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ABSTRACT

This dissertation can be said to consider the Novikov conjecture for an extension of
coarsely embeddable groups.

The first part of the dissertation is about defining a C'*-algebra associated with an
extension of coarsely embeddable groups. This C*-algebra comes with an action of the
extension group, and we explore the properties of this action. We then construct twisted
Roe algebras and twisted localization algebras associated with the extension, and develop
a framework to compute their K -theory.

In the second part of this dissertation, we define and study the Bott map from the
suspension of the localization algebra to the twisted localization algebra and the Bott map
from the suspension of the Roe algebra to the twisted Roe algebra associated with the
extension group. We show that the Bott map between localization algebras induces an
isomorphism on K -theory. It follows that the strong Novikov conjecture with coefficients
in any C*-algebra holds for a group G when a normal subgroup N of G and the quotient
group G/ N are coarsely embeddable into Hilbert spaces. As a result, the group G satisfies

the Novikov conjecture under the same hypothesis on NV and G/N.
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1. INTRODUCTION

The Novikov conjecture is an important problem in higher dimensional topology. It
asserts that the higher signatures of a compact smooth manifold are invariant under ori-
entation preserving homotopy equivalences. In the past few decades, noncommutative
geometry has provided powerful techniques to study the Novikov conjecture. Using this
approach, the Novikov conjecture has been proved for an extensive class of groups (c.f.
(4], [5], [13], [16], [20], [211, [19], [22], [31], [32], [33]).

The Novikov conjecture is a consequence of the strong Novikov conjecture in the com-
putation of the K -theory of group C'*-algebras. Given a countable discrete group G, there
is a universal proper G-space £G which is unique up to equivariant homotopy equivalence
(see [2]). Let B be any C'*-algebra equipped with a GG-action by x-automorphisms. The
Baum—Connes assembly map for a countable discrete group G and a G-C'*-algebra B is a

group homomorphism

p: KK (EG,B) » K.(B % G),

where K K¢ (EG, B) is the equivariant K-homology with G-compact supports with coef-
ficients in B of the universal space £G for proper G-actions, and K, (B x, GG) is the K-
theory of the reduced crossed product B x, GG (see [19]). In the special case when B is the
complex numbers C with trivial G-action, the Baum—Connes assembly map x is a group
homomorphism mapping each Dirac type operator to its higher index in K,(C}(G)),
where C(G) is the reduced group C'*-algebra. The Baum—Connes conjecture with coef-
ficients in B claims that p is an isomorphism, while the strong Novikov conjecture with
coefficients in B claims that 4 is injective. When B is the complex numbers C, this reduces
to the usual Baum—Connes conjecture and strong Novikov conjecture, respectively.

Let us recall the concept of coarse embedding which was introduced by Gromov in



[11]. Let X be a metric space, and ‘H a Hilbert space. A map ¢ : X — H is called a coarse
embedding if there exist two non-decreasing functions p_, p, : [0. + 00) — [0, +o0), with

p-(t) < py(t) forall ¢ > 0, and tli£n p—(t) = +o0, such that

p-(d(z,y)) <[(z) - e(y)] < p(d(2,y)) forall 7,y € X.

Yu [32] and Skandalis—Tu—Yu [26] proved the Novikov conjecture for any group which
admits a coarse embedding into Hilbert space. In [21], Kasparov and Yu strengthened this
result, showing that the Novikov conjecture holds for groups which are coarsely embed-
dable into Banach spaces with property (H ).

In [23], Oyono-Oyono established a group extension result for the Baum—Connes con-
jecture. Let N and G be countable discrete groups, and N a normal subgroup of G.
Oyono-Oyono showed that if the quotient group G/ N and all subgroups of G containing N
with finite index satisfy the Baum—Connes conjecture, then G satisfies the Baum—Connes
conjecture. With this extension result, one can show that the Baum—Connes conjecture
holds for a large class of groups. For instance, based on Higson and Kasparov’s result on
the Baum—Connes conjecture for a-T-menable groups ([16]), the result of Oyono-Oyono
implies that the Baum—Connes conjecture holds for all extensions of a-T-menable groups.

To obtain an extension result for the Novikov conjecture, one might attempt to show
that coarse embeddability into Hilbert space is closed under taking group extensions, and
apply Yu’s result ([32]). However, in [1], Arzhantseva and Tessera constructed a finitely
generated group GG which is not coarsely embeddable into Hilbert space, but has a normal
subgroup N such that N and G/N are coarsely embeddable into Hilbert spaces. Note
that every subgroup of GG containing N with finite index is also coarsely embeddable into
Hilbert space. To obtain an analogue of the extension result of the Baum—Connes conjec-
ture ([23]), other techniques are needed to show that the group obtained from extension of

coarsely embeddable groups satisfies the Novikov conjecture.



Our main result is the following.

Theorem 1.0.1. Let 1 - N - G - G/N — 1 be a short exact sequence of countable
discrete groups and B a G-C*-algebra. If N and G|N are coarsely embeddable into
Hilbert spaces, then the strong Novikov conjecture holds for G with coefficients in the

G-C*-algebra B, that is, the Baum—Connes assembly map

p:KKE(EG, B) » K, (B %, Q)

is injective, where EG is the universal space for proper G-action, and B x,G is the reduced

crossed product C*-algebra.

Let G be a countable discrete group with a coarsely embeddable normal subgroup
N < G. Assume that the quotient group G/ N is also coarsely embeddable into Hilbert
space. It follows from Theorem 1.0.1 that the rational strong Novikov conjecture holds for

G, that is, the Baum—Connes assembly map

p:KKE(EG)®Q - K, (CrG)eQ

is injective. We remark that the rational strong Novikov conjecture implies the Novikov
conjecture on the homotopy invariance of higher signatures and the Gromov-Lawson-
Rosenberg conjecture regarding the existence of positive scalar curvature on closed as-

pherical manifolds.



2. PRELIMINARY

2.1 ('*-algebras

In this section, we shall recall some basic facts about C*-algebras which can be found,

for instance, in [7].

Definition 2.1.1. A Banach algebra A is an algebra equipped with a multiplicative norm,

i.e., ||ab| < |a|||o| for all a,b e A, and such that (A, || -|) is a Banach space.

A Banach algebra A is unital if there exists an element 1 € Asuchthatl-a=a-1=a

for all @ € A. The algebra A is said to be non-unital if such an element does not exist.

Definition 2.1.2. Let A be a Banach algebra. A map * : A — A is called an involution if

it satisfies
* (a+b)*=a*+b* forall a,be A,
e (Ma)*=Xa* forall \e Cand a € A,
e (ab)* =b*a* forall a,be A,
e (a*)*=aforall ac A

A Banach algebra A is said to be a C'*-algebra if A is equipped with a norm satisfying

the equality |a*al| = ||a|? for all a € A.

Definition 2.1.3. Let A be a *-algebra, and let A* = A & C be the direct sum of vector

spaces A and C. Define a %-algebra structure on A* by

(a,)(b,B) = (ab+ Ba+ ab,ap), (a,a)* =(a*,@)



for all (a,«a),(b,B) € A*. Define r : A - A* by 1(a) = (a,0) and 7 : A* - C by

7(a,a) = .
Proposition 2.1.4 ([7]). There exists a norm on A* such that A" is a unital C*-algebras.

Let A be a C*-algebra. We say that B c A is a C'*-subalgebra of A if B is a C*-
algebra equipped with the inherited operations and norm from A. A C'*-subalgebra [ c A
isacalled anideal of Aifa-Icland/-ac I forallace A.

For any given ideal  c A, one can define a quotient C*-algebra A/I.

Example 2.1.5. 1. Let X be a compact Hausdorff space. Then C(X), the set all con-
tinuous functions on X, is a Banach algebra when equipped with pointwise multipli-

cation and the norm || f| := sup,.x | f(x)|. Moreover, one can endow C(X) with an

involution by f*(x) = f(z) for all f € C(X). Then C(X) is a unital C*-algebra.

If' Y is locally compact space but not compact, then Co(X), the set of continuous
functions on X vanishing at infinity, is a non-unital C*-algebra when equipped with

the above multiplication, involution and norm.

2. Let H be a complex Hilbert space. Then B(H ), the set of bounded linear operators
on H, is a unital C*-algebra with composition as multiplication, operator adjoint
as involution and operator norm. In particular, if H is a finite-dimensional Hilbert
space with n = dim(H), it is obvious that B(H) is the C*-algebra M, (C) of n-by-n

matrices.

3. Let H be a complex Hilbert space. Then K(H ), the set of compact operators on H,
is a non-unital C*-algebra equipped with the above multiplication and norm. It is

well-known that K (H) is an ideal of B(H ).

Definition 2.1.6. Let A, B be two C*-algebras. A linear map o : A — B is called a

x-homomorphism if it satisfies p(ab) = p(a)p(b) and p(a*) = p(a)* for all a,b € A.
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Given a sequence of C*-algebras {4, }, . Suppose that for each pair j < i there is a
sequence of *-homomorphisms ¢;; : A; - A; with the coherence condition ¢;; = ;i © ;.
Let []; A; be the product C'*-algebra equipped with coordinate-wise operation inherited

from A;’s and the norm

I(ai)ll = sup flasl,

for all (a;) € [1; Ai- Let ®;A; be the C*-algebra of [], A; generated by sequences whose
all but finitely many terms are 0, and let 7 : []; A; — [1; A;/®; A; be the canonical quotient.
Set

Ay = {(ai) e [] A: : i such that a; = ¢;;,(a;,) for all i > io}.

Definition 2.1.7. The inductive limit of the directed system {A;,p;;} is defined to the
C*-algebra
h_r}nAi := the closure of m(Aw) © U Al ®; A;.

By the definition of inductive limit, one obtains a canonical homomorphism ¢; : A; —

li_r)n A; for each 4, such that the following diagram commutes:

—

Pi,j
ZJL %

A
The inductive limit has the following universal properties. If B is any C'*-algebra and
for each ¢ there is a homomorphism ¢, : A; — B satisfying ¢; o ¢; ; = ; for all j < ¢, then

there exists a homomorphism ¢ : h_n>1 A; = B such that the following diagram commutes:

im 4,




Example 2.1.8. For each positive integer n, let M, (C) be the set of n-by-n matrices.
Then M, (C) can be viewed as the C*-algebra of bounded operators on an n-dimensional
Hllbert space. By the definition of inductive limit, we have

K(H) =lim M, (C),

—

where H = (?(N) is the Hilbert space of square summable sequences on N.

2.2 K-theory of operator algebras

In this section, we will recall the definitions of /K -theory and some basic properties of
K -theory which can be found in [3].
For each positive integer n, we define the matrix algebra M,,(A) to be the algebra of n-

by-n matrices (a; ;) with each entry a; ; € A equipped with the following operations:

1<i,j<n

(aij)(biy) = (Y, aibry), (aij)* =(a},;)

f=1n
for all (a; ;) (b;;) € M, (A).

Proposition 2.2.1 ([7]). There exists a unique norm on M, (A), such that M,(A) is a

C*-algebra.

Definition 2.2.2. . Let A be a C*-algebra. An element p € A is called a projection if

p*=p=p-

2. For any two projections p, q € A, we say that p and q are homotopic if there exists a

norm-continuous path of projections in A from p to q.

In order to define the Kj-group of a C*-algebra A, we consider projections not only

in A, but also in M (A) = U, M, (A), where the union of matrix algebras can be viewed



as an inductive limit of M, (A) with the homomorphisms M, (A) - M,,(A) via a —

diag{a,0} for all n < m.

Definition 2.2.3. Let A be a C*-algebra. Define V (A) to be the set of homotopy classes
of projections in M, (A). On V(A), define addition by [p] + [q] = [diag{p, q}].

It is straightforward to check that this addition operation on V' ( A) is well-defined and

makes V' (A) into an abelian semigroup with identity [0].

Example 2.24. . V(C)=V(K(H))=Nu{0}, where K(H) denotes the algebra of

compact operators on a seperable Hilbert space H.

2. Let H be an infinite-dimensional complex separable Hilbert space. Then V(B(H)) =
Nu{0,co}.

Let ¢ : A - B be a *-homomorphism between C'*-algebras A and B, then ¢ extends to
a homomorphism from M, (A) to M. (B), which induces a semigroup homomorphism

¢. : V(A) = V(B) by [p] = [¢(p)] forall [p] € V(A).

Definition 2.2.5. Let A be a unital C*-algebra. The group Ko(A) is defined to be the
Grothendieck group of V (A).

For a non-unital C*-algebra A, define K(A) to be ker(r, : Ko(A*) - Ko(C)), where
7 : A* > C is the canonical homomorphism given by 7(a, A) = \.

It is obvious to verify that
e if A= Al @AQ, Ko(A) = Ko(Al) @ Ko(AQ),
e if A= li_r}nAb then Ky(A) = h_r)an(An).

Example 2.2.6. 1. Ky(C) = Ko(K(H)) = Z, where K(H) is the algebra of compact

operators on a separable Hilbert space H.
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2. Ko(B(H)) =0, where B(H) is the algebra of all bounded linear operators on H.

Next, we will recall the defintion of K-group. Let A be a C*-algebra. Let GL,,(A) =
{reGL,(A*):2 =1, mod M,(A)}. One can embed GL,(A) into GL,,1(A) viau
diag{u,1}. Let GLo(A) := lim GL,(A), which can be viewed as the group of invertible
infinite matrices that have diagonal elements in 14+ + A, off-diagonal elements in A and

only finitely many entries different from O or 1.

Definition 2.2.7. Let u, v be invertible elements in a unital C*-algebra A. We say that u
is homotopic to v if there exists a norm-continuous path of invertible elements in A from u

to v.

Definition 2.2.8. Let A be a C*-algebra. The group K, (A) is the set of homotopy classes
of invertibel elements in G Lo (A) endowed with the addition [u] + [v] = [diag {u,v}] for
all [u], [v] € K1(A).

Example 2.2.9. K, (C) = 0 since every invertible matrix can be connected to the identity

matrix by a norm-continuous path of invertible elements with ocmplex entries.
It is straightforward to verify the following properties for K-group:

e If ¢ : A » B is a x-homomorphism between C*-algebras, then it extends to to a
unital homomorphism A* — B*. Consequently, we obtain a homomorphism ¢, :

Ki(A) - K{(B).
° Kl(Al@AQ)ZKI(Al)EBKl(AQ).

Definition 2.2.10. Let A be a C*-algebra. The suspension of A, denoted by SA, is

Co(R, A) equipped with pointwise operations and the sup norm.



Theorem 2.2.11 ([3]). There is an isomorphism 0 4 : K1(A) - K(SA) such that the map
0 4 is natural, i.e., if  : A > B is a homomorphism, we have the following commutative
diagram:

K. (A) —2~ K,(B)

o |
Ko(54) E2% Ko(SB)

where S¢ : SA - SB is a homomorphism induced by ¢.

A sequence G oo, G, LN (G5 of groups and group homomorphisms is said to be exact
if im(¢g) = ker(¢1).

Next, we will recall an important algorithm to compute the K -theory of a C'*-algebras.
Let A be a C'*-algebra, and let I, J be two ideals of A. Suppose that the sum [ +.J is dense
in A. Denotei;: InJ - I,i;:InJ - J, kI : 1 - A, and k/ : J — A to be the inclusions,

respectively.
Theorem 2.2.12 (Mayer—Vietoris sequence, [3]). Let A be a C*-algebra and I, J two

ideals of A. Suppose that A = [ + J, then we have a six-term exact sequence:

Ko(InJ) — Ko(I) ® Ko(J) — Ko(4)

| |

Ki(InJ)<—Ki(I)® Ki(J) < Ki(A)

The homomorphisms

K.(InJ)>K()@®K.(J) and K.(I)®K,(J)~ K.(A)

in the above diagram are respectively given by

v (ir)(2) @ (is)+(2) and y@z e ri(y) - K(2)

10



forallze K,(InJ),ye K.(I), z¢ K.(J).
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3. THE BAUM-CONNES MAP AND LOCALIZATION

In this section, we will first recall the definition of Roe algebras, and the Baum—Connes
assembly map. We then move on to define the local index map and show the connection

between the local index map and the Baum—Connes assembly map.
3.1 Roe algebras

Let GG be a countable discrete group, and A a locally compact metric space with a

proper cocompact G-action. The action is proper if the map
AxG - AxA, via (z,9) v~ (z,9z),

is a proper map. A (G-action is said to be cocompact if there exists a compact subset
Ag c A such that G- Ay = A. Let Cy(A) be the C*-algebra of all continuous functions on

A, which vanish at infinity. Let B be any G-C*-algebra.

Definition 3.1.1 ([28]). Let H be a Hilbert module over B and let 7 : Cy(A) — B(H ) be
a *-homomorphism from Cy(A) to B(H), where B(H) is the algebra of all adjointable

operators on H. Let T € B(H ) be an adjointable operator on H.

1. The support of T, denoted by supp(T), is defined to be the complement (in A x A)
of all pairs (x,y) € A x A for which there exist f,g € Co(A) with f(x) + 0 and
g(y) # 0 such that ©(f)Tw(g) = 0.

2. The propagation of T is defined to be

propagation(T) = sup{d(x,y) : (x,y) € supp(T)}.

If propagation(T') < oo, the operator T is said to have finite propagation.

12



3. The operator T is said to be locally compact if n(f)T and Tw(f) are in K(H)
forall f e Cy(A), where K(H) is defined to be the operator norm closure of all

finite-rank operators on the Hilbert module H.

Let H be a countably generated Hilbert module over B, and U : G — U(H ) a unitary
representation of G. A *-homomorphism 7 : Cy(A) - B(H) is said to be covariant if
w(vf) = Uyn(f)U,—, for all v € G, f e Co(A). The triple (Co(A),G, ) is called a
covariant system. An operator 7" € B(H) is said to be G-invariant if U, TU,-1 = T, for all
v € G. Let us also recall the definition of an admissible covariant system, more details can

be found in [29].
Definition 3.1.2 ([29]). A covariant system (Co(A), G, ) is said to be admissible if

1. H is isomorphic to Hx ® E® B as G-Hilbert modules over B, where Ha and E are

Hilbert spaces,

2. m=m ® 1 for some G-equivariant *-homomorphism 7y : Co(A) - B(Hp), such
that wo(f) is not in K(Ha) for any non-zero function f € Co(A), and g is non-

degenerate in the sense that {WO(CO(A) )H A} is dense in Ha,

3. for every finite subgroup F of G and every F-invariant Borel subset U of A, FE is
isomorphic to (*(F') ® Hy as F-Hilbert spaces for some Hilbert space Hy with a

trivial F-action.

Let GG be a countable discrete group, and A a locally compact metric space with a
proper cocompact G-action and let B be a G-C'*-algebra. There is always an admissible
covariant system. Chose an infinite-dimensional separable Hilbert space H, and a count-

able dense G-invariant subset X c A, then define

H=0r*(X)® Hy® (*(G) ® B.

13



The tensor product H is a Hilbert B-module with the B-valued inner product
(u®a,v®b) = (u,v)-a*b,

for all u,v € ?2(X) ® Hy ® (>(G) and a,b € B. The space H is equipped with a right
B-action by

(u®a)b=u®ab,

forall u® (?(X)® Hy® (*(G) and a, b € B. In addition, the Hilbert B-module is endowed

with the diagonal action of G by
Uj:0.90®0,®a+ 0, 90R0,,®9-a,

where g,h € G, a € B, z € X. Define an action of Cy(A) by pointwise multiplication
f:0.@ved, ®@ar f(2)),®v® ), Qa.

Following Lemma 4.5.5 in [29], it is obvious that (Cy(A), G) is an admissible system.

Now we are ready to define the Roe algebra, following Roe [25].

Definition 3.1.3. Let (CO(A), G, 7T) be an admissible covariant system. The algebraic Roe
algebra with coefficients in B, denoted by C, (A, G, B), is defined to the algebra of all the
G-invariant, locally compact operators in B(H ) with finite propagation. The Roe algebra
with coefficients in B, denoted by C*(A, G, B), is the norm closure of Cy (A, G, B)

under the operator norm on H.

Next, we will recall some basic properties of Roe algebras. Let A;, A, be two locally
compact metric spaces with proper and isometric G-actions. A Borel map f : A; - Ay is

G-equivariant if f(gz) = gf(x), forallz € Ay, g € G. The map f: A; - A, is said to be

14



a coarse embedding if there exist non-decreasing functions p_, p, : [0, 00) — [0, 00) such

that

1. lim p_(t) = +oo,

t—+o0

2. p(d(z,y)) <d(f(x), f(y)) < p+(d(z,y)), forall z,y € Ay

Given an equivariant coarse embedding, we will define an isometry between admis-
sible Hilbert modules covering the map. Let (Cy(Aq), 71, G) and (Cy(Asz), 72, G) be
admissible systems on {1 = Ha, ® £; ® B and Hy = Ha, ® E/5 ® B as in Definition 3.1.2.
For any adjointable operator 7' : H; — Hs, the support, denoted by supp(7’), is defined
to be the complement (in A, x A;) of all the pairs (z,y) € Ay x A; for which there exist
feCo(Ay) and g € Co(As) with f(y) # 0 and g(z) # 0 such that mo(g)Tm1(f) = 0.

A space A is said to be G-equivariantly coarsely equivalent to A, if there exist G-
equivariant coarse embedding f : A; > Ay and g : Ay —» Ay, such that d(fg(y),y) < ¢
for all y € Ay and d(gf(x),z) < ¢ for all x € Aq, where c is a positive constant. Let us
recall the result that the K -theory of Roe algebras with coefficients in any G-C'*-algebra
B is invariant under equivariant coarse equivalence. For completeness, we also present the

proof.

Proposition 3.1.4 ([29]). Let Ay and Ay be metric spaces with proper G-actions. If A,
is G-equivariantly coarsely equivalent to N\,, then K,(C*(A1,G, B)) is isomorphic to

K.(C*(Aq,G, B)), for any G-C*-algebra B.

Proof. Since the G-action on A, is proper and isometric, by Lemma A.2.8 in [28], one

can find a Borel cover {U; } with mutually disjoint elements, such that

1. U; = K, xg, G, where GG; < (G is a finite subgroup, and K; c A; is G;-invariant for

all 4,

15



2. K, has non-empty interior for all ¢,
3. the diameter of K; is uniformly bounded for all ;.

One obtains a cover {f~1(U;)} of A;. The representation of Cy(A;) on H; extends to a
representation of the algebra of all bounded Borel functions on A;. Thus, for each i, we
have xu, H2 2 xu,Ha, ® (*(G;) ® Hy, ® B by Definition 3.1.2. Since K; has non-empty
interior and is G-invariant, we can define a G;-equivariant isometry V; : X -1 (x,) H1 —
X, H>. Hence, we obtain a G-equivariant isometry V; : X t-1(y,yH1 — Xv, Ha, which, in
return, gives us an isometry V' = @, V; : H; - H,. It follows from condition (3) above that
the operator V'T'V'* has finite propagation when 7' has finite propagation. Therefore, the
map

Ad(V): C*(Ay, G, B) » C*(As, G, B)

given by Ad(V')(T') = VT'V* is well-defined and induces a homomorphism on K -theory
Ad(V)* ZK*(C*(ADG,B)) — K*(C*(AQ,G,B)).

Similarly, the equivariant coarse map from A, to A; gives rise to an inverse map.

]

Remark 3.1.5. It is easy to check that when f is the identity map, the isometry above is
a unitary, thus, there is an isomorphism between Roe algebras defined on different admis-
sible covariant systems. As a result, the definition of Roe algebras is independent of the

choice of the admissible covariant system.
The following result is essentially due to John Roe.

Proposition 3.1.6 ([21]). Let G be a countable discrete group, and A a locally compact

metric space with a proper cocompact G-action. If (C’O(A), G, 7T) is an admissible co-
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variant system, then the Roe algebra C* (A, G, B) is *-isomorphic to (B x,G) ® K, where
IC is the algebra of all compact operators on some infinite-dimensional separable Hilbert

space.
3.2 The Baum-Connes assembly map

Let H be a G-Hilbert module over B. Let F' be an operator in B(H), and let 7 :
Co(A) - B(H) be a *-representation of Cy(A), such that F' is G-invariant, 7(f)F -
Fr(f), 7(f)(FF*-1) and (F*F - 1)x(f) are in K(H) for all f € Co(A). The triple
(H,m,G) is called a K K-cycle.

The group K K§ (A, B) is an abelian group consisting of the homotopy equivalence
classes of K K-cycles. By Proposition 5.5 in [20], any class in K K§ (A, B) can be rep-
resented by a K K-cycle (H, 7, F') such that the covariant system (Co(A), G, 7) is ad-
missible, where H is G-Hilbert module over B, F' is an operator in B(H ), such that F' is
G-invariant and 7w (f)F — Fr(f), 7(f)(FF*-1), and 7(f)(F*F - 1) are in K(H) for
all f e Cy(A).

For any fixed € > 0, let {U, };c; be a locally finite and G-equivariant open cover of A
such that diameter(U;) < e forall 7 € I. An open cover is said to be G-equivariant if g(U;) €
{U.}ier, forall g € G, i € I. Let {¢;},.; be a G-equivariant partition of unity subordinate
to the open cover {U; };e;. A partition of unity {¢;}..; is said to be G-equivariant if g - ¢; €
{@i}iep, forallge G, iel.

Define an operator on H by

Fo= Y n(\6:) Fr(\/9s),

iel

where the sum converges in the strong operator topology.
Note that the propagation of F, is smaller than €, and (H,x, F.) is equivalent to

(H,m,F) in KK§(A, B), for any € > 0. By the definition of F., F. is a multiplier of
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C*(A,G, B), and it is invertible modulo C*(A, G, B). Let M (C*(A, G, B)) be the mul-

tiplier algebra of C*(A, G, B). Then we have the boundary map in K-theory

01 K\ (M((C*(A, G, B))/C* (A, G, B)) - Ko(C*(A, G, B)).

We define the Baum—Connes assembly map for G

p: KK (A, B) - Ko(C*(A,G, B)) 2 Ko(B %, G)

u([(H,m, F)]) = o([Fe])
It is not difficult to check that the map p is well-defined.
Similarly, we can define the Baum—Connes assembly map
p:KKY (A, B) - K (C*(A,G,B)) 2 Ky (B . G).
This induces the Baum—Connes assembly map

1 KKS(EG, B) » K.(B = G),

where K K& (EG, B) is defined to be the inductive limit of K K& (A, B) over all G-
invariant and cocompact subspaces A of £G. Later, we will show that these invariant
and cocompact subspaces can be chosen to be finite-dimensional simplicial complexes,
since there exist simplicial models for the universal space £G.

By Proposition 1.8 in [2], one can choose a model for the universal space £G for proper

(G-action as follows.
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Definition 3.2.1. For each d > 0, we define the Rips complex, denoted by Py(G), to be
the simplicial complex with vertex set G and such that a finite subset {~;}", c G spans a

simplex if and only if d(y;,7;) < d.

For each d > 0, the Rips complex P,;(G) is endowed with a spherical metric as fol-
lows. For the simplex {¥.1" ¢;7; : ¢; € [0,1], with Y1, ¢; = 1} spanned by the finite subset
{7}, c G, it is identified with the part of the (n — 1)-sphere in the positive orthant via

the map

S (ot (8 () oo (5))

The simplex spanned by {7;}", ¢ G admits a metric induced by pullback of the standard
Riemannian metric on the sphere. The spherical metric on the Rips complex P;(G) is the
maximal metric such that it restricts to the above spherical metric on each simplex.

We can choose the union Uz, P;(G) as a model of £G, where the union is equipped
with the weak topology under which a subset C' ¢ Uy Py(G) is closed if and only if

C' n Py(G) is closed for each d > 0.
3.3 Localization algebras and the local index map

Let us now recall localization algebras and the local index map, and introduce some
basic properties of the K -theory of localization algebras.

Let A be the topological realization of a locally compact and finite-dimensional sim-
plicial complex endowed with the simplicial metric. Let (Cy(A), G, 7) be an admissible
covariant system, where 7 : Co(A) - B(H) is a *-homomorphism for some Hilbert

module H over B.

Definition 3.3.1. 1. The algebraic localization algebra Cz@lg(A, G, B) is defined to
be the algebra of all the bounded and uniformly continuous maps [ : [0,00) —

Cx—

alg

(A, G, B) such that propagation(f(t)) - 0 as t - .
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2. The localization algebra C7 (A, G, B) is the norm closure of C7 , (A, G, B) under

the norm

L1 ="sup [lf(DI.
te[0,00)

The localization algebra is an equivariant analogue of the algebra introduced by Yu in
[30]. Note that, up to *-isomorphism, the localization algebra C; (A, G, B) is independent
of the choice of the admissible covariant system by Remark 3.1.5.

A Borel coarse map f : A; — A, is said to be Lipschitz, if there exists a constant ¢ > 0,
such that d(f(z), f(y)) < cd(z,y) for all z,y € A;. A Lipschitz coarse map f: A; - A
induces a homomorphism Ad(V}) : C7 (A, G, B) = C;(A,, G, B) as follows.

Let {€,}nv be a sequence of positive numbers with lim,,_,., €, = 0. By the same
argument as Proposition 3.1.4, for each £, there exists a G-equivariant isometry Vj, : H; —

Hs between the Hilbert B-module, such that

supp(Vi) € {(y,z) € Mg x Ay 2 d(y, f(z)) < e}

Define a family of isometries (Vf(t)) from H; to H, by

te[0,00)

Vi(t) = R(t - k) (Vi @ Vi) R*(t - k),
fort e [k,k+1), where

R(1) - cos(mt[2)  sin(7t/2)
—sin(7t/2) cos(nt/2)

Then V¢(t) induces a homomorphism on unitization

Ad(V5(1)) : (C3(A1, G, B))" = (C1(As, G, B)) ® Ma(C)
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Ad(VH(£)) (u(t) + eI) = Vs (£) (u(t) ® 0) V7 (£) + eI

forall ue C}(A;,G,B) and c € C.

The family of maps Ad(V(¢)) induces a homomorphism,

Ad(Vi(1)).: K (CL(A1,G,B)) - K.(C; (A2, G, B))

on the K-theory. Note that Ad(V;(t))(u(t) + ¢I) is uniformly continuous on ¢, even
though V;(¢) is not continuous. It is also easy to check the propagation condition of the
path Ad(V(t))(u(t) + ¢I). By Lemma 3.4 of [30], the homomorphism between the K-

groups is independent of the choice of the family of isometries {V} }.

Definition 3.3.2. Let Ay and As be two proper metric spaces and f, g two Lipschitz maps
from Ay to As. The map f is said to be strongly Lipschitz homotopy equivalent to g if

there exists a continuous homotopy F(t,z) : [0,1] x Ay - Ay, such that
1. F(t,x) is a coarse map from Ay to A, for each t,

2. there exists a constant C' > 0, such that d(F(t,z), F(t,y)) < Cd(x,y) for all x,y €
Ay andte[0,1],

3. for any € > 0, there exists § > 0, such that d{(F(t1,x), F(ts,x)) < € forall x € X,

and |t1 - t2| <0,
4. F(0,z) = f(x), F(1,2) = g(x), forall x € X.

Definition 3.3.3. The metric space A is said to be strongly Lipschitz homotopy equivalent
to A, if there exist two Lipschitz coarse maps f : A1 - Ay and g : Ay — Ay such that

fogandgo f are respectively strongly Lipschitz homotopy equivalent to ida, and idp,.
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The K-theory of localization algebras is invariant under strong Lipschitz homotopy
equivalence. Following the proof of Proposition 3.7 in [30], it is not difficult to prove the

following equivariant analogue. For ease of reference later, we include the proof.
Proposition 3.3.4 ([30]). Let f : Ay - A5 be a strongly Lipschitz homotopy equivalence,
then the map

Ad(vf(t))* : K*(Cz(AthB)) - K*(CE(A%G’B))

is an isomorphism.

Remark 3.3.5. Let (Cy(A1),m, G) be an admissible covariant system on a Hilbert mod-
ule Hy = Hx, ® E® B. Set H] = @32 HA, ® /' ® B. Define a natural homomorphism
n: Ci(Ay, Hi,G,B) - C; (A, H{,G,B) via n(b) = b& 0. It is easy to show that n
induces an isomorphism on K-theory of localization algebras defined on different admis-

sible covariant systems.

Proof. 1t suffices to show that the homomorphism Ad(V,()). is the identity map on K-
theory. Let F'(x,t) : Ay x [0, 1] > A, be the strong Lipschitz homotopy equivalence with
F(z,0) = (gf)(x), F(z,1) =z, for all z € X. Fix a sequence of positive numbers {€, } ,en

with lim,,_, ., €, = 0 and a sequence of non-negative numbers {ti,j}f,.}':o’ satisfying
e to;=0,1441, 21, forallz,j >0,
e foreach j, 3 N;, such that ¢, ; = 1 for all ¢ > IV;,
o d(F(z,ti;), F(x,tiv1;)) <€, and d(F(x,t; ), F(x,t;j+1)) <€, forall z e X.

We shall prove that Ad. (V.4 ,)(t)) = Id for K;-case. The K-case can be dealt with in a

similar way by a suspension argument. Notice that C (A, G, B)®M,(C) 2 C; (A4, G, B)
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for all n. Thus, every element in K, (C} (A, G, B)) can be represented by an invertible
element v in (Cz(Al, G, B))+. Letv=u®le (Cz(Al, G, B))+ ® M5(C). Consider the
following invertible elements in (Cz(Al, G,B) )+ ® Ms(C).

a = ®p0Ad, (VF(Htk?i)(t) ) (u)v_l,
b= @kZOAd* (VF(wtkH,i)(t) ) (U)U_l,

c= EBkZlAd*(VF(Htk’i)(t))(u)v_l

By the definitions of operators Adg(.,, ;) and the sequence {;;}, it is not difficult to
check that a, b, c are indeed elements in (CE(AQ, G, B) ® M,(C) )+. Obviously, we have
that a is equivalent to b, and b is equivalent to ¢ in K;(CL(As, G, B)). It follows that
Ad(VE(.to.) (1)) (u)v™! = a®ps1 ] = be™t which is equivalent to @50/ in K1 (C} (A2, G, B)).
By Remark 3.3.5, we have that Ad(Vp(.4, ) (1)) (u) is equivalent to v in K (Cr (A2, G, B)).
[

The following Mayer—Vietoris sequence is an equivariant analogue of the Mayer—

Vietoris sequence introduced by Yu, and more details can be found in [18].

Proposition 3.3.6 ([18]). Let A be a simplicial complex endowed with the spherical met-
ric, and let G be a countable discrete group. Assume G acts on A properly by isometries.
Let X1, X5 ¢ A be G-invariant simplicial subcomplexes endowed with subspace metric.

Then we have the following six-term exact sequence:

KO(LXlnXQ,B) — KO(LXl,B) ® Ko(Lx, ) — Ko(LxluXQ,B)

I |

KI(LXluXQ,B) — KI(LXl,B) ®K1(LX2,B) — KI(LXlnXg,B)a

where we set Ly, p = C;(X1,G,B), Lx, 5 = C;(Xs,G,B), Lx,ux, 5 = C;(X3 U
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X,,G, B), and Lx,~x, 5 = C;(X1nX,,G, B) for brevity.

Remark 3.3.7. It is easy to verify that the above exact sequence is natural with regard
to the coefficient algebra B in the following sense. If ¢ : B - B’ is a G-equivariant
x-homomorphism between G-C*-algebras B and B’, then it induces *-homomorphism

between the Roe algebras ¢ : C*(Y,G,B) - C*(Y,G, B’) by

foreach (T, .), ey € C*(Y,G, B), where Y c A be any countable G-invariant set. Obvi-
ously, this map induces a homomorphism on the localization algebras ¢y, : C; (Y, G, B) —»

C(Y,G, B’). As a result, we obtain a map
PL% + K*(CE(Y7 G7 B)) - K*(OE(Y7G7 B,))

induced by oy, on K-theory.
The exact sequence in Proposition 3.3.6 is natural with respect to coefficient algebras

in the sense that the diagram

o —— Ko(Lx,nx,.8) — Ko(Lx, 58) ® Ko(Lx,,5) — Ko(Lx,ux,,8) —

l@L,x— lﬁoL,* l@L,x—

I KO(LleXQ,B’) - KO(LXl,B’) @ KO(LXQ,B’) - KO(LX1UX2,B.) -

commutes, where we set Lx, p = C;(X1,G,B), Lx, 5 = C;(X2,G,B), Lx,ux,,B =
Cz(Xl UXQ,G,B), LXlﬁXQ,B = CZ(Xl ﬂXz,G,B) LXl,B’ = Cz(Xl,G,B’), LXQ,B’ =
CZ(XQ,G, B/), LXluXQ,B’ = Cz(Xl U XQ,G,B/), and LXIQX%BI = CZ(XI n X2,G7 B/)

for brevity.

Let us now define the local index map. For every positive integer n, let {U,, ; }i; be a
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locally finite and G-equivariant open cover for A with diameter(U,, ;) < % for all ¢. Let

{®n,i},.; be the partition of unity subordinate to the open cover {U,;};. Let [A, 7 F] €

KK§ (A, B). Define an operator-valued function F'(¢) on [0, c0) by

2 (L= (t =n))m(VGni) Fr(\/ D) + (t =) (\/ Grers) Fr(\ s )

i

F(t) =

for all ¢ € [n,n + 1), where the sum converges in the strong operator topology. Note that
propagation(F'(t)) — 0
as t - oco. We obtain a multiplier (F'())se[0,00) of C} (A, G, B), which is invertible mod-

ulo C7 (A, G, B). We define a local index map

indL . KK(?(A,B) - KO(CE(AanB))7

ind. ([H, 7, F]) = o([F(t)]),

where 0 : K1 (M(C;(A,G, B))[Ci(A,G,B)) - Ko(C; (A, G, B)) is the boundary map
on the K-theory, and M (C} (A, G, B)) is the multiplier algebra of C; (A, G, B). Simi-

larly, we can define the local index map

ind; : KKY (A, B) - K, (C;(A,G, B)).

The following result established the relation between the /-homology and the K-

theory of localization algebras.

Proposition 3.3.8 ([21]). Let B be any G-C*-algebra, and A a finite-dimensional simpli-
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cial complex endowed with a G-invariant metric. Then the local index map

indL : KK*G(A7B) e K*(Cz(AaGaB))7

is an isomorphism.

Proof. This result is a consequence of the Mayer—Vietoris sequence and the Five Lemma

(see [30)). L]

In [24], Qiao and Roe proved that the local index map is an isomorphism for proper
metric spaces.

By choosing the model of £G as the union Ugs Py(G), the group K KE(EG, B) is the
inductive limit

lim KKE(Py(G),G, B).

d—>o0

The above map induces a local index map

ind;, : KK9(EG, B) - lim K, (C:(Py(G),G, B)).

d—o0

It is not difficult to show that the map ind;, is an isomorphism by Proposition 3.3.8.
We will conclude this section by discussing the relation between the Baum—Connes
assembly map and the local index map.

For each d > 0, it is natural to define an evaluation-at-zero map

ev: O (Py(@), G, B) - C*(Py(G), G, B),

given by
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for all f € C;(P4(G),G,B). The evaluation-at-zero map induces a homomorphism on

K-theory

ev, : K. (C3(PyG), G, B)) » K.(C*(Py(G), G, B)) 2 K, (B %, G).

Following the arguments in [30], it is easy to check that ;. = ev, o ind; holds. We will
show that the map ewv, is an isomorphism under some assumptions. Combining the above
relation and Proposition 3.3.8, it follows that the Baum—Connes assembly map is also an

isomorphism under the same assumption.
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4. TWISTED ROE ALGEBRAS, TWISTED LOCALIZATION ALGEBRAS AND
K-THEORY *

In this chapter, we will prove the main result of this dissertation, and this part is based

on [6].
4.1 The C'*-algebra associated with an infinite-dimensional Euclidean space

In this section, we will recall the C'*-algebra associated with an infinite-dimensional
Hilbert space (defined in [17]).

Let E be a separable, infinite-dimensional Euclidean space. Let E,, Ej, be any finite-
dimensional, affine subspaces of E. Let E? be the finite-dimensional linear subspace of
FE consisting of differences of elements in E,. Let C(E,) be the Z,-graded C*-algebra of
continuous functions from E, to the complexified Clifford algebra of E? which vanish at
infinity. Let S be the Z,-graded C'*-algebra of all continuous functions on R vanishing at
infinity, where S is graded according to odd and even functions. Let A(E,) be the graded
tensor product S®C(E, ), where the Zy-grading on C(E,) is induced from Cliff( E?).

Assume F, c E,. There exists a decomposition I}, = Iy, & E,, where L, is the
orthogonal complement of £, in F}. For each element v, € E,, there exists a unique
decomposition vy, = Vpg + Vg, for some vy, € Epg, v, € .

For each function h € C(E,), we can extend it to a function on Ej, via h(v,) = h(va),
for all vy = vy, + v,. The decomposition Fy, = Ey, @ E, gives rise to a Clifford algebra
valued function, denoted by C, : E} — Cliff(Eg) on F which maps v, € Ej to vy, €
Ey, c Cliff(EY).

Denote by X : § — & the function of multiplication by x on R, viewed as a degree one,

“Reprinted with permission from "The Novikov conjecture and extensions of coarsely embeddable
groups" by Jintao Deng, 2020, to appear in Journal of Noncommutative Geometry, Copyright [2020] by
European Mathematical Society.
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essentially selfadjoint, unbounded multiplier of S with domain the compactly supported

functions in S.
Definition 4.1.1 ([12]). 1. Let E, c E}, be a pair of finite-dimensional affine subspaces
of E. One can define a homomorphism

ﬂba : A(Ea) g A(Eb)

by Boa(f8h) = f(XBL + 18C, ) (18R), forall f € S, h e C(E,).

2. We define a C*-algebra

where the direct limit is over all finite-dimensional affine subspaces.

Remark 4.1.2. If E, c E}, c E,, then we have 3., 0 Bpq = Bea, therefore the direct limit is

well-defined.

Given any discrete group I', if I' acts on the Euclidean space £ by linear isometries,
then the [-action on F induces a I'-action on the C*-algebra A( E'). Note that A({0}) = S.
For each f € S, let 5;(f) = fi(X®1 + 1&C) for every t € [1, 00), where f;(x) = f(z/t).

We define the Bott map

/8* :K*(S Hmaz F) - K*(A(E) Xmaz F)

to be the homomorphism induced by the asymptotic morphism

6t : S Hmaz F - A(E) Xmaz Fa

given by f ~ [3,(f), foreach t € [1, 00). The following result is due to Higson, Kasparov
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and Trout [12].

Theorem 4.1.3 (Bott Periodicity for infinite-dimensional spaces [17]). Let I' be a count-
able discrete group, E an infinite-dimensional Euclidean space with a I'-action by linear

isometries. Then the Bott map

6* :K*(S Xmax F) - K*(A(E) X max F)

is an isomorphism.

4.2 A continuous field of Hilbert spaces associated with a coarsely embeddable

group

In this section, we will define a continuous field of Hilbert spaces for a coarsely embed-
dable group and we will use it to generalize the construction of Higson—Kasparov—Trout in
[12]. The following construction is essentially due to Tu [27]. The usage of the probability
space is essentially due to Higson [14].

Let I' be a countable, discrete group with identity element e € I' , and let X be a
compact Hausdorff space admitting a I'-action by homeomorphisms. Let us recall the
definition of the transformation groupoid, denoted by X x I', associated with a group

action ' ~ X.

Definition 4.2.1. As a topological space, X xT' = {(x,g) : x € X, g € '} is equipped with
the product topology. In addition, the topological space is endowed with the following

Structure.

1. The product is given by (x,9)(z',g') = (x,99"), for all (x,g),(x',g') € X x T

satisfying x' = xg.

2. The inverse is given by (x,g)™' = (xg,g7'), for all (x,g) € X x I".
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Let us recall the definition of a continuous field of Hilbert spaces over a compact space.
Let X be a compact topological space, and let (”HI):CE  be a family of Banach spaces.
Denote H = [ l,ex H.. Let ©(X,H) be a collection of sections s : X — # satisfying
s(z) e H,, forall z e X.

Definition 4.2.2. Let X be a compact space. A continuous field of Banach spaces over X

is a family of Banach spaces (’Hx)wE o With a set of sections O(X,H), such that
1. the set of sections ©(X,H) is a linear subspace of the direct product [ ex Ha
2. forevery x € X, the set of all s(x) for all s € O(X,H) is dense in H,,
3. forevery s € (X, H), the function x — |s(x)| is a continuous function on X,

4. let s : X — H be a section, i.e. s(x) € H,, forall x € X. If for every x € X, and
every € > 0, there exists a section s' € ©O(X,H) such that ||s(y) — s'(y)| < e forall y
in some neighborhood of x, then s € O (X, H).

If every fiber H,, is a Hilbert space, we will say (”Hm )xE  1s acontinuous field of Hilbert
spaces. If every fiber is a C'*-algebra and the collection of sections is closed under the *-
operation and pointwise multiplication, the continuous field is called a continuous field of
C*-algebras.

Let X x I' be a transformation groupoid associated with the right group action I' ~ X,
and let (’Hx)xe ¢ be a continuous field of Hilbert spaces over X. Let us recall the concept

of the affine isometric action of X x I on the continuous field of Hilbert spaces (’HI)%E X

Definition 4.2.3. Let (’Hg[;)ace « be a continuous field of Hilbert spaces over X. We say that

the transformation groupoid X = 1" acts on (Hﬂﬁ)xe « by affine isometries if
1. for each (x, g), there exists an affine isometric map Vi gy Hag = Has

2' ‘/(:E,g)‘/(:pg,h) = ‘/(:E,gh)y for Clll T € X’ g, h € F;

31



3. Viwe) =idp,, forall v e X;

4. for each continuous section s € ©(X,H) and each g € T, the section give by

x> Vizg) (s(xg))

Is a continuous section.

An affine isometry V(, 4y : H,g = H, is an isometry of the form

‘/(1’79) (U) = U(;E7g)(’l}) + b(]ﬁ‘, g)a

for all v € H,g4, where U, o) : Hyoy = H, is a unitary map, b(x, g) is a vector in H,.
The above condition (2) implies that b(x, gh) = U, g)(b(zg,h)) + b(z, g), forall x € X,
g,hel.

Since each fiber of the continuous field is a Hilbert space, we can define a C'*-algebra
A(H,) associated with each fiber H,. Following the construction of Higson—Kasparov—

Trout ([17]) on each fiber, we obtain a bundle of C*-algebras (A(’Hm)) Next, we

zeX’
will introduce a structure of a continuous field of C'*-algebras for the bundle (A("HI) )ze -
some more details can also be found in [15].

A function s : X — [ |,x A(#H.) is said to be a continuous section, if it satisfies

1. s(x) e A(H,), forall x € X,

2. for each x € X, € > 0, there exists a neighborhood z € U c X, such that for each

y € U, there is a linearly isometric embedding ¢, : R" — H,, satisfying that

e for each 1 < i < n, the map y — ¢,(e;) is a local continuous section over U,

where {e;}, is an orthonormal basis of R",
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o there is an element v € A(RR"), such that

(@) (v) = s(w)lly <,

for all y € U, where the (¢,). : A(R") - A(%,) is induced by the linear
embedding ¢, : R™ — H,,.

The above definition gives rise to a continuous field structure on (A(Hﬂf))xe - For any
x € X, note that there exists a collection of sections e,, € O(X,H), such that {e,(x) }nen
is an orthonormal basis of the fiber bundle H,. Indeed, let {a, € ©(X,H)},en be the
collection of continuous sections such that {a,(z)} is a basis for H,. For each positive
integer n, there exists a neighborhood x € U}, such that the collection {a;(y) : 1 <i < n}
is linearly independent for each y € U/. By the Gram—Schmidt process, one can find a
family of continuous local sections {e] : 1 < i < n} over U}, such that the collection of
vectors {e/(y) : 1 < i < n} are mutually orthogonal with norm one for each y € U;. By
Urysohn Lemma, we can find a open set U,, c U/, and a function f : X — [0, 1], such that
supp(f) c U}, and f(y) = 1 for each y € U,,. For each i, we obtain a global section e; by
setting e;(y) = f(y)e! (y) for all y € U! and extending by zero outside U/. By induction
on n, we obtain such a collection of continuous global sections {e,, }nen-

The C*-algebra of all continuous sections of the continuous field of C'*-algebras is
denoted by A(X,H).

Define a I'-action on A(X, ) as follows. For each ~y € I, we have an isometry V, .y
Ha.y — H, given by

Ve (v) = UGy (v) +0(z,7),

for all v € H,, and x € X. A local continuous affine distribution over an open sub-

set U c X is a collection of affine subspaces {E,(y)}yc, such that there exist a col-
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lection of continuous local sections {s, vy, v, -+, v} over U, for which E,(y) = s(y) +
span{vi(y),v2(y), -, vr(y) } for each y € U. The associated linear subspace consisting of
differences of elements in £, (y) is denoted by E9(y) = span{v;(y),vo(y), -, vk (y)}. We
have a continuous local distribution of C'*-algebras (Cliff(Eg(y))yeU. As (‘/(x,y—ln,))xex
is a collection of continuous isometries for each v € I' , we obtain another continuous lo-

cal affine distribution {V{,,-1 1) (Eq(y)) }yev over v(U) with associated linear distribution

{Utyy1.0)(Ea(y)) }yev. The unitary Uy, -1y : H,,-1 - H, induce a homomorphism
Utyryty + Cliff(Uyy 1,4y (2 () — CIiff(E5 (y)),

forally e U.

Thus, for every v € I', we get a homomorphism

v A(Ea(y)) — A(V(W—%,)Ea(y)),

v (f®h) = f&y-h,

forall [ €8, hs Eu(y) - CHfE(ES(y)), where (7 1) (1) = Uyt (h(Viyy ().

Let { E},(y) }yev be another continuous affine distribution with E,(y) c E(y), for all
y € U. Then, there exists a linear continuous distribution { E,(y) },ev such that £y (y) =
Ew(y)® E,(y) forally e U.

Let E, = L, Eo(y). Define A(U, E,) to be the algebra of all the bounded continuous
sections s : U - A(E,) with s(y) € Uy A(Ea(y)) forall y € U. For all y € I', denote

’7Ea(y) = V(y'y‘l,v)(Ea(y))’ Uan = UyEU U(y,’y—l,v)Ea(y) and vE, = UyeU ’YEa(y)'
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Lemma 4.2.4. The following diagram

AU, E) =2 AU, Ey)

¥ X
’B;YU,ba

A(P)/U7 ’}/Ea) - A(’}/Ua ")/Eb)
is commutative, where the maps Py p, and ﬂj/aba are defined fiber-wise.

Proof. Since S is generated by go(e) = e=*” and g, () = ze~*" by the Stone-Weierstrass

theorem, it suffices to show that

V(Busa(g®h)) = Bypa (1 (98N)),

for g equal to go or g; and h : U — CIliff(E,) a continuous local section over U. We will
prove the lemma for g = gy; the case for g = g; can be proved similarly.

Let Cy, and C}, be the Clifford multiplications on C(E,) and C(yE,) under the trans-
formation ¢, : E,(y) - vE,(y) for each y € U. Since we have E, = Ep, ® E,, and
Y(Ep) = Uy(Epq) +7E,, then

B 5a(1(908h)) = B4, (9087 (h)))
= go(X®1+18Cy,) (18(7h))

= 9o (2)®go (Uyvpa) vh(va),

and

V(Buba(908)) = 7(90(2)8Go([vsal) () = g0(2)Bgo([lveall) YA (va),

where vy, U4, Vs, are continuous local sections over U with v,(y) = vpa(y) + v, (y) for all
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yeU,and y(vp) = Uy (vpa) + 7(va). Since U, is unitary, thus

V(Bopa(9®h)) = QZU,ba(V(Q@?h)),

for all g = gq. O

Because of the definition of A(X, 7 ), and the above commutative diagram, we have a
[-action on A(X, H).

Define a fiber-wise Bott map 5, : C(X)®S — A(X,H) as follows. Viewing an el-
ement in C'(X)®S as a continuous function f : X - &, we obtain an element £,(f,) €
A(#H,) for each x € X. By the definition of the continuous field structure, it is easy to

check that (3( f.) )m€ « € A(X,H). Thus, we have an asymptotic morphism

B : C(X)®S - A(X,H)

(fx);reX = (5t(.fx))xexa

forall t e [1,00).
We have an affine isometric action of I' on the continuous field of Hilbert spaces
(Hff)xe > and it is easy to check that (Bt)te[1,00) is an asymptotic '-equivariant morphism.

This asymptotic morphism induces a map on K -theory of the reduced crossed products
et K ((C(X) ® 8) %, To) = K. (A(X, H) % Tp),

for every finite subgroup I'y < I'. Following the argument in [17], we also have a fiber-
wise defined Dirac map. Let us briefly recall the definition of the Dirac map on each fiber

A(H,) foreach z € X.
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Let E,(z) c H, be a finite-dimensional affine subspace. Define V,(z) to be the
Hilbert space of square integrable functions from FE,(z) into Cliff( E9(x)), where E%(x)
is the linear space of differences between pairs of vectors in F,(z), and the norm on
Cliff( E%(x)) is obtained by fixing an orthonormal basis on E9(z). If E,(x) c Ey(z),

then there is a canonical isomorphism
Vi(2) 2 Vi (2)8Va(z)

where Vj,(x) is the Hilbert space associated with the orthogonal complement E} (z) of
EY(x) in E)(z).

We define a unit vector & € Vj,(x) by
—dim(E? (z 1
§o(vpa) =T dim( By ())/4 eXp(_§||Uba||2)a

for all vy, € EC . Regarding V,(x) as a subspace of V}(z) via the isometry £ — £,®¢, we
ba g g P y

define
V(z) =lim V,(z).
Using the similar construction of the continuous field structure on (A(’;’-lgc))xE o We

obtain a continuous field structure on (IC(V(:U))):!:E » Where K(V (z)) is the algebra of
all compact operator on V' (x) for each x € X. Let V = | ,ex V(). Define £(X,V) to
be the C'*-algebra of all continuous sections of the continuous field (IC(V(x)))Ie « BY
the structure of the continuous field of (IC (V(yz;)))x€ » We have that the K-theory of the
C*-algebra C'(X) is the same as the K-theory of (X, V).

Denote by s(z) = lim s, (z) the direct limit of the Schwartz subspaces s,(z) ¢ V,(z).

If E,(z) is a finite-dimensional affine subspace, then the Dirac operator D, (z) is defined

37



o 0
Do) = 3 (1)@ 08,
i=1 81‘1
for every homogeneous element & € s(E,(x)), where {vy,vs,...,v,} is an orthonormal
basis for E%(x), and {x1,xs,...,x,} are the dual coordinates to {vy,vs,...,v,}. The

Clifford operator on F,(a) is given by

Co(7)€ = ixmé
i=1

For each fiber H,, choose the dense subset E(z) := {s(z):s€O(X,H)} where

©(X,?H) is the space of sections in Definition 4.2.2. Fix a direct sum decomposition
E(z) = Eo(x) @ E1(z) ® Ex(z) & -+,

where each F;(z) is a finite-dimensional linear subspace of £(z). For each n, we define

an unbounded operator B,,; on V(x) = lim V. (), by the formula

Byt =toDo(x) + t1D1(2) + - + tp1 D1 () + Lo (Din(z) + Cp(2)) + -

where t; = 1 +i/t, and V,,(z) is the Hilbert space of square integrable functions from
E,(z) to Cliff( E,,(x) ). This infinite sum is well-defined since any vector in the Schwartz
space s(x) can be approximated by the one which has only finitely many nonzero terms
in its infinite series. It is well-known that the operators B,, ;(x) are essentially selfadjoint.
Following the argument in [17], we obtain an asymptotic morphism «” from A(Ey(x) &

Ei(z) @@ E,(z)) to S®K(V(x)) by

af (x)(f8h) = fi((X8L+18B,,,)(18My,),
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for each f®h € A(Fo(z) @ E1(z) @ - @ E,(x)) where hy(v) = h(v/t) forall ¢ € [1, 00),
v € Ey(x) @ Ei(x) ® -+ ® E,(x) and My, is the operator of left multiplication by the

function h;. Moreover, the diagram

a”(z)

A(Eo(z)® Ei(z) @@ E,(x)) —= SBKL(V(x))

a'n+1 T e
A(Eo(z) ® Er(2) ® -+ ® Bnei () 3 SBK(V (1))
is asymptotically commutative. As a result, we get an asymptotic morphism «(z) :

A(H,) = SB®K(V (z)). Moreover, we obtain an asymptotic morphism
a: A(X,H) > SBE(X, V).

Following the argument in [17], the map induced by e on K -theory is the inverse map

of the fiber-wise defined Bott map. Consequently, we have the following result.

Theorem 4.2.5. Let I" be a countable discrete group and X a compact Hausdorff space
with I'-action. Assume the associated transformation groupoid X x 1" acts on a continuous
field of Hilbert spaces (Hx)xe « by affine isometries. Then for each finite subgroup I'y < T,
the Bott map

Be: K.((C(X)®8) =, To) > K, (A(X,H) =, Tg)
induces an isomorphism on K -theory.

An affine isometric action of a transformation groupoid X x I' on a continuous field
of Hilbert spaces (HI)%X is said to be proper, if for any R > 0, the set {g € [' : 3z €
X such that V{, y(B(zg, R)) n B(x, R) # @} is finite, where B(x, R) is the set of all
elements in H, with norm less than R. Due to Tu (see [27]), the a-T-menability of the
transformation groupoid guarantees the existence of a proper affine isometric action on a
continuous field of Hilbert spaces ('Hx)

reX’
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Definition 4.2.6. Let X x ' be a transformation groupoid. A continuous function ¢ :

X xI" - R is said to be conditionally negative definite if
1. o(z,e) =0, forall v e X,
2. o(x,9) = o(xg,97),
3 Yo titjo(xgi, g7t g;) <0, forall {t;}", cRwith ;- t;=0, g; €T, and x € X.

A conditionally negative definite function ¢ : X xI" - R is said to be proper if for any
R > 0, the number of elements in the set {g € I" : 3z € X, such that |p(z, g)| < R} is finite.

The concept of a-T-menability for groupoids was introduced by Tu in [27].

Definition 4.2.7. A transformation groupoid X =1 is said to be a-T-menable if there exists

a proper conditionally negative definite function ¢ : X xI' - R.

Now, let us recall the construction of the transformation groupoid from a coarsely

embeddable group, by Skandalis, Tu, and Yu in [26].

Proposition 4.2.8 ([26]). Let h : ' - Hy be a coarse embedding. Then there exists a

compact Hausdorff space X with a I'-action, such that
1. for any finite subgroup 'y < I', X is I'g-contractible,
2. the groupoid X x 1" has a proper continuous conditionally negative definite function.

Let us describe the construction of the topological space X. For any fixed element

v € I, we define a bounded function f, : I' = R by

F () = 1h(y) = Ay,

forany y e I'.
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Let co(I") be the C'*-subalgebra of > (I") consisting all functions vanishing at infinity.
We define a I'-action on ¢°°(I") by (v f)(x) = f(av), for each f € (=(T"), z,y € T.

Let X’ be the spectrum of the unital commutative I'-invariant C*-subalgebra of ¢>°(I")
generated by all constant functions, cy(I') functions, and all functions of the form f,
together with their translations by group elements in G. It is obvious that every function
/- extends continuously to X’. Indeed, the space X"’ is a compactification of I', and it
admits a right action of I" induced by the I"-action on C'(X”) where C'(X") is viewed as a
C'*-subalgebra of (>°(T").

We obtain a continuous conditionally negative definite function defined on the trans-
formation groupoid X’ x I by ¢'(y,v) = f(v).

Let X be the probability space of X'. Itis a second countable, compact space equipped
with the weak-* topology (A reference of weak-* topology is Chapter 1 in [7]) and it
admits a ['-action induces by the action of I' on X’. We define a conditionally negative

definite function on X x ' by

p(m,v) = fX ' (y,7)dm(y)

for any m € X.

Proposition 4.2.9. Let I' - H be the coarse embedding as above. The continuous map

¢ : X x G = R defined above is a proper conditionally negative definite function.

Proof. 1t is obvious that condition (1) in the Definition 4.2.6 is satisfied. Let us verify
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condition (2). For each (x,g) € X x T, we have

o(mg,g™") = f ¢'(y,97")d(mg)

"(yg9,97"

ﬁ\\

The third equality follows from ¢’(yg, g7') = ¢(y, g) for all (y, g) € X = I'. Condition (3)
follows from the fact that 3°;",_, tit;¢0' (y9i, g7 ' g;) <0, for all {t;}7, ¢ R with i, ¢, =0
giel',and y € X'.

The properness of ¢ follows from the definition of ¢’ and the fact that the map h : [' —

H, 1s a coarse embedding. [

The space X x I is equipped with the product topology. Let C.(X x I') be the C*-

algebra of all complex valued functions on X x [ with compact support. Define

CUX =T := {feC (X xT): > f(z,g) = }

gel’

Let ¢ : X xI" = R be a continuous, proper conditional negative definite function. Then
we can define a continuous field of Hilbert spaces as follows.
For each x € X, consider a linear space C%(T") := { feCq( Yo fg 0} and

define a sesquilinear form

___ZS 799)

ggel"

for all £, € C9(T"). Since ¢ is conditionally negative definite type, the form above turns

out to be positive semidefinite and one can quotient out by the zero subspace, denoted by
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E,. Then complete E, to a Hilbert space, denoted by #,,. For any function f € C?(X xT'),
we can view it as a continuous map & : X — C%(T") by &(z) = f(x,-) € CO(T).
Let us introduce a continuous field structure on the collection of Hilbert spaces (ch)zcE X

It suffices to define the space of the continuous sections, denoted by ©(X, #), where

H =Ugex Hz Amap £ : X — H is called a continuous section, if it satisfies

1. &(x) € H,, forevery z € X,

2. YaeX,Ve>0, there exists an element {’ € C2(X xI"), such that [|£(y) —&"(y) |, <

e for all y in some neighborhood of x.

The affine isometric action of X x I' is defined as follows. For every v € I', and
every x € X, the unitary U, -y : Hyy = H, is defined by U,y (f)(g9) = f(v7tg) for
all f € E,, and for all g € I, v € I, then extends to a unitary U, ) : Hoy = H,. The
cocycle b(x, g) is defined to be the element in E, represented by the function J, — .. Let
Vier) (V) = Uy (v) +b(2,7) forall v € Hyy, (2,7) € X x I'. Tt is easy to check that the

collection of affine isometries (V(m)) consists of a proper affine isometric action

(z,7)eX =T
of X x I' on the continuous field of Hilbert spaces (’HI)I€ X

4.3 Twisted Roe algebras and twisted localization algebras

Let1 - N - G —» G/N — 1 be a short exact sequence of countable discrete groups. In
this section we will construct twisted Roe algebras and twisted localization algebras with
coefficients in some G-C*-algebra, and prove that the twisted Baum—Connes conjecture
with coefficients holds for the group G, under the assumption that both G and G/N are
coarsely embeddable into Hilbert spaces.

Fix a left invariant proper metric on G. This metric restricts to every subgroup of GG

and the quotient group G/ N is endowed with the quotient metric.
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4.3.1 Some Geometric Constructions

In this section, we will construct a compact topological G-space Y, such that

1. for every subgroup N’ < G containing N with finite index, i.e., [N'/N| < oo, the

transformation groupoid X x N’ is a-T-menable,
2. for every finite subgroup Gy < G, the space Y is G-contractible.

Let N’ < GG be a subgroup containing N with finite index. The fact that |[N'/N| < oo
implies that N’ is coarsely equivalent to V. Since N is coarsely embeddable into a Hilbert
space Hy, we have that N’ is aslo coarsely embeddable into the Hilbert space H,. Let
h. : N' - H, be the coarse embedding map, and let p2', p¥' : [0, 00) — [0, 00) be two

non-decreasing functions with lim,_,., p»'(¢) = o0, such that

P (d(w,y)) < Iy (2) = ki ()| < p2" (d(2,y)),

forall z,y e N'.

Let S ¢ G be a set of the representatives of the left cosets G/N’. Then we have a
decomposition G = | |,es g/V’, and the coarse embedding 1y, : N - H, can be extended
toamap hy : G - Hy by

hai(g-n) = Wiy (n),

where g € S, n € N’. Since every element ¢’ € GG can be uniquely written as g’ = gn for
some g € S, n € N/, the extension is well-defined, and it is not a coarse embedding in
general.

For any fixed element n € N’, define a function f, : G - R by

fa(9) = lha(g) = hav (gn)|?
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for all g € G.

By the coarse embeddability of N’, f,, is a bounded function on G for each n € N'.
Unfortunately, f,, could be an unbounded function on G if the element n € G is not in
N’. Let Y}, be the spectrum of the unital commutative G-invariant C*-subalgebra of
(=(@G) generated by all ¢o(G) functions, all constant functions and all functions of the
form f,, together with their right translations. The right action of G on ¢=(() is defined
by (vf)(g) = f(g7), for all 4,g € G, all f € {~(G). Accordingly, the compact space
Y, admits a right action induced by the restriction of the right G-action on /> () to the
C'*-subalgebra which is *-isomorphic to C'(Y},).

Define a function ¢y, : G x N’ = R by ¢'(g,n) = |hn/(g) — hn/(gn)|?, forall g € G,
n € N'. For each n € N’, the bounded function ¢/, (-,n) : G — R extends to a continuous
function on Yy by the definition of Y. As a result, we obtain a continuous conditionally
negative definite function ¢/, : Yy, x N’ - R by extending the map ¢y, : G x N’ — R.
Then, replace Y7, with the space of all the probability measures on Yy, denoted by Y.
The space Yy is a second countable compact space equipped with the weak-x* topology
(c.f. [7]). The G-action on Y7, induces a right action on Yy-. We define a continuous

function ¢+ : Yyr x N — R by

¢Nf(m79)=fy, ¢'(y, 9)d(myg),

N

forall me Yy, ge N'.

Proposition 4.3.1. The countinuous function ¢y : Yy x N' — R is a proper conditionally

negative definite function.

Proof. By Proposition 4.2.9, we have that ¢ is a continuous conditionally negative defi-

nite functionon the transformation groupoid Yx x N”.
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By the definition of the map ¢+ : G x N’ — R, we have p¥'(|n|) < ¢n+(g,n) for all
g € G, n € N'. It follows that the extension ¢y : Yy x N’ - R satisfies the inequality
pN'(Inl) < ¢'(y,n) for all y € Y}, n € N’. It follows that the conditionally negative

definite function ¢/ : Yy » N’ — R is proper. [l

Remark 4.3.2. For each subgroup N' < G, we can find a compact space Yy with a right
G-action, such that the groupoid Y- x N’ is a-T-menable in the sense that Y. x N’ admits

a proper, continuous conditionally negative definite function.
Lemma 4.3.3. For each finite subgroup G < G, the compact space Yy is Go-contractible.

Proof. Since Yy is a convex set, it contracts to a point 3y € Yy+. For any finite subgroup

Gy < G, itis obvious that }° ., |G—1O|yog € Y. It follows that Yy is (Go-contractible to the

pOint deGo ﬁyog L

Let F be the set of all subgroups of G containing /N with finite index. For each N’ € F,

we can find a compact space Y. We then define a compact topological space

Y = H YNI.

N'eF

The topology on Y is the product topology, and the GG-action is then defined by

g- (yN')N’e]-' = (yN’g_l)N’e]-'

forall g e G, (yn') yver €Y.

Proposition 4.3.4. For each Nj € F, the associated transformation groupoid Y x N is

a-T-menable.

Proof. Define a continuous conditionally negative definite function on the transformation
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groupoid Y x N/ by

¢ ((yN')N’e]-'?n) = (bNE,(yNG?n)J

for all n € N/, (yn') yver € Y. It is easy to check that this map is a proper conditionally

negative definite function. [

Remark 4.3.5. The domain of the conditionally negative definite functionis Y x N instead

of Y x G for each Nj e F.

Assume the quotient group G/N coarsely embeds into a Hilbert space. In Section
4.3.1, we obtained a compact metrizable space X such that X x G/N is a-T-menable, and
a proper GG/ N-C*-algebra, denoted by A( X, #). In the rest of this section, we will formu-
late the twisted Baum—Connes conjecture for G with coefficients in C(Y)®A(X,H)®B.

We would like to point out that there are other constructions of the C'*-algebra asso-
ciated with coarsely embeddable groups by Kasparov—Yu in [21] and Gong—Wu-Yu in
[10].

For each d > 0, let P;(G) be the Rips complex endowed with the spherical metric.
Take a countable dense subset Z; ¢ P;(G), such that Z; ¢ Z) whenever d < d’. Let
(Hf”)xe  be the continuous field of Hilbert spaces such that the transformation groupoid
X x G/N acts properly on (’HI)%X by affine isometries. For every (z,g) € X x G/N,
there is an affine isometry V/, 4 : ., — H, and a continuous section b : X x G /N - H
with b(z, g) € Ha, such that for every v € H, gy, Viw,g) (V) = U gy (v) + b(2,g), for all
(x,9) e XxG[N, where U, ) : Haog = M, is alinear isometry for each (x, g) € X xG/N.
The map b: G/N — ©(X,#H) is called the cocycle associated with the groupoid action of
X x G/N on the continuous field of Hilbert spaces (’HI)IE - By the construction of the
continuous field of Hilbert spaces, b(x,e) =0 € H,, forall x € X. By coarse embeddability
and the definition of b, we have that inf,.x |b(x, g) |, = oo as |g| = oo.

Let ©(X,?H) be the space of all continuous sections associated with the continuous
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field of Hilbert spaces (’7'-[9,;)96E - We will define a second countable, locally compact topo-
logical space W, and a proper GG/N-action on W. As a set, denote W = R, x | ex Ha,
where R, is the set of all non-negative numbers. A topology can be defined as follows.

Let {(¢;, z;,v;)}, be anet in W, it converges to a point (¢, z,v) € W if
l. & » x, and t? + ||vz||n2HZ - 12+ ||v||n2Hz,

2. for any continuous section e : X — H, we have {(e(z;),vi)y, — {(e(z),v)u,, as

7 = 00.

The topology on I can also be characterized in terms of its base consisting of the
following open sets. For each point (¢, zo,v9) € R, x H, each U,, c Y a neighborhood of

xo, each constant € > 0, each section s € ©(X, ), define open sets

{(h0) 2102 = B) + (ol = TeolBy,, )l < €. € Uy )

and

{(t,z,v) :|(s(x),v=vo)s,| <€, x€Uy}.

The topology on W is generated by sets of the above forms. The space W is a second
countable, locally compact and Hausdorff space. By the construction of the space X, it
is obvious that X is second countable and separable. We obtain a countable basis for the
topology on W by taking € and ¢ in the rational numbers Q, z( in a countable dense subset
of X, and vy in countable dense subset in each fiber H, in the definition of the above open
subsets. As a consequence, the space W is second countable. For local compactness, for
each R > 0, the subset

{(tz,0) e W2+ Joflg,, < R?}
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is compact. To see this, we first choose a net
{(ti,2i,0;) }ier € {(t,m,v) cW:t2+ ||v||3dw < RQ}.

Since {t;}; is bounded, a convergent subnet exists. Without loss of generality, we assume
{t;}; converges to to. We can also assume {z; }; converges to x, due to the compactness of
the space X. Fix an orthonormal basis {e,, } ,»o for the fiber #,,,, one can find a sequence of
continuous sections {e,, € ©(X,H)} such that e,,(zo) = e,, for all n > 0. By the diagonal

argument, we can find a subnet {(Z;,z;,v;) }; such that, lim;(e,,(;), vi}4,, exists for each

n > 0. Let A}, = {en(2:),vi)3, , and A, = lim; A}, Tt is easy to check that {(t;,x;,vi)}i

converges to the point (%o, zo, Vo) under the above topology, where vy = Yoo A\ €,.
Obviously, {(t,x, v) eRy x H o [t + v -s(z)|l5, <R, ze€ UIO} is an open subset of

the space W = R, x ‘H, where R is a positive constant, U,, is an open neighborhood of z,

in X, and s : U,, — H is a local continuous section over Uy, .

Now, let us define the G/ N-action on W. Let g € G/ N, (t,x,v) € W, we define

g- (t>$av) = (t,xg_l, ‘/(xg‘l,g)(v))'

For every g € G/N, every continuous section s € (X, ), it follows that ¢ - s is also a
continuous section. In addition, every function on T of the form (¢, z,v) v 2 +|lv—vo |3,
is continuous under the topology of W, where x € X, v,vg € H,. As a result, the action of
G/N on W is well-defined.

According to [2], the properness of the G/ N-action on W is equivalent to the fact that

the set {g e G/N : g- K n K #+ @} is finite for each compact subset K c V.
Proposition 4.3.6. The action G|N ~ W is proper.

Proof. For each positive integer n > 0, let K, = {(t,x, v) e W 12 + [, < n} Since
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K, 1s compact for each n > 0, and W = U,,5¢ K,,, it suffices to show that the set
{9¢eGIN:g-K,nK, +J}

is finite for each n > 0. Let (¢,z,v) € K, g- (t,z,v) = (t,2g7", Vizg-1 4 (v)) for all
g € GIN. Since Vizg1 ) (v) = Upzg1,9(v) + b(xg™, g) and inf,ex [|0(x, g) |3, — oo as
|g| = oo, there exists some R > 0, such that

I# > n+sup o3,

Te

: -1
inf [[b(zg™", 9)

for all |g| > R. Since Ug,g-1 4y is an isometry for each (zg™,g) € X xG /N, so g-(t,z,v) ¢
K,,. By the properness of the metric on G/N, the set {g € G/N : g- K, n K,, # @} is finite

for each n > 0. Thus, the G/ N-action on W is proper. [

Note that the C*-algebra Cyy (W) of all continuous functions on ¥ vanishing at infinity
is contained in the center of the C'*-algebra A(X, #), see [27] for more details. For each

open subset U c X and a continuous affine distribution { £,(y)},¢; over U, we have that
A(U7 Ea) = C10(VI/U) ) A(Ua Ea)

where £, = e Eo(y) and Wiy g,y = {(t,y,v):teR,,yeUve E(y)} ¢ W. If
U c V are open subset of X, and {E,(y)},y and { E4(y) } e, are continuous affine distri-
butions over U and V' respectively, with F,(y) c E,(y) for each y € U, then the fiber-wise
defined Bott map [y, takes C(W(y g,y) into Co(W(y,g,)). Accordingly, the C'*-algebra
Co(W) can be viewed as a direct limit lim Co (Wi, ). As aresult, Co(W) - A(X, H) is
dense in A(X,#). We have an action of G/N on the C*-algebra A(X,#) as defined in

Section 4.3.1. The C*-algebra Cy(W) is contained in the center of the C'*-algebra, and
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the properness of the G/N-action on W implies that the action of G/N on A(X,H) is
proper. In the rest of this section, we lift G/N-actions on W and A(X,H) to G-actions

via the quotient map G — GG/ N, and we use the same notations for G and G/ N actions.
4.3.2 Twisted Roe algebras and twisted localization algebras

In this section, we will define the twisted version of Roe algebras and localization
algebras. Let d > 0, and let P,;(G) be the simplical complex at scale d, endowed with the
simplicial metric. Let Z; be the countable dense G-invariant subset of P,;(G) consisting
of all linear combinations ¥ .; ¢,g with ¢, € Q and ¢, # ¢} for any pair g # g’. Note that
for each subcomplex C' c P,;(G), the intersection C' N Z; is non-empty and C' = C'n Z,.

Since the left translation action G ~ P,((G) is proper and cocompact, one can define a
coarse G-equivariant map J : P;(G) — G. This map is defined as follows. For each d > 0,

we can fix a bounded subset A, c Z,; such that

1. G-Ayg =2y,
2. for every z € Z , there exist unique = € A, and unique g € GG, such that z = g - x,

3. ford«< d,, Ad c Adl.

By condition (2), for every element z € Z,, there exists a unique element g € (5, such
that gz € Ay. The map J : Z4(G) - G can be defined as J(z) = g, where z € Z,, and
z = gz, for some g € G and x € A, Note that the map J is G-equivariant. Indeed, for
all v € G, z € Zy, we have J(z)'z € Ay, s0 (v-J(2)) Hvz) = J(2)'z € A;. Hence
J(vz) =vJ(2).

Define an open set
Or(9) = {(t.2.0) : 22+ o= b(z, )}, < B} < W.

for all g € G. We need the following lemma to define twisted Roe algebras.
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Lemma 4.3.7. If z € Z;, v € G, then v - Og(J(2)) = Or(J(72)).

Proof. Forany (t,x,v) € Or(z), the action is given by - (¢, z,v) = (t,277!, Vizy1.4)(v)),
and b(zy™t, J(v2)) = b((zy 1, v) (2, J(2))) = Viey15)b(x, J(2)). Since Vi 1,y is an
isometry for each = € X, we have that ¢2 + [|V(,,-1.,)(v) = b(zy71, J(v2))|? < R?, for all

veG. Asaresult, v- (t,z,v) € Or(72). O

Let H, be any fixed separable complex Hilbert space with infinite dimension. Let K¢
be the algebra of all compact operators on Hy®/¢?((G), and B a G-C*-algebra. Define a
G-action on Hy®(?(G) by first defining (v&0,) = v®J.,, for all v,¢g € G and v € H,,
and then extending linearly to Hy®¢?(G). The algebra BR K is equipped with a unitary

G-action by - (b®T') = v - b®T~*, forallbe B, T € Kg, v € G.

Definition 4.3.8. For an element S € C(Y )®A(X, H)®B® K, we can define the support
of S, denoted by supp(S), to be the complement of the set of (t,x,v) € R, x i such that
there exists f € Co(Ry x 1) with f(t,z,v) 0, (1y®f&®k)-S =0, for all k ¢ BRK.

Definition 4.3.9. Define the algebraic twisted Roe algebra, denoted by
Cr,(Pa(G),C(Y)BA(X, H)®B)Y,

as the set of all the functions T on Z4 x Z4 such that
1. T(y,2) e C(Y)RA(X,H)®B®KG,
2. there exists M > 0 such that |T(y,z)| < M, forall x,y € Zy,

3. there exists L > 0, such that
#{y:T(y,2) #0} < Land #{z:T(y,z) #+ 0} < L,

4. there exists r1 > 0, such that T (y, z) = 0, for any y, z € Zyq with d(y, z) > ry,
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5. there exists ry > 0, such that supp(T, ) = O.,(J(v)),
6. the operator T is G-invariant, i.e., Y(Ty-1,-1,) =T, ., forall v € G, y,z € Zy.

The algebraic twisted Roe algebra is equipped with a *-algebra structure by the matrix

operations.
Remark 4.3.10. By Lemma 4.3.7, the above condition (4) makes sense.

Let
E = { Y a.fz]:a. e C(Y)BA(X, H)®B®Kg, Y. aja, converges in norm}.
z2€Zy 2€Zy

It is a G-Hilbert module over C'(Y)®A(X,H)®B®K. Forall Y, ., a.[z],Y.cz b.[2] €
E,aeC(Y)BA(X, H)®K

(z nED> bz[z]) = b

2€Z, 2€Zy 2€,

and

(Z az[z])a = Y a.afz].

z€Zy 2€Zy

The action of G is given by

g-(Z az[Z]) =Y (g9-a.)[gz].

2€, z2€Zy

Define a *-representation of Cy, (FP4(G),C(Y)®A(X,H)®B) on L by

T( > ul)- (3 T) [

2€Zy yeZ, \zeZ,

According to the definition of the algebraic twisted Roe algebra, the *-representation
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on F is well-defined. The twisted Roe algebra, denoted by
C*(Pa(G), C(Y)BA(X, H)BB)“,

is defined to be the completion of the algebraic twisted Roe algebra under the operator
norm in B(E'), where B(FE) is the C'*-algebra of all adjointable module homomorphisms.
Let C7 ., (Pa(G),C(Y)BA(X,H)®B) be the set of all bounded, uniformly norm-

continuous functions
g: Ry — C;lg(Pd(G)a C(Y)@A(X,H)@B)G,

such that
propagation(g(t)) — 0, as t - oo.

Taking the completion with respect to the norm

lgll = sup [g(t)],
teRy

we have the twisted localization algebra, denoted by C} (P,(G),C(Y)®A(X, H)®B)C.

Remark 4.3.11. By Proposition 3.1.4 and Remark 3.1.5, we have that the twisted Roe
algebras and the twisted localization algebras are independent of the choice of the count-
able dense subset Z, for each d > 0. Indeed, if we have two countable dense G-invariant
subset Z4,7), c Py(G), then Z4 v Z! is also a countable dense G-invariant subset of
Py(G). Following the constructions in Proposition 3.1.4 and Remark 3.1.5, the inclusion
map Zgq —~ Zq U Z)) induces an isomorphisms between the twisted Roe algebras defined
by choosing Z4 and Z; U Z!, while the inclusion map Z), - Zy U Z), induces an isomor-

phism between the twisted Roe algebras defined by choosing Z!, and Z, U Z),. As a result,
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the definitions of twisted Roe algebras and twisted localization algebras (by the similar

argument) are independent of the choice of the countable dense G-invariant subset Z .

There is a natural evaluation-at-zero map

ev: CF(Py(G), C(Y)BA(X,H)BB)C — C*(Py(G),C(Y)BA(X,H)8B)C,

defined by ev(g) = g(0), for all g € C;(Py(G),C(Y)®A(X,H)®B)C. Obviously, it is a

*-homomorphism. The evaluation-at-zero map induces a homomorphism on K -theory

ev, : K, (O (Py(Q), C(V)BA(X, H)BB)C) — K.(C*(PG),C(Y)BA(X, H)BB)S).

4.4 The K-theory of twisted Roe algebras and twisted localization algebras

In this section, we will prove the following twisted Baum—Connes conjecture for

groups which are extensions of coarsely embeddable groups.

Theorem 4.4.1. Let 1 - N - G - G/N — 1 be a short exact sequence of countable
discrete groups. Assume N and G|N can be coarsely embedded into Hilbert spaces. The
map

ev, : lim K, (C3(Pi(G), C(Y)BA(X, H)8B)%) -

d—o0

lim K, (C*(Py(G), C(Y)BA(X,H)&B)C)

d—o0

induced by the evaluation-at-zero map is an isomorphism.

To prove this theorem, the main idea is to decompose the twisted Roe algebra into
ideals whose K -theory can be easily computed, and then use the Mayer—Vietoris sequence

and the Five Lemma to piece them all together. The decomposition of the twisted Roe
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algebra relies on the structure of the G-action on the space W (Proposition 4.3.6). Let us
recall an equivalent definition of proper action of a discrete group on a topological space

(Definition 1.3 in [2]).

Definition 4.4.2. Let " be a countable discrete group, X a topological space equipped

with a continuous action of I'. The I'-action is called proper if

1. X is second countable,
2. X/T is second countable,

3. forevery x € X there is a I'-invariant neighborhood U of x and a finite subgroup T

of T, such that there exists a continuous I'-map U — T'[T,.

In Section 4.3.1, we obtained a proper G/ N-action on a topological space W (Proposi-
tion 4.3.6) and lifted the G/ N-action to a G-action on W via the quotient map G — G//N.
Forany R > 0, let Og(g) = {(t,2,v) : 2+ v - b(w,g)3, < R?} ¢ W. We have checked
that Or = Ugee/ny Or(g) is G/N-invariant as is the closure of Or by Lemma 4.3.7.
The restriction of the G/ N-action on the closure Oy, is proper and cocompact, because
Or = G/N - OT(@). Fix Ry > 0, for any R < Ry, every point in O has a G/ N-invariant
neighborhood identical to V' x ./ n G/N, where V is an open subset of Og,(e), and N’

is a subgroup of G containing N with finite index. Throughout this paper, we identify

sets of the form V' xy G/N with G/N -V via (v,g) ~ vg, and V x {g} is identified

with g -V for all g € G/N. Those open sets together with the difference Og,(e) — Og(e)

comprise an open cover of Op (e). By compactness of Og, (e), we can find a finite open
cover {Vi XN, N G/N}f:1 for Og, where V; c {(z,s,v) : s> + |[v||}, < R*} and V} is NV;-
invariant, for some NN; a subgroup of GG containing N with finite index. We will consider
the restriction of the G-action on W to an N;-action on V;. Let G - V; denote the union
Ugeayn; 9 Vi
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Definition 4.4.3. 1. For any element T € C*(P;(G),C(Y)RA(X,H)®B)C, the sup-

port of T is defined to be the set

supp(T) = {(y,z,v) € Zyx Zgx (Ry xH) : v € supp(T,2) } -

2. For any element a € C}(Py(G),C(Y)®A(X,H)®B)Y, the support of a is defined

to be

supp(a) = gsupp(a(t))-

For each open subset U ¢ W = R, xH, define C*(P;(G),C(Y)®A(X,H)®B)E to be
the C*-subalgebra of C*(P,;(G),C(Y)®A(X,H)®B) generated by all operators with
support contained in Z; x Zg x U.

We can also define the localization algebra C} (Py(G),C(Y)BA(X, H®B)E to be
the C'*-subalgebra of C (P;(G), C(Y)®A(X, H)®B)¢Y generated by all paths a(t) with

support contained in Z; x Z; x U. We have an evaluation-at-zero map

ev: C(Po(G), C(Y)BA(X, H)BB) ~ C*(Fu(G),C(Y)BA(X, H)8B){

given by ev(f) = f(0), where f € C; (Py(G),C(Y)RA(X,H)®B)E.

Proposition 4.4.4. Let G - V; = Ugeyn, 9 Vi. The homomorphism,

ev, : lim K, (Cr(Py(G),C(Y)BA(X, H)®B)S.y,) —

d—o0

lim K, (C*(P(G), C(Y)BA(X,H8B))%.),
induced by the evaluation-at-zero map on K-theory is an isomorphism.

In order to prove this theorem, we need some lemmas. For each N; and d > 0, we
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define the Roe algebra with coefficients in C'(Y)®A(X,H)y,®B as follows. Since N; <
G, we can assume P;(N;) ¢ P;(G) has the restricted spherical metric of P;(G). Let
Zi = Z; 0 Py(N;). By the definition of Z,, the set Z} is non-empty for all 7. The algebraic

Roe algebra, denoted by
Caig(Pa(N:), C(Y)BA(X, 1)y, 8B)™,

is defined to be the set of all matrices (Tw) which represent bounded, finite propa-

y,2€Z},

gation, locally compact, and N;-invariant operators on the Hilbert module
C(Z)BA(X, H)y,BBBKe,

where K is the algebra of all the compact operators on ¢2(G)®H endowed with the

tensor product unitary representation of N;. Define the Roe algebra
C*(Pa(N:), C(Y)BA(X, H)v;)™

to be the norm closure of the algebraic Roe algebra Cy (Pu(N:), C(Y)®A(X, H)v,&8B)™,
on the Hilbert module (2(Z))®A(X,H)y,®BRK .

For each 7, we can define an inclusion homomorphism
12 C*(Py(Ny), C’(Y)@A(X,H)V;@B)Ni — C*(Py(G), C(Y)@A(X,H)@B)g%,
between the C'*-algebras by

9 Tye gy) if 3 g € G such that gz, gy € Py(N;),
Zi(T):v,y =
0 otherwise.
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Similarly, we can define the inclusion map on the localized version,
1w CL(Pa(N:), C(V)BA(X, H)y8B)™ - CL(Pa(G), C(Y)BA(X, H)BB) Gy,

The following result is crucial to reducing twisted Roe algebras and twisted localiza-
tion algebras of G to twisted Roe algebras and twisted localization algebras associated

with its subgroups N;.

Lemma 4.4.5. For each V;, the maps
(1) Ko (C* (Pa(N;), C(Y)BA(X, H)y,8B)™)

K. (C*(Pa(G), C(Y)BA(X, H)®B)G.y,)

and
(12.0)s  lim K (CF(Pa(N), C(Y)BA(X, H)BB)™) ~

C%im K.(C;(Py(G),C(Y)BA(KX, ’H)@B)g,vi),
induced by inclusion are isomorphisms.

Proof. Forany T'e C*(Py(G),C(Y)BA(X,H)®B)g.,,., the support of T is contained in
the subset Zy x Zq x (Ugec gVi). Since supp(7y,..) ¢ J(y) - V;, T can be expressed as a

product

T=- T] 17

geG/[N;

where T is a Z; x Z4-matrix with all entries supported in g- V; and the map J : Z; - G is
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the map defined in Section 4.3.2. Since every element

TeC?

alg

(Pi(G),C(Y)BA(X, H)BB)E.y,

is G-invariant, the matrix 7" is determined by 7.

For each g € GG, define Ag;; to be the algebra of all bounded, locally compact operators
T = (TW)WE% on the Hilbert module ¢2(Z;)®C(Y)®A(X,H),v,® B&H, satisfying:
(1) supp(7Ty,..) c g-V; for all y, z € Py(G); (2) there exists some C' > 0, such that T}, , # 0
implies that d(y, Py(N;)), d(z, P;(N;)) < C; (3) T is g N;g~'-invariant.

Taking closure under the operator norm over the Hilbert module
*(Z4)®C(Y)BA(X,H),v,®B8H,

gives rise to a C'*-algebra, denoted by A9-*.
Similarly, we can define a localized version of the above algebra, denoted by A%". Let

us define

geG/[N;

AG* = {(Tg) € H A9*:T9=¢qg-T¢ Vge G},
and

Af’*:{(Tg)e I A%*:ngg-Te,VgeG}.

geG/[N;

It is not difficult to check that
AGr 2 C*(Py(G),C(Y)BA(X, H)8B) Gy,

and

AG7 2 O} (PU(G). C(YV)BA(X. H)BB) Sy,
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According to the definition of twisted Roe algebras and coarse embeddability of the group

G| N;, for any T € A%~ there is a constant M such that T}, ,, # 0 implies that

z,y € Py(Bg(J(x) - N;, M)),

where Py(Bg(J(x) - N;, M)) is the subcomplex of P,(G) with vertices set contained in
the M -neighborhood of J(z) - N; in G. Therefore, we have

A = lim A%
M—o0

and

A7 = lim AT

M—o0 L,M>»

where A%/ is the C'*-subalgebra of A9* generated by all matrices (77, ) with supp(77,,) c
g- ‘/;’ and d(l’, Nz)ad(ya NZ) <M.

For the Roe algebra case, there is a *-isomorphism

ASp 2 C*(Py(Ba(Ni, M)),C(Y)BA(X,H)v,®B)Y

for any fixed M > 0 by Proposition 3.1.4, because P,;(Bg(N;, M)) is N;-coarsely equiva-
lent to Py (1V;).

For the localization algebra case, it suffices to show that for d > 0 large enough, the
C*-algebra A7"), has the same K-theory as C} (Pa(Bg(N;, M)), C(Y)®A(X, H)8B)N
for any fixed M. By Proposition 3.3.4, it suffices to show that P,;( Bg(N;, M)) is strongly
N;-homotopy equivalent to P;(N;) when d is large enough.

When d is large enough, we can define a strong Lipschitz homotopy equivalence be-

tween the subcomplexes P;(Bg(N;, M)) and P,;(N;) as follows. For any element g € G
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with d(g, N;) < M, there exists an element s € G with |s| < M such that gs~! € N;, and the
number of elements in the A/-ball of the group G is finite. Let Bg(N;, M) = L2, N;sy,
where |sx| < M, and {s1, S9, -+, s, } 1S @ subset of representatives for the right cosets G/ V;.
We can define a map p : Bo(N;, M’) — N; by p(g) = g’ where g = ¢’s is the unique prod-
uct with g’ € N;, and s € {s1, 59, Sy, }- Uniqueness of the product is guaranteed by the
fact that {s1, s, Sn, } 18 @ subset of the representatives for the right cosets of G/N;. It is
easy to check that the map p is well-defined and NV;-invariant.

We can define a strong Lipschitz homotopy equivalence

H(-t): Py(Bg(N;, M)) - Py(N;)

7

H (Z Cigi7t) = Z (tcigi +(1- t)cip(gi))>

where t € [0,1], and ¥, ¢;9; € Py(Bg(N;,M)). By Proposition 3.3.4, the localization

algebra version is done. 0

Lemma 4.4.6. For all i, and all d > 0, we have a commutative diagram

K. (ALy) —— K.(Ay)

j(lL,i)* L(Zi)*

EVx

K*(AL,G-%) I K*(AGV[)-

where we set up

Apy, = CL(Pa(N;),C(Y)BA(X, H)v,®B)™,

Ay, = C*(Py(N:), C(Y)BA(X, H)y, ®B)™,
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Apav, = CL(Pi(G),C(Y)BA(X, H)®B)Gy,,

and

Acwv, = C*(Py(G),C(Y)BA(X, H)®B)&.,

for brevity.
We need the following result due to Tu (see [27]).

Theorem 4.4.7. Let Y x I' be an a-T-menable transformation groupoid. Then for any
[-C*-algebra A, the Baum—Connes conjecture with coefficients in C(Y)Y®A holds for T,
i.e., the map

ev, ¢ lim K, (Ct(Py(T),T,C(Y)BA)) - lim K,(C*(Py(T),[,C(Y)8A))

d—oo d—o0

on K-theory induced by the evaluation-at-zero map is isomorphic.

In [27], Tu constructed a continuous field of C'*-algebras which admits a proper Y x I'-
action by the a-T-menability of the groupoid X x I'. The continuous field of C'*-algebras
defined by Tu is essentially the same as the one that we described in Section 4.3.1. Then
the Baum—Connes conjecture for the groupoid X x I' is reduced from the Baum—Connes
conjecture for X x I' with coefficients in the continuous field of C*-algebras by the Dirac-
dual-Dirac method. In fact, the Baum—Connes conjecture for the group I' with coefficients

in C'(X) is actually equivalent to the Baum—Connes conjecture for the groupoid X x I".

Remark 4.4.8. The twisted Roe algebra C*(FPy(N;),C(Y)®A(X,H)y, )" is exactly the
Roe algebra for Py(N;) with coefficients in C(Y)®A(X,H)v. by the definition of twisted

Roe algebras. Similarly, the twisted localization algebra

Cr(Py(N;), C(Y)BA(X, H) )V

63



is the localization algebra for P;(N;) with coefficients in C (Y )RA(X, H)v;.
Combining Lemma 4.4.5 with Theorem 4.4.7, we have the following result.

Proposition 4.4.9. The homomorphism

ev, : lim K, (C(Py(G),C(Y)BA(X, H)®B)S.y,) —

d—o0

lim K, (C*(Py(G),C(Y)BA(X,H)®B)&.y,)

d—>o0

induced by evaluation-at-zero is an isomorphism.

Lemma 4.4.10. Let O and O’ be open subsets of R, x H. If O c O, then the C*-
subalgebras

C*(Py(GQ),C(Y)BA(X,H)®B)&

and

are respectively closed, two-sided ideals of C*-algebras
C*(Py(G),C(Y)BA(X,H)®B)S,

and

Cy(Py(G), C(Y)BA(X, H)BB)S,.

In the definition of V;, the choice of V; depends on the constant R, so we denote it as
Vi(R) in the rest of this section. Fixing any R, forevery R < Ry, let Vi, = V;(Ro)nOrg(e)
where {V;(R,)}., is a finite open cover of Op(e) obtained from the compactness of
Opro+1(e). We obtain the following decomposition for the twisted localization algebras

and the twisted Roe algebras.
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Lemma 4.4.11. For every fixed Ry > 0, let Op;, = U§21 G - Vi(R). Then we have the
following,

(1) C*(Py(G),C(Y)®A(X,H)®B)S = C*(Py(G),C(Y)BA(X,H)®B)§

OR,ig+1 OR,i,

+C(Pa(G),C(Y)BA(X, H)BB)G.y, (ry

(2) C3(Pu(G), C(Y)BA(X,H)BB)S, = C;(Pu(G),C(YV)BAX, H)BB)S,
+C3(Pu(G), COVBAX, H)BB)C, iy

(3) C*(Pa(G), C(Y)BA(X, H)®B)G,, . ncviy. =
C*(Pa(G), C(Y)BA(X, H)BB)G,, . nC*(Pa(G),C(Y)BAX, H)®B)Ey, ..

(4) C’E(Pd(G),C’(Y)@A(X,H)@B)gR’ionG%OH(R) =
Cz(Pd(G),C(Y)@A(X,”H)@B)gmo n Cz(Pd(G),C(Y)@A(X,’H)@B)g%oﬂ(m,
forall R < Ry.

The proof of Lemma 4.4.11 is similar to that of Lemma 6.3 in [32], and is therefore
omitted.

Note that, for any 1 < i < ¢’ < N, the intersection Og(i) N Og(¢’) is of the same form
as V' xy+ G for some open subset VV/ ¢ W and some subgroup N’ < G containing N
with finite index. So by the Mayer—Vietoris sequence and the Five Lemma, we have the

following result.

Proposition 4.4.12. Let 1 -~ N - G - G/N — 1 be an extension of countable dis-
crete groups. Assume N and G|N are coarsely embeddable into Hilbert spaces. The

evaluation-at-zero map

ev, : lim K, (C3(Py(G),C(Y)BA(X,H)®B)S, ) —

d—o0
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lim 15, (C*(PA(G). C(Y)BA(X, H)B )G,

is isomorphic for each R.

By taking the direct limit over 12, we have the twisted Baum—Connes conjecture with

coefficients in C'(Y)®A(X,H)®B.

The proof of Theorem 4.4.1. Since we have

Cr(Py(G),C(Y)BA(X,H)®B)“ = él_{glo CL(Pi(G), C(Y)@A(X,’H)@B)gR,
and

Cr(Py(G),C(Y)RA(X,H)®B)“ = }%1_1&10 Cr(Pi(G), C(Y)@A(X,’H)@B)gR,
it suffices to show that the map

€Uy : lim K*(Dd,L,Ro) g dllm K*(DCLR())a

d—>o0

is an isomorphism, where we set

Dd,L,Ro = hrn Cz(Pd(G),C(Y)@A(X,%)@B)SR

R<R0,R—>R0

and

Dapo =, [Jim € (Pa(G), C(Y)BA(X, H)BB)G,

for brevity. By Lemma 4.4.11 and Og = U; G - V;(R), the proof is completed using the

Mayer—Vietoris sequence and the Five Lemma. 0
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4.5 The Novikov conjecture for the extension

In this section, we will define a geometric analogue of the infinite-dimensional Bott
map introduced by Higson, Kasparov and Trout in [17], and then prove the Novikov con-
jecture for the extension group from the twisted Baum—Connes conjecture.

Let X be the compact space and (’Hm )xe  the continuous field of Hilbert spaces defined
in Section 4.2. Every element in C'(X)®S can be viewed as a continuous S-valued map.
The action of G on C'(X)®S is given by g - (fw)meX = (f;)xeX, where f! = f, 1.

In Section 4.3.1, we obtain the fiber-wise defined Bott map f3; : C(X)®S - A(X,H),
by

ﬁt((f:c)xeX) = (Bt(fx))xeX

where f, € S, for any x € X. It induces an isomorphism on the K -theory level.

Each element T" € C*(P;(G), G, C(Y)®C(X)®B)®S can be expressed as

T= (Ty’z)y,zengf’

where f €S8, T, . € C(Y)®C(X)®BR®K, forall y, z € Z,.
We define the Bott map between the algebraic Roe algebras and algebraic twisted

localization algebras,

B0,

alg

(Pi(G),G,C(Y)BC(X)®B)BS — C, (Pa(G), C(Y)BA(X, H)BB)Y,

B(T)(y, 2) = Ty,zgsym
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where s, , € A(X,H) is a section with s, ,(x) = B:(b(x, J(y))(f), and

Be(blz, J(y))) : A{b(x, T (y))}) — A(H.)

is the Bott map induced by the inclusion {b(z, J(y))} — Ha, for t € [0, o0).
We are going to show that the Bott map (; is well-defined. It suffices to show that,

for each T®f = (T,.) ., 8f € C} (Pu(G),G,C(Y)BC(X)®B) ® S , B(T®f) is

Y,z

G-invariant in the sense that g(5:(T®f) 1y 41.) = B:(T&[),,. forall g e G, y, z € Z,.
Let s, : X = M = |U.ex H. be the continuous section defined by s,(x) = b(x, g), for
all g € G. By Lemma 4.2.4, we have that 5(g-s) = g- 3(s) for all s € A(X,H). For each

geG,y,z € Zg, it follows from the definition of 7® f that
9(Tyryg12) =Ty .

So we need to show:

g- (Bt(Tgf)g‘ly,g‘lz) = ﬁt(Tgf)y7Z'

On the one hand,

ﬁt(T®f)y,z = y,zgﬁt(s(](z))(f)'

On the other hand, we have

9 Tg*1y19*12®9' (Bt(SJ(gfly))(f)) = Ty,z®9 ) (ﬁt(SJ(gfly))(f))-

It suffices to show that g - (B8:(Ss(g-14)) (f)) = B(54¢)(f). For each z € X, we have
B(s5)) (f)(x) = B(b(x, J(y)))(f) € A(He).
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For the section s(,), we have

(g : SJ(g’ly))(‘fl") = g(SJ(g’ly) (ZEg))
=9(b(zg,97" 1 (y)))
= b(xv J(y))

= SJ(y)(x)v

for all z € X. Therefore g - s;(,-1,) = 5(y)» for all y € Z;, and hence it follows that

9(B(s1g-19)) (f)) = Bessy (f)-

Therefore,

g(ﬁt(T@?f)gfly,gflz) = Bt(T@?f)y,z-

As a consequence, the map
B+ Cay(Pa(G), G, C(Y)BC(X))BS — C;lg(Pd(G),C(Y)®A(X,H))G

forall t € [1, 00) is well-defined.

Proposition 4.5.1. The family of maps

B,: C, (Pa(@), G, C(Y)BC(X)BB)BS — C;

alg

(Pu(G),C(Y)RA(X, H)®B)"
forte[1,00) extends to an asymptotic morphism

3 C*(Pay(G), G, C(Y)BC(X)BB)BS — C* (Pa(G), C(Y)BA(X, H)BB)C.
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Proof. Let

E= { Y a.[z]:a. e C(Y)®A(X,H)®B®K¢, Y. ala, converges in norm}‘

2€Z4 2€Zy

For every g € S, define a bounded module homomorphism N, : £ — E given by

N, ( 5 az[z]) = S (Bs(I())) (9)BL)a ]

ZGZd ZEZd

forall 3, ., a.[z]. Itis easy to check that
P(T®g) = N,, (T®1)

forall ge Sand T'e C}, (Pa(G), G, C(Y)®C(X)®B), where T®1 is a bounded module

homomorphism from F to E by

180 3 o.l) - 3 (D800 1)

2€Z4 yeZq z
By the definition of Roe algebras, the map [3; extends to a linear map

C*(Py(G),G,C(Y)BC(X)BB)®u,S » C*(Py(G),C(Y)BA(X,H)®B)®

satisfying

16:(T®g) < |9l T

forall ge S, and T'e Cy (Pa(G), G, C(Y)®C(X)&B). By the definition of

C* (Py(@),G,C(Y)BC(X)®B)
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and the properness of the G/N-action on the C*-algebra C'(Y)®A(X,H)®DB, one can
verify that (3, is an asymptotic morphism from C*(P,(G),G,C(Y)®C(X)®B)®,S to
C*(Py(G),C(Y)BA(X,H)®B)C. Hence 3; extends to a homomorphism

C*(Py(G), G, C(Y)YBC(X)BB)®maxS = C*(Py(G),C(Y)BA(X,H)BB)C.

As a consequence of the nuclearity of S, ; extends to a homomorphism

C*(Py(G),G,C(Y)BC(X)BB)®S » C*(Py(G),C(Y)BA(X,H)®B)®. O

We define the Bott map on K -theory,

Bt K. (C*(Py(G),G,C(Y)®C(X)®B)®S)) —

K* (C*(Pd(G% C(Y)®A(X7 H)@B)G)7
as that induced by the asymptotic morphism

By : C*(Py(G), G, C(Y)BC(X)BB)BS) — C*(Py(G), C(Y)BA(X,H)BB)C

forte[1,00).

Similarly, we can define the localized version of the asymptotic morphism

B Cr(Pi(@),G,C(Y)BC(X)BB)®S — C;(Py(G),C(Y)BA(X,H)®B)C.

for t € [1,00). Since this is an asymptotic morphism, it induces the Bott map /3, . on
K-theory. Let C (Py(G),C(Y)®A(X,H)®B)C be the twisted localization algebra. Let
C, ¢ Cy ¢ Py(G) be G-invariant closed subsets such that C; = C;n Z, for i = 1,2.
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Assume that the inclusion map 7 : C; - Cj is a strong Lipschitz homotopy equivalence.
Let C7(C;,C(Y)®A(X,H)®B)% be the C*-subalgebra consisting of all the operators
T € C3(Py(G),C(Y)RA(X,H)®B)® with support in C; x C; x W ¢ Zy x Zy x W, for
1=1,2.

Then the map 7 : C'; = C5 induces a map on the twisted Roe algebras

in: C(C1, C(Y)BA(X, H)BB)C » C*(Cy, C(Y)BA(X, H)BB)C

. T, . ify,z ey,
i(T)y,z =

0 otherwise,

forall T' = (T}.)y2cc, € C*(C1,C(Y)BA(X,H)®B)Y. This map is well-defined, be-
cause the inclusion map ¢ : C; = Cj is isometric. Similarly, one can define a homomor-

phism between the localization algebras
i Cr(C,C(Y)BA(X,H)®B)Y - C;(Cy, C(Y)BA(X,H)®B)C.

The following result is a twisted analogue of the result that the K -theory of twisted local-
ization algebras is invariant under strong Lipschitz homotopy equivalence. The proof is

similar to that of Proposition 3.3.4.

Lemma 4.5.2. Assume the inclusion map © : C| — Cy is a strong Lipschitz homotopy

equivalence. The map

(iz). : K (CL(C1, C(Y)BA(X, H)BB)C) » K.(CL(C, C(Y)BA(X, H)8B))
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induced by i;, on K-theory is an isomorphism.

Similarly, we have a twisted version of the Mayer—Vietoris sequence for twisted local-

ization algebras, as in Proposition 3.3.6. The proof will be similar, so it is omitted.

Lemma 4.5.3. Let A be a simplicial complex endowed with the spherical metric, and let G
be a countable discrete group. Assume G acts on A properly by isometries. Let C;,Cy c A
be G-invariant simplicial subcomplexes endowed with the subspace metric. Then we have

the following six-term exact sequence

Ko(Leyne,) — Ko(Le,) ® Ko(Le,) —— Ko(Leyues,)

I |

Kl(LC1002) — Kl(Lcl) EBKI(LC2) — KI(LClUCQ)7

where we set

LCI = Cz(Xla O(Y)@A(X, H)®B)G7
Lo, = Ci(X1, O(Y)®A(X,H)®B)C,
Leine, = C3(X1n X1, C(Y)BA(X, H)®B)%

and

Lewe, = CH(X1u Gy, C(Y)BA(X, H)BB)®
for short.
Proposition 4.5.4. For each d > 0, the map

s K. (CL(Fa(G), G, C(Y)BC(X)8B)8S) ~

K.(Cy(Pi(Q),C(Y)BA(X,H)®B)")

is an isomorphism.
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Proof. By induction on the dimension of the space P;(G), the theorem is a consequence of
the fact that the K -theory of localization algebras is invariant under the strong Lipschitz
homotopy equivalence (see Lemma 4.5.2), Theorem 4.2.5, the twisted Mayer—Vietoris

sequence (see Lemma 4.5.3) and the Five Lemma. L]

Let us recall the commutative diagram which is obvious from the definition of twisted

localization algebras and twisted Roe algebras.

K. (Aps) — K.(As)

LﬂL,* lﬁ*

K. (ApLa) —> K. (Ax).

where we set

Aps =CL(Pu(G),G,C(Y)®C(X)®B)&S),
As = C*(Py(G), G, C(Y)BC(X)BB)BS,
Apa=Ci(PyG),C(Y)BA(X,H)8B),

and

Aq= C*(Py(Q), C(Y)BA(X, H)BB)C

for brevity.
In the above diagram, the vertical map /3, . and the bottom horizontal map are isomor-
phisms. As a result, we have that the Novikov conjecture holds for G with coefficients in

C(Y)®C(X)BB.

Lemma 4.5.5. The map

ev, : C%im K.(C}(Py(G),G,C(Y)Y®C(X)®B)) —
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lim K, (C*(Py(G),G,C(Y)®C(X)BB)),

d—oo

induced by the evaluation-at-zero map on K-theory is injective.

In the rest of this chapter, we will reduce the Novikov conjecture to Lemma 4.5.5.
By identifying the C*-algebra C'(Y)®C(X) with C'(Y x X)), one can define a map c :
C - C(Y)®C(X) mapping each constant s € C to the constant function with value s on
Y x X. By tensoring with the identity map on compact operators, we can define a map
®1: Kg—C(Y)®C(X)RK.

Note that Y x X admits a G-action and it is GGy-contractible for any finite subgroup

Go < G. The map ¢ ® 1 induces a homomorphism between the Roe algebras
T:C*(Py(@),G,B) > C*(Py(G),G,C(Y)®C(X)®B)
given by
8(T)(I,y) = Cgl(Tw,y)a

forz,ye Z,, T = (Tw,y)x veZy'

Similarly, one can define a localized version of the homomorphism

by
eL(9)(t) =2(g(1)),
where g € C7 (Py(G), G, B).
Lemma 4.5.6. Let Gy < G be a finite subgroup, and B any G-C*-algebra. If V c P;(G)

is a Goinvariant and G-contractible subcomplex such that G -V is homeomorphic to the
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space V xq, G, then we have
K.(Cj(V xg, G,G,B)) 2 K.(C[(V,Gy, B)).
Proof. Define a homomorphism

1:C(V, Gy, B) - C; (V1 x¢, G,G, B)

g7(6(1)) g9y if 3 g € G such that gz, gy € V,
ub(t))zy =

0 otherwise,

for all b(t) € C; (V,Go, B). Any element in K (C}(V x¢, G,G, B)) can be represented
by an invertible element a + I, for some a € C}(V x¢, G,G, B). Since the propagation
of a(t) approaches 0 as ¢t — oo, we can find a large constant 7y such that supp(a(t)) c
Ugec/co 9V x gV for all t > Tj. By uniform continuity of the path a(t), as(t) = a(t + sTp)
(s €[0,1]) is a homotopy between a(t) and a(t +1p). Thus, any element in K (CF (V x¢,
G, (G, B)) can be represented by an invertible element b + [ € (CZ(V xa, G,G,B) )+ with
supp(b(t)) ¢ Ugecjco 9V1 % gVi. Since b(t) is G-invariant for all ¢ € [0, o), we can find
an element O’ € C7 (V, Gy, B) such that ([0’ + I]) = [b+ I]. Consequently, the map ¢ is

onto, and we can similarly prove that it is injective. Therefore we have
Ki(C3(V x¢, G, G, B)) 2 Ki(C5(V. G, B)).

The K case can be dealt with by a suspension argument. [

The following result was proved originally using F-theory ([12], Lemma 12.11). We

now give an alternative proof using localization algebras.
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Proposition 4.5.7. The map
(cL).: gim K.(C}(Py(@),G, B)) — ;im K.(C;(Py(@),G,C(Y)®C(X)®B))

on K-theory induced by ¢y, is an isomorphism.

Proof. When d is large enough, there exist finitely many precompact open subsets V;,
and finite subgroups G; < G, i = 1,...,k, such that P;(G) = UYL, Vi x¢, G and each
V; is G;-contractible by a strong Lipschitz GG;-homotopy equivalence. The existence of
subsets V; and finite subgroups G; is guaranteed by properness of the G-action on P;(G).
By the Mayer—Vietoris sequence, it suffices to show that the map (¢,). : K, (C} (Vi x¢,
G,G,B)) - K,(C;(Vixg, G,G,C(Y x X)®B)) is an isomorphism for each ;. Without
loss of generality, it suffices to show this for ¢ = 1.

By Lemma 4.5.6, we have
KA(C; (Vi xg, G,G,B)) 2 Ky » Cf(V1,G1, B)),
and
K. (C;(Vixq, G,G,C(Y x X)®B)) 2 K.(C;(V1,G1,C(Y x X)8B)).
It suffices to show that
K,(C7(V1,G1, B)) 2 K.(C7(V1, G, C(Y x X)®DB)).
By the G;-contractibility of V;, we have

K*(Cz(‘/l’GlﬂB)) = K*(Cz(ptaGlaB))a
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and

K. (C1(V1,G1,C(Y x X)®B)) = K.(C[(pt, G1,C(Y x X)BB)).

It suffices to show that K, (C;(pt,Gy, B) = K,.(C;(pt,G1,C(Y x X)&B). Letc: C —»
C'(Y x X)) be the x-homomorphism given by mapping each constant s € C to the constant
function with value son Y x X. Let ¢/ : C'(Y x X') - C be the *-homomorphism obtained
by evaluation at the point (yo, zo), where the space Y x X contracts to a point (yo, zo) €
Y x X via some (G;-equivariant homotopy equivalence. So we have the *-homomorphisms

on the reduced crossed product

C:BNrG1—> (C(YXX)@?B) NrGl

and

" (C(Y x X)®B) x, G; > B x, G.

Note that, on the K -theory level, the compositions ¢, o ¢, and ¢, o ¢, are identity maps. By

the Green-Julg Theorem (see [12]),

ev, : K. (Ci(pt, G1, B)) -~ K.(C*(pt,G1, B))

and

ev, : Ko (CL(pt, G1, C(Y x X)8B)) —» K. (C*(pt, G1, C(Y x X)8B))

are isomorphisms on K -theory, where ev, is the homomorphism induced by the evaluation-

at-zero map. Since we have

O*(ptaGlaB) = (B Ay Gl) ®’C7
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and

C*(pt, 1, C(Y x X)BB) = ((C(Y x X)®B) », G1) ® K.

In addition, the map
(CL)« : K (CL(pt,G1,B)) = K. (Cf(pt,G1,C(Y x X)®B))
is an isomorphism. As a result,
(CL). : Ko (C;(Vixg, G,G,B)) - K,(C;(V;,G,C(Y x X)®B))

is an isomorphism for each ¢. The proof is completed using the Mayer—Vietoris sequence

(see Proposition 3.3.6) and the Five Lemma. ]

According to Proposition 3.3.8, the following result implies Theorem 1.0.1.

Theorem 4.5.8. The map

ev, : lim K, (C;(Py(G),G,B)) —» gim K. (C*(Py(G),G, B))

d—>o0

induced by the evaluation-at-zero map on K -theory is injective.

Proof. We have the following commutative diagram

lim K, (C;(Py(G),G, B)) lim K, (C*(Py(G),G, B))

d—o0 d—o0

L (L)« LAC;

lim K, (C7(Pa(G),G,C(Y x X)8B)) = lim K, (C*(Pa(G), G, C(Y x X)®B)).

Since the map (¢7,). is an isomorphism, and the lower horizontal map is injective, the

upper horizontal map is injective. U
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5. SUMMARY AND CONCLUSIONS

In this dissertation, we construct a C'*-algebra associated with a coarsely embeddable
group using the geometry of the coarse embeddability. This C'*-algebra comes with a
nice group action. Then we define a C'*-algebra associated the extension groups and use
this C'*-algebra to investigate the /{-theory of group C*-algebras of the extension groups.

Here we give a broad outline of some future outlines.
5.1 Further study

It follows from my work that the Novikov conjecture holds for a large class of groups
related to coarse embeddability. A group can be viewed a metric space admitting a co-
compact action of itself. It is natural to generalize the Novikov conjecture to the setting of
noncompact metric spaces with proper group action.

Let X be a metric space with bounded geometry and let G be a countable discrete
group acting on X properly by isometries. One can define an equivariant Roe algebra
C*(P4(X))¢ and an equivariant localization algebra C} (P,(X))¢ associated with the
G-action on the Rips complex P,;(X) for each d > 0. The coarse equivariant Novikov
conjecture claims that the map

evy : lim K (CF (Pa(X))9) » K. (C*(Pa(X))®) 2 K. (C* (X))

d—o0

on K-theory is injective. When the group G is the trivial group, this conjecture is the
coarse Novikov conjecture for the space X. In 2000, Yu ([32]) showed that the coarse
Baum—Connes conjecture holds for bounded geometry metric spaces which admit a coarse
embedding into Hilbert space, thus, the coarse Novikov conjecture holds for such spaces.

When the space X is the group G endowed with word length metric, one gets back the
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Novikov conjecture for the group GG. Yu ([32]) and Skandalis—Tu—Yu ([26]) verified the
Novikov conjecture for coarsely embeddable groups. In [8], Fu and Wang showed that
the coarse equivariant Baum—Connes conjecture hold if the metric space X is equivari-
antly coarsely embeddable into Hilbert spaces. Recently, Fu—Wang—Yu ([9]) proved that
the coarse equivariant Novikov conjecture holds when the group G and the quotient space
X /G coarsely embeddable into Hilbert spaces and the G-action on X has a geometric con-
dition called bounded distortion. It is natural to ask when the equivariant coarse Novikov
conjecture holds. The C*-algebra constructed in this dissertation can be used to investigate
the K -theory of the equivariant Roe algebras. It will be interesting to find other conditions

on the group action under which the equivariant coarse Novikov conjecture holds.
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