting-line
is placed on the LQC compared to when the lifting-line is placed on the LAC (determined by Küchemann’s correction
[19]). These are both plotted against experimental data from Weber et al. [7]. As can be seen, the predicted lift
distribution has an increase in lift at the root when the lifting-line is placed on the LAC. This is clearly not present when
the LQC is used and in the experimental data. Other experimental and high-order data (see, for example [5, 18, 20])
consistently show a characteristic dip in lift at the root of a swept wing, rather than an increase.

We hypothesize that the increase in the lift distribution seen at the root when the lifting-line is placed on the LAC
is due to the lifting-line becoming more nearly perpendicular to the flow at the root. This would tend to increase the
predicted lift in three ways. First, the bound vortex segment becoming more perpendicular to the freestream increases
the lift predicted by the vortex lifting law for a given vortex strength. Second, this also leads to an increase in the swept
section angle of attack near the root. And third, the effective freestream velocity seen by sections near the root is greater.
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Fig. 5 Lift distributions on a swept wing showing the effect of the placement of the lifting-line on the final
result. Experimental data from Weber et al. are shown for comparison [7].

We therefore propose that, since the lifting-line algorithm condenses the full geometry of the wing onto a single line
(the lifting-line), changing the position of the lifting-line away from a constant chord-wise station amounts to changing
the geometry of the wing. For example, placing the lifting-line on the LAC as defined by Küchemann’s correction would
be equivalent to modeling a wing which has a rounded out root section and tips with decreased sweep. Therefore, we
suggest it is most appropriate to place the lifting-line at a constant chord-wise station along the wing, thereby preserving
the geometry of the wing.

We recommend placing the lifting-line on the wing LQC. This is standard practice for lifting-line methods and already
represents a first-order approximation of the wing LAC. This placement also facilitates straightforward calculation of
moment contributions due to sectional properties. As the moment coefficient of an airfoil section is most often reported
about the quarter-chord, no shifting of this moment is needed if the control points are placed at the quarter-chord. This
convention is followed throughout the rest of this work. However, further research into these hypotheses is desired.

VII. Validation
The G-H method has been implemented in a user-friendly Python package called MachUpX [21]. We use MachUpX

to obtain all results from the G-H method presented in this work. To the authors’ knowledge, MachUpX has already
also been used for aeroelastic analysis on the NASA common research model [22], design and simulation of a small
unmanned aerial vehicle [15], twist optimization for a specified lift distribution on swept and unswept wings [23], and
design and analysis of a morphing wing aircraft [24].

As recommended by Reid and Hunsaker [5], we use a non-dimensional joint length of 0.15 and a blending distance
of 0.25 in all cases.

A. Grid Convergence
In expanding the R-H method into the G-H method, we have ensured that the effective lifting-line still has zero

curvature in the neighborhood of the control point and that the jointed vortices remain perpendicular to the effective
lifting-line. Thus, the G-H method is still grid convergent. To demonstrate this, we present a brief example.

Fig. 6 shows the circulation (vortex strength) distribution as predicted by MachUpX at various grid sizes for a wing
with 45° sweep and 5° dihedral. This wing had an aspect ratio of 8 and a constant NACA 0010 section (viscous lift slope
of 6.4336). This wing also had a mounting angle of 5° with 5° of linear twist starting at the mid-span. The case was run
at an angle of attack of 5° and a freestream velocity of 100 ft s-1. Fig. 6a shows the circulation predicted using the P-S
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method and Fig. 6b shows the circulation predicted using the G-H method. The P-S method fails to grid converge and
attempts to force the circulation to zero at the wing root. On the other hand, the results given by the G-H method grid
converge, showing the conditions imposed by Reid and Hunsaker [5] are still satisfied.

(a) (b)

Fig. 6 Circulation distribution for a swept wing with dihedral and twist using grid sizes varying from 10 (light
grey) to 640 (black) nodes per semispan using the (a) P-S and (b) G-H methods.

Based on this and other convergence studies, we use a grid resolution of 80 cosine-clustered points per semispan in
all subsequent cases.

B. Literature Comparisons
In this section, we compare results obtained from the G-H method to results available in the literature. These

results encompass predictions of overall aerodynamic coefficients, as well as coefficient distributions, for forward-swept,
unswept, and backward-swept wings. These comparisons provide a good reference for evaluating the accuracy and
usefulness of the G-H method.

1. Case 1: Weber and Brebner
Weber and Brebner investigated the effect of changing root section properties (i.e. thickness, camber, and twist)

on the overall lift distribution of a swept-back wing [7]. They report the lift coefficient distribution due to pressure
for three wings, as well as the total lift and drag coefficients for each at varying angles of attack. Each wing had the
same planform with a constant 45 degree sweep, a constant 20 inch chord, and a 98 inch span. Weber and Brebner give
limited data for all but the first wing, wing A, and so we provide comparisons for this wing only.

Wing A investigated by Weber and Brebner. had a constant RAE101 airfoil section. For this comparison, we use a
viscous section lift slope of 5.935 for the RAE101, as reported by Reid and Hunsaker [5]. Since Weber and Brebner.
report only values of pressure drag, we specify the wing section in MachUpX as having no skin friction drag. Figure 7
shows the section lift coefficient (normalized by the total lift coefficient) as predicted by the R-H method [5], PAN
AIR [25] (obtained by Reid and Hunsaker [5]), and the G-H method, compared to the experimental data from Weber
and Brebner for wing A at an angle of attack of 4.2°. There is very close agreement between all four sets of data.
The lifting-line methods tend to predict the lift distribution as being higher towards the tip and lower towards the root
than the experimental data. Similar behavior is seen in the results from PAN AIR, though the shift is less pronounced.
This is likely due to the development of significant spanwise flow towards the wingtips, which may affect the true lift
distribution and which lifting-line theory is unable to model. This hypothesis is supported by observing that PAN AIR
does predict a lower lift coefficient at the tip; since PAN AIR is a panel solver, it can capture more spanwise effects [5].
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Fig. 7 Lift coefficient fraction as a function of span for Weber’s wing A as predicted by the R-H and G-H
methods, and PAN AIR, compared to experimental data.

Figure 8 shows the lift distribution for wing A as a function of span as predicted by the G-H method at varying
angles of attack. These are plotted against experimental results from Weber et al. The lift distribution remains quite
accurate on the inner half of the wing, even up to high angles of attack. However, as the angle of attack is increased, the
G-H method overpredicts the section lift on the outer half.

Fig. 8 Section lift coefficient as a function of span for Weber and Brebner’s wing A as predicted by the G-H
method at angles of attack ranging from 2.1 (black) to 10.5 (grey) degrees. The solid lines are the distribution
predicted by the G-H method and the triangles are the experimental results.

As shown in Fig. 9a, the G-H method overpredicts the total lift at higher angles of attack. This is also seen in Fig. 8.
Since within the G-H method we assume a value for the linear lift slope of the wing section, the discrepancies seen may
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be due to incorrect prediction of the section lift slope. However, the discrepancy could also simply be due to increased
spanwise effects at high angles of attack, as discussed previously.

Figure 9b shows the pressure drag as a function of lift coefficient for wing A. Since Weber and Brebner [7] report
only pressure drag, we would expect the drag predicted by the G-H method to closely match the experimental results.
However, there is a large discrepancy here. This is likely due to viscous phenomena having a non-negligible effect on
the pressure data taken.

(a) (b)

Fig. 9 Lift coefficient versus angle of attack (a) and drag polar (b) for wing A as predicted by the G-H method
compared to experimental data.

2. Case 2: Van Dorn and DeYoung
Van Dorn and DeYoung [20] collected lift distribution data on forward and backward swept wings in order to test

the accuracy of various numerical methods for predicting the aerodynamics of swept wings. In the current work, we
compare only to the experimental results they report.

The geometry of these wings is reported by McCormack and Stevens [11]. These wings were constructed using
available wing panels with custom manufactured center and tip sections to achieve the desired sweep. The main
wing panels had a section which varied from a NACA 0015 at the root to a NACA 23009 at the tip. The root and tip
sections were manufactured such that the aspect ratio was the same between each of the 5 wings [11]. Table 1 gives the
dimensions of these 5 wings.

Table 1 Relevant dimensions for the 5 wings investigated by Van Dorn and DeYoung [11].

Wing Sweep, ° Root Chord, ft Tip Chord, ft Span, ft
1 -45 15.40 5.79 32.38
2 -30 11.34 4.59 36.39
3 0 8.71 4.73 30.53
4 30 10.53 4.65 36.06
5 45 13.34 5.59 33.56

Van Dorn and DeYoung report a constant section lift slope of 5.9015 along the span [20], which we use here. In
comparing to numerical methods, Van Dorn and DeYoung remove all effects of what they call the base loading, which is
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the lift distribution on the wing at zero degrees angle of attack. This was done in order to be able to model the wings
in the various numerical methods as flat plates (i.e. no geometric or aerodynamic twist). The experimental data is
corrected accordingly [20]. As such within MachUpX, we use a single airfoil section along the span of the wing with a
zero-lift angle of attack of zero. We specify the airfoil sections with no drag terms, since Van Dorn and DeYoung report
only lift due to pressure [20].

Within MachUpX, we turn off corrections to the section coefficients due to sweep. This is because the wings
investigated by Van Dorn and DeYoung were swept via a solid-body rotation, and so the section geometry normal to the
LQC remains the same [11]. McCormack and Stevens also report that no attempt was made to smooth the wing panels
used in their investigation, and so various sources of roughness, such as access panels and panel edges, were present on
their test models [11]. We make not attempt to account for this roughness and so expect the results from MachUpX to
underpredict viscous contributions for these wings.

As seen in Fig. 10, the G-H method predicts the spanwise lift distribution on an unswept wing remarkably well
in comparison to experimental data. This is expected as lifting-line theory is best suited for unswept wings. The
discrepancies seen in Fig. 10 between the numeric and experimental data are likely within the error of the experimental
data.

Fig. 10 Lift coefficient fraction as a function of span as predicted by the G-H method as a function of span for
a wing with no sweep

Figures 11a and 11b show the predicted and experimental lift distributions for the backward swept wings investigated
by Van Dorn and DeYoung. For these wings, the G-H method underpredicts the lift near the root and overpredicts the
lift near the tip of the wing. This is an interesting contrast to the numerical results reported by Van Dorn and DeYoung.
As they point out, the numerical methods they investigated (the methods of Faulkner, Mutterperl, and Weissinger)
consistently overpredict the lift at the root and underpredict the lift at the tip of the backward swept wings [20].

Figures 12a and 12b show the predicted and experimental lift distributions for the forward swept wings investigated
by Van Dorn and DeYoung. For these wings, the G-H method overpredicts the lift at the root and underpredicts the lift
at the tip. This follows the trend reported by Van Dron and DeYoung discussed previously [20].

C. General Remarks on Comparisons
Experimental research [26, 27] has shown that the vortical flowfield structure is much more complicated for swept

wings than for unswept wings. In addition to the wingtip vortices which dominate the wake of an unswept wing and
induce downwash, swept wings also generate leading and trailing edge vortices. Leading edge vortices form over
the leading edge of swept wings at an angle of attack [26]. These complex vortical structures are not modeled in
lifting-line theory and so may be a source of error in predicting the lift distribution on swept wings. Future research into
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(a) (b)

Fig. 11 Lift coefficient fraction as a function of span as predicted by the G-Hmethod compared to experimental
data for two backward swept wings with (a) 45 and (b) 30 degrees of sweep.

(a) (b)

Fig. 12 Lift coefficient fraction as a function of span as predicted by the G-Hmethod compared to experimental
data for two forward swept wings with (a) 45 and (b) 30 degrees of sweep.

incorporating leading and trailing edge vortex effects into a general numerical lifting-line method for swept wings could
lead to great improvements in its accuracy.

A viscous vortex phenomenon called bursting may also be responsible for some of the discrepancies observed for
forward swept wings. At a certain point along the axis of a vortex, the vortex transitions to lower-energy, turbulent flow
[27]; this event is referred to as bursting. This bursting has been connected with a change in the pressure distribution on
the surface of the wing [28]. As bursting is a viscous phenomenon, its effect is not modeled within lifting-line methods
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and so may also be a source of error when comparing to experimental results.

VIII. Conclusion
The Goates-Hunsaker method for solving the general lifting-line problem can be successfully applied as presented in

this work to an arbitrary number of wings with arbitrary sweep, dihedral, and twist distributions. The G-H method also
incorporates corrections to swept section coefficients based on thin-airfoil theory, which may be applied to the airfoil
sections regardless of local sweep. In this work, we have shown how both a linearized approximation to the lifting-line
equation and a nonlinear improvement method may be used within the G-H method to solve for the vortex strength
distribution of a given set of wings. Using these solution methods, we have shown how the G-H method is sensitive to
the chord-wise placement of the lifting-line and recommend it be placed on the LQC. Compared to published data, the
G-H method provides accurate predictions of the lift distribution for wings with various sweep angles.
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