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1 Introduction

The AdS/CFT correspondence is a fascinating subject in the study of string theory. The
most famous one among a lot of variations is a duality between 10D type IIB string theory
on the AdSsxS® background and the 4D N = 4 super Yang-Mills theory at large N
limit [1]. A great progress is that an integrable structure has been discovered behind this
duality [2]. On the string-theory side, the Green-Schwarz string action on AdSsxS® is
constructed as a 2D coset sigma model [3] and the Z4-grading of the supercoset ensures the
classical integrability [4] (For a big review of the AdS5xS® superstring, see [5]). Although
the essential mechanism of the duality has not been fully understood yet, the integrability
has played a crucial role in checking conjectured relations in the AdS/CFT.

It would be significant to consider integrable deformations of the AdS/CFT. It may
shed light on a deeper structure behind gauge/gravity dualities beyond the conformal
invariance. On the string-theory side, an influential way is to employ the Yang-Baxter sigma
model description [6, 7]. This is a systematic way to study integrable deformations of 2D
non-linear sigma models. By following this approach, an integrable deformation is specified
by picking up a skew-symmetric classical r-matrix which satisfies the modified classical



Yang-Baxter equation (mCYBE). The original argument [6, 7] was restricted to principal
chiral models. It is generalized to symmetric cosets by Delduc-Magro-Vicedo [8].! Then
they succeeded in constructing a g-deformed action of the AdS;xS® superstring [19, 20].
This formulation is also based on the mCYBE.

After that, it has been reformulated in [21] based on the (non-modified) classical Yang-
Baxter equation (CYBE), where the Lax pair and the kappa transformation should be
reconstructed and this generalization is not so trivial. An advantage in comparison to
the mCYBE case is that partial deformations of AdSsxS° can be considered. This is
because the zero map R = 0 is allowed for the CYBE while not for the mCYBE. Fur-
thermore, one can find many solutions of the CYBE. In fact, in a series of papers [22-29],
many examples of (skew-symmetric) classical r-matrices have been identified with the well-
known backgrounds such as y-deformations of S [30, 31], gravity duals for noncommutative
(NC) gauge theories [32, 33] and Schrédinger spacetimes [34-36], in addition to new back-
grounds [22]. This identification may be called the gravity/CYBE correspondence [23]
(For a short summary, see [37]) and indicate that the moduli space of (a certain class of)
solutions of type IIB supergravity can be described by the CYBE.?

In the recent, this correspondence has been generalized to integrable deformations of
4D Minkowski spacetime [39]. In particular, (T-duals of) 4D (A)dS spaces are reproduced
as Yang-Baxter deformations of the Minkowski spacetimes. Furthermore, this development
has an intimate connection with kappa-Minkowski spacetime [40-42] via preceding works
e.g., [43]. For a recent argument with a gravity dual, see [28, 29].

It is also remarkable that the gravity/CYBE correspondence seems to be valid beyond
the integrability. There are many examples of non-integrable AdS/CFT correspondences.
An example is the case of AdS5 x T1! [44], for which the non-integrability has been shown
by the existence of chaotic string solutions on RxT%! [45-47]. Thus TsT transformations of
TY1 [30, 48] are regarded as non-integrable deformations. However, these deformations can
be described as Yang-Baxter deformations [49]. Hence the gravity/CYBE correspondence
would be applicable to a much wider class of solutions of type IIB supergravity.

We will proceed to study Yang-Baxter deformations of the AdS5xS® superstring by
focusing upon Lax pairs. The universal expression of Lax pair, without taking specific clas-
sical r-matrices and concrete coordinate systems, has already been presented in [21]. Then
classical r-matrices are identified and hence the associated Lax pairs are already obtained
in an implicit way. However, explicit expressions of the Lax pairs have not been evaluated
yet, while those are quite useful in studying classical solution by the use of the classical
inverse scattering method. Thus, in this paper, we will derive explicit expressions of Lax
pairs for string theories on popular examples of deformed backgrounds: 1) gravity duals for
NC gauge theories [32, 33], 2) y-deformations of S® [30, 31], 3) Schrédinger spacetimes [34—
36] and 4) abelian twists of the global AdSs [50, 51]. Then we can find out a concise
derivation of Lax pairs based on simple replacement rules. Furthermore, each of the above
deformations can be reinterpreted as twisted boundary conditions with the undeformed

'For earlier arguments related to this generalization, see [9-18].
2This is quite analogous to the bubbling scenario proposed by Lin-Lunin-Maldacena [38]. Here the
moduli space is described by droplet configurations in a free fermion system.



background by using the rules. As another derivation, the Lax pair for gravity duals for
NC gauge theories is reproduced from the one for a g-deformed AdS;xS° [19, 20, 52] by
taking a scaling limit introduced in [53].

It would be helpful for readers to summarize the novelties of this paper below:

1. Explicit forms of Lax pairs are computed, while the associated classical r-matrices
have already been obtained in [23, 24, 27].

2. Twisted boundary conditions are determined explicitly, while general arguments for
TsT transformations have been provided in [31, 58].

3. A scaling limit of the g-deformed AdS5xS® [53] is confirmed at the level of Lax pairs.

This paper is organized as follows. Section 2 gives a brief review of Yang-Baxter
deformations of the AdS5xS® superstring. In section 3, we explicitly derive Lax pairs for
gravity duals of NC gauge theories with two methods, (i) Yang-Baxter deformation (argued
in [24]) and (ii) a scaling limit of g-deformed AdS;xS® (introduced in [53]). The resulting
Lax pairs are identical under a unitary transformation. In section 4, we compute Lax pairs
for y-deformations of S® by evaluating the abstract expression given in [23]. The resulting
Lax pairs agree with Frolov’s results [31] up to gauge transformations. Section 5 argues
Lax pairs for Schrodinger spacetimes by evaluating the abstract forms given in [27]. In
section 6, we derive Lax pairs for abelian twists of the global AdSs from the results of [23].
Section 7 is devoted to conclusion and discussion. In appendix A, our convention and
notation are summarized. In appendix B, we explicitly derive a Lax pair for a g-deformed
AdS;5xS° by evaluating the universal Lax pair [19, 20] with a coordinate system [52].

2 Yang-Baxter deformations of string on AdSsxS®

We shall give a brief review of Yang-Baxter deformations of the AdS5xS® superstring action
based on the CYBE case [21].3
The deformed classical action of the AdS5xS® superstring is given by

_ \/)\7(: e’} 2 B B 1
S=- 1 /oodT/O do (v — €*”)STr Aadom(/lg), (2.1)

where the left-invariant one-form A, is defined as
Ao =g 1009, g € SU(2,2]4) (2.2)

with the world-sheet index o« = (7,0). Here the conformal gauge is supposed and the
world-sheet metric is taken as v*? = diag(—1,+1). Hence there is no coupling of the
dilaton to the world-sheet scalar curvature. The anti-symmetric tensor e’ is normalized
as €’ = 41. The constant A, is the 't Hooft coupling. Note that n is a deformation
parameter and hence the undeformed action [3] is reproduced when n = 0.

3For the mCYBE case [19, 20], see appendix B.



A key ingredient in our analysis is the operator R, defined as
Ry(X) =g 'R(9Xg™)g, X €su(2,2/4), (2.3)

where a linear R-operator R : su(2,2]|4) — su(2,2|4) is a solution of the classical Yang-
Baxter equation (CYBE),*

[R(X), R(Y)] = R([R(X), Y]+ [X, R(Y)]) = 0. (2.4)

This R-operator is related to a skew-symmetric classical r-matrix in the tensorial notation
through the following supertrace operation on the second site:

R(X) =STra[r(1® X)] = > (a; STr[b;X] — b; STr[a; X]), (2.5)
where the classical r-matrix is represented by
r=> aiAbi=) (6;®b—b®a;)  with  a;,b; € su(2,2[4). (2.6)
The projection operator d is defined as

d= P, +2P, — Ps, (27)

where P; (i = 0,1,2,3) are projections to the Zj-graded components of su(2,2[4). In
particular, Py(su(2,2[4)) is a local symmetry of the classical action, so(1,4) & so(5). Note
that the numerical coefficients are fixed by requiring the kappa-symmetry [21].

It is convenient to introduce the light-cone expression of A, like

Ai = AT + AJ N (28)
when we will study Lax pair in the following sections.

The bosonic part of the Lagrangian. Our aim here is to explicitly derive Lax pairs
for the bosonic part of deformed actions. Hence it is convenient to rewrite the bosonic part
of the deformed Lagrangian (2.1) as

VA
2

L=Y2STy(A_Py(J})), (2.9)

where J is a deformed current defined as

1

Ji=— AL
T AT mR, 0P T

(2.10)

“In the original work [21], a wider class of R-operators whose image is given by gl(4|4) has been proposed.
The gl(4|4) image is restricted on su(2, 2|4) in essential under the coset projection d as pointed out in [28, 29].
We will concentrate here on a restricted class in which the image is su(2,2|4) from the beginning, so as to
deal with pre-projected quantities like the deformed current J itself, without introducing extra generators.
For general cases argued in [22, 25], a more detailed study would be necessary.



Note here that the factor 2 in front of  comes from the projection operator d given in (2.7).
By solving the following equation,

(1:|:277R90P2) J:t = Ai, (2.11)

the deformed current Jy is determined.’? Then the metric and NS-NS two-form are evalu-
ated from the symmetric and skew-symmetric parts regarding the world-sheet coordinates
in (2.9), respectively.

Taking a variation of the Lagrangian (2.9), the equation of motion is obtained as follows

E=04Py(J_) +0_Py(Jy) + [Jy, Poa(J-)] + [J-, Po(J4)] = 0. (2.12)
By definition, the undeformed current A4 satisfies the flatness condition,
Z=04A_ —0_A, +[A4,A_]=0. (2.13)
Then, in terms of the deformed current J, this condition can be rewritten as follows
OpJ_ —0_Jy + [J, J-] + 20 Ry(E) + 4n* CYBER(Pa(J4), Pa(J-)) =0, (2.14)
where we have introduced a new quantity defined as
CYBEr,(X.Y) = [Ry(X), Ry(Y)] — Ry([Ry(X),Y] + [X, Ry(Y)).  (2.15)

Note that CYBERg,(X,Y) vanishes if the R-operator satisfies the CYBE in (2.4). The
relation (2.14) means that Jy also satisfies the flatness condition with the equation of
motion & = 0. That is, J4 satisfies the flatness condition only on the on-shell, while AL
do even on the off-shell.

It is helpful to decompose Jy with the projection operators Py and P, like

Ji = Po(Js) + Pa(Jy) = I + I | (2.16)

where we have used the completeness condition Py + P> = 1. For the concrete expressions
of the projection operators, see appendix A. Then the equation of motion (2.12) can be
rewritten into the following form:

£=0,0%+0_J% 1 19 0D+ 79 s =0, (2.17)

The flatness condition (2.13) can also be rewritten in a similar way:

Z = Ry(2)+ P(2) =0. (2.18)

°In order to derive the metric and NS-NS two-form, it is enough to determine P»(.J1) by solving the
projected conditions
(1F2nPy0o Ry) Po(J+) = Pa(Ax),

as done in a series of the previous papers [22-29]. However, it is necessary here to determine J4 itself so as
to evaluate the form of Lax pair.



With the help of the linear independence of the grade 0 and grade 2 parts, one can obtain
the following two conditions:

Py(2)=0; 0 —0_ g + 70 T £ 112 5P 420 By(R,(€)) = 0,

Py(2) =0, % —0_JP + 70 TP 4+ 112 79 420 Py(R,(€)) = 0. (2.19)

Note here that the terms proportional to 1 vanish on the on-shell, i.e., £ = 0.
Then the three conditions in (2.17) and (2.19) can be recast into the following set of
the equations C; =0 (i = 1,2, 3):

=o_JP—g? g9,
Co=0,J% + 179,09,
Cs=0,JY —0 g0 419 SO 4 P 2. (2.20)

Namely, C; = 0 (i = 1,2, 3) are satisfied on the on-shell and are equivalent to the equation
of motion (2.12) and the flatness condition (2.13).

Lax pair. Finally, a Lax pair for the deformed action is given by
Ly =70 4+ = P (2.21)

with a spectral parameter A € C.% Note that the existence of the Lax pair (2.21) is based
on the Zs-grading of AdSsxS°.
As a matter of course, the flatness condition of £

O - 6+£7 - G,EJF + [ﬁJr, E,] (222)

is equivalent to the equation of motion £ = 0 [in (2.12)] and the flatness condition Z = 0
[in (2.13)]. In order to confirm the equivalence, it is helpful to notice that the right-hand
side of (2.22) can be rewritten in terms of C; as follows:
1
O L —O0_Ly+ Ly, L]=—-AC1 + XCQ +Cs. (2.23)

Thus we have shown the equivalence.

In the following sections, we will evaluate explicit forms of the Lax pair (2.21) for some
examples of classical r-matrices.

3 Lax pairs for gravity duals of NC gauge theories

In this section, let us study Lax pairs for gravity duals of noncommutative (NC) gauge
theories from the viewpoint of Yang-Baxter deformations. The integrability of this back-
ground was recently shown in [24] in the sense of the kinematical integrability. The Lax
pair was implicitly derived in [24], but the explicit expression has not been computed yet.

First of all, we evaluate explicit forms of Lax pairs with classical r-matrices in [24].
The resulting Lax pairs depend on two deformation parameters. Next, one may consider
another derivation for a special one-parameter case. Then the associated Lax pair can also
be reproduced by taking a scaling limit [53] of the one for a g-deformed AdS; [19, 20, 52].

5Please do not confuse the spectral parameter A with the 't Hooft coupling \!



3.1 Lax pairs from Yang-Baxter deformations

In the context of Yang-Baxter deformations, abelian Jordanian classical r-matrices [24]

r=c1p2 Ap3+ capo A p1 (3.1)

are associated with gravity duals of NC gauge theories [32, 33]. The classical r-matrices
in (3.1) consist of the translation generators p, in su(2,2) (For our convention, see ap-
pendix A). Then the deformation parameters ¢; and cg are related to magnetic and electric
NS-NS two-forms in the gravity solutions [32, 33], respectively.

Because the square of the associated R-operator vanishes due to the properties of p,’s,
the classical r-matrices (3.1) are called Jordanian type. The classical r-matrices do not
contain any generators in su(4), and hence only the AdSs part is deformed. Therefore we
will concentrate on only the AdSs part below.

The deformed metric and NS-NS two-form. To derive the metric and NS-NS
two-form from the Lagrangian (2.9), let us introduce a coordinate system through a
parametrization of an SU(2,2) element as follows:

1
ga(T,0) = exp [po 22 4+ prat + poa? + ps 1’3} exp {’yg B log z] € SU(2,2). (3.2)

By solving the relation in (2.11), the deformed current .J, is explicitly determined as

z

Jy = {(228550 + Qanﬁiﬁl)po + (22(%[9:1 + Qanai:rO)pl]

24 — dcg2n?
z

T T a2 [(22@952 + 2017052°) p + (2°022” F 261778%2)293}

1 a
+ Zaiz e . (3.3)

Then the resulting metric and NS-NS two-form are given by

5 22 [—(dx®)? + (dzh)?]  22[(dx?)? + (dz?)?]  dz?
ds” = 1 2.9 + 1 2.9 2
2% —4esm 2%+ 4ein z
2¢am 0 1 2c1m 2 3
B=——""_"dz" Nd ———dx* Ndx”. 3.4
24— 4c3n? v T 24 4 4c3n? v v (3.4)

This result exactly agrees with the gravity duals of NC gauge theories [32, 33]. When
c1 = co = 0, the Poincaré AdSs5 is reproduced.

Lax pair. Let us derive the associated Lax pairs. Now Elic are explicitly evaluated as

NC z 2 0 1 )‘il a a
Ly~ = (2°0sa” & 2com0z27) 50 s

24— 4c3n?
2 1 0 A=
+ (2°0+x” £ 2comdsx”) <2 vy — n‘f5> }

z

)\:I:l
b o |(P0s® & 2en0sa®) (8 - v )
1

+1 Ao, 2
+ (22042° F 21001 2?) <7§ - n§5> } + = Vs . (3.5)



In the undeformed limit ¢y, co — 0, the above expressions are reduced to

Oyt [ AFl Ao, 2
PAdS; _ Y+£ a a +< a
L = (2% - ”y5> + 5, 15 (3.6)

This is nothing but a Lax pair for the Poincaré AdSs.

Another derivation of Lax pair. It would be of good significance to describe another
derivation of Lax pair (3.5).
The undeformed current is now given by

1 1
A = — M —_— a . .
+ Zaix Pu+ 22312 Y5 (3.7)

Then, by comparing the deformed current (3.3) with the undeformed one (3.7), the defor-
mation under our consideration can be reinterpreted as the following replacement rules:

2

2123i330—>z4_1022772:a$i o”’x ;
%aixl — 24_1;2772 :a = 202”@: :
%8¢w2 — 244:12012772 :8ix2 + 26;775&373_ :
%8¢m3 — 24—1-12612772 :3ix3 ¥ 2;77(%[932: : (3.8)

The above concise rules give rise to another simple derivation of the Lax pair (3.5). By
applying the rules to the undeformed Lax pair (3.6), the desired one (3.5) can be repro-
duced. This derivation is quite similar to Frolov’s construction of Lax pair for string on
the y-deformed S° [31].

Twisted boundary condition. In fact, due to the rule (3.8), the deformation can be
regarded as a twisted boundary condition with the undeformed AdSsxS?, as argued in [31].

For simplicity, suppose ¢; # 0 and ¢o = 0. The analysis for the case with ¢y # 0 is
quite similar, though there is a subtlety for the signature of the metric (For the detail,
see [32, 33]).

After performing the Yang-Baxter deformation (equivalently the associated TsT trans-
formation) , the original coordinates #2 and #* for the undeformed AdS;xS® are mapped
to 22 and 2. Then the relations are given by

o) 0r2° = Py [aix + o> Oy’ |,

1 22 2c1n

Sy T S — S T oLz’ . 3.9
g 0T 24 4 4c12n? [ =T T (3.9)

These relations indicate the following equivalence of Noether currents

Py =Py,  P§=Py, (3.10)



where P and P (i = 2,3) are conserved currents associated with translation invariance

for 2 and &' directions, respectively. The 7-component of the relations means that the
momentum p; = P/ is identical to p; = P/, namely p; = p;. Then, evaluating the o-
component of (3.10) leads to the relations:

2 2
0,02 = Opa® + — 1 0,3 = 9,27 — =M1

b3, D2 -
Ve Ve

Finally, by integrating these expressions, one can figure out that the deformed background

(3.11)

with the usual periodic boundary condition is equivalent to the undeformed AdSsxS° with
a twisted boundary condition:

2c1n 2c1n
Ve VAc

Here P; are Noether charges for translation invariance in the z* directions.

(o =2n)=3*(c=0)+ Py, Plo=2m)=i(c=0)— Py.  (3.12)

Thus the Yang-Baxter deformation with the classical r-matrix (3.1) can be reinter-
preted as a twisted boundary condition with the usual AdSsxS>.

3.2 A scaling limit of a Lax pair for a g-deformed AdSjs

In section 3.1, we have derived the Lax pair (3.5) as Yang-Baxter deformations of AdSs.
Here we shall reproduce it as a scaling limit of a Lax pair for a ¢g-deformed AdSs.

A scaling limit of a g-deformed AdS5xS®. We first give a short review of a scaling
limit of a g-deformed AdSsxS® [53]. In this limit, the metric and NS-NS two-form in (3.4)
can be reproduced.

The starting point is the ¢-deformed metric and NS-NS two-form,

1
ds2AdS5 = \/ ]. + %2 m (— COSh2 pdtQ + dp2)

Sinth 2 2 2 X 9 . 9 9
1+ 52 sin? ¢ sinh? p [dC + cos™ ¢ (dy)1) } + sinh” psin® ¢ (dyo)*| ,
. h4 in2
Bagss = 2V 1+ 32 sinh” p sin 2¢ diby A dC . 5.13)

1+ »2sin® Csinh?* p

Let us next rescale the coordinates as follows:

t=Vxa’, 1= V2 (R N

T x
cosCy sin(y "’

(= o+ Vma®, p = arcsinh [ } . (3.14)

1
Vrz
0 1 .2 .3

Here new coordinates z° ,z" ,z°,2°, 2 and a real constant (y have been introduced.
After taking the ¢ — 0 limit, the resulting metric and NS-NS two-form are given by
o —(dx")? + (dzh)?  22[(dx?)? + (dz®)?]  d2?
- 2 + T a2 2
z 2% + sin (5 z
sin C()

_ 2 3

ds

9



This result exactly agrees with a one-parameter case of (3.4) through the identification
2c1m = sin(p, 2com=0. (3.16)
For the S® part, this limit is nothing but the undeformed limit.

Lax pair — the third derivation. Next, we will derive the Lax pair (3.5) by taking
the scaling limit of a Lax pair for the g-deformed AdSs. This is the third derivation.

The Lax pair for the g-deformed AdSsxS® was originally constructed in [19, 20]. With
a coordinate system [52], the Lax pair can be evaluated explicitly, as shown in appendix B.
The remaining task is to take the scaling limit of the Lax pair (B.22).

The first is to rewrite the Lax pair (B.22) in terms of the coordinates (3.14) with (3.16).
For later convenience, the spectral parameter should be flipped as A — —\. Then, taking
the s — 0 limit leads to the following expression:

1 1 1
Be= 2 [ g ity | o+ 2 [ g — i
2(22042% + o) [AFL
2 1 4P [ 5 2 _”12]
2(22042% — noLx?) [AFL MEoLz
A1 ddy [ 5 3 —n13] -, (3.17)

In order to see that the result (3.17) is identical to the Lax pair (3.5), it is necessary to
perform a unitary transformation like

1 i —il
~ ~ U o i 1 -1
L ULLUT U= U= . 3.18
o A (0 1)’ —i 1 1 i (3.18)
~14 i1

After that, the transformed Lax pair agrees with the one (3.5), namely,
e =ucLiu! when ¢, =0. (3.19)

Thus the scaling limit works well at the level of Lax pair.
It would be nice to consider this relation at the level of classical r-matrix. One may
interpret the scaling limit as a rescaling of Drinfeld-Jimbo type classical r-matrix [54-56].

4 Lax pairs for y-deformations of S®

In this section, we shall study Yang-Baxter deformations with classical r-matrices cor-
responding to y-deformations of S°. Concretely speaking, the associated Lax pairs are
computed explicitly. The resulting expressions nicely agree with the Lax pairs obtained
via TsT transformations of S® [31]. We will omit the AdS; part in the following.

Let us consider abelian classical r-matrices, which have been found in [23],

r = pushg N hs + p1hs A hg + pahg A hy. (4.1)

Here hy, hs and hg are the three Cartan generators in su(4), and u; (i = 1,2, 3) are deforma-
tion parameters. For our convention of the generators, see appendix A. The r-matrices (4.1)
deform only S and correspond to y-deformations of S°.

,10,



The deformed metric and NS-INS two-form. It is helpful to use the following rep-
resentative of a group element of SU(4),

(1) = exp | (01 -+ 0as + o) exp[-cufg| e[ 2] 42

By solving the equations in (2.11), the deformed current JJ"7>7 is determined as

26

J% 2,93
+ 2

S
= —i0yr — — 0+C [z 81117"72 + Cosrn13]

— G(5i) |0x61 (33 sin® rsin? (049 — A2 cos? 1O+ p3)

3
+ M sin® r cos® r sin? ¢ Z f%aﬂpi]
i=1

S
X [cos{ (z sinr 122 + cosrni2> + sinCngg}

— G (i) | 0xp2 + (%1 cos® rOLpz — 43 sin? r cos? (O 1)

3
+ A9 sin® 7 cos® r cos? ¢ Z ’Ayzﬁi(bi]
i=1

1
X [sin( (z sinr iﬁ + cosrn‘{4> + cos§n§4]

+ G(%) | 0+ 03 = (A2 sin? 7 cos? (91 ¢1 — A1 sin? r sin? CO1d2)

3
+ 4 sin® rsin? ¢ cos? ¢ Z i O+ gbi]
i=1
X [icosrvg—sinrns] (4.3)
2 15 . .

Here the parameters 4; are defined as
Yi = 81 (4.4)
and the scalar function G(%;) is
G (%) = 1 4 sin? r(57 cos® rsin? ¢ 4 43 cos® r cos® ¢ + 43 sin? rsin” ¢ cos? €) . (4.5)

This deformed current (4.3) will play an important role in the following analysis.
Substituting the deformed current (4.3) into the Lagrangian (2.9) leads to the back-
ground

3
ds® = (dp® + G(3i)pidei®) + G(4i)pr° p2°ps (Z %d@) :
=1
By = G(%) (43p1°p2’de1 A dda + A1p2° ps*dda A dds + Aops®pides A dgr) . (4.6)
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Here new coordinates p; (i = 1,2,3) are defined as
p1 =sinrcos(, p2 =sinrsin(, pP3 = COST. (4.7)

The metric and NS-NS two-form in (4.6) agree with 3-parameter y-deformations of S° [31].
A particular one-parameter case with

N==93=7% (4.8)
corresponds to the Lunin-Maldacena solution [30] described by
3 3 2
ds® = Z (dpi® + Gpi*dei®) + GA*p1°pa°ps? (Z d¢i> :
i=1 i=1
By = GA(p1*p2°ddr A ds + pa®ps®dda A dos + ps’pi®ds A dn), (4.9)

where the scalar function G is defined as
2
Gl=1+ VZ(sin2 21 + sin? rsin? 2¢) . (4.10)
This background is a holographic dual of the S-deformation of the N' = 4 super Yang-Mills
theory [57].

Lax pair. The next task is to evaluate the Lax pair in (2.21) with the classical 7-
matrix (4.1). The components £1"7*7% are given by

I 2\EL +1
L1777 = —iTﬁir v — 0+C [z sin r T*ygf + cosrn‘fg]
— G(%i) | 0+ ¢1 % (43 5in? 7sin? COy ¢ — A2 cos® 101 b3)

3
+ % sin? r cos? rsin® ¢ Z %aﬂm]
i=1

pe=!
X [cos ¢ (2 sinr 775 + cosr "iz) +sin¢ ngg]
- G(%) [ai¢2 + (91 cos” rdspz — A sin® r cos® (D)

3
+ 49 sin? r cos? r cos? ¢ Z '%-E)iqﬁi]
i=1

)\il
X [sin( (z sinr 772 + cosr n‘{4> + cos ¢ n§4]

+ G(%) | O+ 03 = (2 sin? r cos® (04 ¢1 — A1 sin® r sin? CO+p2)
3
+ A3 sin* 7 sin? ¢ cos® ¢ Z ’}/Z-aiqﬁi]
i=1
+1
X [icosr2*y§ - sinrn%} . (4.11)
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Note here that, in the undeformed limit 4; — O, Eil 129 becomes

+1 +1
£y =—i aiTTny — 0+C [z sinr Tﬁ + cosr ni;]

pe=!

— 0101 [COSC (z sinr 775 + cosr n‘b) + sin(n%}
)\:i:l

— 0+02 [sinC (z sinr Tﬁ + cosrnf4> + coan§4]

2\EL
+ 0+ ¢3 [2 cosT 775 — sinrnir,} ) (4.12)

This is just a Lax pair for the undeformed S°.

Another derivation of Lax pair. Then, let us consider a simple derivation of the Lax
pair (4.11), as in the previous section. The undeformed current is given by

o R s
AL = —i04r 9~ 0+C |isinr > + cosTnis

S

— 041 |cos( <z sinr % + cosrnﬁ) + sin§n§3]

B s
— 0402 [sin( <z sinr 124 + Cosrni) + cos(n?m}

S
+ O0+¢3 |icosr % — sinrnir,} ) (4.13)

By comparing the deformed current (4.3) with the undeformed one (4.13), we can identify
the following replacement rules:

O+ — G (%) laﬂfh + (43 sin® r sin® 01 2 — 2 cos® rds¢3)
3
+ 41 sin? r cos? rsin? ¢ Z 'Ayi(?iqﬁi] ,
i=1

Oxrdy — G(%;) | 0o £ (%1 cos® 1O+ g3 — A3 sin® r cos® (D+¢1)

3
+ Ao sin? r cos? 1 cos? ¢ Z ’%@:@'] )
i=1

013 — G(%i) |0+ 03 £ (52 sin? r cos® 0+ ¢1 — A1 sin® r sin? CO+p2)

3
+ A3 sin® rsin? ¢ cos? ¢ Z ’yi(‘)iqﬁi] . (4.14)
i=1

Due to these replacement rules (4.14), the deformed Lax pair (4.11) can be reconstructed
from the undeformed one (4.12). In fact, the replacement rules (4.14) are identical to a TsT-
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transformation [31],” and hence the Lax pair (4.11) is equivalent to the one in [31].8 This
result further confirms the correspondence between a Yang-Baxter deformation with (4.1)
and a TsT transformation [23].

Finally, it is worth mentioning the reinterpretation of the deformation as a twisted
boundary condition. This fact was originally shown in [31]. The twisted boundary condition

with the undeformed AdSsxS?® is given by

b1(0 =27m) = ¢1(0 = 0) + 3o — Y2J3 + 2701,
G20 =27) = do(0 = 0) + S5 — y3.J1 + 2Ny,

(Z)g(O’ = 271') = (;33(0' = 0) + vod1 —y1J2 + 27n3 (4.15)

with v; = 4/v/Ac. Here J; are Noether charges for rotation invariance in the ¢; directions.

Integers n; are winding numbers along the ¢; directions.

5 Lax pairs for Schrodinger spacetimes

Let us consider a classical r-matrix which deforms both AdSs and S°. Such an r-matrix
contains generators of both su(2,2) and su(4). A simple example is the following [27]:

i

r = —
4V2

(po —p3) A (ha+hs + he) . (5.1)

For convention of the generators, see appendix A. This r-matrix (5.1) is associated with
Schrodinger spacetimes realized in type IIB supergravity [34-36], as shown in [27].

The deformed metric and NS-NS two-form. The bosonic group elements of SU(2, 2)

and SU(4) are parameterized as follows

1
9a(T,0) = exp [:L'Op() + 2tpy + 2%py + x3p3} exp [’yg 3 log z} e SU(2,2),

00(7,0) = exp | (0t + s + vaha)| exp[~nis] exp |~ 3r01] € sU@). (52

"In our argument, the rules are identified on the off-shell level, but the one in [31] is done on the on-shell.
8To see this equivalence (up to small differences of convention), we have to perform a gauge

transformation

h = exp[—i(noz] exp [%mz] exp [g(nu + inoa)]

and a Mdbius transformation for the spectral parameter A — %
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The deformed current Jy can be expanded in terms of the generators of su(2,2) & su(4).
Then, by solving the equation in (2.11), Jy is determined as follows

1 1 1
JY = =0sa'p + =012°po + — 01278
z z 2z

1
+ Oraz™ (po +
ﬁz + (po ps)

1 . . ’
+ [E&x +noix = Q sin? 11(041) + cos 004 ¢) + z@iaﬁ] (po — p3),
V22 z
1
Ji = —§8i,ufyf 8i9 [ sin s + cosunm}

n@ix

0 /i
[@: + } [Sin2 (;sinu’yj + cos uniy —i—n;g)

+ cos — (; sin py5 + cos pniy + n34> — %cosu'yg + sinun‘ﬁ]
1 S
+ f(‘)iqb smf b1nu’y4 + cos uniy — nis
0 (i s
— COS = 5\ 3 sin puy5 + cos ppniy — niay

1

- 5 < 51nu’y4+cosun14+n23>
+COS§ (2 sin pys + cos pniy +n34>} . (5.3)
Here we have performed a coordinate transformation,

0 + 3

:L‘:t _ X X ’
V2
1 1 1
r=u, C:§97 ¢1:X+§(T/}+¢)a ¢2:X+§(d}_¢)a T;Z)3:X

With the deformed current (5.3), the resulting background is given by

gs? = —2detdaT + (daclz)2 T (da?)? +d2? (dx:) b s,
z z
By = % de™ A (dx + w). (5.4)
z
Here the S° metric is written as an S'-fibration over CP?,
ds%5 = (dx +w)? + ds%m ,
dsgps = dp® + sin® (E% + 32 4+ cos® E%) . (5.5)

Now x is the fiber coordinate and w is a one-form potential of the Kihler form on CP2.
The symbols ¥; (i = 1,2,3) and w are defined as

1
¥ = i(cosde + sint sin 0 do) ,
1
3o = i(sinzj)dG — cossin @ do) ,
1
3= §(d1/; + cos O do) , w=sin?pYs. (5.6)
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It is remarkable that only the AdSs metric is deformed while the S® part is not, in spite
of the expression of the classical r-matrix (5.1). On the other hand, the NS-NS two-form
carries two indices, one of which is from AdSs and the other is S°.

Lax pair.

In a similar way, one can evaluate the associated Lax pair. The resulting

expression is a bit messy but given by

+1 +1

2 2

1 A\ 1 A )\il
L5 = ~o.at [ﬁ - ni‘s,} + 0z [7% B ”5‘5] s O

1 )\:i:l +1
+ @aﬂﬁ [2’)’8 + T’Yg — N5 — ”§5]
+ L Otx~ +ndyx + 7 in? w(0+£) + cos 004¢) + f(‘ﬁﬂf*‘
V22 2 22
)\:i:l )\:i:l
X [270 5 —73 — ngs + ”35]
l)ftl Z')\:I:l )
5 0Ly — faia [ sin py3 + Cos,unf?)]
) er ) 0 +1
— [6& 7 3; ] [51112 < 5 s1nu'y4+cosun14+n23>
')\:I:l
+ cos = < 31np'y§+cosunf2+n§4> —Scosu’yé#—sin,un%]
+ 6i¢ |:SlIl = < sin puy; + cos puni, — n§3>
0 Mil s
— cos B sin pey3 + cos ppniy — niay
1 Z)\il . s s s
- 5 mf Sin fLy, + cos uniy + nog
+ cos B ( 5 sin p 5 + cos uniy + n34>} (5.7)

It would be helpful to check the undeformed limit. As 7 — 0, the above Lax pair £5% is
reduced to the following:

1 )\:I:l 1 )\:I:l )\:i:l
1 Ail /\il
+ ﬂzﬁiﬁ [270 + 5 —5 — ngs — n§5]
1 )\:i:l )\:i:l
+ \/izaix [2’)’3 - T’Yg —ngs + “35]
Z)\il +1
OLpy; — aia [ sin py3 +cosun§3]

Z/\:i:l
—J1x [sin ( sin f1 4 + cos puniy +n§3>

2\ 2
i)‘il S . S
5 COS [L Y5 + SIN (L N5

+1
+cos§ (Z 5 sin p 5 +cosun‘i2+n§’4) -
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1 0 (irF!
+ 2(")¢¢[Sin2 ! 5 sin gy + cos puni, n§3>
4 i)‘:tl : s s s
—cos g | —5sinpung +cosungy — niy

1 O it . 5
- 55&1/) sin o ( —5—sinp; + cos puni, + ns
Z)\:tl 3 S S S
+cos5 —5 s +cospunis+nsy || - (5.8)
Another derivation of Lax pair. Let us consider another derivation of the Lax pair
again. One can see the replacement rules by comparing the deformed current with the
undeformed one, as before.

The undeformed current is decomposed into the AdSs and S° components like

Ai = (:li: + AS , (5.9)
where A% and A% are given by
AL = 1319611?1 + 1<9j:902pz + iaj:z V5 + Laiﬂﬁ (po +ps3) + Laix* (po —ps3)
72 z 2z > 2z V22 ’

. 1 .
A = —%ai/ﬁ ~i — §8i9 {; sin py; + cos,un‘{g,]
. 9 Z . S S S
—8ix SIH§ §SIHIU,’}/4 —{—COS,LLTL14+’I’L23
i

5 cos (15 + sin punis

+cosg isin 5+ i +nj
o \ o SHMHT2 T COS [Ny T N3y

1 0 (i
+ §8i¢ [Sin 3 (; sin gy + cos puniy — n§3)
9 Z 3 S S S
—cos o | 5 sinpung + cospni; — nyy
1 : 0 (i . s s s
- 55&1/} sin o | 5 sinp; + cos puniy, + nis

2

0 /i
—|—cos§ <; sin 1 y5 + cos pnis —|—n§4>] . (5.10)

Thus, by comparing the deformed current (5.3) with the undeformed one (5.10), one can

see the following replacement rules:

1 1
728156_ — ga:tx_ + U
z

1 2
2 [@:X + 3 sin? (O£ + cos Hﬁiqﬁ)} + % Opa™,

O+x — Oy £ ;772 Orax™. (5.11)

Then the Lax pair (5.7) can be reproduced by applying the replacement rules (5.11) to the
undeformed Lax pair (5.8).
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Finally, let us mention about the reinterpretation of the deformation as a twisted
boundary condition. Similarly, one can see that the following boundary condition

e

T (c=2m)=2 (c=0)+ \/)\TJX’
X(o=27m)=x(c =0) — \/n)TP_ +2mn, (5.12)

with the undeformed AdSsxS® is equivalent to the deformed geometry with the usual
periodic boundary condition. Here P_ and J, are Noether charges for translation and
rotation invariance for the 2~ and x directions, respectively. An integer n, is a winding
number for the x direction. It may be interesting to consider a relation between the above
argument and the symmetric two-form studied in [59].

6 Lax pairs for abelian twists of the global AdSs

Finally, we will consider abelian twists of the global AdSs; as Yang-Baxter deformations.
The twists are associated with the classical r-matrix,

r= —%n;g Angs. (6.1)

This is composed of two Cartan generators of su(2, 2) (For our convention, see appendix A).
This r-matrix deforms only the AdSs part, hence we will omit the S® part hereafter.

The deformed metric and NS-NS two-form. We will work with the following pa-
rameterization of a group element of SU(2,2):

a

9a(T,0) = exp B(d)l hi+ ¢2ha + 7 h3):| exp [—6 n{s] exp {—p 721} e SU(2,2). (6.2)

The deformed current J is expanded in terms of the basis of su(2,2). Then, by solving
the equation in (2.11), J1 can be determined as follows

1 1
Jy = —8ip§’yf — 040 [2 sinh pv§ + coshpn‘fg,]
- 1 a : a
+ 1047 B cosh pyg + sinh pni;
-G (8i¢1 F0 sin? # sinh? p c')i@)
_ . -
X |cosf (2 sinh pv5 + coshpn‘fg) + sinfng,

+ Zé (8:|:(]52 + n 0082 0 Sinh2 1% a:tgf)l)

_ . ]
X |sin 6 (2 sinh p~yg — coshpn&) —cosfngs| , (6.3)

where G is a scalar function defined as follows

Gl =1+7?sin®0cos? fsinh? p. (6.4)
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By using the current (6.3), the deformed metric and NS-NS two-form are given by
cos® 0 d¢? + sin? 0 d¢p3 )
1 +n2sin®fcos?@sinhtp )’

ds* = — cosh? pdr? + dp® + sinh? p <d02 +

;2 2 cinhd

1 sin” 6 cos” f sinh™ p
By = — dpr N dos . 6.5
2 1 + n2sin® @ cos? §sinh? p $1 1 dg2 (6.5)

This result precisely agrees with abelian twists of the global AdSs5 [50, 51].

Lax pair. The next is to determine the associated Lax pair. By using the deformed
current (6.3), the Lax pair can be explicitly evaluated as follows

AT )‘il a )‘il : a a
L = —6ip7'yl — 040 - sinh py3 + cosh pnis;
' )\:I:l Y ) "
+ 04T 5 cosh pyg + sinh pnfs
-G (aigbl T nsin? 0 sinh? po.. qbg)
r At ) u " ) " T
X |cosd 5 sinh p 5 + cosh pnfy | 4 sinfnys

+iG (8i¢2 +n cos? 0 sinh? PO+ gbl)

i 1 -
X |sin 6 <2 sinh p~y§ — coshpn&) —cosfngs| - (6.6)

In the 7 — 0 limit, £4T is reduced to the following form:

GAdS )\il )\il
LGASs — _aiPTfy‘f — 040 [2 sinh pv§ + coshpn‘f?)}

2\EL
+ 1047 [2 cosh p~g + sinh pn‘f5]

+1
— 0141 [cos 0 <)\2 sinh pv§ + cosh pn‘ﬁ) + sin @ ngg}

2\EL
+ 10+ o [sin 6 (2 sinh pv§ — coshpn&) — cosd n83] . (6.7)
This is nothing but a Lax pair for the global AdSs.

Another derivation of Lax pair. Even in this case, one can read off the replacement
rules as well.
The undeformed current is

1 1
A = —aipgv‘f — 040 [2 sinh pv§ + coshpn‘fg]

1
+ 04T [2 cosh pv5 + sinh pn‘f%

1
— 0+ [COS 0 <2 sinh p~5 + cosh p n‘f2> +sind ngg]
1
+i0+ ¢ [Siﬂ@ <2 sinh p~y5 — coshpngl) — cos Hngg} . (6.8)
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Then, by comparing the deformed current (6.3) with the undeformed one (6.8), the re-
placement rules are identified as follows

O+p1 —> G (ai(bl F nsin2 0 sinh? paﬂ:¢2) ,
Osdpr — G (Do £ 1cos? Osinh? pyghy) . (6.9)

By applying the replacement rules to the undeformed Lax pair (6.7), one can reproduce
the Lax pair (6.6) as well.

Again, one can reinterpret the deformation as a twisted boundary condition. After
performing a similar analysis, the twisted boundary condition

b1(0 = 27) = ¢1(0 =0) + \/%Jz + 2mny,

7 7 n
¢p2(0 =27m) = Ppa(0 = 0) — —=J1 + 27n2 (6.10)
VAc
with the undeformed AdSs;xS® is equivalent to the deformed background with a usual
periodic boundary condition. Here .J; are Noether charges for rotation invariance in the ¢;
directions. Integers n; are winding numbers along the ¢; directions.

7 Conclusion and discussion

We have explicitly derived Lax pairs for string theories on Yang-Baxter deformed back-
grounds, 1) gravity duals for NC gauge theories, 2) v-deformations of S®, 3) Schrédinger
spacetimes and 4) abelian twists of the global AdSs;. As another derivation, the Lax pair
for gravity duals for NC gauge theories has been reproduced from the one for a ¢-deformed
AdS;xS® by taking a scaling limit.

As a byproduct, we have found a simple derivation of Lax pairs at least for all of the
examples we have discussed here. After choosing a classical r-matrix and introducing a
coordinate system, the replacement rules have been found out by comparing the deformed
current J with the undeformed current A. Then, by applying the rules to a Lax pair
for the undeformed AdS5xS®, one can construct the resulting Lax pair associated with the
deformation. In addition, we have shown that each of the deformations considered here can
be reinterpreted as a twisted boundary condition with the undeformed AdSsxS?®, as in the
work of [31]. It would be interesting to study the fermionic sector by following the work [58].

This simple derivation really helps us to check the direct computation of Lax pairs
based on Yang-Baxter deformations. In addition, it enables us to derive Lax pairs for
Yang-Baxter deformations of Minkowski spacetime [39], for which the universal expression
of Lax pair has not been obtained yet. Our procedure can play a significant role in studying
along this direction. The result would be reported in another place [60].

A more general question is what is the class of classical r-matrix for which one can
deduce the replacement rule. Probably, it would be possible for some restricted r-matrices.
This is also concerned with another question, what is the class of classical r-matrices for
which the insertion of the operator can be eliminated by changing a boundary condition
on the string world-sheet. It would be quite important to answer these questions.
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We believe that our concise prescription to construct Lax pairs would be helpful for
further understanding of the gravity/CYBE correspondence.

Acknowledgments

We are very grateful to Io Kawaguchi for collaboration at an early stage of this work. We
also appreciate Heng-Yu Chen, Takuya Matsumoto and Stijn J. van Tongeren for useful
discussions. The work of T.K. is supported by the Japan Society for the Promotion of
Science (JSPS). The work of K.Y. is supported by Supporting Program for Interaction-
based Initiative Team Studies (SPIRITS) from Kyoto University and by the JSPS Grant-
in-Aid for Scientific Research (C) No. 15K05051. This work is also supported in part by the
JSPS Japan-Russia Research Cooperative Program and the JSPS Japan-Hungary Research
Cooperative Program.

A Notation and convention

We summarize here our notation and convention of the su(2,2) and su(4) generators.

The gamma matrices. Let us first introduce the following gamma matrices:

00 0 —1 00 0 i 00 1 0
oo 10 oo o oo o0
=10 10 ol =10 Zio ol ®Tl10 0 of

100 0 i 0 0 0 010 0

0 01 0 100 0
000 -1 01 0 0

vo=tu=L 00 o [ T e 00 -1 0 (A.1)
010 0 00 0 —1

To embed su(2,2) and su(4) into su(2,2[4), we follow an 8 x 8 matrix representation as

a v 0 a V5 0 .
fy#: <0M 0>7 ’YS: (0 O> Wlth :u:07172737

00 00
5 = A= with  i=1,2,3,4. (A.2)
0 v 0 7

Note that each block of the matrices is a 4 X 4 matrix.

The su(2,2) and su(4) generators. The Lie algebras su(2,2) ~ s0(2,4) and su(4) ~
50(6) are spanned as follows:

1 1
su(2,2) :spanR{fyZ, Vs » nZV = 1[72773]77125 = Z[’Yﬁa’yg] ‘ M,U:O,1,2,3},

1 1 .
aud) = spang { 17 28, s = 118 5] s = hE gl [ = 1234 (A3)
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The subalgebras so(1,4) and so(5) in the spinor representation are formed as follows

s0(1,4) = spang{ny, , njs [ p,v=0,1,2,3},
s0(5) = spang {nf;, ns | i, = 1,2,3,4}. (A.4)

For a coset construction of Poincaré AdSs, it is useful to employ the following basis:
5”’(27 2) = SpanR{pu ) k# ) hl ) h2 7h3 7”?3 777'%0 7ng3 7”%0 | n= 0, 17 27 3 } . (A5)

Here the generators p,, k, and the Cartan generators hi , ha , h3 are defined as follows

1 1
Pu= 5%~ sy k=50t

hy = 2in{y = diag(—1,1,-1,1,0,0,0,0),
ha = 2n%, = diag(—1,1,1,-1,0,0,0,0),
hs = v§ = diag(1,1,—-1,—-1,0,0,0,0) .

Note that the generators p, and k, commute each other,
pyspo) = by k) = [pp k] =0 for  p,v=0,1,2,3. (A.6)
For the S° part, the Cartan generators hy , hs , he of su(4) are given by

ha = 2indy = diag(0,0,0,0,-1,1, ~1,1),
hs = 2in3, = diag(0,0,0,0,—1,1,1,—1),
he = 2 = diag(0,0,0,0,1,1, -1, —1). (A7)

Since non-Cartan generators of su(4) are not used in our analysis here, we will not write
them down explicitly.

The bosonic coset projectors. In deriving the bosonic part of Lax pairs, it is necessary
to employ the coset projectors Py and P, regarding the Zs-grading property. The projectors
Py and P, are decomposed into the AdSs part and the S° part like

Po(z) = F(z) + F5(z),  Pa(x) = PY(z) + B (), (A.8)

where Pj*° and P,"" are the following coset projectors for s0(2,4) and su(4),

PO su(2,2) —sso(1,4), Py 5u(2,2)—>1‘g:3,
B su(4) — s0(5), P 5u(4)—>j:g§. (A.9)
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These coset projectors can be represented by the su(2,2) and su(4) generators as follows:

1 Tr[nd, x] Tr[nd. ]
Pie) = 2 5 ] o g Dt
2 u;O Tr[ng,n, | ;;) Tr[ngsngs] *
3
T[] Tr[vez]
Pa (:E) — K ,ya 5 a ’
’ ,;) Tefygya] * 7 Trhgag]
1 Trn?, ] Tr[nf ]
Fo(x) = P =ns, + & s
2 NaVZl Tr[nzynuy] nr ; Tr[nz5nz5] H
4
Tr{vix Tr[~s
P3(z) = bzl r[y57] - (A.10)

%)
= Tl o T s)

The projectors are utilized in evaluating the deformed metric, NS-NS two-form and
Lax pair.

B A Lax pair for a g-deformed AdSsxS°

In this appendix, let us consider a g-deformed AdSsxS® by employing the Yang-Baxter
sigma model based on the mCYBE. Then we explicitly present a Lax pair for a string
theory on this background.

A typical skew-symmetric solution of the mCYBE is Drinfeld-Jimbo type [54-56]. The
classical action of the deformed AdSsxS® superstring associated with this r-matrix was
constructed by Delduc-Magro-Vicedo [19, 20]. The metric (in the string frame) and NS-
NS two-form have been computed in [52]. The deformed background is often called the
n-deformed AdSsxS°. Some specific limits [61] and a mirror description [62-64] have been
studied. For various classical solutions, see [65-76]. Two-parameter generalizations have
also been studied in [61, 77]. For some arguments towards the complete supergravity
solution, see [53, 78, 79]. More recently, another integrable deformation (called the -
deformation) has been argued in [80-87]. This deformation is closely related to the Yang-
Baxter deformation by a Poisson-Lie duality [80-83, 88-90].

B.1 Yang-Baxter deformations from the mCYBE

Let us first give a short review on the Yang-Baxter deformations of the AdSs xS® superstring
based on the mCYBE case [19, 20].
A g-deformed classical action of the AdS;xS® superstring [19, 20] is given by

o

2\ o) 2T 1
=Y (1497 B _ @P\STr | A - (A B.1
S 1 ( +?7)/de/0 do (v €*”)STr adol—nRgod< 3)|, (B.1)

The definition of A, and R, is the same as in section 2. A main difference is that the linear
R-operator should satisfy the mCYBE

[R(X), R(Y)] = R([R(X), Y]+ [X, R(Y)]) = [X, YT]. (B.2)
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The projection operators d is slightly different from the CYBE case like

d= P + Py, — P5. (B.3)

1 —n?
Namely, the coefficient in front of P, depends on 7. This comes from the difference of the
kappa transformation.

The bosonic part of the Lagrangian. We consider here the bosonic part of the de-
formed action (B.1). The Lagrangian can be rewritten into a simple form,

Ve 1+

2 1-—

I —

772
T ST(A- Pa( 1) (B.4)

with the deformed current .J+ defined as

JizWAi, »= 13”772. (B.5)
The expression of J. is determined by solving the following equations:
(1F%xRy0Pp) Jy = Ax. (B.6)
By taking a variation of (B.4), the equation of motion is given by
€ = 04 Pa(J_) + O_Pa(Jy) + T4, Pa(J_)) + [, Pa(J1)] = 0. (B.7)
The undeformed current A4 automatically satisfies the flatness condition
Z=0;A_ —0_A, +[AL,A_]=0, (B.8)
which can be rewritten in terms of J4 as follows
Opd_ —O_Jy + [Jo, J-] + 2 Ry(E) + 3> CYBERy(Pa(J4), P2(J-)) = 0. (B.9)
Note that the quantity
CYBERy(X,Y) = [Ry(X), Ry(Y)] — Rg([Ry(X),Y] + [ X, Ry(Y)]) (B.10)

results in [X, Y], if the R-operator we are dealing with satisfies the mCYBE (B.2). Thus,
due to the mCYBE, the condition (B.9) is reduced to

Z=0,J —0-Jp + [Ty, J_] + % Ry(E) + 5 [Pa(Jy4), Po(J-)] = 0. (B.11)

In comparison to the CYBE case, the deformed current Ji no longer satisfies the flatness
condition, even if the equation of motion (B.7) is imposed.
Finally, a Lax pair [19, 20] is given by

Ly =Py(Je) + N1 42 Py(J1) (B.12)

with a spectral parameter A € C. The flatness condition of L4
8+£7 — 8757 + [£+,£7] == O (BlS)

leads to the equation of motion (B.7) and the flatness condition (B.9).
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B.2 A Lax pair for a g-deformed AdSsxS®

We shall study the bosonic part with a classical r-matrix of Drinfeld-Jimbo type [54-56],

rDs=—1 Y _ Eap A Epa—1 Y Eea A Ege, (B.14)
a<b c<d
where Ey, (a,b=1,...,4) and E.q (c,d =5,...,8) are the fundamental representations of

su(2,2) and su(4), respectively. This is a solution of the mCYBE (B.2).
To construct the bosonic part of the deformed AdSsxS® with the global coordinates,
we will work with a bosonic element represented by

g=9a-9s € SU(2,2) xSU(4), (B.15)

where the group elements of SU(2,2) and SU(4) are parameterized as follows, respectively,

1
exp[—( ni3]exp [—2 pﬁ] :

.3

1
alT,0) = = il
slrir) e |13

.3 .
9s(7,0) = exp [; > qsimg] expl-gntslexp -5 7] (5.16)
i=1

The AdSs part is described by the coordinates 3 (= t),v1,12,(,p. The S part is
parameterized by the angle variables ¢1 , ¢o, ¢3,&, 7.

In the present case, the deformed current Jy is decomposed into two pieces: Jy =
J¢ + Ji. Then, by solving the equation in (B.6), J¢ and Ji are determined as follows

1 . a . a
JE = —fa(p)O+rp {2(711 +isxsinhpyf) + Z%coshpnlg)]

1
+ fa(p)O+t {2 cosh p (i78 + sesinh p®) +i(1 + »?) sinhpn‘fS}

1
— ga(p,¢)0+C [2 sinh p (v§ & s¢sin  sinh® p5)
=+ isesinh pcosh p (n§5 + s¢sin ¢ sinh? png5) F s cos C sinh? png,

+ cosh p (nfs + ssin ¢ sinh? pni‘Q)]

1 . . .
— ga(p, )0+ [2 cos ¢ sinh p(7$ F »sin ¢ sinh? p~4)
+ sin ¢(1 + »% sinh? p) n35 4 cos ¢ cosh p (ndy F s¢sin ¢ sinh? pngy)

+ i3¢ cos ¢ sinh p cosh p(n%s F s¢sin ¢ sinh? p n§5)}
e 1 ., a
+ 0419 |isin (sinh p 370 =+ i3 cosh pngs

— isin ¢ cosh pnd; —icos ((nly F ssin  sinh? anQ)] , (B.17)
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1
Ji = —fs(r)0qr [iQ(’y‘f Fxsinryg) F %COST?’L‘;5:|
1. s .9 g
— gs(r,£)0+& i sinr (73 F »sin € sin 7"72)
+ sccosEsin® rngs F sesinrcosr (nis F sesiné sin’ rn
23 35 25
+ cost (nis F s¢sin € sin? rniy) }
.1 . s . 2 s
— gs(r,£)0+ 01 i sinr cos & (72 =+ xsiné sin 1"73)
+sin¢ (1 + »%sin? ) N33 F sesinrcosrcos (nis + sesin € sin? rn35)
+ cosrcosé (niy sesin? 7sin € nfg)]
L 1 5
— O+ o |sinrsiné 5% F 2COST Ny
+ sin € sinr cosr nfy + cos&(ng, + ssin € sin?r n§4)]

1
+ fs(r)0+ 3 {iz cost (v§ + sesinr3) — (1 + »°) sinrn‘{g)] , (B.18)

where we have introduced new functions defined as

_ 1 B 1
Jalp) = 1 — »2sinh?p’ 9a(p1¢) = 1+ 32sin?¢sinh? p’
fur) = —— 0:(1.) = : (B.19)

1+ s2sin’r’ T 14 s2sin?Esintr

The deformed currents in (B.17) and (B.18) enable us to compute (i) the metric and NS-NS
two-form and (ii) the explicit form of the Lax pair.
Firstly, the resulting metric and NS-NS two-form are given by [52]

1
dsids5 = \/1—1—7%2 [122 (— cosh? p dt? + dp2)
— »*sinh” p
1 + »2sin? ¢ sinh?* p sinh” p (d¢” + cos® ( (dy1)”) + sinh” psin® € (dip2)” | ,
2 sinh? psin 2¢
Baas; = V14 2 dyn AdC, (B.20)

1 + »2sin® Csinh?® p

(COS2 r(d¢3)2 + er)

dsgsz \/1—|—%2|:

sin?r

1+ 22sin® Esint r

B57%\/1+—%2 sin® rsin 2€
5 =

1+ »2sin® Esint r

14+ »2sin?r

(d€* + cos® € (d¢y)?) + sin® rsin® & (dqﬁg)ﬂ )

4

dgr A dg . (B.21)

Here total derivative terms in the NS-NS two-form have been ignored.
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Secondly, the Lax pair (B.12) is also decomposed into two parts: L4+ = L4+ L5. Then
the explicit forms of £4 and L2 turn out to be

+1

A
9 =—falp)O+p [2\/14-7%2(7{‘ +isxsinhpys) + i%coshpni‘g)]

+1

A
+ fa(p)O+t [2\/ 1 4 32 cosh p (i8¢ & sesinh pd) 4 i(1 + 5%) sinhpn‘f%

)\:i:l
— ga(p,¢)0+C [2 V 1+ s2sinhp (’yg + s¢sin ¢ sinh? p'yg)

=+ isesinh p cosh p (nds £ ssin ¢ sinh? png;) F s cos ( sinh? pngs

+ cosh p (n§ £ ssin ¢ sinh? p n‘fQ)}

)\:i:l ' ' '
— galp, )01 [2\/1—1—7(305 (sinh p(v5 F ssin ¢ sinh? P79

+sin ¢(1 + % sinh?® p) nd; + cos ¢ cosh p (nfy F ssin ¢ sinh? pngy)

+ i3 cos ¢ sinh p cosh p(n$s F s¢sin ¢ sinh? pn§5)}
)\il
+ 0119 [z sin ¢ sinh p (2 V14 5325§ tis cosh,on85>
— isin ¢ cosh pnd; — i cos ((nly F ssin ¢ sinh? pn&)] , (B.22)

)\:i:l
£ =~ ur)0sr [i25 VI ) 5 i)  cosray

+1

A
—gs(r,£)0+& [iZV 1+ »2sinr (’yg T ssin & sin? T’yg)

£ sccos sin® r i F sesinr cosr (nf; F sesin € sin® rn;)

+ cosr (nis F ssing sin? r nis) ]

+1

A
—gs(r,£)0+ 1 { V1+ s2sinrcosé (fyg + %sinﬁsinQr’yg)

Al
2
+sing (1 + »*sin® r) ni3 F sesinrcosrcos € (nd; £ sesin sin® rnf;)

+ cosrcos€ (ny + s¢sin? rsinﬁn%)]
pe=a!
— 0+ 02 [sinrsinﬁ <i2 V142 F %cosrni:,)

+ sin £ sinr cosr njy + cos (ng, + ssin € sin’ rn§4)]
+1

A
+ fs(r)0+ o3 [iQ\/ 14 52 cosr (78 + sesinr ) — (1 4+ ) sinrnis| . (B.23)

The expression (B.22) is utilized in section 3 in order to reproduce the desired Lax pair as

a scaling limit.
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