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Abstract Recent observations of plasmaspheric hiss emissions by the Van Allen Probes show that
broadband hiss emissions in the plasmasphere comprise short-time coherent elements with rising and
falling tone frequencies. Based on nonlinear wave growth theory of whistler mode chorus emissions,
we have examined the applicability of the nonlinear theory to the coherent hiss emissions. We have
generalized the derivation of the optimum wave amplitude for triggering rising tone chorus emissions to
the cases of both rising and falling tone hiss elements. The amplitude profiles of the hiss emissions are
well approximated by the optimum wave amplitudes for triggering rising or falling tones. Through the
formation of electron holes for rising tones and electron hills for falling tones, the coherent waves evolve
to attain the optimum amplitudes. An electromagnetic particle simulation confirms the nonlinear wave
growth mechanism as the initial phase of the hiss generation process. We find very good agreement
between the theoretical optimum amplitudes and the observed amplitudes as a function of instantaneous
frequency. We calculate nonlinear growth rates at the equator and find that nonlinear growth rates for
rising tone emissions are much larger than the linear growth rates. The time scales of observed hiss
emissions also agree with those predicted by the nonlinear theory. Based on the theory, we can infer
properties of energetic electrons generating hiss emissions in the equatorial region of the plasmasphere.

1. Introduction

Plasmaspheric hiss emissions, which are low-frequency electromagnetic whistler mode waves with broad-
band spectra, have been observed by many spacecraft, and there have been many studies on possible
generation mechanisms of the hiss emissions. Most of these generation mechanisms assume wave growth
due to linear growth rates of Doppler-shifted cyclotron resonance [Kennel and Petschek, 1966] driven by
temperature anisotropy of energetic electrons in the plasmasphere [Thorne et al., 1973]. The seeds of the
instability derive from thermal fluctuations [Chen et al., 2014] or an external source coming from outside of the
plasmasphere such as either whistlers induced by lightning [Dragonov et al., 1992] or whistler mode chorus
emissions generated in a source region located close to the geomagnetic equator outside the plasmasphere
[Santolik et al., 2006]. The external sources have been assumed because of the very low gain attained by path
integration of convective wave growth based on the linear growth rate [Huang et al., 1983; Church and Thorne,
1983]. Based on spacecraft observations and ray tracing study, on the other hand, Bortnik et al. [2008, 2009]
proposed that hiss waves are chorus waves that have propagated into the plasmapause.

Recent observations by the Electric and Magnetic Field Instrument Suite and Integrated Science (EMFISIS)
instrument on the Van Allen Probes [Kletzing et al., 2013] show unusual enhancement of the low-frequency
part of plasmaspheric hiss in the outer plasmasphere associated with substorm-injected electrons [Li et al.,
2013; Ni et al., 2014]. Summers et al. [2014] have reported fine structures embedded in the spectrograms of
hiss emissions observed by EMFISIS. These hiss emissions have a common feature that the lowest-frequency
part has the highest intensity with a profile of decreasing amplitude with increasing frequency, as shown in
Figure 1f of Ni et al. [2014] and Figure 13 of Summers et al. [2014]. This feature was also found in the early
observations by OGO 5 and was described as a sharp low-frequency cutoff [Thorne et al., 1973].

RESEARCH ARTICLE
10.1002/2015JA021520

Key Points:
• Nonlinear theory of chorus waves can

explain observations of coherent hiss
emissions

• Optimum wave amplitudes for
triggering rising and falling tone
emissions are derived

• Upper limit of hiss is determined by
optimum and threshold amplitudes
for rising tones

Correspondence to:
Y. Omura,
omura@rish.kyoto-u.ac.jp

Citation:
Omura, Y., S. Nakamura, C. A. Kletzing,
D. Summers, and M. Hikishima (2015),
Nonlinear wave growth theory
of coherent hiss emissions in the
plasmasphere, J. Geophys. Res.
Space Physics, 120, 7642–7657,
doi:10.1002/2015JA021520.

Received 31 MAY 2015

Accepted 28 AUG 2015

Accepted article online 3 SEP 2015

Published online 29 SEP 2015

©2015. American Geophysical Union.
All Rights Reserved.

OMURA ET AL. COHERENT HISS EMISSIONS 7642

Yoshiharu Omura1, Satoko Nakamura2, Craig A. Kletzing3, Danny Summers1,4

and Mitsuru Hikishima5,6
,

http://publications.agu.org/journals/
http://onlinelibrary.wiley.com/journal/10.1002/(ISSN)2169-9402
http://dx.doi.org/10.1002/2015JA021520


Journal of Geophysical Research: Space Physics 10.1002/2015JA021520

Inspired by the fine structures of hiss emissions reported by Summers et al. [2014], which resemble small
segments of rising tone and falling tone chorus emissions, we have checked the theoretical amplitude profile
for chorus emissions [Omura and Nunn, 2011] for a large ratio of the electron plasma frequency to the electron
cyclotron frequency. We find a remarkable similarity between the profile of hiss amplitudes and the optimum
amplitude for triggering rising tone emissions. We present a possible interpretation of the plasmaspheric hiss
emissions based on nonlinear wave growth theory. We first derive optimum and threshold amplitudes for
nonlinear growth of discrete hiss emissions in section 2. We study the initial phase of the generation process of
hiss emissions by performing a particle simulation in section 3. In section 4 hiss wave data from the Van Allen
Probes are presented together with theoretical estimates of the wave amplitudes, frequency sweep rates, and
nonlinear transition time for triggering rising tone and falling tone hiss elements. In section 5 we present a
summary and discussion.

2. Nonlinear Wave Growth Theory of Hiss Emissions

Observations by Polar [Santolik et al., 2001], Cluster [Laakso et al., 2015], and the Van Allen Probes [Summers
et al., 2014] indicate that wave normal vectors of the plasmaspheric hiss emissions are nearly parallel to the
background magnetic field near the magnetic equator. We assume a number of coherent whistler mode waves
propagating parallel to the background magnetic field with different frequencies𝜔 j ( j = 1, 2, 3,… , n) ordered
from low to higher frequencies at the same position and time. These waves correspond to different cyclotron
resonance velocities Vj

R. A trapping potential is formed around each resonance velocity Vj
R with a width of the

trapping velocity Vj
tr [Omura et al., 1991]. Electrons with parallel velocities v∥ that satisfy

Vj
R − Vj

tr < v∥ < Vj
R + Vj

tr (1)

interact with the wave with frequency 𝜔j effectively, and their motions are strongly modified, resulting in
the depletion or enhancement of its resonant electrons in velocity phase space. The depletion is called an
electron hole generating a rising tone emission [Omura et al., 2008, 2012], while the enhancement is called an
electron hill generating a falling tone [Nunn and Omura, 2012; Omura et al., 2012]. Provided that any adjacent
pair of resonance velocities Vj

R and Vj+1
R (j = 1, 2, 3,… , n − 1) are separated with a spacing much greater than

a sum of the corresponding trapping velocities Vj
tr + Vj+1

tr , i.e.,

|Vj+1
R − Vj

R| ≫ Vj
tr + Vj+1

tr , (2)

the motion of energetic electrons with parallel velocities close to the resonance velocity Vj
R can be described

as an interaction with a single coherent wave with frequency 𝜔j . In the following, we will make use of
this approximation, assuming that the separability criterion (2) is satisfied. For simplicity, we neglect the
superscript j corresponding to each of the waves.

2.1. Optimum Amplitude for Generating Discrete Hiss Emissions
We assume a coherent whistler mode wave propagating parallel to the background magnetic field B0 with a
wave number k and a frequency 𝜔0 satisfying the linear dispersion relation

c2k2 − 𝜔2
0 −

𝜔0𝜔
2
pe

Ωe − 𝜔0
= 0, (3)

where c, Ωe, and 𝜔pe are the speed of light, the electron cyclotron frequency, and the electron plasma
frequency, respectively. We introduce the dimensionless parameters 𝜒 and 𝜉 defined by

𝜒2 = 1 −
𝜔2

0

c2k2
, (4)

and

𝜉2 =
𝜔0(Ωe − 𝜔0)

𝜔2
pe

. (5)

The cold plasma dispersion relation (3) is rewritten as

𝜒2 = 1
1 + 𝜉2

. (6)
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The phase velocity Vp = 𝜔0∕k, the resonance velocity VR, and the group velocity Vg = 𝜕𝜔0∕𝜕k are given by
the respective equations [Omura et al., 2008, 2012],

Ṽp = Vp∕c = 𝜒𝜉, (7)

ṼR = VR∕c = −𝜒𝜉
(

Ωe

𝛾𝜔0
− 1

)
, (8)

and

Ṽg = Vg∕c = 𝜉

𝜒

[
𝜉2 +

Ωe

2(Ωe − 𝜔0)

]−1

, (9)

where we assume Vp > 0 with k > 0. In these equations the wave number k, which is difficult to measure by
observation, has been eliminated by using the cold plasma dispersion relation.

We assume that the velocity distribution function f of hot energetic electrons is given in terms of the relativistic
momentum per unit mass u = 𝛾v; u has components u∥ = 𝛾v∥ and u⟂ = 𝛾v⟂, respectively, parallel and
perpendicular to the background magnetic field. For simplicity in developing nonlinear theory, we assume f
to take the form

f (u∥, u⟂) =
Nh

(2𝜋)3∕2Ut∥U⟂0

exp

(
−

u2
∥

2U2
t∥

)
Δ(u⟂ − U⟂0), (10)

where U⟂0 = 𝛾V⟂0, Ut∥ is the thermal momentum in the parallel direction, Δ is the Dirac delta function, and
we have normalized f to the density of hot electrons Nh.

We assume that energetic electrons less than a few hundred keV interact with a coherent whistler mode wave
with frequency 𝜔 near the magnetic equator and that they satisfy the condition 𝛾 < Ωe∕𝜔. From (8), we find
VR < 0, and the resonant electrons move opposite to the direction of the wave packets. The resonant electrons
interacting with the wave packet fall into two groups, trapped and untrapped resonant electrons. Trapped
resonant electrons are guided along the resonance velocity VR. For a rising tone wave packet, |VR| becomes
small and the counterstreaming trapped electrons are guided to the higher density part of the reduced veloc-
ity distribution function F(v∥), thereby resulting in a depletion around VR, i.e., an electron hole is created, as
illustrated in red in Figure 1a. For a falling tone wave packet, on the other hand, |VR| becomes larger and the
trapped electrons are guided to the lower density part of the distribution function, resulting in an enhanced
density around VR, i.e., an electron hill is formed as illustrated in blue in Figure 1a.

Integrating f (u∥, u⟂) over u⟂ and taking an average over 𝜁 , we obtain the unperturbed distribution function
g0(v∥) as

g0(v∥) =
Nh

(2𝜋)3∕2Ut∥U⟂0

exp

(
−
𝛾2v2

∥

2U2
t∥

)
. (11)

We assume a distribution of the trapped resonant electrons gt(v∥, 𝜁 ). Depletion of the trapped electrons
results in the distribution function,

g(v∥, 𝜁 ) = g0(v∥) − Qgt(v∥, 𝜁 ), (12)

where Q represents the depth of the electron hole [Omura et al., 2009, 2012]. We can express an enhance-
ment of the phase-trapped electrons by a negative value of Q [Nunn and Omura, 2012]. The electron hole and
electron hill in velocity phase space (v∥, 𝜁 ) are illustrated in Figure 1b, where 𝜁 is an angle between the per-
pendicular velocity of a resonant electron and the wave magnetic field. The dynamics of a resonant electron
are described by the equations,

d𝜁
dt

= k(v∥ − VR), (13)

and

k
d(v∥ − VR)

dt
= 𝜔2

tr(sin 𝜁 + S), (14)
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Figure 1. (a) Formation of an electron hole due to a rising tone element and an electron hill due to a falling tone
element in the reduced velocity distribution function F(v∥) of energetic electrons at the equator and (b) the
corresponding variations of g(v∥, 𝜁 ) in velocity phase space (v∥, 𝜁 ).
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where 𝜔tr = 𝜒
√

kV⟂0Ωw∕𝛾 , and the parameter S is an inhomogeneity factor given by

S = − 1
s0𝜔0Ωw

(
s1
𝜕𝜔

𝜕t
+ cs2

𝜕Ωe

𝜕h

)
, (15)

where
s0 =

𝜒

𝜉
Ṽ⟂0, (16)

s1 = 𝛾

(
1 −

ṼR

Ṽg

)2

, (17)

and

s2 = 1
2𝜉𝜒

{
𝛾𝜔0

Ωe
Ṽ2
⟂0 −

[
2 +

𝜒2(Ωe − 𝛾𝜔0)
Ωe − 𝜔0

]
ṼRṼp

}
. (18)

In calculating s2, we assume that the cold plasma density is constant along the magnetic field line.

With a constant wave frequency, the trapping potential is symmetric around 𝜁 = 𝜋, while the potential is
deformed with a rising or falling frequency, as shown in Figure 1b.

We calculate the resonance currents JE and JB parallel to the wave electric and magnetic field components,
respectively, as

JE = −eQV2
⟂0 ∫

2𝜋

0 ∫
∞

−∞
gt(v∥, 𝜁 ) sin 𝜁dv∥d𝜁, (19)

JB = eQV2
⟂0 ∫

2𝜋

0 ∫
∞

−∞
gt(v∥, 𝜁 ) cos 𝜁dv∥d𝜁. (20)

Assuming a nonlinear trapping potential of a wave with a varying frequency, we express the resonant
currents as

JE = −J0 ∫
𝜁2

𝜁1

[cos 𝜁1 − cos 𝜁 + S(𝜁 − 𝜁1)]1∕2 sin 𝜁d𝜁, (21)

and

JB = J0 ∫
𝜁2

𝜁1

[cos 𝜁1 − cos 𝜁 + S(𝜁 − 𝜁1)]1∕2 cos 𝜁d𝜁, (22)

where J0 = (2e)3∕2(m0k𝛾)−1∕2V5∕2
⟂0 𝜒QGBw

1∕2, and e and m0 are the charge and rest mass of an electron. The
phase angles 𝜁1 and 𝜁2 define the boundary of the trapping wave potential, as described by Omura et al.
[2009, 2012]. The parameter G is the value of the velocity distribution function g(v∥, 𝜁 ) in the trapping region
around the resonance velocity.

Omura et al. [2008] found that the maximum value of −JE takes place when S = −0.4 for a rising tone, and
Nunn and Omura [2012] also found that the maximum value of −JE takes place when S = 0.4 for a falling tone.
In either case, we find JB = −1.3J0, which can be written as

JB = −1.3(2e)3∕2

(
Bw

m0k𝛾

)1∕2

V5∕2
⟂0 𝜒QG. (23)

We note that the sign of JB is determined by the sign of Q. From the relation connecting the nonlinear
frequency deviation 𝜔1 and JB,

𝜔1 = −
𝜇0Vg

2

JB

Bw
, (24)

we find that a positive or negative Q corresponds to a rising or falling tone, respectively.

The nonlinear transition time TN for the formation of the nonlinear resonant current is roughly estimated by
the nonlinear trapping period Ttr given by

Ttr =
2𝜋
𝜔tr

= 2𝜋
𝜒

(
m0𝛾

kV⟂0eBw

)1∕2

, (25)
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where 𝜔tr is the trapping frequency [Omura et al., 2008, 2012]. We define the ratio 𝜏 = TN∕Ttr , which we will
determine by comparison with plasmaspheric hiss observations below.

Over the nonlinear transition time TN, the electron hole or hill is gradually formed. Along with the formation
of JB, the frequency of the triggered wave gradually deviates from 𝜔0 to 𝜔0 +𝜔1. From (11), (23), and (25), we
obtain the averaged frequency sweep rate over the nonlinear trapping period as

𝜔1

TN
= 1.3

4
𝜋−5∕2 Q

𝜏

(
𝜒𝜔phV⟂0

𝛾c

)2 Vg

Ut∥
exp

(
−
𝛾2V2

R

2U2
t∥

)
, (26)

where 𝜔ph is the plasma frequency of the hot energetic electrons defined by 𝜔2
ph = 𝜇0c2Nhe2∕m0.

At the equator the inhomogeneity of the magnetic field is zero, and the second term on the right-hand side
of (15) vanishes. From (15) we can derive the relation between the frequency sweep rate and the normalized
wave amplitude Ωw = eBw∕m0 at the equator in the form,

𝜕𝜔

𝜕t
= −

Ss0𝜔0

s1
Ωw. (27)

Equating the left-hand sides of (26) and (27), and with |S| = 0.4 for the maximum value of |JE|, we obtain the
optimum wave amplitude Ωwo that can trigger a rising tone (𝜔1 > 0) or falling tone (𝜔1 < 0) hiss element as

Ωwo =
s1|𝜔1|

0.4s0𝜔0TN
. (28)

From (26) and (28), we obtain

Ω̃wo = 0.81𝜋−5∕2 |Q|
𝜏

s1Ṽg

s0�̃�0Ũt∥

(
𝜒�̃�phṼ⟂0

𝛾

)2

exp

(
−
𝛾2Ṽ2

R

2Ũ2
t∥

)
, (29)

where Ω̃wo = Ωwo∕Ωe0, �̃�ph = 𝜔ph∕Ωe0, �̃�0 = 𝜔0∕Ωe0, Ũt∥ = Ut∥∕c, and Ωe0 is the electron cyclotron
frequency at the equator.

Finally, we can evaluate the nonlinear transition time using the wave amplitude obtained above. Using (7), we
rewrite (25) as

TNΩe0 = 2𝜋𝜏
(

𝛾𝜉

𝜒�̃�0Ṽ⟂0Ω̃w0

)1∕2

. (30)

Thus, the formula for the optimum wave amplitude, which was originally derived for a rising chorus emission
[Omura and Nunn, 2011], can be generalized for both rising and falling tone emissions.

2.2. Threshold Amplitude for Absolute Instability
The nonlinear triggering process described above takes place at a fixed position near the magnetic equator.
The wave equation for the wave amplitude [Omura et al., 2009, 2012] is

𝜕Ωw

𝜕t
= ΓNΩw − Vg

𝜕Ωw

𝜕h
, (31)

where ΓN is the nonlinear growth rate given by

ΓN =
|Q|𝜔2

ph

2

(
𝜉

Ωw𝜔0

)1∕2 Vg

Ut∥

(
Ṽ⟂0

𝜒

𝜋𝛾

)3∕2

exp

(
−
𝛾2V2

R

2U2
t∥

)
. (32)

The absolute instability, which grows in time at a fixed position, requires the right-hand side of (31) to be
positive. Although (31) is valid for both rising (Q> 0) and falling (Q < 0) tones, the following analysis is only
for rising tones. With an electron hill (Q < 0) in the phase space, the inhomogeneity due to the gradient of the
magnetic field causes wave damping. Falling tones cannot be amplified in the downstream region from the
equator. For the spatial gradient of the wave amplitude 𝜕Ωw∕𝜕h in (31), we assume a condition that maximizes
the convective nonlinear growth, namely, we neglect the first term on the right-hand side of (15), and setting
S = −0.4, we assume

Ωw =
cs2

0.4s0𝜔0

𝜕Ωe

𝜕h
. (33)
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Further assuming a parabolic variation of the dipole magnetic field around the equator as Ωe = Ωe0(1+ ah2),
we obtain

𝜕Ωw

𝜕h
=

cs2

0.4s0𝜔0

𝜕2Ωe

𝜕h2
=

5cas2Ωe0

s0𝜔0
, (34)

where the coefficient a = 4.5∕(LRE)2 is determined by the L shell and the Earth’s radius RE . Substituting (32)
and (34) into (31), we obtain the threshold wave amplitude for the nonlinear wave growth which is given by

Ω̃th = 100𝜋3𝛾3𝜉

𝜒5𝜔0�̃�
4
phṼ5

⟂0

(
ãs2Ũt∥

Q

)2

exp

(
𝛾2Ṽ2

R

Ũ2
t∥

)
, (35)

where ã = ac2∕Ω2
e0. We note that falling tones induced by an electron hill in the phase space cannot be

amplified because of the negative value of S due to the gradient of the magnetic field in the downstream
region from the equator. Therefore, the threshold (35) is only valid for rising tone emissions.

The seed waves of the hiss emissions are generated at the frequency for the maximum linear growth rate by
an instability driven by the temperature anisotropy of hot electrons. In the linear growth process, the waves
become coherent and then the wave amplitude exceeds the threshold for nonlinear wave growth, so that
rising tones are generated initially. The rising tones grow to the optimum wave amplitude, expanding the
bandwidth of the hiss emissions to higher frequencies until the threshold amplitude become close to the
optimum value. The rising tones create electron holes, which result in a strong perturbation of the velocity dis-
tribution function. A local enhancement of the velocity distribution arises between the electron holes, which
results in growth of falling tone emissions. Except for the lowest part of the frequency band, we may find both
rising and falling tone emissions. As the mechanism for the initial frequency broadening, the rising tone emis-
sions play an essential role. Therefore, the threshold works as a necessary condition for the generation of the
hiss emissions.

A recent kinetic theory [Yoon et al., 2014] shows that aperiodic electromagnetic fluctuations in an unmag-
netized plasma are proportional to the electron density. In the plasmasphere, the electromagnetic thermal
fluctuations at very low frequencies can be enhanced because of the much higher plasma density. Although
the linear growth rate is very small because of the low density of the energetic electrons, the initial coher-
ent wave can be generated near the frequency corresponding to the maximum linear growth rate from the
enhanced thermal fluctuations. In Figure 2a, we plot the optimum wave amplitude and the threshold ampli-
tude for different 𝜔pe∕Ωe0 values. Lines in red, green, and blue represent cases with 𝜔pe∕Ωe0 = 25, 15, 5,
respectively. For this calculation we assume the following parameters: L = 4.3, Q = 0.1, Ut∥ = 0.2c, V⟂0 = 0.5c,
and Nh∕Nc = 0.00004, where Nc is the density of cold electrons. These parameters are the same as in Case 1
presented in section 4 except for the plasma frequency 𝜔pe. For each of the parameters, we find a frequency
range satisfying Ωwo >Ωth, and the range shifts to lower frequencies as the plasma frequency increases. As
shown in Figure 2a, the ratio of the plasma frequency to the cyclotron frequency 𝜔pe∕Ωe0 at the equator
mostly controls the frequency profiles of the optimum wave amplitude. A larger ratio makes the frequency of
the hiss emissions much lower. We note that the lowest frequency has the largest optimum amplitude.

The upper boundary of a hiss emission corresponds to the upper limit of the frequency range Ωwo >Ωth. The
threshold amplitude for rising tone emissions determines the bandwidth of the hiss emission. This is because
the frequency broadening starts from the low frequency of the maximum linear growth rate and extends to
the upper limit via the triggering of the rising tone elements. As a result of the triggering of the falling tone
elements from the initial frequency, the lower boundary of the hiss emission becomes lower than the initial
frequency.

We plot the nonlinear transition time in Figure 2b so as to show the time scale of the nonlinear wave
growth. The nonlinear transition time TN becomes shorter for the higher 𝜔pe∕Ωe0. For 𝜔pe∕Ωe0 = 25, we find
TN = 200 ∼ 400Ω−1

e0 , i.e., 3.5 ∼ 7.0 ms for the equatorial cyclotron frequency fce = 9 kHz, which is short enough
to account for the time scale of the hiss elements 10 ∼ 100 ms [Summers et al., 2014]. Since we find 𝜔TN < 2𝜋
at 𝜔 < 0.03Ωe0 in Figure 2b, it is emphasized that formation of an electron hole/hill can take place even less
than one wave period.

In Figure 2c we plot the linear growth rate for different plasma frequencies. We assume a bi-Maxwellian dis-
tribution function for the energetic electrons with a parallel thermal velocity Vt∥ = Ut∥∕𝛾 and a perpendicular

OMURA ET AL. COHERENT HISS EMISSIONS 7648



Journal of Geophysical Research: Space Physics 10.1002/2015JA021520

Figure 2. (a) Threshold wave amplitude (dashed line) and optimum wave amplitude (solid line), (b) nonlinear transition
time, (c) linear growth rates, and (d) nonlinear growth rates at the threshold wave amplitude (solid line) and at the
optimum wave amplitude (dashed line) for 𝜔pe∕Ωe0 = 5 (blue), 15 (green), 25 (red) with parameters 𝜏 = 0.5, L = 4.3
with fce = 9 kHz, V⟂0 = 0.5c, Ut∥ = 0.2, Nh∕Nc = 0.00004, and |Q| = 0.1.

thermal velocity Vt⟂ =
√

2∕𝜋V⟂0. The frequency corresponding to the maximum linear growth rate falls into
the frequency range for nonlinear growth. The maximum linear growth takes place at a frequency higher than
the lower limit of the frequency range for nonlinear wave growth. In Figure 2d, we plot the nonlinear growth
rate ΓN, defined by Omura et al. [2009], at the threshold amplitude and optimum wave amplitude, shown as
solid and dashed lines, respectively. For a wide range of frequency, the nonlinear growth rate at the threshold
amplitude is much greater than the linear growth rate.

We assumed a delta function in perpendicular velocity in the nonlinear theory, while we calculated the linear
growth rate assuming a Maxwellian distribution function. The resonant electrons at low pitch angles cannot
satisfy the condition for nonlinear wave trapping |S| < 1 because of small perpendicular velocities. Since only
resonant electrons at high pitch angles are trapped by the wave potential and contribute to the nonlinear
resonant current, the delta function at an average perpendicular velocity V⟂0 given by

√
𝜋∕2Vt⟂ is used for

simplicity in the nonlinear theory.

2.3. Frequency Sweep Rate
In deriving the nonlinear growth rate near the equator, we have assumed a frequency variation satisfying (27).
Without the frequency variation, electron holes or hills become symmetric in velocity phase space, and there
arises no JE for the wave growth. Substituting the optimum amplitude (29) into (27), we calculate absolute
values of the frequency sweep rate for rising and falling tone elements generated as a result of the absolute
instability near the equator. We use the same parameters as we have assumed in Figure 2. For comparison with
observations, we convert the normalized values to real values assuming fce = 9 kHz, which is a typical value
near the plasmapause. We show the frequency sweep rates for different values of𝜔pe in Figure 3a. For the case
𝜔pe∕Ωe0 = 25, the frequency sweep rate increases from 100 Hz/s to 800 Hz/s as the frequency increases over
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Figure 3. (a) Frequency sweep rate with the optimum wave amplitude, (b) frequency bandwidth corresponding to an
electron hole in velocity phase space, (c) nonlinear spatial growth rate, and (d) energy of resonant electrons for
𝜔pe∕Ωe0 = 5 (blue), 15 (green), and 25 (red) with the same parameters assumed in Figure 2.

the unstable range from 200 Hz to 1500 Hz. For the condition outside the plasmasphere, i.e., 𝜔pe∕Ωe0 = 5,
the frequency sweep rates take larger values corresponding to those of chorus emissions. In Summers et al.
[2014] the sweep rates of rising and falling tone elements were calculated as 1–10 kHz from the spectra of the
fine structures. Some of the structures are conjunctions of two elements with slightly different frequencies.
Such a conjunction appears as a single rising or falling tone element with a larger frequency variation and
results in the overestimation of the sweep rates. We reexamined the phase variation of rising and falling tone
elements applying narrower band-pass filter to extract independent hiss elements and found that the sweep
rate is within a range of 200–800 Hz/s in agreement with the theoretical estimation.

2.4. Separability Criterion
Using the optimum amplitude derived above, we can check if the separability criterion (2) for hiss is satisfied.
We rewrite the criterion in terms of the wave frequencies and the frequency bandwidth Δ𝜔 corresponding to
the size of the trapping potential in velocity phase space, i.e.,

|𝜔j+1 − 𝜔j| ≫ Δ𝜔, (36)

where

Δ𝜔 =
(
𝜕VR

𝜕𝜔0

)−1

(2Vtr). (37)

Using Vtr = 2𝜔tr∕k and VR = (𝜔0 − Ωe∕𝛾)∕k, we have

𝜕VR

𝜕𝜔0
= 1

k
− 1

k2

(
𝜔0 −

Ωe

𝛾

)
V−1

g . (38)
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From (9), using the nonlinear trapping frequency 𝜔tr = 𝜒
√

kV⟂Ωwo∕𝛾 , we obtain

Δ𝜔 = 4𝜔tr

{
1 +

𝜒2

𝜔0

(
Ωe

𝛾
− 𝜔0

)[
𝜉2 +

Ωe

2(Ωe − 𝜔0)

]}−1

. (39)

We plot the frequency bandwidth in Figure 3b, where we assume the electron cyclotron frequency fce = 9 kHz
and the same parameters used in Figure 2. For the case inside the plasmasphere with 𝜔pe∕Ωe0 = 25, nonlin-
ear wave growth takes place in the frequency range 100 Hz to 1.5 kHz, and the bandwidth varies 20 ∼ 100 Hz.
Especially around 200 Hz, the bandwidth is less than 20 Hz, making it possible to generate multiple hiss
elements with rising and falling tones in this frequency range. For the case outside the plasmasphere with
𝜔pe∕Ωe0 = 5, on the other hand, wave growth is possible in the range of 2 ∼ 6 kHz, and the bandwidth is
about 100 Hz. The narrow bandwidth of the nonlinear trapping potential is one of the necessary conditions
for the generation of hiss emissions consisting of many coherent waves at different frequencies. Therefore,
the high plasma density in the plasmasphere is more favorable for the generation of hiss emissions.

2.5. Nonlinear Wave Growth as Convective Instability
We also evaluate the nonlinear spatial growth rate ΓN∕Vg as plotted in Figure 3c, assuming the optimum
amplitude shown in Figure 2a in calculating ΓN. We can evaluate a minimum distance for a wave packet gen-
erated at the equator to grow through propagation. The minimum distance of several hundred kilometers is
needed for the high-frequency part (> 1 kHz) to grow a few times larger. The lower frequency part of the wave
spectrum cannot be amplified appreciably though propagation compared with the higher-frequency part.

Since the nonlinear growth rate under the assumption of rising tone emissions is significantly large, rising
tone emissions should play a predominant role in forming a hiss band. The absolute instability of a rising
tone emission can be connected smoothly to the convective instability, in which the wave grows in a frame
of reference moving with the group velocity. However, a falling tone emission cannot maintain the nonlinear
growth rate in propagating away from the equator because of the opposite signs of the frequency sweep rate
and the spatial gradient of the magnetic field in the formula for the inhomogeneity factor S.

Whistler mode waves with constant frequencies grow from the thermal fluctuations with the linear growth
rate shown in Figure 2c. The wave with the maximum linear growth rate becomes dominant and coherent.
As soon as the amplitude becomes greater than the threshold amplitude, nonlinear wave growth takes place
with an increasing frequency at a fixed position as an absolute instability. In the process of the frequency
increase, the wave grows as long as the amplitude does not exceed the optimum wave amplitude appreciably.
Waves generated by the absolute instability at the equator propagate away from the equator with the group
velocity Vg, growing with the nonlinear growth rate ΓN as indicated by the wave equation (31). The nonlinear
growth rate at the optimum wave amplitude is small in the lower frequency range, while it becomes much
larger than the linear growth rate in the higher frequency range as shown by the solid lines in Figure 2d.
Convective nonlinear wave growth can take place effectively in the higher frequency range.

2.6. Kinetic Energy of Resonant Electrons
In the process of nonlinear wave growth, most of the resonant electrons lose energy, being scattered to lower
pitch angles, while a fraction of phase-trapped electrons is accelerated to higher energy through nonlinear
trapping [Omura et al., 2007; Summers and Omura, 2007]. Those electrons scattered to lower pitch angles form
an electron hole in the velocity phase space with their perpendicular velocities decreased substantially, falling
into the loss cone as demonstrated by particle simulations [Hikishima et al., 2009; Hikishima and Omura, 2012].
To evaluate the kinetic energy of resonant electrons with the average perpendicular velocity V⟂0, as repre-
sented by the velocity distribution function (10), we calculate the resonance energy ER of whistler mode waves
from the Lorentz factor of a resonant electron as

ER = m0c2
[(

1 − Ṽ2
⟂0 − Ṽ2

R

)−1∕2 − 1
]

, (40)

where

ṼR =
Ṽp

Ṽ2
p + �̃�2

0

{
�̃�2

0 −
√

�̃�4
0 +

(
Ṽ2

p + �̃�2
0

) (
1 − �̃�2

0 − Ṽ2
⟂0

)}
. (41)

We have plotted ER as a function of frequency for 𝜔pe∕Ωe0 = 5, 15, and 25 in Figure 3d. The lowest energy
79 keV is determined by V⟂0∕c = 0.5. Because of the variation of the resonance velocity VR over the broad
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Figure 4. Electromagnetic particle simulation with anisotropic energetic electrons, a parabolic magnetic field, and the dense plasma condition 𝜔pe∕Ωe0 = 15,
showing (top row) the initial phase of hiss emissions with spectrum broadening due to nonlinear growth of many of short rising tone elements as well as falling
tone elements. (top row) The emissions are started from spontaneously growing coherent waves due to the linear instability. Dynamic spectra of wave magnetic
field are observed at different locations near the equator. The waves are separated into (middle row) forward and (bottom row) backward traveling components
based on spatial helicities.

frequency range of hiss, the resonance energy likewise varies over a wide range. With a dense plasma condi-
tion 𝜔pe∕Ωe0 = 15 ∼ 25, the energy of resonant electrons generating hiss emissions above 100 Hz is about
100 ∼ 200 keV.

3. Particle Simulation of the Initial Phase of Hiss Emissions

An electromagnetic simulation used for chorus generation studies [Hikishima et al., 2009, 2010; Hikishima
and Omura, 2012] has been applied to a plasmaspheric condition 𝜔pe∕Ωe0 = 15, and the initial result is pre-
sented in Figure 4. This figure shows the time evolution of the wave frequency spectra observed at different
locations near the equator. The particle parameters of the simulation are Ut∥∕c = 0.51, V⟂0∕c = 0.59, and
nh∕nc = 0.00074. The gradient of the parabolic magnetic field is assumed to be a = 1.1176×10−7(Ωe0∕c)2. The
simulation requires a large amount of computational resources. The simulation system consists of 32,768 grid
points and 134,217,728 particles for each of the cold and hot electron species. The time step is 0.003∕Ωe0 and
the number of time steps used is 5,242,880. Although we do not present detailed analyses of the simulation
result in this paper, we have confirmed that the nonlinear growth process is taking place with a plasmas-
pheric condition. We find a broadening of the wave spectra starting with the frequency of the maximum
linear growth rate. In the generation region near the equator, both forward and backward waves are excited.
The wave spectra in Figure 4 (top row) are decomposed into forward and backward waves shown in Figures 4
(middle row) and 4 (bottom row), respectively. In the region slightly upstream from the equator (h = 0),
falling tones are more prominent than rising tones in agreement with nonlinear growth theory based on the
formation of electron hills for falling tones [Nunn and Omura, 2012]. In the downstream region, the wave
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amplitudes of rising tones increase significantly as the waves propagate away from the equator. It is not clear
that the emissions have evolved to be hiss emissions, because the simulation run has been started from an
initial condition with an unstable particle distribution. We cannot therefore confirm a steady state where con-
tinuous hiss emissions are maintained by a continuous injection of fresh energetic electrons. Detailed analyses
of the simulation results are currently being undertaken along with longer simulation runs, and the results
will be reported in a separate paper.

4. Comparison With Plasmaspheric Hiss Observations

We have analyzed the wave form data obtained by the EMFISIS instrument [Kletzing et al., 2013] on the Van
Allen Probes. We use wave form data of 1 s to obtain characteristics of the hiss elements. We first transform
three components of the magnetic field data to the parallel and perpendicular directions with respect to the
local magnetic field. We separate the wave oscillations consisting of the two perpendicular components into
narrow frequency ranges of 100 Hz bandwidth. Assuming that each frequency band only contains a single
wave, we calculate the instantaneous wave frequency and amplitude for a segment containing a coherent
wave oscillation.

Using a segment of a 1 s interval starting from 17:42:30 on 30 September 2012, we plot the instantaneous
wave amplitude and frequency of hiss elements in Figure 5a. This hiss event is reported by Ni et al. [2014] and
Li et al. [2013] as an unusual hiss event at the time of a magnetic storm. The three components of the magnetic
field are transformed into one parallel and two perpendicular components with respect to the magnetic field,
and each 100 Hz segment of the wave spectrum obtained by an FFT is transformed to a time series by an IFFT.
The reconstructed time series of the two perpendicular components gives a time series of the wave vector in
the plane perpendicular to the magnetic field. Using a time period between two adjacent zero crossings of
one of the perpendicular components, we calculate the instantaneous frequency. If the frequency is within
the range of the frequency band, we plot the magnitude of the perpendicular magnetic field by a dot at the
instantaneous frequency. If the frequency is outside the frequency band, we discard it. Repeating the process
for all zero crossings in 1 s and for all frequency bands, we obtained the scatter plot sown in Figure 5a. The
distribution of the dots fluctuates with some peaks in the middle of each frequency band. This is because of
overlaps of two or three hiss elements in each frequency band of 100 Hz. Therefore, the peaks do not represent
real wave amplitudes of individual hiss elements. For comparison, we also plot in red the average amplitude
calculated from the EMFISIS survey mode spectral density. This amplitude is calculated by multiplying each
value by the spectral width at each frequency.

In Figure 5b we choose the L shell L = 4.8 and the plasma frequency 150 kHz, and the cyclotron frequency
6 kHz based on the observations. For the parameters describing the energetic electrons, we assume the den-
sity of energetic electrons Nh∕Nc = 0.0001, the average perpendicular velocity V⟂0∕c = 0.5, and we take a
range of values of the parallel thermal momentum, namely, Ut∥∕c =0.15, 0.20, 0.25, and 0.30. We adjust these
parameters to make the maximum wave amplitude and the frequency band close to the observed values. The
parallel thermal momentum Ut∥ controls the gradient of the wave amplitude profile Ωw(𝜔). The average per-
pendicular velocity is determined so that the linear growth rate takes positive values. The density of energetic
electrons determines the optimum wave amplitude as well as the threshold amplitude, thereby determining
the upper limit of the hiss emission. The particle parameters that we assumed in fitting the optimum ampli-
tude to the observed amplitude profile gives a kinetic energy about 100 keV, which agrees with the particle
observation reported in Figure 1e of Ni et al. [2014].

We now study two cases of hiss emissions, as reported by Summers et al. [2014], on 18 and 21 February 2013.
Case 1, with a duration of 1 s from 04:29:34 on 21 February, is an example of hiss observed very close to the
magnetic equator. We plot the instantaneous wave amplitude as a function of frequency in Figure 6a. We can
fit the optimum wave amplitude (blue line) and the threshold wave amplitude (black dashed line) to Case 1
as shown in Figure 6c, using parameters L = 4.3, fce = 9 kHz, fpe = 200 kHz, V⟂0 = 0.5c, Ut∥ = 0.2c, and
Nh∕Nc = 0.00004. For Case 2, observed in an off-equatorial region with a duration of 1 s from 09:26:56, we
find enhancement of the amplitude spectra for higher frequencies greater than 500 Hz as shown in Figure 6b.
We first fit the optimum and threshold amplitudes to the observed frequency range of the hiss emission by
using the parameter L = 4.6, fce = 6 kHz, fpe = 140 kHz, V⟂0 = 0.5c, Ut∥ = 0.15c, and Nh∕Nc = 0.00007
as shown in Figure 6d. We then take into account the effect of nonlinear convective wave growth from the
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Figure 5. (a) Instantaneous wave amplitudes and frequencies of wave forms reconstructed from each of the 100 Hz
segment of magnetic field spectrum density of hiss emissions observed by the Van Allen Probe A during a 1 s interval
starting from 17:42:30 on 30 September 2012. The average amplitude calculated from the spectral density of three
components of EMFISIS data in the survey mode is also plotted in red. (b) Optimum amplitudes with 𝜏 = 0.5 and the
threshold amplitude for triggering a rising tone element at L = 4.8 with fce = 6 kHz, fpe = 150 kHz, V⟂0 = 0.5c,
Ut∥ = 0.15, 0.20, 0.25, 0.30c, Nh∕Nc = 0.0001, and |Q| = 0.1.

optimum amplitude attained at the equator. Using the nonlinear spatial growth rate shown in Figure 3d, we
calculate the increased amplitude due to convection over a short distance of 300 km and plot this in red
in Figure 6d. However, this is a rough evaluation obtained by using the largest possible nonlinear growth
rate corresponding to S = −0.4 condition. This condition may not be satisfied in reality, and a more exact
evaluation requires numerical integration of the wave equations involving the nonlinear resonant current
[Summers et al., 2012]. In both cases, we have assumed 𝜏 = 0.5, |Q| = 0.1, and V⟂0∕c = 0.5, which gives a
resonance energy about 100 keV.
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Figure 6. Instantaneous wave amplitudes (black) and averaged amplitudes (red) as functions of frequencies, which are
obtained by the same method used in Figure 5, for hiss emissions (a) Case 1 and (b) Case 2 in Summers et al. [2014]. (c, d)
Optimum amplitudes (solid blue line) and threshold amplitudes (dashed black line) corresponding to Case 1 and Case 2,
respectively. In Case 2, the amplitude profile after nonlinear convective growth over a distance of 300 km is also plotted
in red. The assumed parameters are Case 1: L = 4.3, fce = 9 kHz, fpe = 200 kHz, V⟂0 = 0.5c, Ut∥ = 0.2c, Nh∕Nc = 0.00004
and Case 2: L = 4.6, fce = 6 kHz, fpe = 140 kHz, V⟂0 = 0.5c, Ut∥ = 0.15c, Nh∕Nc = 0.00007. In both cases, 𝜏 = 0.5, and|Q| = 0.1.

5. Summary and Discussion

We have obtained an optimum wave amplitude that can trigger rising and falling tone hiss elements.
The temperature anisotropy of energetic electrons near the equator induces the linear whistler mode
instability resulting in a coherent wave growing from thermal fluctuations. When the wave amplitude exceeds
the threshold wave amplitude given by (35), an electromagnetic electron hole is formed in velocity phase
space, resulting in gradual formation of the negative JB and corresponding positive frequency shift. The
positive frequency sweep rate makes the electron hole asymmetric with S ∼ −0.4, inducing the negative
JE , which causes wave growth as an absolute nonlinear instability near the equator. As soon as the wave
amplitude reaches the optimum wave amplitude the absolute instability saturates, but the generated wave
packet can grow due to the nonlinear growth rate through propagation. The generation of rising tone
emissions at the equator is repeated at progressively higher frequencies making the frequency range of
hiss emissions gradually wider. The process of spectral broadening has been confirmed to take place by the
particle simulation in section 3. The upper limit of hiss emissions is determined by the frequency range in
which the optimum amplitude is greater than the threshold amplitude. This broadening over the finite band
yields the spectral characteristics of observed hiss emissions.

The nonlinear wave growth process requires a coherent wave with a finite amplitude greater than the
threshold amplitude, which triggers the wave growth through formation of an electron hole for a rising tone
emission or an electron hill for a falling tone emission. The triggering wave can be a wave spontaneously
growing from the thermal fluctuations or an external wave propagating into the plasmasphere such as a
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chorus wave from the outside of the plasmasphere or whistlers from the atmospheric lightning. Since the
linear growth rate is very small in the present study, the wave growth process from the thermal fluctuations
proceeds very slowly, while the nonlinear growth rate is much higher than the linear growth rate as shown in
Figures 2c and 2d.

As we found in Figure 2d, the nonlinear growth rate maximizes at a frequency higher than the frequency of
the maximum linear growth rate. At higher frequencies, many rising tone elements are triggered, and they
grow up to the optimum wave amplitude. The spectrum shape changes with increasing frequencies. Near
the equator, the spectrum shape as a function of the frequency is determined by the frequency profile of the
optimum wave amplitude. The tendency of decreasing amplitude with increasing frequency is found in hiss
emissions reported in the published literature [Thorne et al., 1973; Ni et al., 2014; Li et al., 2014; Tsurutani et al.,
2015]. Through the wave spectrum, shape changes from the profile of the optimum wave amplitude through
propagation from the equator to higher latitudes because of the convective growth at higher frequencies.

In developing the nonlinear wave growth theory, we have assumed many coherent waves in a purely
field-aligned direction near the magnetic equator, where the waves at the same locations have different
frequencies satisfying the separability criterion. The phase organization of the particles takes place in the
transverse plane perpendicular to the magnetic field. As the waves propagate away from the equator, the
wave normal angles deviate from the parallel direction, and there arise longitudinal interactions involving
parallel electric fields. In the presence of energetic electrons with a Maxwellian distribution function, the
waves can be expected to undergo Landau damping at the phase velocity 𝜔∕k∥ as a result of the parallel
electric fields. After the absolute instability and the convective growth takes place near the equator, the wave
amplitudes should gradually decrease through Landau damping. However, the damping is only limited to
lower latitudes, because the parallel velocities of energetic electrons decrease due to adiabatic motion. A
smaller number of electrons then interact with the wave at the phase velocity.

A simulation study by Katoh and Omura [2013] shows generation of broadband waves outside the plasmas-
phere (𝜔pe∕Ωe0 = 4). The simulation demonstrates the broadening of the frequency spectra due to the many
triggering of rising tone chorus emissions.

Gao et al. [2014] reported supporting evidence for the nonlinear wave growth mechanism generating hiss-like
emissions. The higher density of energetic electrons results in a wider gap between the optimum wave ampli-
tude and the threshold wave amplitude, and this is a favorable condition for triggering many rising tones
which are observed as hiss-like emissions. Essentially, the same mechanism takes place in the generation
process of plasmaspheric hiss emissions.
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