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We study the entanglement entropy of excited states in two-dimensional conformal field theories
(CFTs). In particular, we consider excited states obtained by acting on a vacuum with primary operators.
We show that the entanglement entropy increases by a finite constant amount under its time evolution.
Moreover, in rational conformal field theories, we prove that this increase of the (both Renyi and von
Neumann) entanglement entropy always coincides with the log of the quantum dimension of the primary

operator.
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Quantum field theories (QFTs) contain infinitely many
degrees of freedom and therefore we can in general define
an arbitrary number of observables. Among them, the
entanglement entropy is a very helpful quantity, especially
when we would like to study global structures of any given
quantum field theory. It is defined as the von Neumann
entropy S, = —Tr[p, log p,] of the reduced density matrix
pa for a subsystem A. The reduced density matrix p, is
defined from the original density matrix p by tracing out the
subsystem B that is the complement of A. For example,
we can quantify topological properties by computing
topological contributions in the entanglement entropy,
the so-called topological entanglement entropy [1].

One may wonder if there is a sort of topological
contribution in the entanglement entropy even for gapless
theories, especially conformal field theories (CFTs).
The main aim of this paper is to extract such a quasito-
pological quantity from the (both Renyi and von
Neumann) entanglement entropy of excited states in
two-dimensional rational CFTs. We refer the reader to
Ref. [2] for a connection between the topological entan-
glement entropy and boundary entropy, and to Ref. [3] for
a connection between the boundary entropy and entan-
glement entropy.

The nth Renyi entanglement entropy is defined by
S/(p = log Tr[p]/(1 — n). The limit n — 1 coincides with
the (von Neumann) entanglement entropy. We are inter-

(n)

ested in the difference of S’ between the excited state and

(n)

the ground state, denoted as AS, . Replica calculations of

ASX’) for excited states defined by local operators have
been formulated in Refs. [4-6]. In particular, we will
closely follow the construction in Ref. [5], which can be
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applied to QFTs in any number of dimensions. More details
can be found in Ref. [6]. Indeed, this quantity is topological

as the late-time values of ASE\") do not change under any
smooth deformations of the subsystem A [5].

These late-time entropies are expected to measure the
degrees of freedom of a given local operator and can be
useful quantities to characterize it. They will become
important physical observables in the context of AdS/
CFT, where a simple geometrical quantity in gravity
coincides with the entanglement entropy in CFT [7]. So
far, the late-time entropies have been computed for only
free field theories [5,6], where we cannot apply the AdS/
CFT correspondence. Thus we would like to study the
simplest interacting CFTs—i.e., two-dimensional rational
CFTs—in this paper.

Consider an excited state that is defined by acting a pri-
mary operator O, on the vacuum |0) in a two-dimensional
CFT. We employ the Euclidean formulation and introduce
the complex coordinate (w,w) = (x + iz,x —ir) on R?
such that 7 and x are the Euclidean time and space
coordinates, respectively. We insert the operator O, at
x = —[ < 0 and consider its real-time evolution from time 0
to ¢ under the Hamiltonian H. This corresponds to the
following density matrix:

plt) = N - e O, (~1)[0){0] O} (1)~ M

= N - Oy (w2, 72)|0) (0| O% (wy, ), (1)

where N is fixed by requiring Trp(7) = 1. Here we have
defined

wy =—i(e+ir)—1, (2)

wy =i(e—it) -1,

© 2014 American Physical Society
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FIG. 1 (color online). The n-sheeted space X,,. The red interval
describes the subsystem A.

wy = —i(e—it) —1, wy =i(e+it)—1.  (3)
An infinitesimal positive parameter e is an ultraviolet
regularization and we treat ¢ & it as purely real numbers
until the end of calculations, as in Refs. [5,6,8].

To calculate AS&"), we employ the replica method in the
path-integral formalism by generalizing the formulation for
ground states [3] to our excited states [S]. We choose the
subsystem A to be an interval 0 < x < L at7 = 0. Itleads to
a n-sheeted Riemann surface X, with 2n operators O,,,
inserted as in Fig. 1. In the end, we find that ASX” can be
computed as

ASY
=7 1 —[log (Oh (W1, 1) 0,4 (W 3) -+ - Oy (Wa W,))5,
—nlog <O$(W1,W1)Oa(wz,wz)>zl]7 (4)
where (Wy 1, Waryp) for k=1,2,---,n—1 are n—1

replicas of (wy,w,) in the kth sheet of X,. The term in
the second line is given by a 2n-point correlation function
on X,. The final term is a two point function on ¥; = R?
and it is normalized such that

(Oa(wi. 1) Oy (W, 2))s, = [wia[ ™4 = (26) %, (5)

which is equal to A/~!. Here A, is the (chiral and antichiral)
conformal dimension of the operator O, and we have
defined Wiy = Wy — Wy,

Let us first study the n = 2 case ASff) in detail. Later we
will generalize the results to any n. We can apply the
conformal transformation

w/(w—L)= 2", (6)

which maps X, to X;. Setting n =2 and using
Eq. (2), the coordinates z; are given by z; =
—z3 = \/(l—t—ie)/(l—{—L—t—ie) and 7, = —z4 =
V/(I—=t+ie)/(I+ L —t+ ie). [Similarly, the coordinates
Z; are given by using Eq. (3).] It is useful to define the cross
ratios as z = 212234/(213224), 2 = Z12Z34/(Z13%24), Where
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z;j = 2; — 2;. Consider the behavior of (z,Z) in the limit
€—0. When O <tr<1l or t>L+1, we find (z,Z) >

. ~ L2 - 12¢2
(07 0) = A(=12 (L= = A0 (L0 In the other
case, [<t<L+1, we find (z,2)— (1,0): z=

LZ 2 = __ LZ 2 . . .
1- WZH—N’ z = m. Though this limit

(z,Z) = (1,0) does not seem to respect the complex
conjugate, it inevitably arises via our analytical continu-
ation of ¢ from imaginary to real values.

Owing to the conformal symmetry, the four-point func-
tion on X; can be expressed as

(O1(21.21)04(22.22) Oh(23. 23) O, (24 ),

= |213204| ™ - G, (2. 2). (7)

Applying the conformal map (6), we obtain the four-point
function on X%,,

(OF (w1, 1) O (W, W) O (w3, W3) O, (Wa, W) g

4

2

|dWi/dZi|_2A<OZ(Zl ) Zl)oa(ZZv 52)02(13» 23)

i=1
% Oy(24:24))5,
= (4L)7|(z = (23 = )/ (2122)[** - Gu(2.2). (8)

Using this and Eq. (5), the relevant ratio is expressed as a
function which depends only on z,

(Oh(w1,191) Oy (o W2) Ol (W3, 03) O, (4. W4))s,
((OZ(lewl)Oa(WZvWZ»Z,)Z
|*8a|1 = z[* - G, (2, 2). 9)

For example, we consider a ¢ = 1 CFT defined by a
(noncompact) massless free scalar ¢ and choose the
operators

Op=e.  Oy=(f+e™)/V2,  (10)
which have the same conformal dimension A} = A, = %
Then, the functions G,(z,Z) are found to be G,(z,7)=
1//|z||1—z| and G,(z.2) = (|z|+1+[1-2)-G,(z.2)/2.

It is obvious that the Renyi entropy always becomes
trivial (AS;Z) = 0) for the operator O;. For O,, we find

ASY = { 0
A log?2

(0<t<l or
(l<t<Il+1L).

t>1+1L), (11)

This is depicted in Fig. 2.
The reason why we find the trivial result for O, is
because the excited state ¢5#|0) can be regarded as a direct

product state e2:|0), ® e2*%|0), in the left-moving (L:
chiral) and right-moving (R: antichiral) sector [5].

Therefore it is not an entangled state.

041701-2
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FIG. 2 (color online).
set /=1, L =1.

The time evolution of ASff) for O,. We

On the other hand, O, creates a maximally entangled
state (or, equivalently, an Einstein-Podolsky-Rosen state),
ﬁ(€2¢L|O> ® e%|0), + e72%:|0); ® e72%|0)z), which
carries the Renyi entropy log?2 for any n [5]. At t =0,
we insert this operator at the point x = —[, which creates an
entangled pair. The pair propagates in the left and right
directions at the speed of light. When [/ < ¢t < [+ L, one
fragment stays on the subsystem A and the other on B,
which leads to the log2 entropy. When 0 <t <[ or
t > [+ L, both fragments live in B and thus the entropy
vanishes. This argument based on the causal propagations
explains the result (11).

This behavior is universal for any primary operators in
any CFTs, as is clear from Eq. (9), though the explicit value
of the Renyi entropy for [/ <t <[+ L depends on the
choice of operator and CFT, as we will study below.

In general CFTs, the function G(z,Z) can be expressed
using the conformal blocks [9],

= S(CLE BB, (12)

b

Gu(z,7)

where b runs over all primary fields. In our normalization,
the conformal block F,(b|z) behaves in the z — 0 limit as
F,(b|lz) = z%72%(1 4+ O(z)), where A,, is the conformal
dimension of O,,.

Since we found (z,Z) — (0,0) when 0 <7</ or
t > [+ L, we get the behavior G,(z,7) = |z|™*4«, as the
dominant contribution arises when b = 0, i.e., when O,
coincides with the identity Oy(=I). Applying Eq 9), we
get ASEQ =0, as expected from the causality argument.

To analyze the entropy when the causality condition
[ <t<Il+L is satisfied, we need to apply the fusion
transformation, which exchanges z, with z, (or equally z
with 1 — z),

F,(b|1 =2) ZF,,C (c|z), (13)

where F,.[a] is a constant called the fusion matrix [10,11].
In the limit (z,Z) — (1,0), we obtain G,(z,z) = Fgola]-
(1 = z)7 28z 24, Therefore we find the following simple
expression from Eq. (9): AS< ) = —log Fyplal.
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Moreover, in rational CFTs, based on the arguments of
bootstrap relations of correlation functions [10,12], it was
shown in Ref. [11] that F[a] coincides with the inverse of
a quantity called the quantum dimension d,,,

Foolal = 1/d, = Soo/Soa- (14)

where S, is the modular S matrix of our rational CFT.
Consider a product operator of p primary fields and
decompose it into a sum of primary fields via the fusion
rule as [O,]7 = Ziv ’,[O;]. The quantum dimension d,, is
defined such that the number N, of primary fields in the
sum is given by N, = (d,,)” in the limit p - oo. Thus, the
quantum dimension counts the averaged number of
elementary fields included in the primary operator.

In this way we obtain a remarkably simple result for two-
dimensional rational CFTs:

ASY =logd,. (15)

when l <t <[+ L.

For example, if we consider the (p + 1, p) unitary
minimal model and choose O, to be the (m,n) primary
operator [9], we can explicitly confirm Eqgs. (13) and (14)
using the expressmns for the four-point functions in
Ref. [13], and ASY for I < 1 < [+ L is found to be

s snGey

2 _ (
AS,’ =log ( 0
sin(F£) s1n(p+1)

The nth Renyi entanglement entropy can be obtained
from Eq. (4) by computing the 2n-point functions. Owing
to the previous discussions, since we are interested in the
nontrivial time period / <t <[+ L, we can assume the
limit L — oo and employ the simple conformal map
w = z". Then the 2n points z;,z,,---,Zz, in the z coor-
dinate are given by

k+1/-

2okt = €Xi(ie +t— )i = 2 (I — 1 — ie)r,

Zopss = €X(—ie + 1 — )} = 25 (1 = 1 + i€,

s = e 2 (—ie — 1 — 1) = 252 (1 4 £+ ie)r,

Zorsn = € (ie — 1 — )i = e—zﬂf'*n (I+t—ie).  (17)
Then we get

(Oh(w1, 1) O, (Wa, W5) - Ou(Wans W)y,
(Ou(wi,791) Oy (w3, 1)), )"
=C, (0i(21.71)04(22. %) * -+ Ou(z2ns 2m))y,»  (18)

where we have defined C,, = (#{ﬂ))zmd T (ziz)

At early time 0 <7</, we obtain in the ¢ - 0

. . — 2 _ 2
Hmit 2oy = Zoksn = =575 2ke1 = ~5(1=p S2k+2  and
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> = ~ _2ie 3 — _2ie 3 e limi
L2k+1 T L2k+2 = (i4) L2k T (i) <2k+2- In this limit the

2n-point function is factorized as follows:

(06(21.71)04(22.22) -+ Oz, Zon))s,
n—1

= H<OZ(sz+l +Zok41)Oal22k42: Zokg2))s, - (19)

k=0

Therefore we can confirm that the ratio (18) becomes unity

and this leads to AS|" = 0.
On the other hand, at late time ¢ > [, we find z5; | —

2ie 2ie
—t

Wk = =iy 2kl = “aiieg f2k A Ty = 2=
2ie

2‘ ~ _ - . .
n(t—lil) k1 = p(i4) L2kr2- In order to factorize the 2n-point
functions into n two-point functions, we need to rearrange
the order of the holomorphic coordinates [z, 25, -, Z2,]

on the right-hand side of Eq. (19) as follows:

(21,22)(137 24) T (Z2n—l’22n)

= (23, 22)(25.24) - - - (21, 220)-

If we decompose this procedure into bootstrap transforma-
tions of four-point functions, we can easily find that it is
realized by using the fusion transformation (13) n—1
times, as shown in Fig. 3. Thus we obtain

<Oa(zl? Zl)oa(ZZv Z2) e Oa(ZZnﬂ Z2n)>21
n—1 —2A,

= (Fpola])"™" |:H(Z2k+l — 20) (Zaks1 — Zok42)
k=0

Finally, the ratio (18) at late time is computed to be
(Foola])™™! = (d,)'~". In this way, we obtain the following
simple formula:

ASY) = logd,. (20)

Note that for any given a, the quantum dimension d,,
is known to be the largest eigenvalue of the fusion matrix
(N,)5(= N¢,). The number of primary fields contained
in the operator product of [O,]* is estimated as ~(d,)*
when k is very large (see, e.g., Ref. [2]). Therefore it
should be interpreted as the effective degrees of freedom
included in the operator O, and our results give a clear

3 45 62n3 2n2 5 6 2n-32n-2

23,

2n-1 2n-1
T XY o Rylal
/
1 2n 1 2n
2 34 5 2n-2 2n-1 /

(Foo[a])n—l .. —> (Foo[a])n—l 3 n

+o.
1 2n 2 1

4 56 72n2 2nl

FIG. 3 (color online). The fusion transformations to obtain

AS{
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manifestation of this statement using the (Renyi) entan-
glement entropy.

For example, in the Ising model [i.e., the (4,3) minimal
model], there are three primary operators: the identity /, the
spin o, and the energy operator w. Since the quantum

dimension is zero for / and y, ASX') is always vanishing for

these. However, for the spin operator o, we find ASE"” =

log /2 for any n as d, = /2. This fact can be explicitly
confirmed by using the identity [14]

(<6(Zl s Zl )0(221 ZZ) e U(ZZn’ ZZVL)>ZI )2
=(0y(21,21)0x(22.22) - - Oa(200: 220))y,»  (21)

where O, was defined in Eq. (10).

In conclusion, we derived the simple formula (20) which
is applicable to both the Renyi (n > 2) and von Neumann
(n = 1) entanglement entropies for primary-operator exci-
tations at late time. Intuitively, this result fits nicely with the
fact that the quantum dimension is a measure of the number
of elementary fields included in a given primary field. The
essence of this calculation was that the time evolution
performs the fusion transformation only in the left-moving
sector. If we consider a product of primary operators
[1.(0,)", we obtain ASX” =Y, n.logd,, using the
sum rule in Ref. [6]. The quantum dimension d, satisfies
dadb - ZCNZde.

The primary operators in our calculations can be locally
decomposed as a product of a left-moving part and a right-
moving part as O(z,Z) = O;(z)Og(Z). Then, one may
wonder why we do not get the trivial entropy, as its excited
state is a direct product state. This puzzle is resolved by
remembering the structure of the total Hilbert space of

rational CFTs given by H = ZQH%I) ® Hgf), where the
label a runs over all conformal blocks (or, equivalently,
primary fields). Thus it is not a precise direct product
‘H = H; ® Hg. This is the reason why we get the non-
vanishing entropy (20). In other words, they become
nontrivial due to a global structure of the conformal blocks
of CFTs and thus reflect a “topology” of CFTs.

Note that the topological entanglement entropy [1]
defined in the three-dimensional topological theories also
has the same contribution log d, from anyons, in terms of
its equivalent two-dimensional (chiral) rational CFT which
lives on their boundary. In this sense, our results formally
look like a holographic dual of the topological entangle-
ment entropy. However, in our results, this contribution
arises in dynamical systems defined by two-dimensional
rational CFTs, where their real-time evolutions play an
important role.

It will also be very intriguing to consider higher-
dimensional generalizations of our results and work out
a direct connection to the holographic entanglement
entropy [7].
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