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Phase space Feynman path integrals via piecewise
bicharacteristic paths and their semiclassical
approximations

By

NAOTO KUMANO-GO* and DAISUKE FUJIWARA**

Abstract

This paper is a rough survey of our paper [23]. Since the RIMS Kokytiroku Bessatsu gives
us a chance to introduce the ideas which are meaningful but are not suited for publication in
ordinary journal, we introduce some ideas and some calculations of [23] using some figures.

§1. Introduction to phase space Feynman path integral

Let U(T,0) be the fundamental solution for the Schrodinger equation

(1.1) (i0r — %H(T,:z:, 7;&,3))U(T, 0)=0, U0,0)=1,

where T > 0, 2 € R? and £ is the Planck parameter with 0 < A < 1. The Hamiltonian
H(T, z, ’%(%) can be written as a pseudo-differential operator:

h

(1.2) H(T,x, ;835)11(:1:) = ( !

27

d
) /R (T, he)o(0) ey

d
1 ;
= — a(@=wo)-Co f (T dzodEy .
<27rh) /R?d e (T, z, &o)v(zo)dzodéo
One may ask whether we can use the Fourier integral operator

1

d . .
(1.3) I(T,0)v(z) = (2_h> / ot (@=z0)-bo—% [ H(t,x,ﬁo)dtv(xo)dmodgo
™ JR2d
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as an approximation of U(T,0)v(z). In fact, we have the following:

Let Apg:T =Ty >Ty > --->Ty > Ty =0 be a division of the interval [0, 7.
Set t; =T1; —T;_1 for j =1,2,...,J,J + 1 and |Aro| = max;<j<si1t;. Then, under
a suitable condition (cf. [21]), we have

(1.4) U(T,00(z)= lim I(T,Ty)[(Ty,Ty_1)---I(Ts, T})I(T1,0)v(z)

|AT70|—)O

d(J+1) ) T;
—  lim 1 o S @y —wia) & fp] | H(tzj,65-1)dt
|Ar,o|—0 2mh R2d(J+1)

J
XU(Z‘Q) H dl‘jdfj
j=0

with x = x741. In other words, if we consider the function U(T, 0, z, &) satisfying

1

d
ﬁ) /RM e @20} 0T (T, 0, x, & )v (0 )drodEy

U(T,0)v(x) = <
then we can write
(1.5) et =08 y(T,0, 2, &)

aJ i T+l Tj s J

|AT,0|—)O 27Th "
Jj=1

Now we introduce the position path ¢(¢) and the momentum path p(t) with ¢(7}) = z;
for j =0,1,...,J+ 1 and p(T;) = &; for j = 0,1,...,J. Using the phase space path
integral introduced by R. P. Feynman [9, Appendix B], we formally write

(1.6) e%(x—xo)-fOU(T,O,x’go) - /eécﬁ[q,p]p[q,p].

Here (q,p) : [0,7] — R% x R are the paths with ¢(0) = z¢, ¢(T) = z and p(0) = & in
the phase space, ¢[q, p] is the action of Hamiltonian type defined by

(1.7) bla. 7] = /[ PO -da) = [ B, p0)a

[0,T)

and the phase space path integral / ~ Dlq,p] is a sum over all the paths (¢,p) (see

Fig. 1). The expression (1.5) of the phase space path integral (1.6) is called the time
slicing approximation. However, in the sense of mathematics, the measure D|q, p] which
weighs all the paths (¢, p) equally, does not exist (cf. I. M. Gel’fand-N. Y. Vilenkin [14,
Theorem 4, p. 359]). Furthermore, in the sense of quantum physics, we can not have
the position ¢(¢) and the momentum p(t) at the same time ¢.
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(T, 2) _
(0, 20)s Continuous 7 (0,80)¢— Jump ? E
0 T 0 T
The position path ¢(t) 7 The momentum path p(t) 7
Figure 1.

In [23], when the time interval [0, T'] is small, using piecewise bicharacteristic paths,
we proved the existence of the phase space Feynman path integrals

(18) / ¢#9a2] Flg. pIDlq, 7

with general functional F'[g, p| as integrand. More precisely, we gave a fairly general class
F of functionals F[q,p| such that for any F[q,p] € F, the time slicing approximation
converges uniformly on compact subsets with respect to (z, &y, z¢) € R x R? x R%.

Remark.  The size of the time interval [0, 7] depends only on the dimension d and
the constant ko of Assumption 1. As an appendix, in §9.1, we will give an example which
converges uniformly on compact subsets with respect to (z, &y, xg) when T is small. This
example implies that Theorems 5 and 4 are not valid when T is large. In §9.2, we will
show the convergence in the sense of operator when 7 is large and F[q,p] = 1.

Remark.  For the phase space path integral (1.6) via Fourier integral operators,
see H. Kumano-go-H. Kitada [19], N. Kumano-go [21] and W. Ichinose [16]. We regard
(1.6) as the particular case of (1.8) with F'[¢q, p] = 1. Using the piecewise linear paths ¢(t)
and the piecewise constant paths p(t), W. Ichinose [16] gave some functionals F'lq,p| =
Hf::l By (q(1k),p(1%)), 0 <171 < -+ <71 < T of cylinder type which do not converge as
an operator. Note that we will exclude Fq,p|] = B(t, q(t),p(t)) at the time ¢ from our
class F.

Remark.  As we will see in §4, piecewise bicharacteristic paths naturally lead us
to the semiclassical approximation of Hamiltonian type. Our use of jumps at ¢t = T}
was inspired by C. Garrod [12], L. S. Schulman [26, Chapter 31] and J. C. Zambrini [5,
Part 2].

Remark. The phase space path integrals via Fourier integral operators are also
used in other equations (cf. J. Le Rousseau [17], N. Kumano-go [22]).
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Since Feynman [9], the phase space path integral has been rediscovered many times
(cf. W. Tobocman [27], H. Davies [7], C. Garrod [12]) and various formulations have
also been developed. C. DeWitt-Morette-A. Maheshwari-B. Nelson [8] (cf. [4, Chapter
3]) and M. M. Mizrahi [24] introduced the formulation without limiting procedure. K.
Gawedzki [13] used the techniques analogous to those used by Ito in the configuration
path integral. I. Daubechies-J. R. Klauder [6] presented the phase space path integral
via analytic continuation from Wiener measure. S. Albeverio-G. Guatteri-S. Mazzucchi
[2] (cf. [1, Chapter 10]) realized the phase space path integral as an infinite dimensional
oscillatory integral. O. G. Smolyanov-A. G. Tokarev-A. Truman [28] formulated the
phase space path integral via Chernoff formula. G. W. Johnson-M. Lapidus [18] and T.
L. Gill-W. W. Zachary[15] developed Feynman’s operational calculus of the main part
of [9].

8§ 2. Existence of phase space path integrals

In this section, we explain our result about the existence of the phase space path

integrals (1.8) step by step.
§2.1. Assumption of the Hamilton function
Our assumption of the Hamilton function H (¢, x,&) of (1.1) are the following.

Assumption 1.  H(t,x,€) is a real-valued function of (t,z,£) € R x R% x R4,
and for any multi-indices o, 3, agagﬂ(t,x,f) 18 continuous. For any mon-negative

integer k, there exists a positive constant Ky such that
(2.1) 020 H(t,2,€)| < kp(L + |a] + [¢])mx@lethl0)

for any multi-indices o, 8 with |a+ B| = k.

The typical examples of the Hamiltonian H (¢, z, 29,) of (1.1) are the following.
Example 1.
a h f
Hit = ) (ajx(t) =0, 70+ byk()2 Oy + ()2 28)
i
J,k=1
d
+) (a 8 S b)) +elt, ).
7j=1

Here a; ,(t), b x(t), ¢jx(t), a;j(t), b;j(t) and 05c(t, x) are real-valued continuous bounded

functions.



PHASE SPACE FEYNMAN PATH INTEGRALS VIA PIECEWISE BICHARACTERISTIC PATHS 117

§2.2. We can produce many F[q,p|] € F

Typical examples of the functionals F[g, p] in our class F are the following.

Example 2.

(1) Letm > 0. Let B(t,x) be a function of (t,r) € RxR? such that for any multi-index
a, 0YB(t,x) is continuous and satisfies |0SB(t,x)| < Cq(1l + |x|)™ with a positive
constant C. Then, the value at timet, 0 <t < T,

Flg,p] = B(t,q(t)) € F.

In particular, if Flq,p] = 1, then Flq,p| € F.

(2) Let m > 0 and 0 < T" < T" < T. Let B(t,x,&) be a function of (t,x,§) €
R x R? x R? such that for any multi-indices o, 3, 8;‘8?3(75, x,€) is continuous and
satisfies |8§‘8§B(t,x7§)| < Co (14 |z| + [€])™ with a positive constant Cy 5. Then

Flg,p] = /[T/ - B(t,q(t),p(t))dt € F.

Furthermore, if m = 0, then

Flg,pl = ef[T’,T”) B(t,q(t),p(t))dt c T

We will define the class F in Definition 1 of §8. Because, even if we do not state the
definition of F here, we can produce many functionals Fq, p] € F, applying Theorem
1 to Example 2.

Theorem 1 (Algebra). If Fq,p] € F and Glg,p] € F,
then Flq,p] + Glg, p] € F and Flg,p|Glq,p] € F.

§2.3. Time slicing approximation

Our approach via piecewise bicharacteristic paths is a little different from known
approaches. Therefore, in order to explain piecewise bicharacteristic paths, we begin
with the time slicing approximation again.

Let Ao = (Ty41,Ty,...,T1,Ty) be any division of the interval [0, 77, i.e.,

(2.2) ATyOZT:TJ+1>TJ>"'>T]_>T():O.

Let tj = Tj - Tj_l and |AT’0‘ = IMnaxj<j<Jj+1 tj. Set Tj41 = T. Let Zj € Rd and
¢ eRfor j =1,2,...,J (see Fig. 2).
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(0,91:0)..(151)§ ° 0.0 ‘

0 T T, I, T 0 T n, I, T
The time slicing on (¢, q)-space The time slicing on (t, p)-space

Figure 2.

§2.4. Bicharacteristic paths

Let kod(T; —T;—1) < 1/2. Then we can define the bicharacteristic paths

ar;,r;_, = Qr;, ;- (tx5,&-1) and pry 1, = by 1y, (t,25,85-1), Tj—1 <t < Tj by the
Hamilton canonical equation

atq_TJ’ijl(t) = (8§H)(t? qu,Tj—l?ﬁTj,ijl),
(2.3) Opr,, 1, (t) = —(0.H)(t, qry 1y_y» D1y 151 ), Tjo1 <t < T,
Qijijl(Tj) =Ty, ﬁTj7ijl(Tj—1) =&i-1-

Note that gr, r,_, (Tj-1) and pr, 1,_,(T};) are independent of x;_; and &; (see Fig. 3).

The bicharacteristic path ¢, ,_, The bicharacteristic path pr; 7,_,

Figure 3.

§2.5. Piecewise bicharacteristic paths

Using the bicharacteristic paths ¢r; r,_, and pr, r,_, of (2.3), we define the piece-
wise bicharacteristic paths qa, , = qar, (t, 241,575,275, ..., &1, 21, &0, To) and
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pAT,o - pAT,() (t,$]+1,£J, Tjy... ;5171’1750) by
(24) dAr (t) = qu7Tj—1(t’ xjygj—l)a Tj—l <t< Tj» dArT o (0) = Zo,
pAT,o (t) = ﬁTj7Tj—1(t7xj7§jfl)a ijl S t < Tj

for j =1,2,...,J,J 4+ 1 (see Fig. 4).

(0,20)8 (0,%0)¢

The piecewise bicharacteristic path ga,, The piecewise bicharacteristic path pa,. ,

Figure 4.

Then the functionals ¢{ga ,PAr,], Fldar.:Par,] become functions, i.e.,

(25) ¢[QAT,07pAT70] = ¢AT,0 (37J+1;§J, Tjy.-- 751; m17507 370) )

(26) F[QAT,O,Z)AT,O] - FAT70 (xJ—l-lv §J7 Tj,... 7&17 T, 507 SC()) .

§2.6. Phase space Feynman path integrals exist

Our result about the existence of phase space Feynman path integrals is the fol-

lowing.

Theorem 2.  Let T be sufficiently small. Then, for any F[q,p] € F,

(2.7) /e%‘“q”’]F[q,p]D[q,p]

dJ J
. 1 i'
= \Ailﬁl—m (ﬁ) /deJ eh¢[fIAT,ovaT,o]F[qAT’O,pATYO] H da;dE;

Jj=1

converges uniformly on compact sets of R3? with respect to (x,&,x0), i.e., (2.7) is

well-defined.

Remark.  There are two hurdles if we try to treat (2.7) mathematically. The first
hurdle is that even when Fq,p] = 1, each integral of the right-hand side of (2.7) does

/de 1d(13jd§] = 0.

not converge absolutely, i.e.,
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In order to get over the first hurdle, we treat integrals of this type as oscillatory integrals.
The second hurdle is that if |[Ap | — oo, the number J of integrals of the right-hand
side of (2.7) tends to oo, i.e.,

00 X 00 X 00 X 00 X +rrvvenns )

In order to get over the second hurdle, we treat the multiple integral of (2.7) directly
to keep the functionals ¢[qar. o PAs o) FlqAre,PAr,] in the multiple integral.

Remark. In the case F[q,p] = 1, one can regard the right-hand side of (1.4)
as composition of many operators in L?(R?). It is possible to discuss whether the
composed operator converges or not as |[A| — 0 . This approach is very powerful.
However it treats the integrals one by one as an operator and its convergence does not
seem to distinguish between the position xy and the momentum &y. On the other hand,
(2.7) converges with respect to ¢(7') = = and p(0) = . When F|[q,p] = 1, note that
U(T,0,z,&) of (1.6) is independent of xg.

We will explain the outline of the proof of Theorems 1 and 2 in the later sections

§5-88. In the next two sections §3 and §4, we explain some applications.

8§3. A Fubini-type theorem

As a merit to treat the phase space path integral (1.8) with general functional

F[q, p] as integrand, we state the perturbation expansion formula.

Theorem 3. Let T be sufficiently small. Let m > 0 and 0 < T’ < T" < T.
Assume that for any multi-index o, 02 B(t,z) is continuous on [T',T"] x R% and there
exists a positive constant Cy, such that |09 B(t,z)| < Cq(1l + |x|)™. Then, for any
functional F[q,p] € F including F[q,p| = 1, we have

(3.1) /6“[(”’7] (/[T T”)B(t,Q(t))dt> Flg,p|Dlg, p]

- /[T/,Tu) (/ emq’p]B(t’Q(t))F[q,p]D[q,pO dt .

Remark. In (3.1), we do not treat B(t,q(t),p(t)) at the time ¢ because of the

uncertain principle.
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Remark (Perturbation expansion formula). If |02 B(t, z)| < C,, we have

e%(ﬁ[qap + i3 fo ,T) B(Tvq(T))dTD[

q, D)

O R S
S

R B(7, (1)) B(Tn1, a(7n-1)) - -- B(r1, a(71))Dla, p]

84. Semiclassical approximation of Hamiltonian type

As a merit of the use of piecewise bicharacteristic paths, we state the semiclassical
approximation of Hamiltonian type.
Let 4x2dT < 1/2. Then, for any (z7.1,&) € RY x R, there exists the stationary

pOiIlt (3737 637 SR ,$T, gik) of the phase function ¢AT,O = d)[QAT,O?pAT,O]v i'e-v
(41) (a(f‘],w‘],...,ﬁl,xl)quT’o)(ajJ—l—l; g;; Ij, v 7€>1k7 I’T, §O) =0.
Pushing the stationary point (z%,£%,...,27,&]) into the Hessian matrix of ¢a,.,, we

define Da ., (xg+41,&0) by

(4'2) DAT,O (117]+1, 50) = (_1)dj det(a(Qﬁj,xJ,...,&l,:rl)(bAT,o)(xJ-i-lv 'CEL*]a €§7 S 7'%"{7 gfa 50) :

Lemma 4.1.  For any multi-indices o, B, there exists a positive constant Cq. g
such that

|a§a§o (DAT,O ($7€0) - 1)| § CaﬁTZ,
0202 (D (@, &) — D(T,2,&0))| < Ca sl ArolT

with a limit function D(T,x,&) = lm Da, (z,&).
|AT,0‘—>0 ’

We use this limit function D(T', x,&y) as a Hamiltonian version of the Morette-Van
Vleck determinant [25]

Theorem 4 (Semiclassical approximation of Hamiltonian type as h — 0).
Let T be sufficiently small. Then, for any Flq,p] € F, we have

/e'z?‘z’[q’p]F[q,p]D[q,p]

= e%(ﬁ[QT 0:p.0] (D(T7 &€, 50)_1/2F[QT,07PT,0] + hT(Ta h: x, 507 $0)> .

Here qro = qro(t,z,&0,20) and pro = pro(t,z,&) are the piecewise bicharacteristic
paths for the simplest division 0 < T (see Fig. 5). Furthermore, for any multi-indices
a, 3, there exists a positive constant Cy g independent of 0 < h < 1 such that

19202 Y(T, h,2, 69, 20)| < Clap(1+ [e] + [€0] + o)™
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Remark.  Using the notations (2.5) and (2.6), we can also write

(4.3) or0(x, €0, x0) = Plar,0,PT0), Fro(z,&o,z0) = Flgr0,pr,0) -

(0,20 &)

0 T 0 T
The path g7 for the division 0 < T The path pr for the division 0 < T

Figure 5.

8§ 5. Process of the proof of Theorems 1, 2 and 4

In this survey, we explain the process of the proof of [23]. For the proof, see [23].
In order to prove the convergence of the multiple integral

J

dJ
1 i
(5,1) <_27rh) / " ehqs[qAT’O,pAT’O}F[qAT,o?pAT,O] | | dCdefj
R? :
Jj=1

as |Aro| — 0, we have only to add many assumptions for Fa,., = Flqa,,PAr]-
Because we gave no assumption for Flg,p] € F until this section. The assumptions
should be closed under addition and multiplication. Then F will be an algebra. Not to
consider other things is better. Then F will become larger as a set. If lucky, F may
contain at least one example F'[g, p| = 1 as the fundamental solution for the Schrédinger
equation.

Our proof consists of 3 steps. In §6, we explain Lemma 6.1 as an estimate of H.
Kumano-go-Taniguchi’s type. Using Lemma 6.1, we can control the multiple integral
(5.1) by C7 as J — oo with a positive constant C. In §7, we explain Lemma 7.1 as
an stationary phase method of Fujiwara’s type. Using Lemma 7.1, we can control the
multiple integral (5.1) by C independent of J — oo with a positive constant C. In §8,
we explain that the multiple integral (5.1) converges as |Ap | — 0.



PHASE SPACE FEYNMAN PATH INTEGRALS VIA PIECEWISE BICHARACTERISTIC PATHS 123

8§6. Estimate of H. Kumano-go-Taniguchi’s type

We consider ga,.,(h, 241,&0, 7o) defined by the multiple integral

dJ J

1 i

(61) (ﬁ) /QdJeh¢AT’OFAT,0(xJ+17£J7xJ7"'7&17$17€03x0)Hdwjdgj
R

j=1

= eh¢To@8020) g (R x40, 0, 20)
with ng,()(l‘,fo, I()) in (43)

Lemma 6.1 (Estimate of H. Kumano-go-Taniguchi’s type).
Let T be sufficiently small. Let m > 0. Assume that for any integer M > 0, there
exist positive constants Anr, Xar such that for any multi-indices o, fj—1 with | ],
81| <M, j=1,2,...,J,J +1,

J+1
(62) |(H agjjﬁgijll)FAT,o ('rJ-i-lagJa LJye-- 7517 $1,€0,$0)|
j=1
J+1
< An(Xa) P+ (| + 1851 1) + o)™ -
j=1

Then there exists a positive constant C' such that
(6.3) qar.o (B, &0, 20)| < C7(1+ |2 yga| + o] + |zol)™ .
The case m = 0 of Lemma 6.1 is called H. Kumano-go-Taniguchi’s theorem (cf.
[20, pp. 359-360]).
§6.1. Integrate by parts over and over again

We explain the outline of the proof of Lemma 6.1 when m = 0 (cf. Fujiwara-N.
Kumano-go-Taniguchi [11]).

Using some functions wr, r,_, (z;,&;-1), 7 = 1,2,...,J,J 4+ 1, we can write
J+1 J+1
(64) ¢AT,O = Z(‘r] - xj—l)gj—l + ZwTj,Tj—l(ajj7€j_l) .
Jj=1 j=1

We introduce the differential operators of the first order

- i(afj ¢AT,O)a§j N — - Z(arj ¢AT,O)8IEj
1+h_1|a§j¢AT,0’2 , ! 1+h_1|a$j¢AT,o|2

for j =1,2,...,J. Note that

(6.5) M, =

Mj€%¢AT7O — e%¢AT,O , Nje%¢AT,o — e%¢AT,O .
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Integrating by parts over and over again, we write (6.1) as

1 \% . J
(66) (%) /RM”%T"JF aro || dejdé;

j=1
1 \% _ J
— ® o
B (ﬁ) /deJ ertaTe FAT,O H dxjdgj ?
j=1

where FA‘T , 1s the multi-product of differential operators given by
6.7)  FA. = (NHT o (N) TN T M) (M) T (M) T Fag,
with the adjoint operators M7, Ni of M;, Nj.

§6.2. Expect different results

Generally speaking, we can not control multi-products of J differential operators
by C” as J — oo with a positive constant C. However, by (6.4),

6§j ¢AT,O = _(xj - xj-i-l) + aﬁijjH,Tj (xj-i-lv SJ) )
8363‘ ¢AT,O = —(fj - gj—l) + 8ijTj,Tj—1(xj7€j—1)

are functions of 3d-variables independent of J. Hence we can write

M} = aj(zji1, &5, 25)0¢; + aj(zj41, &5, 25)
N; = by (&, 25,€5-1)0n; + b3 (85, 25, €5-1)

with some functions aj, aJ, b} and b) of 3d-variables independent of .J. Therefore, in

(6.7), only 0y, ,, O¢; and 9, differentiate M}, and only 0, differentiates N;. Therefore,
in (6.7), only i1, M} and N} differentiate M and only N7 differentiates N . Hence
we can control the multi-product (6.7) by C7 as J — oo with a positive constant
C. Roughly speaking, from (6.5), the operation of M; implies the multiplication of
C/(1+ h10¢, par,|?)!/? with a positive constant C, and the operation of N7 implies

the multiplication of C/(1 + A~1|0,, dar,|*)Y/? with a positive constant C.

§6.3. Change all variables at one time

Set zj = O¢;¢Ar, and (5 = Oz, Pa,, for j=1,2,...,J. From (6.7), we have

J
1 1

FQ < Cl J

| AT,0| < () 31;[1 (14 h1z;]2)@+1/2 (1 4 A1, |2)(d+D)/2

with a positive constant C’. Furthermore, since T is sufficiently small, we can obtain

Nxg,...,z1,&5,...,&1)

1\ J
8<ZJ,...,21,CJ,...,C1) S(C )

’ det
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with a positive constant C”’. Changing all variables at one time, we rewrite (6.6) as

1 \% _ J
(6.8) <ﬁ) /R . ertaropd 1] dwjdg;
j=1

dJ ,
_ (L / etoaro ;8 ey Q0D by, &)
2mh R2dJ T,0 a(ZJ7---,217CJ7--->§1

Hd d¢

Integrating (6.8) with respect to (z,...,21,(s,...,(1), we can control (6.1) by C” as

J — oo with a positive constant C. [J

§ 7. Stationary phase method of Fujiwara’s type

We consider the remainder term Y, ,(h, ,&o, 7o) of the multiple integral

dJ J
1 i
(71) (%) /2dJehéAT’OFAT,O(x‘]—I—l?gJamJ?"'75173717&07330)dejdgj
R

j=1
= e #70(®:80,0) (DAT,O(fL’,50)_1/2FT,0(96750, zo) + A Ap o (R, T, fo,xo))
with ¢1.o(z, &0, %0), Fro(z, 80, z0) in (4.3) and Da,.,(2,&o) in (4.2).

Lemma 7.1 (Stationary phase method of Fujiwara’s type).
Let T be sufficiently small. Let m > 0. Assume that for any integer M > 0, there exist
positive constants Apr, X such that for any Ao and any multi-indices o, ;-1 with
lajl, 18—l <M, j=1,2,...,J,J +1,

J4+1
(7.2) Haa7837 ! FATo(xJ-I-l f],l’],...,ﬁl,l’l,&),wo)‘
J+1 J+1
< Au(X J+1 H mm(IBJ 1], 1) 1_|_Z ;] 4 1€-1]) + |zo)™

Then there exists a positive constant C' independent of At o such that
(7.3) T aro(h,z,&,20)] < CT(1+ [wy41| + [So] + [wo])™

Remark. The remainder term of multiple integrals for configuration space path
integrals was estimated by D. Fujiwara [10]. Though the present paper treats multiple
integrals for phase space path integrals, the proof of Lemma 7.1 follows the rule of [10].

Remark.  In order to control the remainder term Ya, (R, x,&o, o), we added
the small term ¢; for the differentiation J¢, ,. Since qa,,(t) = x; — t;§;—1 when
T;_1 <t < T}, the functional F[q,p] = q(t) satisfies (7.2). However we give up treating
the functional Fq,p] = p(t).
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§7.1. Distinguish the main term from the remainder term

We explain the outline of the proof of Lemma 7.1 when m = 0.

We must integrate (7.1) with respect to (&1,1), (&2, 22),...,(§s,25). First we
integrate (7.1) with respect to (£1,x1). By the stationary phase method, we distinguish
the main term (M1Fa,,) from the remainder term (R1Fa; ).

d

1 i

(7.4) (_27rh) / ) ehd)AT’OFAT,O(- w2, 61,21, &0, o )dr 1 dEy
R2

= PO T (M Fay )., €222, &0, 20)

+6E¢(ATvT2’O) (RIFAT,O)(' cy 52, Za, 50, 1‘0) .
The main term (M1 Fa,,) is ‘simple’ as a function of ({2, 22) and given by

(7~5) (MlFAT,o)(-~-;§2,$2,§0,x0)
= DATZ,O(SCQ,ﬁo)_l/QFAT,O(- - &2, w9, 87,7, &0, T0)

= DATQ,O (x27£0)_1/2F(AT,T2,0)(‘ .. ,52, X, 60,3?0) .
Here (A1 1,,0) be the division given by
(76) (AT7T2,O):T:TJ+1>TJ>“‘>T2>T0:0,

and the stationary point (7, x7) defined by (O(¢, 2,)PAr,)(T2,8T, 27, 80) = 0 satisfies
i = qr,,0(T1), & = P1y,0(T1) (see Fig. 6). The remainder term (RiFa,,) is ‘com-
plicated’ as a function of (£2,x2) but can be controlled by the small term (t2h). For
example, if F[q,p] = 1, we have

(7.7) (RiFar,)| < Clt2h).

§7.2. Do only simple integrals

Since (M1Fa,,) is ‘simple’ as a function of (£2,22), we integrate it further with
respect to (£2,z2). By the stationary phase method, we have

d
1 i
— / 65¢(AT’T2’0)(M1FAT0)(---,xsafz,xz,ﬁoyxo)dxzdﬁa
27Th R2d ’

= R OBrTy0) (MaoM1Fazo)(- .., &3, 23,80, 70)
R ATy (RoMiFagpo)(.--,E3,23,&0,%0) -
Here (A1 1,,0) be the division given by

(78) (AT7T3,O):T:TJ+]_>TJ>“‘>T3>T0:0.
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Oz T 0L~ T
Y S o n n T
The position path of (M1Fa,,) The momentum path of (M1 Fa,,)
Figure 6.

The main term (MyM1Fa,,) is ‘simple’ as a function of (£3,x3) and given by

(7.9) (MoMiFaro)(. - 523,80, Z0)

= Dan, o(23, fo)_1/2F(AT,T3,0)(- €3, 23,0, 20)

(see Fig. 7). The remainder term (RoM1Fa, ) is ‘complicated’ as a function of (3, z3)
but can be controlled by the small term (t3h). For example, if F[q, p] = 1, we have

(7.10) (RoMi Fan,)| < C(tsh).

(O’ xO)' H H H H H H H (O’ 60)‘ H H H H H H H
o T R S
The position path of (MaMiFa, ) The momentum path of (MaM1Fa, )
Figure 7.

Since the main term (MM Fa, ) is ‘simple’ as a function of ({3, x3), we integrate
it further with respect to (&3, x3). Repeating this simple process, we get the main term
of (7.1) (see Fig. 5).

(MJMJ_l e MlFAT,O) = DAT’O (33, l’o)_l/QFT’o(.T,go,.’L‘o) .
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§7.3. Skip all complicated integrals

Now, we go back to the remainder term (R1Fa,,). Since (R1Fa.,) is ‘compli-
cated’ as a function of (£2,z2), we skip the integration with respect to (&2, x2) and
integrate it with respect to (£3,x3) beforehand. By the stationary phase method, we
have

2mh
= eﬁ(ﬁ(AT‘TALVTQ’O) (MgRlFAT,O)(' .. 7547 T4, §27 X2, 507 .I())

+eﬁ¢(AT’T47T2YO> (R-?)RIFAT’())(' .. 7647 X4, €2a X2, 507 ':EO) )

d
1 i
( ) / ehd)(AT’TTO) (RlFAT,O)("'73747537'1;37527w27§07x0)d$3d€3
Rd

where the main term (M3R1Fa ., ) is ‘simple’ as a function of ({4, z4) and the remainder
term (R3R1Fa,,) is ‘complicated’ as a function of (§4,74) but can be controlled by
the two small terms (t4%) and (t2h). For example, if F'[q,p] = 1, we have

[(RsR1Far,)l < C(tah)C(t2h) .

Since the main term (M3R1Fa,,) is ‘simple’ as a function of (&4, x4), we integrate it
further with respect to (&4,z4). But since the remainder term (R3R1Fa,,) is ‘com-
plicated’ as a function of (&4, z4), we skip the integration with respect to (&4, 24) and
integrate it with respect to (&5, x5) beforehand.

§7.4. The rule is the following

The rule of D. Fujiwara [10] is the following: Integrate with respect to (&;, ;).
By the stationary phase method, we distinguish the main term from the remainder
term. The main term is ‘simple’ as a function of (§;41,x;41). Therefore, we integrate it
further with respect to (§;+1,2;4+1). However, the remainder term is ‘complicated’ as a
function of (§;41,;4+1). Therefore, we skip the integration with respect to (§41,%;j+1)
and integrate it with respect to (12, ;4+2) beforehand.

§7.5. Carry out the rule until the end

Carrying out the rule until the end, we have

/

Garo (M 211,60, 70) = q0(251,€0,%0) + D Gisejse—rvmens (T141, €05 T0) -
Here qo(z 711,80, %0) = Daro(2,&) "2 Fro(241, &0, o) is the main term of (7.1), the
/

sum Z means the summation over all the sequence of integers (jx,jrx—1,--.,j1) such
that
O=jo<ji—1<n<je—1<ja<--<jrg—-1<jx<J+1,
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and the summand g, jx 1,5 (T7+1,&0,20) is the complicated integrals which we
skipped

eﬁqu’O(xLHd’EOJO)QjK,jK—l,---,ﬁ («IJ-|—1, 607 IO)

(3
_ rér,T; ..., T1,0 ‘ ‘ . .
_/dK e K b]KdK 1, 711(55J+1>§JK7$JK7'"7£J17$J17£0’x0) | | dw]kdgjk’
R _

where
(7'11) ij,jK71,-~~,j1 (ajJ-&-la ng?’ij? s a£j1 » Ljys 507 '770)

= (QJ T QSQleFAT,O)(xJ+1’ §jK7ij7 s 753'17:’73'1750’ xO)
with

Identity if j = jx,JjK-1,---,71
Q;={ R, ij=jx—ljko1—l..i—1.
M;  otherwise

Therefore the integrand can be controlled by the many small terms (¢, k), i.e
K
K
|ij7jK71,~~-,j1 (xJ-Hv §jK’ij7 e 75]1 1y Ljis €0, Zo | <C ( H ) :

§7.6. Force all complicated integrals on others

We force on the estimate of H. Kumano-go-Taniguchi’s type all the complicated
integrals which we skipped. By Lemma 6.1, we have

K
|Girc i —1veir (X141, €05 T0) | < (CF) (H t]kh>

with a positive constant C’. The remainder term is the sum of g i, 1.....j1 (@741, 0, Z0).

TATo(h xJ+17§0;x0 thJK:]K 1, ,j1<xJ—|—1;£07x0>

Using ZJ+1 t; =T, we take a sum. Note 0 < A < 1. Then we have

/

T aro (B zyy1,20)] < — . Z( ﬁ >

k=1
J+1

< %( [[a+cnm—-1) <)

j=1

with a positive constant C”. [
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§ 8. Definition of the class F

The definition of the class F of functionals F'[q, p] is the following:

Definition 1 (The class F).  Let F[q,p] be a functional whose domain contains
all the piecewise bicharacteristic paths qar,, Par, of (2.4). We say that F'lq,p] € F if
Faro = Flqar,Par,) satisfies Assumption 2.

Assumption 2. Letm > 0. Letu; >0, j =1,2,...,J,J + 1 are non-negative
parameters depending on the division Ar g such that Z‘]];rll uj = U < oco. For any
integer M > 0, there exist positive constants Ay, Xy such that for any Arg, any

multi-indices o, fj—1 with |ajl, [Bi—1| <M, j=1,2,...,J,J+1and any 1 <k < J,

J+1
(81) |(H a?j a?jj:ll)FAT,o (xJ—‘rl? €J7 LJye-- 7517 Z1, §07 w0)|
j=1
J+1 . J+1
< Apr(Xan) "] T )™ 0PI (1> (] + 1651 1) + o)™,
Jj=1 j=1
J+1
(82) |(H a?j a?j:ll)aﬂ?kFAT,o (xJJrla SJ» LJye-- 7517 Z1, 507 I())|
Jj=1
. J+1
< Anr(Xan) (T T ()™= b0 14> " (Jas | + 1€5-1]) + |wo)™ -
itk i=1

Under Assumption 2, we consider the multiple integral again.

dJ J
(8.3) (ﬁ) /RW 6%¢AT*°FAT,O($J+1,§J,$J,---751,$1,§0,$0)j1:[1d35jd5j
= eRoTol o) g (7, &0, 0)
— et ¢r.0(z.80,70) <DAT70(CC,fo)_1/2FT,0(I,§(),IQ) + WY A (R, 2, &0, xo)) .
Then the estimate in Lemma 7.1 becomes the following.

Lemma 8.1.  Let T be sufficiently small. Under Assumption 2, there exist pos-
itive constants C', C' such that

(8.4) T Aoz, 80, 20)] < CT(T +U)(1 + |z541] + o] + [20])™,
(8.5) lqaro (B, 2, &0, 20)| < C'(1 4 |z y11] + |€o| + |z0])™ .

§8.1. Consider integrals with paths

Using paths, we interpret Lemma 8.1. The multiple integral (8.3) implies Fig. 4.
Hence, (8.5) implies that Fig. 4 can be controlled by C’. The main term Fro(x, o, xo)
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of (8.3) implies Fig. 5. Therefore, (8.4) implies that the difference between Fig. 4 and
Fig. 5 can be controlled by CT(T + U).

§8.2. Compare two multiple integrals by two paths

We have only to show that the sequence of multiple integrals (2.7) is a Cauchy
sequence with respect to the division Az . For the two divisions

AT,O ZTZTJ+1>TJ>"' e >Ty >Th =0,
(AT,TNJrl,ATn,l,O):T:TJ—H>"'>TN—|—1 > Tn_1>"'>T0:0,

we compare the multiple integral

6 [ [ [ . ﬁldmjdgj

CU R e N I] doyd; T] doie,

j=N+1 j=n—1

_ i(ﬁ s (m7£07x0)
— eh T.0 q(AT7TN+1’ATn—1aO)(h’ x?f())x()) *

Note that the multiple integral (8.6) implies Fig. 4 and that the multiple integral (8.7)
implies Fig. 8. By (8.5), we can control the multiple integral on the interval [0, 7}, 1]

0 Th1 ITnyw T 0 Th1 ITnyg1r T

Figure 8.

and the multiple integral on the interval [Tn41,7] by C’. Furthermore, by (8.4), we
can control the difference of the two multiple integrals on the interval [T},_1,Tn+1] by

CITnt1 —Tno1)(INg1 —To1 + Uns1r — Up1),
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where Un 1 = Zj\f:ﬁl uj and Up,—1 = Z;L;ll u;. Therefore we can control the difference
of the multiple integral (8.6) and the multiple integral (8.7) as follows.

(88) |qAT,o <h7 xz, €0a .’L’o) - q(ATvTN+1 ,ATTHI,O)(h» €, €0a .’L‘o)|
<CO"Tny1—Tno1)(Tns1r — Tt + Ungr — Un—1) (1 + || + |o] + |z0])™

with a positive constant C”.

§ 8.3. Phase space Feynman path integrals exist

Noting (8.8), we can obtain the following theorem which proves Theorem 2.

Theorem 5. Let T be sufficiently small. For any multi-indices o, B, there exist

positive constants Co g, C" 5 such that

|8maa?0qAT,o (h,l‘,fg,%‘o)’ < Ca,ﬂ(l + ‘iEl + ‘60‘ + |$0’)m7
|8§6?0(QAT70(%377§0,$0) —q(T, h,x,&0,20))|
< ClLglAro|(T+ U)(1 + |z] + |l + [xo])™

with a limit function q(T, h,x, 8o, z0) = lim|a . o|—0 4ar (B 7, &0, T0), €.,
the multiple integral (2.7) converges on compact subsets of R3 as |Ar | — 0.

Remark.  The class F is an algebra because we added assumptions closed under
addition and multiplication. Furthermore, by accident, F contains the examples in

Example 2.

§9. Appendix

§9.1. An example

We give an example which illustrates what happens if T" is not small.
Let d =1, H(z,&) = 2%/2 4+ £?/2 and Flq,p] = 1. Assume [T} — Tj_1| < 7/2. As
n (2.3), by the canonical equation

onqr; 1;_(t) = by 15 1 (1) Oubry 1y () = —Qry 1, 1 (8), Tj1 <t <Tj,
ary, 1y (1) = x5, Pryry—y (Tj-1) = &1,
we have the bicharacteristic paths

xjcos(t —Tj_1) — &1 sin(T; — t)
cos(Tj —T;_1) ’
—x;sin(t —Tj_1) + &1 cos(Tj — t)
cos(T; —T;_1)

ar; 1, (t) =

pry (1) =
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As in (2.4) and (2.5), using the piecewise bicharacteristic paths
ary 1y (t) = qrymy, (8), Tjmr <t <Tj, qrymy (Ti-1) = -1,
pry 1 () =Dy, (1), Tj-1 <t <Tj,

we have the phase function

(9.1) o111 (%5, 51, -1)

- / pry 1y A4y Ty, _/ H(qr; 1,y pry -, )di
(Tj-1,T; (Tj-1,T5)

= (qr; 1, (Tj—1) —wj-1) - §1

1 (5L ~ 171 ~ T;
+§ /Tj_lij,Tj_1 ~dqr; T, + 5 [ij,Tj_1 'qu,Tj_l]le
L = L, )
-3 /le ar;,1;_, - AP, T, — B /le(qu,le +ij,Tj71)dt
= —Tj—1-§-1+ Py 1y (T5)25 + ZTj:Tj—l(Tj—l)gj—l
Y S 2w - &1 — (27 + &) sin(Ty — Tj_1) |

2 COS(Tj — Tj—l)

First we consider the case for the division T'=Ty, > T7 > Ty = 0. As in (6.1), set

1 ) / e%d)TyTl70(m27§1,x1,§07$0)d{1}1d§1 y
R?2

2 L ¢r,0(z2,£0,%0) _ (1
<9 ) € qT1,711,0 57h

where
¢T,T1,0 = ¢T2,T1 (x27 517 .131) + ¢T1,To (:1717 507 370) .

From (9.1), we have

(—1) det(9, ) P1.11,0)

—tan(Ty — T -1
= (—1)det an(Te —T1)
-1 —tan(T1 - To)
sin(Ty — T1) sin(Ty — Tp) cosT

~cos(Ty — Ty) cos(Ty — Ty)  cos(Ty — Ty) cos(Ty — Tp)

Therefore, performing the integration (9.2), we get

(COS(TQ —T1) cos(Ty — Tp) ) 2
qT7,17,,0 = :
cosT

Next we consider the case for the general division Apy. As in (6.1), set

133

7 _ J
(9.3) €%¢T’O($’§O’xO)QAT .= ( 1 > / e P70 (@r+1,€7,2 5. €1,71,€0,0) H da;dg; .
’ R2J

27h

=1
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Performing the integration (9.3) inductively, we get

cosT

1/2
(H;’Ijll cos(T}j — Tj—l))
A1, = .

Therefore, from (1.6) and (2.7), we can calculate the function U(T,0,x,&y) of the fun-
damental solution U(T,0) for the Schrodinger equation as follows.

e%(m—ﬂvo)-EoU(T’O’x’go) _ /eédﬂqm]p[q,p]

J J
1 4 i
= lim (_271%) /2J eh¢[qAT,0’pAT,O] | | dxjdfj = lim eﬁ¢T,o($»€0,$o)qAT’O
R

- |AT’0|—>0 j:]. ‘AT,0|—>O
B 1 i 2x~§0—(x2+§§)sinT>
"~ (cosT)1/2 P h( Zo- S0+ 2cosT '

Remark.  Theorems 5 and 4 are not valid when 7' = 7/2.

§9.2. Convergence in the uniform operator topology

As in (1.3), using the Fourier integral operator

d

1 i

I'(T;, Tj—1)v(x) = (%) /2d e P75 751 (£:80:20) (1 YA dEy
R

we consider (2.7) with F[g,p] =1 in the sense of the operator I'(Arg) given by
I/(AT’O)U(IE) == I/(T, TJ)I/(TJ, TJ_l) cee I/(TQ, T1)1/<T1, O)U(l’) .

Noting Theorem 5 under Assumption 2 with m =0 and v; =0, j =1,2,...,J,J + 1,
we apply the L?-boundedness theorem of Fourier integral operators to I'(Ar) and
U(T,0). Then there exist a small positive constant 7 and positive constants C7, Cy
such that if 0 < T < T,

1" (A7,0)v||z2 < Cillv]|r2
11" (Ar,0)v = U(T,0)v)| 2 < Co Aro|T|v]]2 -
Therefore, we have
IU(T, 0)vl[g> < Chfv][z> -

Next we consider the case when T" > 7. Let |Aro| < 7/2. Using the number K with
K < 2T/t < K+1, we choose the numbers 0 = jy < j1 < jo < -+ < jg < jrx+1 = J+1
such that T;, <kT/(K +1) <Tj 41 fork=1,2,..., K.
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Since T';

Jk+1

— T, <2T/(K+1) <, we have

[ (Aro)vllzz = [[I'(Arz, )T (AT), 1)

Ik TIK—1

< (max(Cy, 1) Jo||z2 < OF|v]| L2

)---I'(Ar,

Jj2>

7, )T (A1, 0)v]|L2

J1»

with C = (max(Cy,1))?T/7+1. Furthermore, using
U(T,0) =U(T, T)U(Ty,Ty-1) - U(T2, T1)U(T1,0),
we obtain
1" (Ar,0)v — U(T, 0)]|2

K41
< Z HI/(AT7Tjk) (I/(ATjkyTjk_l) - U(ijTjka) U(Tjkfno)v)
k=1

L2

K+1
< Z C1Cy|Ar,

k=1

k’Tjk_1 |(T.7 - jﬂljkfl)CY{H,U“L2 S Cg|AT70 T||'U||L2

with C) = C{C>C}. This implies that I’(Apg) converges to U(T,0) as |Apo| — 0 in

the uniform operator topology even when T is large.
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