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Cylindrical Couette flow of a rarefied gas: Effect of a boundary condition
on the inverted velocity profile
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Graduate School of Engineering, Kyoto University, Kyoto 615-8540, Japan
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The cylindrical Couette flow of a rarefied gas between a rotating inner cylinder and a stationary outer cylinder
is investigated under the following two kinds of kinetic boundary conditions. One is the modified Maxwell-type
boundary condition proposed by Dadzie and Méolans [J. Math. Phys. 45, 1804 (2004)] and the other is the
Cercignani-Lampis condition, both of which have separate accommodation coefficients associated with the
molecular velocity component normal to the boundary and with the tangential component. An asymptotic analysis
of the Boltzmann equation for small Knudsen numbers and a numerical analysis of the Bhatnagar-Gross-Krook
model equation for a wide range of the Knudsen number are performed to clarify the effect of each accommodation
coefficient as well as of the boundary condition itself on the behavior of the gas, especially on the flow-velocity

profile. As aresult, the velocity-slip and temperature-jump conditions corresponding to the above kinetic boundary
conditions are derived, which are necessary for the fluid-dynamic description of the problem for small Knudsen
numbers. The parameter range for the onset of the velocity inversion phenomenon, which is related mainly to the
decrease in the tangential momentum accommodation, is also obtained.

DOI: 10.1103/PhysRevE.92.013013

I. INTRODUCTION

The cylindrical Couette flow is one of fundamental prob-
lems in fluid mechanics. If the inner cylinder is rotating
at constant speed whereas the outer one is at rest, the
circumferential flow speed will usually take its maximum on
the inner cylinder and decrease monotonically to its minimum
on the outer cylinder. In the case of a rarefied gas, however, the
velocity slip on the boundaries may induce a nonmonotonic
velocity profile; as the accommodation of the gas to the
outer cylinder becomes weak, the slip on the outer cylinder
grows and the velocity profile between the cylinders may have
an inverted gradient. This phenomenon was first recognized
in Ref. [1] and has been studied by subsequent analyses
based on the Boltzmann equation with the Maxwell-type
(diffuse-specular) boundary condition [2—4], those based on
the (incompressible) Navier-Stokes equation [5—10] where
the effect of rarefaction was taken into account via various
velocity-slip models, and so forth [11,12].

In the present study, we investigate the same problem
on the basis of kinetic theory employing the following two
boundary conditions on the cylinders: we employ (i) a modified
Maxwell-type condition [13] (see also Refs. [14,15]) and (ii)
the Cercignani-Lampis (CL) condition [ 16]. Both of those con-
ditions have the flexibility to adjust the tangential momentum
accommodation coefficient (TMAC) independently of another
accommodation coefficient concerning the molecular velocity
component normal to the boundary. By using them, we aim
to distinguish the effect of each accommodation coefficient on
the behavior of the gas, especially on the flow-velocity profile,
more clearly than in the case of the (standard) Maxwell-type
condition employed in the previous studies [2—4].

The paper is organized as follows. After the formulation of
the problem in Sec. I, we first carry out an asymptotic analysis
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of the Boltzmann equation for small Knudsen numbers in
Sec. III. The velocity-slip and temperature-jump conditions
on the cylinders corresponding to the above two kinetic
boundary conditions are derived, which are necessary to the
fluid-dynamic equation in Ref. [3]. Numerical solutions of
the fluid-dynamic system thus obtained are shown, and the
linearization (in the case of slow rotation of the cylinder)
is performed to derive the exact solutions. Then in Sec. IV,
we carry out a numerical analysis of the Bhatnagar-Gross-
Krook (BGK) model equation [17,18] (instead of the original
Boltzmann equation) to investigate the problem for a wide
range of the Knudsen number. The profiles of the macroscopic
quantities and the parameter range for the onset of the velocity
inversion are obtained, which confirm our expectation that the
onset is related mainly to a decrease in the TMAC. Finally, the
paper is concluded in Sec. V. This paper is the follow-up of
Ref. [19] reported in the conference proceedings.

II. FORMULATION

A. Problem and assumptions

Letus consider ararefied gas between two coaxial cylinders.
The inner cylinder with radius r; and temperature 7 rotates
at a constant surface speed V;, whereas the outer cylinder
with radius rp and temperature Ty is at rest. We investigate
the steady behavior of the gas on the basis of the Boltzmann
equation, restricting ourselves to an axially and circumfer-
entially uniform case [the BGK model equation [17,18] is
employed in the numerical analysis in Sec. IV]. As for the
boundary condition on the cylinders, we assume (i) a modified
Maxwell-type condition [13] or (ii) the Cercignani-Lampis
(CL) condition [16].

B. Basic equation

We first introduce the cylindrical coordinate system (r,6,z),
where the z axis corresponds to the common axis of the

©2015 American Physical Society
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cylinders. Let & denote the molecular velocity and &,, &, and
&, denote, respectively, the r, 8, and z component of &; f(r,&)
denotes the velocity distribution function (VDF) of molecules.
The macroscopic quantities of the gas, such as the density p,
flow velocity v, pressure p, and temperature 7, are defined
by Eq. (1) below in terms of moments of the VDF; v,, vy,
and v, denote, respectively, the r, 8, and z component of v
(v, = v, = 0 in the present study),

o= [ ras. v=%/£fd§, (1a)

1
p=RpT =7 [ & —v|*f dE, (1b)

where R is the specific gas constant and d§ = d§,d&ydé&,. The
domain of integration is the whole space of &.

The Boltzmann equation for the present problem is written
as

B 29 &g 0
S B 88
ar r d&, r 0&
where J is the collision term, the explicit form of which is

omitted here (see, e.g., Refs. [20-22]). In the case of the BGK
model,

2

J = Ap(fe — ) (3a)
_p & —v)?
fe= GurTyR &P (_ 2RT ) (3b)

where A is a constant and Ap corresponds to the molecular
collision frequency.

C. Boundary conditions

The boundary condition (BC) is expressed in terms of the
scattering kernel K (see, e.g., Refs. [20,22]) as
Bl -
1) = [ Z K@ b
&n;<0 | Sr

for &.n; > 0. @)

Here and in the following, the subscript i represents / (the inner
cylinder) or O (the outer cylinder); n; =1, np = —1, and
d& = d&.d&ydE.. The explicit forms of K for BCs employed
in the present study are given below.

1. Scattering kernel of the modified Maxwell-type condition
Fori =1or O,

K(&.&0,,8:,T, Vi)

= [(1 — ;)85 + € )+a<@exp <_§_r2>i|
i r r lRT, 2RT,

X [(1 — Bi)8(Es — £0)8(6. — &)

R TAY 2
exp <_M)} (5)

by RT, 2RT,
where § is the Dirac delta function and Vy = 0. The coef-
ficients «; and B; (or ap and Bp) of the inner (or outer)
cylinder have the following physical meanings: «; € [0,1]

PHYSICAL REVIEW E 92, 013013 (2015)

is the energy accommodation coefficient (EAC) associated
with the normal velocity component and B; € [0,1] is the
TMAC. In terms of the notation introduced in Appendix A,
where an accommodation coefficient a.(¢) for an arbitrary
function () is defined, those are written as o; = ac(é,.z) and
Bi = ac(§y) = a.(&;).

Incidentally, the EAC associated with the tangential ve-
locity is also given by B; (more precisely, a.[(§5 — V;)?] =
ac(éf) = B;; see Appendix A for a definition of a.(-)). In
Appendix B, we show the expression of the above kernel (5)
as a convex combination of the scattering kernel for the CL
condition [Eq. (6) below] and an extension to g; € (1,2].

2. Scattering kernel of the CL condition
Fori =1 or O,

K(&.& 05,11, Vi) = K& 604, T))
x K (& — Vi,& — Vi Bi,T))
XK{(EZ!éz;ﬂivT‘i)v (6)

where

_ |c] (1 —a)l/?
K, c;a,T) = Iy cc
aRT

oRT
A+ —-a)?
X exp <_—2aRT ) (7a)
o _ 1
K(@aP 1) = prpa— prITe
(1 @va12
X exp <_—[c 1=pel ), (7b)
2(2 — B)RT
1 2
)= 5 /0 exp(ycos@)dp. (7o)

Here Iy is the modified Bessel function of the first kind
and zeroth order. The coefficient «; € [0,1] in Eq. (6) has
the same physical meaning as in Eq. (5); 8; € [0,2] is again
the TMAC, whereas the EAC associated with the tangential
velocity is given by §;(2 — f;) in the case of the CL condition
(ie., acl(§ — Vi)*1 = a.(§2) = Bi(2 — Bi); see Appendix A
for a definition of a.(-)). When B; > 1, more than half of
the impinging molecules experience backscattering (i.e., the
scattering where the change in the direction of tangential
velocity is larger than 7 /2).

D. Dimensionless parameters

Rewriting the Boltzmann equation (2) and the BC (4) [with
the scattering kernel (5) or (6)] in an appropriate dimensionless
form, we see that the present problem is characterized by the
following dimensionless parameters:

Ur [=Vi/QRTp'?),

Kn (EK]/}’[).

ro/ri, To/Ty,

ar, Br, a0, Po,

The Knudsen number Kn, which indicates the degree of
rarefaction, is defined as the ratio of the mean free path ¢,
of molecules in an equilibrium state at rest with density p,y
and temperature 7; to the radius r; of the inner cylinder.

013013-2
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Here p,, denotes the average density of the gas between the
cylinders; £; = m/(2'/?d? p,y) in the case of the hard-sphere
(HS) molecular gas (m and d are the molecular mass and
diameter) and ¢; = (SRTl/n)l/z/(A,oaV) in the case of the
BGK model.

III. ASYMPTOTIC ANALYSIS FOR SMALL
KNUDSEN NUMBERS

In this section, we carry out an asymptotic analysis of
the boundary-value problem (2) and (4) for small Knudsen
numbers, in the case where the TMAC p; is also small [the
actual analysis is performed for dimensionless versions of
Egs. (2) and (4)]. More precisely, we consider the following
two cases:

Case 1: o; = qje, B = B,-e,

Case 2: o; = O(1), B; = Bie,
where € = (7'/2/2)Kn. Since the procedure of the analysis is
essentially the same as in Ref. [3] (see also Refs. [21,22]), we
show its outline only (notice the difference in the definitions
of o; and B; here and those in Ref. [3]).

A. Fluid-dynamic equation

Let € be small. First, putting aside the boundary condition,
we seek a solution of the Boltzmann equation [dimensionless
version of Eq. (2)] varying moderately in space in a power
series of €. This solution is called the Hilbert solution.
According to Ref. [3], the Hilbert solution at the leading order
(the order of €°) is a local Maxwellian. From the solvability
conditions for the solution at the order of ¢! and €2, the
following fluid-dynamic set of equations for the macroscopic
quantities at the leading order is derived:

dpo  2poutg,
i 7

d )2 dugo  Ugo
£ — =0, (8b
dF [W aF 7 (8b)

5d( . .1pdl a2 dueo  ugo\®
Z%(yerO 7 +y1rT0 — — 7 —0, (8C)

=0, (8a)

(=]

dr
po = poTo,
(8d)

where 7 = r/r;. The dependent variables in Eq. (8) are the
dimensionless macroscopic quantities defined as o = p/ay,
ug = vg/QRRT)'2, T =T/T;, and p = p/(RpaT;) at the
order of €’: i.e., the leading term in the power series,

h=ho+hie+he+-- (h=pugT.p).

y1 and y, are functions of fb, whose functional forms are
determined by the intermolecular force: y; = 1.270042 and
y> = 1.922 284 in the case of the HS molecules and y; = y, =

YA“OI /2 in the case of the BGK model equation. Since y, f‘ol /? and

V2 fol/ 2 correspond, respectively, to the dimensionless viscosity
and thermal conductivity, the above set of equations (8) is
equivalent to the compressible Navier-Stokes set. We should
note again that the above set (8) has been derived in Ref. [3];
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the explicit form of the Hilbert solution up to O(e') is shown
in the same reference.

B. Boundary conditions for the fluid-dynamic equation

Next we take into account the kinetic boundary condition
(KBC) [dimensionless version of Eq. (4)]. Let us first consider
the case of 8; = O(1). In this case, the Hilbert solution at the
leading order (i.e., a local Maxwellian) will satisfy the KBC if
the boundary values of ugp and f"o coincide with the velocity
and temperature of the cylinders. That is, as a BC for the
fluid-dynamic set (8), the nonslip condition is required:

Ui —upp=0, Tpi—To=0 at 7=r, 9)
wherei = I (ori = O)onthe inner (or outer) cylinder, 7; = 1,
fO = ro/r], UO = 0, fwl = 1, and TwO = To/T].

In the case of B; = O(e") [and o; = O(e")], however, the
KBC at the leading order puts no restrictions on the boundary
values of ugg (and Tp). To determine those boundary values,
we need to proceed to the next order.

1. Case 1

In this case, the KBC at the leading order reduces to
the specular reflection, which is satisfied unconditionally.
At the next order, however, the Hilbert solution cannot satisfy
the KBC. Thus we need to introduce a correction (called the
Knudsen-layer correction) in a thin layer [with a thickness of
O(£;)] adjacent to the boundary. The total solution (Hilbert
solution + Knudsen-layer correction) will solve the original
boundary-value problem at O(e').

As in Ref. [3], the problem for the Knudsen layer is
formulated as a half-space boundary-value problem of the
linearized Boltzmann equation, which in general can be solved
only numerically. By solving it, one obtains the Knudsen layer
at O(e") and, at the same time, the BCs for 4 and f“o. In the
present study, however, we need the latter BCs only. Thus we
follow the procedure in Refs. [23-25], by which one can derive
the latter only without solving the Knudsen-layer problem
explicitly. The result for the modified Maxwell-type condition
[Eq. (4) with (5)] is given as follows: at 7 = 7;,

du u A
n“%( - f°)+ﬁiﬁo<ui—ueo)ni=o, (10a)

df ri
5 ., dly  &+B .
/2 i [N
Sy, =0 Toi — To)n;
1 -z + > Po( on

14
+ E,BiﬁO(Ui — ugo)’n; = 0. (10b)
Note that Eq. (10) with &; = f; is essentially the same as
the corresponding result in Ref. [3] derived for the (standard)

Maxwell-type condition. In the case of the CL condition
[Eq. (4) with (6)], one obtains Eq. (10a) and

5 1podlo ai+2B, o 4

- — + ———po(Tyi — To)n; =0, 11

TR + > Po( on (11)
instead of Eq. (10b). "l:he above BCs (10) and (11) approach
the nonslip BC (9) as ; — oo.

013013-3
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2. Case 2

In this case, the KBC at the leading order reduces to the
specular reflection with respect to the tangential velocity only
[corresponding to the limit 8; — O of Eq. (5) or (6)]. The
Hilbert solution at the leading order (a local Maxwellian) can
satisfy this condition if the boundary value of T, coincides
with temperature of the cylinder. That is, the nonslip condition
for To is required. To determine the boundary value of uyo, we
again consider the Knudsen layer at O(e') and follow the same
procedure as before. Finally, we obtain the following BCs for
ugo and T: at # = 74,

du u A
ﬂ”zw( d;’“ - j“) + Bipo(U;i — ugo)n; =0, (12a)

T, —To =0 (12b)

for both the modified Maxwell-type and CL conditions. The
above BC (12) is derived also as the limit & — oo of the
BC (10) [or (11)] in Case 1.

C. Numerical solutions of the fluid-dynamic equation

Numerical solutions of the fluid-dynamic equation (8) for
the HS molecules with the BC (10), (11), or (12) are shown
below. Incidentally, Eq. (8) for the BGK model (with y; =
V) = fol/ 2) gives similar results (see Fig. 9 appearing later).
For simplicity, we assume that both cylinders have common
accgmmodation coefficients, i.e.,&; = & (= @) and ﬁ, = ,30
(=P).

Figure 1 shows results with the BC (10) (corresponding to
the modified Maxwell-type condition) or (12) (to both KBCs)
in the case of ro/r; =2, To/T; =1, and U; = 0.5. The
profile of the velocity ug is inverted for A < 0.5 in this case.
Since & appears only in the BC (10b) for the temperature, the
velocity profile is almost independent of &. Figure 2 shows
results with the BC (10a) and (11) (corresponding to the
CL condition) for the same case as in Fig. 1(a). Comparing
Figs. 1(a) and 2, we see that the velocity profiles for both KBCs
are almost identical.

Figures 3 and 4 show the dependence of the velocity profile
on Uy and rp /7y, respectively. As in Figs. 1 and 2, the inverted
velocity profile occurs for sufficiently small . The velocity
slips (or |U; — ugp|) on both cylinders increase with decreasing
B, whereas the slip on the inner cylinder grows faster, resulting
in the inverted profile. This is because the torque exerted on
the gas by the cylinder is proportional to #*|U; — ugol. To be
more specific, let us denote the magnitude of the torque (per
unit length in z direction) as 271r,2(R,0Zlv T,)N;, where i = I (or
i = O) for the inner (or outer) cylinder. Then N; up to O(e€) is
given as

Ny = =282 B po i) Ty P OIU; — ugo(F)le. (13)

If we ignore the differences between ﬁo(l)f“ol/ 2(1) and
po(Fo)Ty*(Fo) (they are less than 3 % when B <2 in
Figs. 1-4), we deduce from Ny = Nj that ugo(7o) = ugo(l)
when

U

> 3 A .- (14)
L+75(Bo/B1)

ugo(fo) =

PHYSICAL REVIEW E 92, 013013 (2015)

Upo

: . 105 :
5 8=10
§ \
s
0102 05
L5 1/ 2
101} . ]
N 3=10
&~
g 1.005F > ]
3
5 1
010205 4 Oom0e by
LS 7/ 2 L5/ 2
(¢) & — o0

FIG. 1. Solutions ugy and Tj of the fluid-dynamic equation (8)
(for the HS molecules) with the boundary condition (10) [in panel (a)
and (b)] or (12) [in panel (c)] for ro/r; =2, To/T; =1, U; = 0.5,
and various values of & (= @; = &) and B (= B; = Bo). The dashed
lines in panel (a) indicate the corresponding results of the linearized
set (15) with (16).

This inequality gives a rough estimate for the velocity slip
on the outer cylinder when the inverted profile arises, which
is actually satisfied in Figs. 1-4. The above inequality can
naturally be derived also from the exact solution of the

: 1 104 :
8 =10
&
s R B
1
] 0.1 02 05
0 1
1.5 7"/7“1 2 1.5 7n/T[ 2

FIG. 2. Solutions ugy and Tj of the fluid-dynamic equation (8)
(for the HS molecules) with the boundary conditions (10a) and (11)
forro/r1 =2, U, = 0.5, To/TI =l,and& = 1.
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0.2 :
0.06 .
B=10
0.04 5
g 201} :
3 72
0.02 %ﬁ
0102 05
0 0 :
LS rjr 2
(b) Uy = 0.3

FIG. 3. Solutions ugy of the fluid-dynamic equation (8) (for the
HS molecules) with the boundary condition (10) for ro/r; =2,
To/T; =1,and@ = 1. (a) U; = 0.1 and (b) U; = 0.3.

linearized equation shown in the next section (see also
Appendix C).

D. Linearization

We next linearize the fluid-dynamic equation (8) and the
BCs (10), (11), and (12) under the assumption that |U;| < 1
and |T,0 — 1] < 1 (but |U;| > Kn). If we put pp = 1 + o,
ugo = u, To = 14 1, and py = 1 + P with |o| < 1, |u| < 1,
|T] < 1,and | P| < 1, and neglect the higher-order terms, then
the fluid-dynamic equation (8) reduces to

dP d d
——0, —|”(S=-2) =0 50
dr dar dar 7
d dt
—\|\Fr—= ) = P = . 1
T <rdf) 0, w+T (15b)

The BCs (10) and (11) in Case 1 are rewritten as follows: at
F=T,

d o
n‘”yf‘(d—if - ?) +Bi(U; —wni =0, (16a)

i

5 1, Ldt Qi +ch
e Y e ML st
IR 2

where ¢ = 1 for the modified Maxwell-type condition, ¢ = 2

for the CL condition, t,,; = 0, ty0 = Tyo — 1, and y;" and y;

denote, respectively, y; and y, at f”o = 1. The BC in Case 2 is

(twi —T)n; =0, (16b)

0.3 T T

Upo

vy

(a) ro/ry =1.2 (b) ro/r; =3

FIG. 4. Solutions ugy of the fluid-dynamic equation (8) (for the
HS molecules) with the boundary condition (10) for Tp/T; =1,
U =05and& =1.(a)ro/r; =1.2and (b) ro/r; = 3.

PHYSICAL REVIEW E 92, 013013 (2015)

given by Eq. (16a) and t,,; — © = 0 instead of Eq. (16b). Note
again that Eq. (16) with ¢ = 1 and & = f; is essentially the
same as the corresponding result in Ref. [3] for the (standard)
Maxwell-type condition.

The flow velocity u is decoupled from the temperature
T in the above linearized system (15) and (16). Thus u is
independent of & but depends only on f; corresponding to
the TMAC. The above system can be solved analytically
and gives the velocity field u corresponding to the solution
of the incompressible Navier-Stokes equation. As indicated
by dashed lines in Fig. 1(a), the solution u does not differ
much from the result of the compressible Navier-Stokes set
even when U; = 0.5. In Appendix C, the explicit form of the
analytical solution is shown and two kinds of criterion for
the occurrence of the velocity inversion, one of which will be
compared with numerical results of the BGK model in Fig. 10
later, are derived from it.

g

¢

vg/(2RT)"/?

<

0 : 0
L5 1 /r; 2

(d) Kn=10

FIG. 5. Profiles of the flow velocity vy, for the BGK model
equation in the case of ro/r; =2, U; =0.5, and Tp/T; = 1.
(a) Kn =0.02, (b) Kn=0.1, (c) Kn=1, and (d) Kn = 10. The
solid lines indicate the results of the modified Maxwell-type BC, and
the dashed lines (for 8 > 0.05) those of the Cercignani-Lampis BC.
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IV. NUMERICAL ANALYSIS FOR A WIDE RANGE
OF THE KNUDSEN NUMBER

A numerical analysis of the BGK model equation [i.e.,
Eq. (2) with (3)] via a finite-difference method is carried out
to investigate the behavior of the gas for a wide range of
the Knudsen number. Essentially the same finite-difference
scheme as that devised in Ref. [26] is employed, where the
discontinuity of the VDF appearing in a gas around a convex
body [27] is correctly taken into account.

In this section, we restrict ourselves to the case of
ro/r; =2 as well as oy = ap(=«) and B; = Bo(= B) as
in Sec. III C. The computations are performed mainly for the
modified Maxwell-type condition [Eq. (4) with (5)], whereas
some auxiliary computations for the CL condition [Eq. (4)
with (6)] are also performed for comparison; this is because
the former condition is easier to compute in the case of a
finite-difference method. Some data for the computation are
given in Appendix D.

1.04

P/ Pav

0.96

0.96 - 0.98
L5 jrp 2

(¢) Kn=10

FIG. 6. Profiles of the density p for the BGK model equation in
the case of ro/r; =2, U; =0.5,and Tp/T; = 1. (a) Kn = 0.1, (b)
Kn = 1, and (¢) Kn = 10. The solid lines indicate the results of the
modified Maxwell-type BC, and the dashed lines (for 8 = 0.1, 0.5,
and 1) those of the Cercignani-Lampis BC.

PHYSICAL REVIEW E 92, 013013 (2015)

FIG. 7. Profiles of the temperature 7' for the BGK model equation
in the case of ro/r; =2, U; =0.5,and Tp/T; = 1. (a) Kn = 0.1,
(b) Kn =1, and (c) Kn = 10. The solid lines indicate the results of
the modified Maxwell-type BC, and the dashed lines (for g = 0.1,
0.5, and 1) those of the Cercignani-Lampis BC.

A. Profiles of the macroscopic quantities

Figures 5-7 show profiles of the flow velocity vy, density
p, and temperature 7" for various values of «, 8, and Kn in the
caseof ro/r; =2,U; = 0.5,and Tp /T = 1. Note that when
o = B =1, both the modified Maxwell-type BC and the CL
condition reduce to the diffuse reflection condition and give
exactly the same profiles.

The profile of vy for small Kn is almost independent of
o and practically depends on 8 (or the TMAC) only. Thus
only the results for « = 1 are shown in Figs. 5(a) and 5(b).
The results of the modified Maxwell-type condition and those
of the CL condition with the same 8 are indistinguishable in
Figs. 5(a) and 5(b), since the TMAC is the same for both BCs.
As Kn increases, however, the dependence of vy on « as well
as on the type of BC appears [Figs. 5(c) and 5(d)], since the
gas behavior becomes sensitive to details of BC (details of the
velocity distribution of molecules reflected on the boundary).

013013-6
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1.01 : ) :

1.5 7’/7"1

(a) Kn=1

1.5 7”/7"1

(b) Kn =10

FIG. 8. Comparison of results for the BGK model equation
with the modified Maxwell-type BC (with ¢ = $) and those with
the standard Maxwell-type BC (with the same accommodation
coefficient) in the case of ro/r; =2, Uy =0.5, and Tp/T; = 1.
(a) Kn =1 and (b) Kn = 10. The solid lines (or the dashed lines)
indicate results with the modified (or standard) Maxwell-type BC.

On the other hand, as seen in Figs. 6 and 7, the profiles
of p and T depend on both @ and S. Those for the modified
Maxwell-type condition do not agree well with those for the
CL condition with the same o and 8 (except whenao = = 1),
even when Kn is small. This is because the EAC is different;
as mentioned in Sec. I1 C, a.[(§y — V;)?] = B for the modified
Maxwell-type condition, whereas a.[(§y — Vil = B2 —-B)
for the CL condition [a.(§%) = « for both BCs].

Figure 8 shows a comparison of the results of the modified
Maxwell-type condition with & = 8 and those of the (stan-
dard) Maxwell-type condition with the same accommodation
coefficient. In this case, both BCs have common TMAC and
EAC. Thus all the profiles of vy, p, and T show good agreement
when Kn < 1. Naturally, the disagreement appears as Kn
increases, since the profiles become sensitive to details of BC.

The profiles of the flow velocity for small Kn in Figs. 5(a)
and 5(b) and those of the temperature in Fig. 7(a) are similar
to the results of the asymptotic analysis shown in Fig. 1. More
direct comparisons when € [=(r'/2/2)Kn] = 0.02 are shown
in Fig. 9. The results of the BGK model are well reproduced by
the fluid-dynamic set (8) with the BC (10) even when 8 = 1
and/or ¢ = 1. The results obtained with the nonslip BC (9),
which correspond to the limit ,3 — 00, are also shown for
comparison. As seen in panel (b), the temperature profiles
obtained with the BC (12) (corresponding to the limit & —
o0) are less accurate, whereas they are consistent because the
differences from the results of the BGK model are smaller
than e.
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(a) @ =0.01 (& =0.5)

FIG. 9. Comparison of the flow-velocity and temperature profiles
for the BGK model equation with the modified Maxwell-type BC and
the corresponding u4 and T, of the fluid-dynamic equation (8) (with
=y, =T, inthecase of ro/r; =2,U; =0.5,To/T; = 1,and
€ [=("/?/2)Kn] = 0.02. The solid lines indicate results of the BGK
model for « = 0.01 (or « = 1) and 8 = 0.01, 0.05, 0.1, and 1 in
panel (a) [or in panel (b)]. The dashed lines indicate results of the
fluid-dynamic equation with the BC (10) for & = 0.5 (or & = 50) and
B =0.5,25,5,and 50 in panel (a) [or in panel (b)]; the dashed-dotted
lines for Ty in panel (b) indicate results with the BC (12) for the same
Bs; the dotted lines indicate results with the nonslip BC (9).

B. Critical value of § for onset of the inverted velocity profile

As seen in Fig. 5, the inversion of the flow velocity profile
occurs when B is sufficiently small. The critical value S, of
B for the onset of the inversion varies depending on Kn, «,
and the other parameters. Figure 10 shows . of the modified
Maxwell-type BC as a function of Kn for several pairs of «
and Tp/T;. Here B, is defined to be the maximum value of
when a positive gradient of vy appears in the gap between the
cylinders [thus vy(rp) > ve(r;) may not be achieved].

0.4_ ML ] ML ] T 0.4_ MELELRALLL T <'>¢"""'
: ] To/Ti=03¢ ° 1
0.3:' o= l\ooﬁmo . 5; 0.3; ﬁo | ]
Be o2t g Peoak R
3 K 27 o] 3 Lo o]
01F 4 0.1’ffZ; 01F  ze 20073
e 1 sl ......: 1 @..E?....n 1 sl
107 10" 10" 10 107 10" 10" 10
Kn Kn
(@) To/Ty =1 b)a=1

FIG. 10. Critical value B, vs Kn for the BGK model equation
with the modified Maxwell-type BC in the case of ro/r; =2 and
U =05 (a) To/T; =1 and (b) o = 1. In panel (a), the filled
circles indicate the critical values for the (standard) Maxwell-type
BC reported in Ref. [3] and the dashed line those determined by
Eq. (C3).
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The B. takes its maximum at an intermediate Kn. When
Kn < 1, the velocity profile is insensitive to the type of BC
as seen in Figs. 5(a), 5(b), and 8(a). Thus it is natural that, as
seen in Fig. 10(a), B. converges to the critical value for the
(standard) Maxwell-type BC as Kn decreases. In addition, S,
for Tp/T; = 1in panel (a) approaches the criterion (C3) as Kn
decreases, which is derived from the solution of the linearized
system (15) and (16) in Appendix C.

Finally, we should note that some of the previous experi-
ments reported rather small values of accommodation coeffi-
cients for well-controlled clean surfaces; see Refs. [28,29] for
the TMAC and Refs. [30,31] for the EAC. According to those
references, the values of S, in Fig. 10 (for intermediate Kn)
are within the reach of experimental verification.

V. CONCLUDING REMARKS

In the present study, the cylindrical Couette flow of a
rarefied gas between a rotating inner cylinder and a stationary
outer cylinder was investigated on the basis of kinetic theory.
Two kinds of kinetic boundary conditions, i.e., (i) the modified
Maxwell-type condition and (ii) the CL condition, were em-
ployed on the surface of the cylinder, both of which can adjust
the TMAC separately from another accommodation coefficient
associated with the normal velocity component. By using those
boundary conditions, we aimed to distinguish the effect of
each accommodation coefficient on the behavior of the gas,
especially on the profile of the circumferential flow velocity.

We carried out an asymptotic analysis of the Boltzmann
equation for small Knudsen numbers, showed the fluid-
dynamic equation describing the behavior of the macroscopic
quantities at the leading order, and derived the appropriate
boundary conditions on the assumption that the TMAC is small
(of the order of the Knudsen number). The numerical solutions
of the fluid-dynamic system indicate that the flow velocity pro-
file practically depends on the TMAC only. Further, when the
rotation of the inner cylinder was slow, we linearized the above
system and showed that the flow velocity is decoupled from the
temperature field and thus exactly depends on the TMAC only.

Then we carried out the numerical analysis of the BGK
model equation by means of a finite-difference method
and obtained profiles of the macroscopic quantities for a
wide range of the Knudsen number and the accommodation
coefficients. The dependence of those macroscopic profiles
on the accommodation coefficients and on the type of the
boundary condition is clarified. We also made a comparison
with the results of the asymptotic analysis and confirmed that
the numerical solutions of the BGK model for small Kn were
well reproduced by them. Finally, we obtained the critical
values of TMAC for the onset of the inverted velocity profile
in various cases. The results show that the critical value, as
a function of the Knudsen number Kn, has a maximum at an
intermediate Kn and converges to the previous result [3] for
the (standard) Maxwell-type condition as Kn decreases.

APPENDIX A: ACCOMMODATION COEFFICIENTS

Following Cercignani [20], we define an accommodation
coefficient a.(y) for an arbitrary function (&) of the
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molecular velocity as

W, - =W )+
¢ = s Al
“O = =W, (AD
where f is the VDF on the boundary and
W) = /g 18 nl e, (A2a)
V. 9)+ =/§ . & - n|y(E)p(§)dE, (A2b)
(L) & — VP

Here n is the unit normal vector to the boundary pointing to the
gas; V,, and T,, are, respectively, the velocity and temperature
of the boundary (V, - n = 0 is assumed).

APPENDIX B: EXTENSION OF THE MODIFIED
MAXWELL-TYPE CONDITION

The scattering kernel (5) of the modified Maxwell-type
condition is expressed as a convex combination of the CL
kernel (6):

Km(E & ;) = (1 — a)(1 — B)KcL(E.£:0,0)
+ai(1 — B)KcL(§.£;1,0)
+(1 —a)BiKcL(§.£;0,1)
+ o BiKeL(E.&; 1,1). (B1)

Here Ky (or Kcp ) denotes the kernel of the modified Maxwell-
type condition (or the CL condition), and the parameters 7;
and V; are omitted. Now we extend Eq. (B1) to 8; € (1,2],
employing the following definition for 8; > 1:

Km(E & 0:,B) = (1 — a))(B; — DKcL(§.£:0,2)
+ai(Bi — DKL £;1,2)
+(1 —a)2— B)KcL(E.E:0,1)
+o;(2 - fKcL(EE:1,1).  (B2)

Then, when ; > 1, the backscattering dominates as in the case
of the CL condition [see the text below Eq. (7)]. Equation (B2)
can also be expressed as

Ku(E.& 0:.B)

:[U—a)&§+§)+awa|ﬁp<"éi>}
14 r r lRTl ZRTI

x [(ﬂi — D3(& + & — 2V)d(&: + &)

1 _ ‘/I 2 2
+@2- ﬂi)—anT exp (——(59 2R)T~ e )} (B3)

Using the above definition, we can derive the following
boundary condition for the fluid-dynamic equation (8) in the
caseof o, = q;eand B; =2 — Bie (e L 1) at7 =7,

Ui —ug =0, (Bda)
5 dfy, & +pB . . .
21y, 10 L Gt Bis b G = 0. (Bab)
4 dr 2
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Incidentally, Eqs. (B4a) and (11) [instead of (B4b)] are derived
for the CL condition in this case.

APPENDIX C: EXACT SOLUTION OF THE
LINEARIZED EQUATION

The linearized system (15) and (16) can be solved immedi-
ately. The flow velocity u is written as

+ D7, ChH

where C and D are constants given as

1. . 4
C= EroﬂoﬁzUz, (C2a)
D = —Qn'yf —#oBo)BiUrI, (C2b)
E7
_ (2 _i 5 A 12 5[~ 5 &
E = \fo—)BobPr +21nyi\FoPo + 5 ). (C20)
ro ro

One criterion for the occurrence of the velocity inversion
has been derived in Ref. [3] from the above solution as

172, %

du A Ty
max|—— ) >0 = o< . (C3)

dar fo
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This criterion is compared with the numerical results of
the BGK model equation in Fig. 10(a). Another more strict
criterion may be derived as

. 27.[1/27/*
= <=1

Po < Fota+1
The inequality (14) can also be derived from Egs. (C1)
and (C4).

u(fo) = u(l) (C4)

APPENDIX D: DATA FOR THE COMPUTATION
OF THE BGK MODEL EQUATION

Before the computation, we transform the molecular veloc-
ities (&,,&p) into (&,v) defined as

E=E+E)7 ¥ =actan€/§). (D1)

Further, we eliminate &, by introducing appropriate marginal
VDFs (by the integration with respect to &,; see, e.g.,
Refs. [22,26]). In the computations in Sec. IV, we use 241
nonuniform grid points for » (1 < r/r; < 2), where the min-
imum interval is 4.3 x 1077, on the surface of the cylinders
and the maximum 6.5 x 1073r; at the center of the gap; 145
nonuniform grid points are used for £ in therange 0 < &€ < 6¢;
[e; = (2RT;)"?], where the minimum and maximum intervals
are 2.0 x 10~%¢; at§ = 0and 0.12¢; at § = 6¢y, respectively;
272 nonuniform grid points are used for ¥ (—m < ¢ < ),
where the minimum and maximum intervals are 8.4 x 10™*
(at |¥| =0, /2, and 7) and 3.6 x 1072 (at || = 7/4 and
31 /4), respectively.
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