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Active and Reactive Power in Stochastic Resonance for Energy

Harvesting

Madoka KUBOTA?, Student Member, Ryo TAKAHASHI', Member, and Takashi HIKIHARAT, Fellow

SUMMARY A power allocation to active and reactive power in
stochastic resonance is discussed for energy harvesting from noise. It is
confirmed that active power can be increased at stochastic resonance, in the
same way of the relationship between energy and phase at an appropriate
setting in resonance.
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1. Introduction

Since noise appears everywhere in our surroundings, the en-
ergy conversion from noise to controlled motion is a key to
come it to use. As an energy harvester from thermal noise,
the molecular sized brownian ratchet was suggested, but this
machine was verified its impossibility [1], [2]. On the other
hand, stochastic resonance (SR) has been suggested as a
method for energy harvesting from noise [3]-[5]. SR is a
phenomena in which noise with moderate strength enhances
Signal Noise Ratio (SNR) [6], [7]. SR is possibly to apply
to biological sensory organs [8], [9], and the applications
have expanded in medical use [10], brain image enhance-
ment [11], and nano sized transistor [12], [13].

Here, we discuss SR for harvesting energy from white
noise and the method to enhance the energy. This letter de-
velops a concept of power factor correction as same as elec-
trical systems, and surveys a power allocation to active and
reactive power. Finally it is clarified that active power of
controlled motion is maximized at SR.

2. System and Power Equations

Suggested energy harvesters by the method of SR possess
bi-stable potential [3]-[5]. Here is assumed that dynamical
equation of the SR harvesters is represented altogether by
the following formula:

i oV
M = T Ox RO, v
vy U

Ox dx

= —(x3 — X) + hcos Qt,

where R(?) is given as zero-mean white Gaussian noise of
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auto-correlation function:
< R(OR(t + Ar) >= 2ymkT6(At). )

Where m denotes oscillator mass of a harvester, x displace-
ment, my damping constant, 4 cos Q¢ sinusoidal external
force, U(x) bi-stable potential, k Bolztman constant, and T
noise temperature. (') implies time differential d/df and < >
ensemble average operation. We take dissipative energy of
controlled motion at frequency € as harvested energy.

Without loss of generality, we can introduce the pre-
viously obtained theoretical relationship from [14]-[16]. In
particular, Q and ¢ are defined in [14] and [15].

< x>= Qcos(Qf — ¢) 5
o % \/% )
¢ = arctan 2)‘;2?’& ng) s
3w [i) .

Responses of amplitude Q and phase ¢ for noise intensity
kT are shown in Fig. 1. €, is a relaxation rate defined by
d?U/dx?| -+ [15]. W/2 corresponds to Kramers rate [16] at
wy = A2U/dx?| =11, wp = d?U/dx?| 0, and potential bar-
rier AU = 1/4. According to the reaction of Q in Fig. 1, SR
appears around k7' = 0.1. When SR appears, the dissipative
energy becomes maximum as confirmed in [3]-[5]. The re-
sults explain that the external force frequency {2 matches the
time lag to overcome the potential barrier for the harvester.
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Fig.1  Behaviors of amplitude Q and phase ¢ as functions of kT, where
m = 0.02, ym = 3.00, h = 0.20, and Q = 0.04. Both Q and ¢ show their
single peaks.
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On the other hand, when a harmonic oscillator has
phase lag 7/2 to sinusoidal external force, so called reso-
nance appears, then dissipative energy becomes maximum.
Similar phenomena are also confirmed in nonlinear oscilla-
tors [17]. In Fig. 1, phase lag ¢ becomes maximum at SR*
[15]. However, it has not been accounted for the relationship
between phase lag and dissipative energy.

3. Active and Reactive Power

Here we focus on the relationship between phase lag ¢ and
energy flow in system of Eqgs. (1) and (2). Since there are
two external forces; sinusoidal force and noise, it is diffi-
cult to decide each contribution. For energy harvesting by
SR, it is necessary to see the energy flow. From Eq. (1), the
following relationship is obtained.

e es>=-m <x2>—<—Ux>
2 di - dx
+ < x> hcosQt+ < R(H)x > . 7

Here allocates each term to input, active and reactive power.
Through the mechanical-electrical analogy [18], electrical
voltage and current correspond to externally given mechan-
ical force and the velocity of oscillator, respectively, so that
the correspondence of electrical active power to mechanical
dissipative power appears. At the same time, the reactive
power can be explained as the mechanical energy flow. Gen-
erally active and reactive power are averaged over a period.
On the other hand, instantaneous input, active, and reactive
power are depicted as follows:

Input power:
< xhcos Qt > + < R(t)x >

1 [oV
= ——<—>hcoth+7kT, ®)
ym \ 0x
Active power:
1 [ov\’
< myi* >= ykT + —<—> ) 9)
ym \ Ox

Reactive power:
m d <P a du
—— <X —X
2 dt
1 jov\® 1 [ov
=——(—) — —{—)hcosQt, (10)
ym \ Ox ym \ 0x
where the following two equations derived from the Fokker-
Plank equation are substituted into Eq. (7).

kT 1 [ov\?
A= y—m<a—> (i
<x>:_i<6_v>, (12)
ym \ Ox

In Egs. (8), (9), and (10), those power consist of following

*Egs. (3), (4), and (5) are derived for over damped model with-
out inertia, therefore they will not match Eq. (1) completely.
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Fig.2  Theoretically calculated Py (red solid line), P, (blue dotted line),
P3 (green broken line) as a function of kT.

P Gi=1,23):
1 [oV 1 [ov\*
Pi=——{—)hcosQt, Py=—{—), P;=ykT.
ym \ Ox ym \ 0x

Here we average P; (i = 1,2,3) over a period 27/Q, and
express them as F] (i = 1,2,3). Figure 2 shows them as
functions of noise strength kT'. P5 is in proportion to kT. P;
and P, reach thier peaks around SR.

Here we discuss the physical meaning of P; i =
1,2,3). The power sources of P, and P; are obvious.
P, is input power from sinusoidai force 4 cos Qf, because
< Xxhcos Qt >= Pp can be derived from Eq. (12). Pj is in-
put power from noise R(f), because < R(¢#)x >= P3 can be
derived from Egs. (1) and (2). P corresponds to dissipative
power consumed by localized small scale vibration. On the
other hand, P, can not be derived directly from the given
forces, and the power source is not clearly defined. As you
can understand, P, is a term which cancels out by adding
both active (Eq. (9)) and reactive powers (Eq. (10)). How-
ever, at first, P, includes frequency Q, since P, depends on
potential shape V(x, ), as in Eqs. (1) and (3). In addition, P,
becomes maximum around SR as shown in Fig.2. There-
fore P, seems a power to vibrate over the potential barrier
periodically.

Next, energy flow is discussed based on the above
power allocation. The input power P; from noise goes
directly to active power and is consumed. Figure 2 and
Egs. (8), (9), and (10) lead that, when SR appears, P; con-
tributes to the reactive power mostly. Then P, increases,
since reactive power (= —P;, + P;) of Eq. (10) has a limit.
Consequently active power P, including Q also increases.
P, equals the dissipative power of controlled motion. The
special feature is that, when SR appears, phase lag ¢ and
also P, are maximized at an appropriate noise intensity.
Hence, it is reasonable to adjust dissipative power by alter-
ing kT similar to power factor correction in a circuit.

4. Numerical Estimation

Figure 3 shows time dependence of displacement x at kT =
0.03, 0.07, and 0.40. SR appears around kT = 0.07.
Figure 4 shows numerically calculated Py, P, from Egs. (1)
and (2). Blue (gray) bullets at each kT are values of ten
trials, and red (black) squares are ensenble averaged value
from the ten trials. P; and P, become maximum locally
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Fig.3  Time changes of displacement x under the noise intensity k7 =
0.03,0.07,0.40 with & and Q kept constant.
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Fig.4  Numerically estimated P, and P, under different noise strength.

around kT = 0.07 where SR appears. However the peaks
are not clear as in Fig. 2. P, increases at kT = 0.5. This is
because of a reduction in calculation accuracy as we can see
that the variance of blue (gray) bullets increases with noise
intensity k7" growth.

5. Conclusion

In this letter, SR is investigated as a method for energy har-
vesting from noise. When SR appears, the phase lag and
dissipative power of frequency ) are maximized at an ap-
propriate noise intensity. The result suggests the possibility
of maximizing dissipative energy of controlled motion as
same as the analogous to power factor correction.
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