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On vector partition functions with negative weights

By

Tatsuru TAKAKURA®

Abstract

We introduce the notion of weights into the vector partition function and the volume
function associated to a sequence of vectors. We prove an explicit formula for the volume
function with possibly negative weights. It is a generalization of a formula given by Brion and
Vergne in [2].

§1. Introduction

The vector partition function and the volume function associated to a sequence
of vectors have been studied from various point of view. For instance, the Kostant
partition function for a root system, which is a typical example of vector partition
functions, plays an important role in representation theory of Lie groups. We note that
a vector partition function (resp. a volume function) counts the number of the lattice
points in (resp. measures the volume of) a certain polytope. Hence they are closely
related to combinatorics of convex polytopes. We refer to [2], [7], and [1] for known
results. For example, in [2] Brion and Vergne gave explicit closed formulas for vector
partition functions and volume functions.

In this paper, we introduce the notion of a vector partition function (or volume
function) with weights, where each weight is an integer. A positive weight merely
corresponds to the multiplicity of a vector in the given set of vectors used to define
the vector partition function (or volume function). The known results cited above are
also available in this positive weight case. On the other hand, the notion of negative
weights seems to be new, although it is quite natural when we characterize a vector
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partition function (or volume function) by its generating function. Such negative weights
appear, for example, in the computation of the dimension of the invariant subspace
(Va, ® --- ®@ V3, )¢ in a tensor product representation, where V. is the irreducible
representation of a compact Lie group G with highest weight \;, if some of \; (i =
1,...,n) lie on the boundary of the Weyl chamber (see, e.g., [5]).

Our main result Theorem 4.1 gives explicit formulas for the volume functions with
possibly negative weights, which generalize some of the Brion-Vergne formulas men-

tioned above. It is stated as follows.

Theorem 4.1. Let A = (aq,...,ay), m = (mq,...,mpy) be as in Definition
3.1 and let M = mq + --- +mn. Suppose h is in a chamber v and y € RY is generic.
Then we have

m) = 1 (—0;)mi—t e~ (Y05 (h))
Va(y,h;m) = Z p(o) H (mj; — 1)! (Hkga(yk — Zjea Cjkyj)mk> )

ceB(A,y) JECT
Va(h;m) = o > 1 11 o ( v (B)) 2 - ) )
(M —d)t 2=, 0] seg (m = DU Tgo (=4 + 2 5e0 cinys)™
my—1
where if m; <0, we set m =0.

See sections 2, 3, and 4 for the details. Applications to geometry and topology of
certain spaces will be discussed in another article. We mention that an example in this
direction was given in [5].

This paper is organized as follows. In section 2, after giving the definitions of the
vector partition function and the volume function associated to a sequence of vectors,
we review the Brion-Vergne formulas from [2]. Weights are introduced in section 3. The
main theorem above and its example are given in section 4. We prove the theorem in

section 5.

§2. Vector partition function and volume function

In this section, we review some contents of [2].

§2.1. Definitions

Let E be a real vector space of dimension d and let A be a lattice in E. Let
A = (aq,...,an) be a sequence of vectors in A, all lying in an open half space and
spanning E as vector space. For A € A, we denote by Pa(A) the number of ways to
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express A as a linear combination of aq,...,an with coefficients in Z>y. Namely, we
set

Pa(N) :=t{(x1,...,zN) € (ZZO)N |z100 + -+ zyany = A}

The function P is called the wvector partition function associated to A. Its generating

function is given by

1
ZPAO‘)Q)\ = TN
b\ [Tiz, (1 —e)
=(1+e™ +e* o) (L4 ™ eV 4.0,

where €’ (v € A) are elements in the group ring Z[A], obeying e’'e?2 = eV11v2,
More generally, for y = (y1,...,yn) € RY, we define

Pal )= D, e,
zioitFrNan=A
whose generating function is given by

N

1
2 Paly N =1 =

=1

By definition, we have Pa (0, \) = Pa(A).
For h € E, we define

Ha(h) :={(z1,...,xN) € RY |z100 + -+ zyany = h},
Xa(h) :={(z1,...,xNn) € (Rzo)N|IlOé1 + -+ zyay = h}.

We call Xa(h) the partition polytope associated to A. Note that it is compact and
Pa(A) is the number of lattice points in it.

Next, we introduce continuous analogues of Pa () and Pa(y, A). We normalize the
Lebesgue measure on E so that the volume of E/A is 1, and we consider the standard
Lebesgue measure on RY. They determine the Lebesgue measure ds on Ha(h). For
he€Eandy=(y,...,yn) € RV, let us define

Va(h) : = volume of Xa(h) = / ds,
Xa(h)

VA(y, h) L= / e—(m1y1+~~+xNyN)dS'
Xal(h)

The function Va is called the volume function (or asymptotic partition function) asso-
ciated to A.
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Remark 1. Under some conditions on A and A, the partition polytope Xa(A)
becomes an integral polytope and Pa(k - A) turns out to be a polynomial of k € Z>o,
which is called the Ehrhart polynomial. Then the coefficient of the top term of Pa (k- \)
is equal to VA (A). See, e.g., [7].

Moreover, Pa(\) and Va(A) are related to certain invariants, the Riemann-Roch
number and the volume, of the toric variety associated to the partition polytope Xa ().

§2.2. Brion-Vergne formula

In [2], Brion and Vergne gave explicit closed formulas for Pa(y, A), Va(y, h), and
Va(h). Let us recall those for Va(y,h) and Va(h). In order to state them, we need
some notation.

A subset o of {1,..., N} is called a basis of A if the sequence (a;);e, is a basis of
E. The set of all bases of A is denoted by B(A).

N
Let C(A) := ZRZOO% and let C(o) := ZRZO%' for 0 € B(A). Consider the
=1 jET
subdivision of C'(A) given by the intersections of the cones C(o) (0 € B(A)). The

interior of a maximal cone of this subdivision is called a chamber. For a chamber v, we
denote by B(A,~) the set of all bases o € B(A) such that v C C(0).

Let 0 € B(A). We define a linear map v, : E — RY by v,(a;) = w; for j € o,
where (w1, ...,wy) is the standard basis of RY. We denote by p(o) the volume of the
parallelepiped

D tjaj|0<t; <1 (jeo)
Visty
Finally, for ¢ € B(A), j € 0 and k ¢ o, we define a real number ¢;, = % by

A = E CikOy.

JjEOo
Remark 2. For h € ~, the set of vertices of the partition polytope X (h) coincides
with {v,(h)| o € B(A,v)}. See [2, 3.1].

Now, their formulas are stated as follows.

Theorem 2.1 ([2]). Let v be a chamber and let h € ~. Suppose y € RY is
generic. Then we have

e~ (y,v0(h))

(2.1) Valy,h) = Uel%ﬁ) (o) Igo (W = 2 jeq Cinys)

_ 1 <y;va(h)>N_d
(22) VA(h) - (N _ d)l UGZ;A,’Y) ,u(U) Hkgg(_yk + Zjeg Cjkyj) '
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Remark 3.

e The assumption that y € RY is generic means that y, — > jco CikYj # (0 for any
o€ B(A,y)and k ¢ o.

e In fact, both formulas hold for A in the closure 74 of ~.

e The right hand side of (2.2) does not depend on .

8§3. Weights

§3.1. Positive weights

In the argument above, some of oy, ..., any may coincide. In order to treat such a
case more definitely, we proceed as follows. Let m = (mq,mo...,my) be a sequence
of positive integers. Each mq,..., my is called a weight or a multiplicity. Consider the
sequence A, = (a1,...,Q1,...,an,...,ay), where each «; is repeated m; times, and
set

Pa(A;m) 1 =Pa,, (N)
=g, a e ) € @20)Y |

s bmoo s Ymn
(x§1>+...+xg3>al+...+ (I§N>+,..+xgbg)aN:A}
for A € A. Here M = my +---+my. Then the generating function of Pa(A;m) is given
by

1
3.1 E Pa(A;m e = ~
( ) - A( ) H

i—1 (1 — ei)m
If we set
Y(x):={(x1,...,xm) € R0)" | 21+ + 2, = 2}
for a fixed x € R>(, then we have

xmfl

dry - dxy, = —————.

Hence the volume function associated to A and m should be defined by

m1—1 mN—l
T T
3.2 Va(h;m ::/ L N ds
(3.2) ( ) Xa(h) (mq —1)! (my —1)!

for he F.
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Remark 4.  This is a special case of Gel'fand-Kapranov-Zelevinsky (GKZ, for
short) hypergeometric integral. See [6] for an approach to investigate Va(h;m) via
the GKZ theory.

As before, for y € RV, variants of Pa(\;m) and Va(h;m) are defined by

1
(33) > Paly, m)et = —5 :
: [, (1 — e
m1—1 mN—l
x x
(3.4) Valhim) = [ W g,
Xa(h) (m1 —1)' (mN—l)‘
§3.2. Negative weights
Even if some of mq,...,my are nonpositive, (3.1) and (3.3) still define Pa (A;m)
and Pa(y, \;m). (When m; = 0, we can omit «; from A beforehand.) Moreover, (3.2)
m—1
and (3.4) still make sense, where for m =0,—-1,-2,..., m is understood to be
m —1)!
.
_ Ty — gllmD (g,
F(V+1) v=m—1 ( )

the |m|-th derivative of the delta function with support at z = 0. (See, e.g., [3, 4].)
We note that, in the situation above, a product of derivatives of delta functions, its
restriction to Ha(h), and the integrals (3.2) and (3.4) over XA are well-defined by
virtue of the theory of Sato hyperfunction ([4]).

In conclusion, we have introduced the following definition.

Definition 3.1. Let A = (a1,...,an) be a sequence of vectors in A, lying in
an open half space of E and spanning E as vector space, and let m = (mq,...,my) €
ZN. For A € A, h € E, and y € RN, we define Pa(\;m), Va(h;m), Pal(y, \;m),
and Va(y, h;m) respectively by (3.1), (3.2), (3.3), and (3.4). We call Pa(\;m) (resp.
Va(h;m)) the vector partition function with weights (resp. the volume function with
weights).

§4. Result

0
Lety = (y1,...,yn) €ERY. Fori=1,..., N, we denote 9; = e Our main result
Yi
is the following, which generalizes the Brion-Vergne formulas (2.1) and (2.2).

Theorem 4.1. Let A = (aq,...,ayn), m = (mq,...,mpy) be as in Definition
3.1 and let M = mq + --- +mn. Suppose h is in a chamber v and y € RN is generic.
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Then we have

(4.1)
1 (—8-)mj—1 6—(y,vg(h))
VA(yv hvm) - J ,
oez%m w(o) E (mj =DV \ Tigo Wk = 2250 cirys)™
(4.2)
1 o /A (Y. va ()M
VA h,m = — J s Vg ,
o (M = d) UGB(ZAFY) #) agr (my = 1)! (Hkéa(_yk + 2 jeo CikYs)™™
mj—l
fm; < _ . _.
where if m; <0, we set (m; — 1), 0

A proof is given in the next section. Let us consider a simple example.

Example 4.2 (Volume function for Ay). Let A = (a1, a2, a3) be the positive
root system of type Ay, where aig = a3 + . There are two chambers 71 = {p1a1 +
paa | p1 > p2 > 0} and 79 = {p1a1 + p2as|p2 > p1 > 0} in C(A). For simplicity,
suppose h = pyag + paag is in 1. Then for m = (my,ma, m3) € Z

P2 (pl _ t)ml—l (p2 _ t)?’TLQ—l tm3—1
Va,(h; = dt.
4, (hsm) /0 (mi— 1! (mo— 1) (mz—1)!

Direct calculation shows

Va,(h;m) =
mil (m2 + Z - 1)! ( . )ml—i—l mo+ms+i—1
1=0 (mz_l)'(ml_@—1)'2'(m2+m3+2_1)| P D2 p2 ,

while our theorem shows

(M — 2)! . VA2 (h;m) =

oyt 9yl (pryr + paye)M 2 ot ot ((py — pa)yr + pays) M2
(m1 =D (me =D (—ys +yr +y2)™ (1 — D mg = D! (—y2 — y1 + y3)™

with M = mq + mo + m3. It might be natural to ask if there is any relation between

our formula and the GKZ hypergeometric theory.

§5. Proof of Theorem 4.1

The formula (4.2) follows from (4.1) in the same way with the proof of (2.2) in [2,
3.3]. Hence let us prove (4.1).
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Step 1. If all the m; (j = 1,...,N) are positive, the proof is quite easy. In fact, by

N
—0.ymi—1
applying H % to the Brion-Vergne formula ((2.1) in Theorem 2.1)
m; —1)!
g=1 >
—(y,vs(h
/ 6_<y’z>d8 _ Z e (Y,v0(h)) |
Xa(h) vetan MO g Uk = 2jeq Ciys)™
we have
/ x?lm_l ngwil e~ W) 1g

—g;)mi1 e~ (Wvs(h))
= 2 H((mj)—n!( >

ceB(A,y) jET o) Hk%o(yk - ZjeJ CjkY;)™*

as required. Here note that if k£ ¢ o, then (y,v,(h)) does not contain the variable yy

(_ak)mk_l e_<yvva'(h)> _ e_<yvvﬂ(h)>
(ma — D! \ ye — D 5e0 CiYs Yk = D jeq CikYs) ™

and hence

Step 2. In order to treat general case, we proceed by induction on N = fA.
First, let N = 1. If my; > 0, (4.1) holds by Step 1. If m; <0, then V(y,h;m) =0
since Xa(h) and {z; = 0}, the support of 6™ (2;), are disjoint. On the other hand,

_ m1—1
the right hand side of (4.1) is also 0 by o)™ = 0.
(m1 — 1)'

Next, let us suppose that our formula for Va (y, h;m) holds for all A and m with
#A < N — 1, whether or not all of the m; are positive.

Taking Step 1 into account, we consider the case where some of m; are nonpositive.
Without loss of generality, we may assume that my < 0. Then since

z (jma )
w00,
we have
9 Imn| [N-1 mmj—l
5.1 Va(y, h;m :/ (——) S E—— ds.
e Vawmm= [ (-5 jE(mj_l)!

xn=0

Let us fix a 09 € B(A,~) such that N ¢ og. (If such a oy does not exist, (4.1)
obviously holds. In fact, it is easy to see that X (h)N{xx = 0} = () in this case. Hence
we have Va(y,h;m) = 0. On the other hand, the right hand side of (4.1) is also 0 by
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(—On)" !

(mN — 1)'
hyperplane Ha (h). Recall that ay =3, cjpa; for k ¢ og. Hence we see that

=0.) Let usset h =3, pja;. We take (z;);¢o, as a coordinate of the

Z iRk (4 € 00)

k¢0’0

and

T) = Z yip; + Z Yk — Z cvyi | Tk

JEOO k¢oo Jj€E€o0
It follows that
Or; —C}T]Ov (4 € 00)
Oz 0 (7 ¢ o00).
and
O e-twad — _ [ yn - S ey | e,
alL‘N jcoo INZI

Hence the integrand in (5.1) is computed as follows.

mn| (N-1 m;-1
<_i> " H :Ll‘j—'e_<y7x>
ox N i (m; —1)! .
TN=
] N-1 9 \% x;ﬂj—l 9\ U )
N Z Uj, te) 52  Oxn (mj; — 1)!  Ozn c
'LLg,'LLe J1= QZN:O

Ue
wj MG UG — 1
I

— Z QZZD H (m; — 1) (ms — 1) H (m; _ulj — ) YN — Z Ty e~ W)

Uj,Ue JjETS JjEoo Jj€oo

where the sum is taken over all u; € Z>o (j € 0¢) and u, € Z>( such that Zjem) u; +

= |my|. and we set
<\mN|> __ |mn]!
Uj, Ue (ITje0, s ue!

Note that v = (y1,...,yn-1), 2’ = (z1,...,2N-1), and 0§ is the complement of oy in

{1,...,N—1}.

Therefore, we see that Va(y, h; m) becomes a linear combination of integrals over
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Xar(h), where A" := {ay,...,an_1}, as follows.

(52)  Valy,him)= > QL u‘) IT 0 {uw =D SR
Uj,Ue 77 7es jeog J€oo

mj u;—1

—W'a") gs’
| | e s,
/XA/(h) jeas ' —u; —1)!

JEUO

where ds’ is the Lebesgue measure on

HA/(h) = {(1’1,...,1131\/_1) e RV ’1'1041 +---+TN_1aN_1 = h}

Step 3. Let 7/ be the chamber in C'(A’) that contains h. By the assumption of our
induction, the integral

mj—l mj u;—1

| | —(v'") g6’
e s
/XA/(h) j—1)! j—u; —1)!

JET§ ]Eoo

in (5.2) is computed as follows.

1 (—8')mj_1 (_a,)mj—uj—l
53 Y — I “— ]I :
o€B(A"Y') Ho) jE€aNa (m; —1)! €0 (mj —uj —1)!

e_<y/71}0 (h)>

my mE —Ug
eracmag <yk - Zjea C?k%’) eracmao <yk - Zjea C}Tkyj)
- 3 1 11 (=0)™ " 11 (-op)™
(mj—l)! (mj—uj—l)!

o
ocEB(A’ ) M( ) JjETNO§ jEoNog

—(y' 0o (h) e
e~ (W o HkEacﬂao (yk — Zjea c;‘.kyj)

Mk
[Trcoe (yk - Z]Eo- C?k%’)

where o¢ is the complement of ¢ in {1,..., N — 1}.

Ue

Let 0 € B(A’,~"). Then the factor H (5R)" | yn — Z cINYi in (5.2) is

J€oo Jj€oo
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rewritten as follows.

(5.4)
Ue
[T (v = D2 Fhws
j€E€o0 j€E€oo
Ue
=TI @) Low =D oy IT (s
JjEoNao J€Eoo keocNaog

ue+ua'ﬂo'0

(I eonoy #ihue! (—0;)" . o
B (ue + uaﬂao)! H U,' YN — Z Cj]ovyj H (Ck?\f) k?

jeonog J j€oo k€ocnog
where uyny, = Z]EUOGO uj.
Step 4. It follows from (5.2), (5.3), and (5.4) that
655 Vawhm =Y S I ﬂF(uj,ue,a>,
uj e cEB(A ') w(o) jE€TNTE (m; — !

where

F(uj,ue,0)

UeHUonog
mpy|! —9;)"
Ry Lk'])V(L Ty 1 % uv = D iy

jEooNo J JE€oo

mi—u;—1 e—(y',w,(h)) H %0 _ Z % . Uk
H (—83) J J k€ocNog EN Yk jEO ]kzyj

X (mj—uj—l)! H _ (o} . T
jEoNoo keoc Yk Zjea CjkyJ

Furthermore, Z F(uj,ue,0) is equal to

Uj,Ue

m;—1 ImN[—uscns,
§ |mN| (—8j) i 0
(Uk, |mN’ — Ugcnoy H (mj — 1)' Yn Z CjNyj
U

jEoTNOoo

—(y' vs () o o
e \Wore HkEUCﬂao (Ck?v (yk - Zjea C?k@/j))
X

mp Y
l_Ikeo-C (yk' - ZjEU C;fky]>

the sum over all uy € Z>o (kK € 0° N op) such that usens, = |my|, where we set
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Ugenoy = Z ug. By the following lemma, this implies that
k€ocNog

(5.6) Z F(uj,ue,0)

Uj,Ue
B H (_3j)mj—1 e~ (¥ va(h) <3JN - Zjea C?NQJ’)
o — 1) o e
jEoNog (m] ) HkEJC <yk B ZjGU Cjkyj)
Lemma 5.1.

uv = >Ryt > L lue =D i | | =uv =D vy

JjE€oo k€ocNog JjEo j€Eo

|mn|

Proof. 'We see that

aNzg o = g O + E AN

k€og k€oNog k€oNog

o 2 : oo 2 : 2 :

k€ocNoo it k€oNog
— g0 0 . .
— E E CrNCikQ; + Z ( Z cch k —f—CJN) ;.
je€oNo§ ke€ocNog j€oNog \kEocNog

Hence we have
Jgo .0 . c
o > keocnos SN CoE (j € onaf)

C- =
JN oo J0 .0 ;
¢int ZkEUCﬁao CeNCik (j € 0 Noo),

which implies the lemma.

Step 5. From (5.5) and (5.6) we have

Va(y, h;m)
DO | =y | g
c€B(A'Y) ]60’00’ mj o 1) jEoNog (mJ - 1)'

my
erac Yk — Z]EO’ jkyﬂ)

Imn|
(—9;) ymi—t [ e — (0o (h) (yN — D jco c;-’Nyj)

B 1
= Z oy p(o) H (mj — ! erac (yk - Zje" c?kyj)mk

JjEoT

,LL
Im |
(e <y ava(h» yN Zjed jNy.7>
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(-9,)™ "
(m; —1)!
such that m; > 0 for Vj € 0. Moreover, since h belongs to both 7/ and 7, we see that

Since =0 if m; < 0, the sum above is actually taken over o € B(A’,v’)

v € C(0) <= v C C(o).
for o € B(A'). Therefore, we obtain

6_<yvvcr(h)>

Vaphimy = Y LU

R | mi 9
c€B(Ay)s.t.N¢o #(o) j€o (mg — D! [Tecoe <yk - Zjeg C?k%‘)

where this time o€ is the complement of ¢ in {1,..., N}. Since (_J—
(mN — 1)'
formula above is nothing but (4.1). This completes the proof of Theorem 4.1.

)mN—l

=0, the
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