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The Tate-Lichtenbaum

1 Introduction

pairing on a hyperelliptic curve via hyp
Yukihiro Uchida (Kyoto University)

4 Recurrencerelations

erelliptic nets

Let a be a non-singular proJective cuive defined over a finite field Fq Let m

be a positive integer with m l (q - 1) The TateLichtÅíiibauni panmg is a

bMnear map

       Tm: P'CO(C)[M] Å~ PiCO(C)IMPiCO(C) - F,Xl(F,X)M.

For cryptographic applications, it is important to find an eMciemt algorithiu

to coinpute the Tate-Liehtenbaiim pair]ng

The Tate-Lichtenbauin pairing is usually computed by Miller's algoritlim

Recently, Stange [3] gave a new algorithn to compute the Tate(-L}chtenbaum)

pairing on an elliptic curve This algoritlun ts based on elliptic nets, which

are also defined by Statige as a generalization of elliptic diwsibility sequenoes

In this poster, we define hyperelhptie nets as a generalization of elliptic nets

to hyperelliptic curves We aJso grve an axprassion for the Tate-Lichtenbairm

pairing on a hypeielliptiÅë cuive in terms of hyperelliptic nets By using this

expression, we obtain an algonthm to compute the fate-Lichtenbaum patimg

on a hyperelliptic curve of genus 2

2 The hyperelliptic sigma function

Let C be a non-singular projeebive curve of genus g over C defined by

           y2 = x2g+i + A2gx2g + • • t + Ajx + Ao•

We use the following notatioii

. co the pomt at n}finity of C,

.J the Jacobian vanety of C,

.rc Cg - C91A or- J(C), where we fix a unifomuzation CglA cr- J(Åë),

.A. C - J an emboddmg with A(oo) = O,

.e = JL(C) + • • • + A(C) (g - 1 times)' the theta divisor

We write e(z) = exp(2TvCirz) We defue the theta function with charao-

tenstlos by

    e [:] (Z, ') = .lit, e (S'(n + a)7(n + a) +t(n + a)(.-. + b)) ,

where z E Åëg, r E Mg(C) is symmetiic, Im(T) ts positive defimte, aiid

a,bE Rg

Definition 1 (of [21).We defihe the hyperelliptic stgma functton on Cg

by
 a(u) = cecrp (itun tv'-iu) 6[iop (wt-iu, w'-iw"),

where w', ou" 6 M (C) are period manicsis satisfying A = w'Z9 + tu"Zg and

C E C, rt e M (Åë) atid 6 E ((112)Z)2g are certain (omstants

If g = 1, then a(u) coincides with the Weierstrass sigma function

The sigrna function a(u) has a zeio of order 1 aloirg n-i(e).

3 Hyperelliptic nets

Let n be a positive mteger

We fiist dethie hyperelhptic nebs over C The following !s a stratgl}tfoiTsArard

generalization of Stange's defimtion

Definition 2. Let Pi,...,P. G JÅqÅë) Xe with P, + PJ Åë e for aJl
1 $tkd Åq- n Let ui, ..,uh E Cg be pomts with rc(ui) = P, We
define amap VVc,a, ,p,, Z" - C by

                      a(zTiui + ' ' ' + vneqD
Wc,pi, ,p. (Vl7...: Vn)

We call Wc,p,,

      I-I =i a(ut)2tRt 'Åí:eiive nisiÅqJsn a(ui + uj)i5"s '

,p. the hiypaerelliptte net assoetated to a, Pi. . . , P,,

It is easily verified that VVc,B, ,p. does not depend on the choice of ui,...,un
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By Lenm 3, we ean define hyperelhptic nebs over any field of chaiacteristic

O Furthermore, we caii aJso define hypeiethptic nebs over any field of positive

characteristic by reduction.

ww'ma'ma1ee'wa,=ag=ee.ee,k/wa'.{,ee1/'-,,tarw,/eses,/eemag""ee'asinTts•/1//,/si,eeos,,/eq?ee//re/ss"/ewnvee..c-ee,,.ifmema.:

5 TheTate-Lichtenbaumpairing

Dbfuition 5.The Tate-liehtenbifttm Rairing ts a map

       Tm` Pie (C)[m] x Pie (G)lmPiec Åq( :) - geXl(FX)m•

            (n, E) H fD(E) ff fD(P,)'ts

                        l#l
wliere D and B tirtsn divisor,s on g representiirg D atrcl E ;eEsRec'vavelx'stakli

tllae D aJid B ltaxre nQ points fil couunma, fn us ft rational ficrtcbien eri tw

wigii alvCfuÅr # mD, tmdi re = geXi mPt

It is known that T,. is bilineaa: alld non-degenerate (ef [1])

The Tate-Lichtenbaum paimng is desenbed m teims of hypereUiptic nebs
ee'-.-,..ff/.,wa/kr.an,ex/Xma..ew"wr'ewas'snc/,iee•lglewee11E.ee•eee-me,//,,.tte,ww,i,,Wes,1eeg.,,,.,",g.i/k,ee.i/ts,,R}ictzma

Theorem 6 ts a generalization of Stauge's result fer elliptic curves

By Theoierns4 arid 6, we can compute T.(D,E) for acurve of genus2

'

,S,X•ss,--ma-vai"•/r..i'ii:ee.ee•X#•/,X."stwy•"#';ms'ivaga""'ttlee.ttS/l•/LÅí•waptimak-ll•,trr•,•'-ma//$,uee,es•/Y-i",,g/F.,"S#,#$•le

Note that the above complemty ts the same as that of Miller's algoritlim

6 Example

Let q = 47. We consider the followillg cur-ve and divrseis

.CIF47 y2 -- x5+x+41,

.D == (ai, 31ai + 3) + (a2, 31a2 + 3) - 2oo,

eE = (6i, 226i + 14) + (/q2, 22I32 + 14) - 2co,

where ai and a2 aie the !vots of the pol};llormal x2 + 6x + 16 over F47, and

fii and t32 are the ioots of the polynormal v2 + 29x + 24 over F47

Let P and Q be the pomts on J correspondmg to D and E iespectively
The following figrire shows a part of the net Vl(c,p,Q

              t
              Q
                P-
Let m == zz Then m is a drvrsor of q - 1 -- 46 and b e PicO(C)lm]

We have

        VVc,p,Q(m + 1, 1) == 43, VVa p,Q(m + 1, O) = 8.

             VVc,p,Q(1,O) == VVc,p,q(1, 1) = 1.

Therefore, by Theorem 6,

         rm(fi,E) = i;t mod (F\7)ee = 23 mocl (Ft,7)2".
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