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LANDAU-GINZBURG/CALABI-YAU CORRESPONDENCE,
GLOBAL MIRROR SYMMETRY AND ORLOV EQUIVALENCE

ALESSANDRO CHIODO, HIROSHI IRITANI, AND YONGBIN RUAN

ABSTRACT. We show that the Gromov-Witten theory of Calabi-Yau hypersurfaces matches,
in genus zero and after an analytic continuation, the quantum singularity theory (FJRW the-
ory) recently introduced by Fan, Jarvis and Ruan following a proposal of Witten. Moreover,
on both sides, we highlight two remarkable integral local systems arising from the com-
mon formalism of f—integral structures applied to the derived category of the hypersurface
{W = 0} and to the category of graded matrix factorizations of W. In this setup, we prove
that the analytic continuation matches Orlov equivalence between the two above categories.
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1. INTRODUCTION

1.1. Overview. The so-called Landau-Ginzburg/Calabi-Yau correspondence (LG/CY corre-
spondence for short) in string theory BOIEILGT describes a relationship between the sigma
model on a Calabi-Yau hypersurface and the Landau-Ginzburg model whose potential is the
defining equation of the Calabi-Yau. In Witten’s gauged linear sigma model [69], the LG/CY
correspondence arises, roughly speaking, from a variation of GIT quotient.

Let wi,...,wy be coprime positive integers and xp,...,xny be variables of degree
wi,...,wn. Let W(zy,...,zn) be a weighted homogeneous polynomial of degree d which
has an isolated critical point only at the origin. We assume (i) the Calabi-Yau condition
d=wy+ -4+ wy and (ii) the Gorenstein condition® w; divides d for all 1 < j < N. In this
paper, we discuss two objects:

e The Calabi-Yau hypersurface Xy = {W = 0} in the weighted projective space
P(w) = P(wy,...,wy). This is quasi-smooth (i.e. smooth in the sense of stacks)
by the assumption on W above.

e The Landau-Ginzburg orbifold (CN, W, u,). It consists of the space CV equipped
with an action of pu; = {g € C* | g¢ = 1}, (z1,...,2n) — (¢“'21,...,9"Nzy) and a
pg-invariant function W: CY — C.

These two models arise from the following GIT quotient. Consider the C*-action on the
vector space CV x C with co-ordinates (z1,...,zN,p):

(z1,...,xn,p) — (2, .. tNay, t7 %), te Cx.

We endow the space CV x C with the C*-invariant potential W(az,p) = pW (z). There are
two possible GIT quotients of this space: one is the quotient of (C¥ \ {0}) x C and the other
is the quotient of CV x (C\ {0}). In the former case, we get the total space of the line bundle
O(—d) — P(w) endowed with the function W. This should reduce to the sigma model on
the Calabi-Yau hypersurface Xyy. In the latter case, we get the Landau-Ginzburg orbifold
(CN7 W7 /’l’d)

The GIT quotient itself does not change inside a “chamber” of stability parameters, but
the actual physical theory depends on a continuous and complezified stability parameter
r + i6 € C. The CY theory arises for r — oo and the LG theory for r — —oo. The stability
parameter r 4 i varies along a complex manifold M called the global Kahler moduli space.
In the case at hand, it is identified with (a Zariski open subset of) the weighted projective
line P(1,d). The local picture near the p -point in P(1, d) corresponds to the LG model above
and the p, -point is called LG point. The local picture near the antipodal point corresponds
to the CY geometry and the antipodal point is called large radius limit point. These points
are interesting asymptotically: we often work on punctured discs centered on them and refer
to them as limit points (see Figure [[. There is another limit point in the K&hler moduli
space where the mirror has a conifold singularity; by abuse of terminology, we refer to this
limit point as a conifold point.

I This means that the ambient space P(w) is Gorenstein. In this case, we can take W to be the Fermat type

polynomial W = lei/wl R xtziv/wM
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LG point (p4-orbifold point)

large radius limit
—

conifold point

FIGURE 1. Kéhler moduli space M = P(1,d) \ {two points}

This paper is concerned with two aspects of topological string theory: the category of
D-branes of type B (B-branes) and the closed string theory of type A (A-model). In this
paper, the term “B-brane” (or “brane”) has a precise mathematical meaning. On the CY
side, the category of B-branes is the derived category of coherent sheaves on the Calabi-
Yau hypersurface Xypy. On the LG side, the category of B-branes is identified with the
category MFy, (W) of graded matrix factorizations of W B7E268]. On the other hand, the
mathematical A-model on the Calabi-Yau Xy is given by GW (Gromov-Witten) theory. The
mathematical A-model for the Landau-Ginzburg orbifold was formulated recently by Fan-
Jarvis-Ruan [26] as the intersection theory on the moduli space of W-spin curves. This is
called FJRW (Fan-Jarvis-Ruan-Witten) theory. About these theories, the following LG/CY
correspondences are known in mathematics:

(1) B-brane LG/CY correspondence: Orlov [53] constructed derived equivalences ®;
between the categories of B-branes indexed by an integer [ € Z:

. b ~ r
@;: DY (X)) = MFE (W).

(2) A-model LG/CY correspondence: Chiodo-Ruan [I3] showed that for a quintic
polynomial W (z1,...,25), GW theory of Xy is analytically continued to FJRW the-
ory of (C°, W, us) at genus zero. Schematically, we write

GW y—o(Xw) = FIRW j—o(C°, W, 5).

The purpose of this paper is to extend the correspondence () to a general weighted homoge-
neous polynomial W and to describe a relationship between () and ().

More precisely, “analytic continuation” in (2 means the following. In genus zero, GW
theory and FJRW theory yield quantum D-modules over small neighbourhoods of the corre-
sponding limit points; we show that these are restrictions of a certain global D-module over
the Kéhler moduli space M. Note that the category of B-branes should be independent of the
Kahler structure on Xy-. Hence B-branes are “locally constant” data over the Kéahler moduli
space around the limit point in each theory. In fact, we associate to each B-brane a flat sec-
tion of the quantum D-module. The flat section here is asymptotic (in the limit point) to the
Chern character of the brane multiplied by the [-class. This defines a Z-local system underly-
ing the quantum D-module whose fibre is the numerical K-group of the category of B-branes.
We call it the I'-integral structure of the quantum D-module. This has been introduced for
GW theory by Iritani 2] and Katzarkov-Kontsevich-Pantev [44]. Here the role of the I-class
(see Definition ZTT) is to preserve the Euler pairing x(&,F) := ;o7 dimHom(&, Fli]) in
B-brane categories. Indeed, T can be regarded as a square root of the Todd class. When Xy
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is a manifold, we have

~

((—1)(1%?)(“/) 'FXW = (271'1)ng TdXW

thanks to the functional equation I'(1 — 2)I'(1 + z) = w2/ sin(7z). Thus one can think of our
flat section associated to a B-brane as a quantum version of the Mukai vectol? In this paper,
we extend the f—integral structure to FJRW theory. Our main results are stated as follows.
We refer the reader to Theorems 2.23], for more precise statements.

Theorem 1.1. (i) The ambient part quantum D-module of Xy and the narrow part quantum
D-module of (CN, W, u,) are analytically continued to each othe®, i.e. both of them are the
restrictions of a global D-module over the Kdahler moduli space M.

(ii) The analytic continuation in (i) matches up the I'-integral structures on both quan-
tum D-modules. Moreover, the induced isomorphism between the numerical K-groups of the
categories of B-branes coincide with the one induced by the Orlov derived equivalence.

A prototype of our result is the work of Borisov-Horja [B], where they showed that the
analytic continuation of the GKZ hypergeometric system is induced from a Fourier-Mukai
transformation between the K-groups of toric Calabi-Yau orbifolds, under a suitable identi-
fication of the spaces of local solutions with the K-groups. In our case, the GKZ system is
replaced with the quantum D-modules of GW/FJRW theories and the Fourier-Mukai trans-
formation is replaced with the Orlov equivalence.

Since the global D-module over M have nontrivial monodromies, the analytic continuation
of flat sections depends on the choice of (a homotopy type of) a path. On the other hand,
the Orlov equivalence ®; depends on an integer | € Z. The recent physics paper [B4] by
Herbst-Hori-Page clarified (by a physical argument) the dependence of a derived equivalence
on the choice of a path. We confirm the prediction of [B4] that a path 5; passing through
the lth “window” corresponds to the Ith Orlov equivalence ®;. Moreover, we check that
the monodromy representation of the fundamental group of M = P(1,d) \ {2 points} factors
through the group of autoequivalences of D?(Xyy). The following theorem refines Part (ii) of
Theorem [[LT1

Theorem 1.2 (Theorem 2Z26)). (i) For each integer | € Z, there exists a path ~y; from a
neighbourhood of the large radius limit point to a neighbourhood of the LG point such that the
analytic continuation along 'yl_l is induced by the Orlov equivalence ®;.

(ii) Let N'(Xw) be the subgroup 23)) of the numerical K-group of Xw consisting of K-
classes whose Chern characters lie in the ambient cohomology Hamp(Xw) and let x be the
Euler pairing. The monodromy representation of the global D-module in Theorem [ 1]

p: T (M) = Aut(N'(Xw), x)
can be lifted to a group homomorphism
p: m (M) — Auteq(D°(Xw))/[2],

where [2] is the 2-shift functor. The homomorphism p sends a (clockwise) loop around the
conifold point to the spherical twist by the structure sheaf.

2In fact, it coincides with the Mukai vector for K3 surfaces.
3See §ZA7 for the definition of the quantum D-modules. We mean by “ambient part” the cohomology
classes pulled back from the ambient space, see 221} in FJRW side, this has a counterpart called “narrow

part”, see 111
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Since the work of Seidel-Thomas [63], the monodromy group action on D’(X) has been
widely studied. Horja [BS] identified the conifold monodromy of the GKZ system with the
spherical twist. Aspinwall [3 §7.1.4] observed that the 5th power of the monodromy around
the LG point corresponds to the 2-shift (for a quintic). We deduce the existence of the lift p
from a result of Canonaco-Karp [@]. The above theorem suggests an autoequivalence group
action on GW theory. However we do not know if p is injective. The induced homomorphism
p is never injective when dim Xy is even (since the conifold monodromy is involutive), but it
is still possible that p is injective for an odd-dimensional Calabi-Yau Xy .

1.2. Mirror symmetry. The interaction between B-branes and the A-model above can be
explained most clearly via mirror symmetry. Here we consider Hodge-theoretic mirror sym-
metry, Kontsevich’s homological mirror symmetry [6] and their mutual relationships. See
also [I5] for the discussion on global mirror symmetry for finite group quotients of Calabi-Yau
hypersurfaces.

The mirror of Xy is given by a certain Calabi-Yau compactification Y,, (Batyrev’s mirror
M) of the affine variety

Ve o= {(xt, . yxn) € (CON [xq 4 xy = 1, xPIxG2 X3 = v}

where the parameter v is identified with an inhomogeneous co-ordinate of M = P(1,d) \
{2 points} such that v = 0 is the large radius limit and that v = oo is the LG point. The
mirror Y, may have Gorenstein terminal quotient singularities. Note that M now plays a
role of the complex moduli of Y,. Under mirror symmetry, the category of B-branes should
be equivalent to the category of A-branes of the mirror. Mathematically, the category of
A-branes is the derived Fukaya category whose objects are (twisted complexes of) graded
Lagrangian submanifolds. Likewise, the A-model theory should be equivalent the B-model
theory of the mirror, which is, at genus zero, the variation of Hodge structure associated to
the deformation of the complex structure. We get the mirror statements of ([Il) and ().

(1') A-brane “mirror LG/CY” correspondence: The derived Fukaya category of Y,
is independent of v € M.

(2’) B-model “mirror LG/CY” correspondence: There exists a global variation of
Hodge structure (VHS) HN=2(Y,) = D, g=n_o HP(Yy) over M.

Because Y, does not change as a symplectic manifold (or orbifold) as v varies, the Fukaya
category should be independent of v (if it is defined). The B-model VHS is tautologically
“analytically continued” over M. Moreover, the category of A-branes and the B-model have
a natural integration pairing. Namely, one can integrate a de Rham cohomology class on Y,
over a Lagrangian submanifold. By this pairing, an A-brane (a Lagrangian submanifold) gives
rise to a dual flat section of the B-model VHS, i.e. a middle homology class in Hy_2(Y,,Z)
represented by the brane. This is exactly dual to the phenomenon we described in g1l

The I'-integral structure in GW theory for Xyy is actually mirrored from the natural integral
structure in the B-model of Y, (see also [IH, Conjecture 4.2.10]).

Theorem 1.3 ([43] Theorem 6.9]). The ambient A-model VHS of a Calabi-Yau hypersurface

Xw equipped with the ambient f—int@gral structure is isomorphic to the residual B-model VHS
of Yy equipped with the vanishing cycle integral structure near v = 0 under the mirror map
Taw: 1Vl < €} = HZ  (Xw)/(G) in Theorem 223

Here, the ambient A-model VHS is the ambient part quantum D-module in Theorem
[LT] restricted to z = 1 (see Remark 213); the ambient I'-integral structure is the Z-local
system consisting of flat sections associated to vector bundles on Xy which are restricted
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from the ambient space P(w). The residual B-model VHS is defined to be the pure part
(}r%_2 HN=2(v?) ¢ HN=2(Y,) of the Deligne mixed Hodge structure of the affine variety Y,°;
the vanishing cycle integral structure on it is spanned by the Poincaré duals of vanishing cycles
of the function x; + --- 4+ xx on the torus {(xq,...,xy) € (C*)V| Hfil x;"" = v}. See 3]
for the details. Because K-classes of vector bundles restricted from P(w) correspond, under
Orlov equivalence, to the K-classes of graded Koszul matrix factorizations (Proposition FL.TT]),

we have the following corollary (see also [IB] Conjecture 4.2.11]).

Corollary 1.4. The narrow A-model VHS of the Landau-Ginzburg model (CN, W, u,)
equipped with the subsystem of the f—integml structure spanned by K -classes of graded Koszul
matriz factorizations is isomorphic to the residual B-model VHS of Y, equipped with the van-
ishing cycle integral structure near v = oo under the mirror map Ty {Jv] /% < €} —
H2, (W, 1ny)/{(G) in Theorem [ZZ3.

nar

In particular, both the quantum D-module of Xy and of (CV, W, u,) over the image of
the mirror map give a polarized variation of Z-Hodge structure.

1.3. Plan of the paper. In Section 2] we introduce the f—integral structure on the quantum
D-module associated to FJRW and GW theories. Then we state our main theorems in a
precise way. In Section [8 we introduce twisted FJRW invariants and calculate the (twisted)
I-function of FJRW theory. This provides the main ingredients of the paper. In Section Ml
we calculate the analytic continuation of the I-function and show that the connection matrix
matches the Orlov equivalence. In Section [ we construct a global D-module over the Kéhler
moduli and prove the main theorems.

Acknowledgments. We would like to thank the Institut Fourier, where a major portion
of this work was done. A.C. is supported by the ANR grant “Nouvelles symétries pour la
théorie de Gromov-Witten”, ANR-09-JCJC-0104-01; he thanks Claire Voisin for a motivating
question on the possibility of a direct proof of the LG/CY correspondence without passing
through mirror symmetry and José Bertin for dozens of conversations and for his notes on
matrix factorizations. H.I. is supported by Grant-in-Aid for Young Scientists (B) 22740042;
he thanks Ed Segal for useful discussions on matrix factorizations and Orlov equivalence. Y.R.
is supported by a grant from NSF; his two visits to Grenoble were supported by the Institut
Fourier and by a “chaire d’excellence ENS Lyon/UJF Grenoble”.

Notation

Wi(x1,...,xn) weighted homogeneous polynomial (§I.T)

Xw Calabi-Yau hypersurface defined by W in P(w) (L.1I)

78 the group of d-th roots of unity

H state space (H(W, ptg) or Hon(Xy), ST $ZZT)

H' narrow /ambient part (§2.3.1))

H" broad/primitive part (§Z3.1])

{t} linear co-ordinates on the state space associated to a basis {T;}
. (3 23, B5)

r Gamma class (§2.4.7))

H state space of twisted theories (Hext or Her(P(w)), §3.5.2)

M global Kéhler moduli space (P(1,d) \ {0,v.}, §5.1))
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2. I'-INTEGRAL STRUCTURE AND MAIN STATEMENTS

We briefly review FJRW (Fan-Jarvis-Ruan-Witten) theory for (W, u;) and GW (Gromov-
Witten) theory for Xy and introduce the I'-integral structure on the quantum D-modules of
both theories. Then we give a precise statement of the main results.

2.1. FJRW theory. The FJRW invariants “count” the number of solutions to a non-linear
PDE, the so-called Witten equation. These define a cohomological field theory on the FJRW
state space. In this paper, we restrict ourselves to the genus zero FJRW invariants from the
“narrow part”. In this case, the Witten equation has only trivial solutions and the invariants
reduce to intersection numbers of tautological classes on the moduli space of d-spin curves.
For the details of the full FJRW theory, we refer the reader to the original articles [2526].

2.1.1. State space. Let ((CN , W, ;) be the Landau-Ginzburg orbifold in the previous section
LT Let ¢ := exp(27i/d) € p, denote a primitive dth root of unity. Let (CV); denote the
¢F-fixed subspace of CV and Wy: (CV), — C denote the restriction of W. We also write
Nj, = dimg(CV);. The FJRW state space H(W, p,) is defined to be

d—1
H(W, pg) == @D HW, prg)
k=0

where the sector H (W, ) associated to ¢* € p, is given by
H(W, pg)i := HY (CN)y,, WF>=0)™
Wkono = {z e (CN), : ER(Wi(z)) > 0}.
The degree of an element ¢ € H(W, py)y, is defined to be
N

(1) deg¢:= Ni+2) _(kq;) —2
i=1

where ¢; := w;/d. This is an integer since Zf\i 1 ¢ = 1. Let (-, -) denote the natural intersection
pairing
(2) (s HY ((C)g, W25 €) s HYE (), W™ C) > C
and I: CN — CN denote the map (x1,...,zx) = ((“'z1,..., "N ay) for ¢ = exp(wi/d).
Because W (I(z)) = —W (x), we have a map
(3) I*: HW, pg)a—r = HY (CV)g, W C)** — HVx ((CV)g, W, ;€)™
We define the pairing between oy € H(W, pg)i and as € H(W, pug)a—r by

1 *
(4) (a1, ) == g(on,l ag).
Setting (a1, a2) =0 for ay € H(W, py)i, oo € H(W, py); with k + 1 # d, we obtain a graded
symmetric non-degenerate pairing (-, -) on the state space H(W, u;). The pairing in this paper
differs from that in [26] by the factor 1/d = 1/|p,|. See Appendix [Bl for this convention.

We say that a sector H(W, puy)i is narrow if (CN), = {0} and broad otherwis®® Each
narrow sector H(W, p,)r is one-dimensional and we denote by ¢x_1 € H(W, p,)x the standard

4Fan-Jarvis-Ruan originally called these sectors “Neveu-Schwarz” and “Ramond” respectively, but they
changed the names later.
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basis given as the identity class on (CN); = {0}2 We set
Nar:={0 <k <d—1: (CV), = {0} ie. kq; ¢ Z for all i}

and define the narrow part as

Hyor(W, pg) = €D HW, pg)r = €D Copr.

keNar keNar

Note that deg ¢y = 22?;1 (kq;) for k +1 € Nar. The degree zero element ¢g € H(W, pg)1
plays the role of the identity in the FJRW theory. The pairing (-,-) restricts to a non-
degenerate pairing on Hyar (W, pg)

1
(5) (P, 1) = F0akrn ey, k104 1€ Nar

and Hyar(W, pq) is orthogonal to the broad part Hpwo(W, pg) := @pgnar H(W. 1a)k-
For a polynomial f on C", we define the Jacobi spacd® Q(f) by

(6) Q(f) = Qpn /df AQET,

where Qfén denotes the space of algebraic k-forms on C". When f has an isolated critical
point at the origin, we have the Grothendieck residue pairing Resy: Q(f) ® Q(f) — C (see

BI):
Resy ([a(y)dy], [b(y)dy]) := Res [M} ’

where y = (y1,...,yn) is a co-ordinate system on C" and dy = dy; A --- A dy,. The residue
pairing is independent of the choice of co-ordinates. We shall consider the Jacobi space Q(Wy)
associated to the homogeneous polynomial Wy on (CV),. The space Q(W}) is graded by the
usual degree: degz; = degdr; = w;.

Proposition 2.1. We have a canonical isomorphism
(7) H(W, pa)i = QW)

Under this isomorphism, the pairing (-,-): HW, ug)r X HW, pg)a—r — C translates into the
Grothendieck residue pairing between Q(Wy)Hd and Q(Wy_)Hd = Q(Wy, )Ha:

Np (N —1)

(o] @ 9] — (~1) % 2m1) %~ Resw, ([l (~1)¥[y])

where || is the degree of ¥ € Q(Wy)Hd divided by d. Notice that the above isomorphism
does not match up the grading on the FJRW state space H(W, pg)r (which is homogeneous of
degree N + 2(2?7:1 (kq;) — 1)) and the grading on the Jacobi space Q(Wy)Ha.

The isomorphism () is given by the Hodge decomposition [@5). See Appendix [Al for the
proof. This description is used in L1101 (and in §244) to discuss the Chern character and
Riemann-Roch for matrix factorizations.

5Note the shift of the index k by one. An element ¢y with k+ 1 ¢ Nar will be introduced later in §3] in
the context of “extended theory”, but notice that ¢, with k+ 1 ¢ Nar is not an element of the original FJRW
state space.

61t is isomorphic to the Jacobi ring Cly1,...,yn]/(01f,...,0nf), but notice that Q(f) is not a ring.
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2.1.2. Moduli of W-curves. In this paper all stacks are defined over C. By a pointed orbicurve,
we mean a proper and connected one-dimensional Deligne-Mumford stack C' which has only
nodes as singularities, which is equipped with distinct marked points o1, ..., o, on the smooth
locus, and which has possibly non-trivial stabilizers only at the marked points and the nodes.
For a positive integer d, a pointed orbicurve C' is called d-stable [I1] if the associated pointed
coarse curve |C] is stable and if all the stabilizers at the nodes and the marked points are
isomorphic to p;. We always assume that every node of an orbicurve is balanced [2], i.e. for-
mally locally near a node, the curve is isomorphic to [Spec(C[z,y]|/zy)/ ], where the action
of py is given by (x,y) — ((x,("'y). For a pointed orbicurve (C,o1,...,0,), we introduce
an invertible sheaf wj,g on C' which may be regarded as the dualizing sheaf we twisted at the
stacky markings o1, . ..o, (each of which is of degree 1/d) or equivalently as the pullback of
the dualizing sheaf w| twisted at the coarse markings |o1], ... |oy| (each of which is of degree
one)
Wiog = we (o1 + -+ 0,) = ¢* (wiey(|o1] + - + |on]))

where ¢: €' — |C| is the natural map. In other words, wi is the sheaf of logarithmic
differential forms on C with poles only at marked points and nodes, and such that the sum
of the residues at each node is zero.

A d-spin structure on a pointed orbicurve C' is a line bundle L — C together with an
isomorphism ¢: L& 2 w,. Write W (z1,...,2x) = Sob_ ¢ Hévzl x;mj, where Hj\le x;n”,
i =1,...,0 are mutually distinct monomials and ¢; # 0. A W -structure on a pointed orbicurve
C' is a collection of line bundles L1, ..., Ly (corresponding to the variables z1,...,zx) on C
together with isomorphisms

N
(8) gpi:®ijJ:w10g, Z:L...,l.
j=1

This generalizes the notion of a d-spin structure (see Remark [Z2]). Since W is weighted
homogeneous of degree d, a d-spin structure L — C' gives rise to a W-structure by setting

Li=L%%  4i=1,...,N.

A W-structure does not necessarily arise from a d-spin structure in this way. In this paper,
however, we restrict our attention to a W-structure coming from a d-spin structurd?

Let L be a d-spin structure on a d-stable pointed orbicurve C. The stabilizer p; at a marked
point ¢ acts on the fibre L, via a homomorphism p; — C*, which is of the form ¢ — t* for
a unique 0 < k < d. We call the rational number age, (L) := k/d € [0,1) the age of L at o.
The generator ¢ € p,; acts on the fibre of the associated W-structure (L&%1, ... L®YN) at o
by (¢Fwr, ... ¢FN); hence in this case we regard the marked point ¢ as corresponding to the
sector H(W, pug)k. For 0 < kq,... ,k, <d—1, let Sping’n(kl, ..., ky) denote the moduli stack
of d-stable orbicurves C of genus zero and with n marked points o1, ..., 0, endowed with a
d-spin structure L — C such that age, (L) = ((k; +1)/d).

(9) Spingm(kl, vy ky) = {(C; 01, 0n; Lip: [P = wlog> ‘ age,. (L) = <%>} /isom.

See [I3] Appendix] for a precise definition of Spingm as a fibred category, where it is denoted
by R4. More precisely the substack denoted by R4(e2™®1, ... e2™n) in [[3] corresponds to

TThis is because we are interested in a generic weighted homogeneous polynomial W. More precisely, we can
add to W a weighted homogeneous Laurent polynomial Z so that the group of diagonal symmetries preserving
W + Z is exactly p,; then every (W + Z)-structure comes from a d-spin structure. This means that the group
g is admissible in the sense of 26 §2.3].
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@) as soon as ©; = (k; + 1)/d; the present choice of notation allows a more straightforward
formula for the FJRW invariants, see (I2) and the following footnote

The moduli stack Spingm(kl, ..., ky) is smooth, proper and of Deligne-Mumford type
[@. It is non-empty if and only if x(L) = degL — > 7"  age, (L) —1 = (n —2)/d —
Yoy ((ki+1)/d) — 1 is an integer (see [EBGH for Riemann-Roch for orbicurves). When
non-emtpy, it is of dimension n—3. (It differs from the Deligne-Mumford space M ,, of stable
curves only because of the stabilizers.) It is clear that the definition (@] extends verbatim to
higher genera; we write Spingvn(kl, ..., ky) for the similar moduli space at genus g. We use it
only in §2ZT.3 where we recall the general setup of [20].

Remark 2.2. The definition () of a W-structure originates from the Witten equation, which
is a system of PDE for sections s; € C*°(C, L;),i=1,...,N:

(10) gsj‘—i-ajW(Sl,...,SN) =0.

The equation makes sense under (8) and a suitable choice of a Hermitian metric on L; (see
[25]). When all the marked points correspond to the narrow sector, the zero sections are only
possible solutions to the Witten equation 25 Theorem 3.3.8] and the FJRW invariant is the

Euler class of the obstruction bundle over the moduli space of W-curves. We briefly review
the general case.

2.1.3. FJRW invariants. We review the virtual fundamental class defining the invariants of
“full” FJRW theory following [26]. The general FJRW invariants are defined by an analytic
moduli space of solutions to the Witten equation (I0)). We shall see in the next section §2.1.41
that the narrow sector invariants have an algebro-geometric definition. We stress that the
invariants introduced later in §3I] are different from the invariants of the full theory; they are
a natural and computable extension of the narrow sector invariants.

The virtual cyclé8

B Spind (k. k)T

0<k1,... kin <d—1
of the fully developed FJRW theory is defined in all genera and lies in

. <H2D(k1 ..... k) (SPING (K1, . B ); ©) @ (X) Hav,, ((CN)kiaW;::m;C)ud) :

0<k1,eekn <d—1 i=1
where D(k1,...,k,) = (39 — 3 4+ n) + Zjvzl X(L®Wi) for a d-spin structure L from
Spingm(k:l, ..., ky). Regard the relative homology group Hy, ((CV)g, W, C)#4 above as
the dual of the sector H (W, p,) of the state space. Then the virtual cycle defines a linear
operator (see 26 Eqn (63)]):

[Spin? ,, (k1,...kx)]¥*N

H(W, pg)®" > HzD(kl,,..,kn)(Sping,n(kla oy kn); €)
assigning to ®!,q; a nonzero cycle only if «; lies in H™ki ((CN)y,, W,;:OO;C)“d. In FJRW
theory, such a cycle is pushed forward via the natural forgetful morphism
st: Spingm(kl, e kn) = Mgp

forgetting the data L and ¢ and passing to the the coarse stable curve corresponding to
(C;o1,...,04). After Poincare duality and multiplication by a factor f; = |G|9/ deg(st) =
d/g, Fan, Jarvis and Ruan obtain a cohomological field theory. We show in Appendix

8 [Spind (K1, ..., kn)]"™ is denoted by [W.nuy (W, (k1, ..., kn))]"™ in 28]
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that the multiplication by f, can be removed in all genera once we use the natural pairing
@) from Chen-Ruan cohomology. In genus zero, this simply amounts to the fact that our
invariants are 1/fp = 1/d times the FJRW genus-zero invariants of [26]. By making explicit
the cohomological field theory of [26, Definition 4.2.1] after removing f, and by applying the
definition of the correlators of 26, Definition 4.2.6], we obtain

(11) (Toy (1), -, T, ()Y o T 2= ([Spln w(kr, o k)] ﬂHaZ) N[
=1 =1

for a; € HN’%(((CN);C“W,;:OO;(C)W and b; > 0. The class v; is the first Chern class of the
line bundle on Spingyn(kl, ..., kyn) whose fibre at a point (C;01,...,04,; L;p) is the cotangent
space T} |C| of the coarse curve |C| at o;. Note that, since these classes are the pullback of the

Standard 1 classes from M, ,,, we can directly integrate on Spln n(k1, ..., ky) short-circuiting
the pushforard st, of [26] Definition 4.2.1].

2.1.4. Narrow part FJRW invariants. The definition, further simplifies in genus zero and
when the entries are narrow states ¢, with K+ 1 € Nar. Let 7: C — Spingm(kl, ..., ky) be
the universal orbicurve and £ — C be the universal d-spin structure. If all the entries are
narrow states, then the following lemma shows that H°(C, L&) vanishes all j (and for every
curve C); hence —R, EB;VZ 1 LOWi = Rlx, EB;V: L LB ig a vector bundle which we refer to as
the obstruction bundle. In these cases the virtual homology cycle is simply the Poincaré dual
cycle of the top Chern class of the obstruction bundle [26] Theorem 4.1.8, Concavity].

Lemma 2.3. Suppose that k; +1 € Nar for all i. Then H°(C, L®%) vanishes for all j =
N for (Cio1,...,0n; L) € Spingm(lﬁ, ..y k). In particular, the obstruction bundle
@;VZI R'm, (L27) over Sping,, (k1. ..., ky) is locally free of rank 2 — N + 37 | Z;VZI (kig;).

Proof. Let p: C — C denote the map forgetting the stack-theoretic structures at all the
markings (but not at the nodes). Then

p*p*(L®wj) = [® Oc <_ Zdagegi(£®wj)ai> = [® Oc (_ Zd ((ki + 1)Qj> gi> .
=1

=1

Here we regard o; as a stacky divisor of degree 1/d. Hence
L= (p*p.(L¥) 5 ) = oy © Oc ( qu] (ki + g 0 > ‘

Notice that qj_1 = d/wj is an integer by the Gorenstein condition and qj_1 (ki +1)g) > 1
since k;+1 € Nar. Hence L' is a subsheaf of the pull-back of w|¢|. Note that H%(|C|,w|¢|) = 0
since |C| is of genus zero. Hence H°(C, L') = 0 and thus H°(C, p*p.(L®%¥7)) = 0. This implies
H°(C, L®%i) = 0. Finally, by Riemann-Roch [ESGG], R'm. (L) is locally free of rank

—x(L®%) = =1 —deg L®" + > " age, (L) = =1 — (n = 2)g; + Y _ (ki + 1)g;)
i=1 i=1

= —1+2g;+ ) (gki)
=1

The conclusion follows. O
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Remark 2.4. The above lemma usually fails without the Gorenstein condition. This is the
main reason that we restrict ourselves to the Gorenstein case.

We can now specialize ([[I]) and get the narrow part descendant FJRW invariants as

[Spiﬂg,n (kl ’~~-7kn)} =

n N
(12) (7 () o (B0 = [T¢r ] ctop (RMma(£29))
. o

where ¢, ..., ¢k, € Hnar(W, pg) (i-e. ki+1 € Nar) and by, ..., b, > 0. We sometimes omit 7
from the notation, e.g. writing (¢, , . . ,¢kn)FJRW for (10(¢g,), - - 77_0(¢kn)>0F:7]IRW. The FJRW
invariants satisfy the homogeneity ([26] Dimension Axiom in §4.1])
n
1

(13) (Tp, (1), ... ,Tbn(an»OFiRW =0 unless Z(bl + 3 deg ;) =n+¢— 3,

i=1
where ¢ := N — 2 is the dimension of the Calabi-Yau hypersurface Xy,. Again the invariants
(@) differ from the original definition® [IBEH] by the factor of 1/d. See Appendix Bl

Remark 2.5. Polishchuk and Vaintrob [B7] recently constructed a purely algebraic cohomo-
logical field theory of singularities based on matrix factorizations. They constructed a fun-
damental matrix factorization on the moduli space which plays the same role as the virtual
fundamental class. The role of matrix factorizations in our paper is different from theirs, but
it would be interesting to study the relationships.

2.2. GW theory. GW theory for orbifolds has been developed by Chen-Ruan [I0] in sym-
plectic category and Abramovich-Graber-Vistoli [I] in algebraic category. We will work in the
algebraic category. For the details, we again refer the reader to these original articles.

2.2.1. State space. The state space of orbifold GW theory is given by the Chen-Ruan coho-
mology group of the orbifold. We explain the case of the Calabi-Yau hypersurface Xy C P(w).
Set

§:={0<f<1|fwjeZforsomel<j<N}
={0<f<1|fdeZ, fd¢ Nar}.

In the second line we used the Gorenstein condition (i.e. w; | d). An element f € § gives rise
to the stabilizer exp(27if) along the substack P(w); C P(w):

P(w)s = [((€V)a\ {0}) /C]

where recall that (CV);, is the subspace of CV fixed by (¥ = exp(27ik/d). The inertia stacks
IP(w), ZXw are defined to be

= Py, IxXw = | |®);nXw).

NS fes
The Chen-Ruan cohomology Hcor(Xw) is defined to be the cohomology of the inertia stack:
Her(Xw) = H(IXw;C) = @ HP(w)s N Xw;C).
fEF

9 3 §3.1, (15)], where the case d = 5 was discussed, the invariant (7p, (¢, ), ... ,Tbn(qﬁkn))g,‘f{w was

defined to be 5 (H?:l VYU crop (R . (L))E’) N [R5(62"i(k1+1)/5, ce 62“(’“"“)/5)]; see also [[3 §2.3, (14)].
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The degree of a € H*(P(w); N Xy), as an element of Hor(Xw ), is defined to be
N

degar =k +2Y (fw;).
j=1
Note that this is an integer since Z;VZI fwj = fd € Z. Let inv: P(w); = P(w);_y denote
the natural isomorphism. For ay € H(P(w); N Xw) and az € H(P(w)—p N Xw), we define

(14) (0, 00) = / aq Uinv* as.
P(Q)fﬂXW

We set (a1, a2) = 0if oy € HP(w)y, N Xw) and ay € H(P(w)s, N Xw) and fi + fo ¢ Z.
Then (-, ) defines a graded symmetric non-degenerate pairing on Hor(Xw ).
The ambient part Hamp(Xw) is defined to be the image of the restriction map

Homb(Xw) = Im (i*: Her(P(w)) = H(ZIP(w)) — H(ZXw) = Her(Xw)) -

Let 1y € H(P(w)s N Xw) denote the identity class on P(w); N Xy and p = ¢1(O(1)) denote
the hyperplane class on P(w). The ambient part is spanned, as a C-vector space, by p‘l 7
0<i<#{l1<j<N|fw;eZ}—1, feF The pairing (-,-) restricts to a non-degenerate
pairing on H,np(Xw) and Hapm,(Xw) is orthogonal to the complementary primitive part
Hpri(XW) = Ker(i*: HCR(XW) — HCR(P(M)))-

Remark 2.6 (Comparison of state spaces). The FJRW and GW state spaces can be identified,
up to Tate twist, with the relative Chen-Ruan cohomology (Chiodo-Nagel [I2]):

H(W, pq) = Her ([CV/pgl, W (1) /1))

Her(Xw) = Her(Opgy) (—d), WH(1)).
The first identification follows immediately from the definition. The second identification
follows from the Thom isomorphism. Here W: Op(,)(—d) — C is the function in §L.I Note
that the pairs (Op(y)(—d), /VI7_1(1)), ([CN /g, [W=1(1)/py]) are connected by a variation of
GIT quotients. Chiodo-Ruan [I4] showed that there exists a bigraded isomorphism

HPUW, pg) = HER (Xw)

which preserves the pairings on both sides. In this paper, we will construct a graded isomor-
phism (preserving the pairing)

HEL(W, ) = HER (Xiw)

nar amb

which depends on a point of the Ké&hler moduli space. (Note that the narrow/ambient part
has no (p, q)-Hodge component with p # ¢.) See Remark 2.24]

2.2.2. GW invariants. For n > 0 and § € Ho(|Xw|,Z), let (Xw)on,p denote the moduli
stack of genus zero, n-pointed, degree 8 stable maps to Xy (it is denoted by Ko ,(Xw, 5)
in [I). This carries a virtual fundamental class [(Xw)onglvic € He((Xw)on,; Q) of degree
2(n+¢—3) with ¢ :== N —2 = dim Xy. We have the evaluation map at the ith marked point

evi: (Xw)ons = IXw

where ZXyy denotes the rigidified cyclotomic inertia stack (see [J). Because the underly-
ing complex analytic spaces of ZXy and ZXyy are the same, we can define the pull-back
evi: Hor(Xw) — H((Xw)onp)- Let ¢; be the first Chern class of the line bundle over



14 ALESSANDRO CHIODO, HIROSHI IRITANI, AND YONGBIN RUAN

(Xw)o,n,s Whose fibre at a stable map is the cotangent space of the coarse curve at the ith
marked point. The orbifold GW invariant is defined to be

n
(15) (o (1), -, T, () ;:/ [Tev; i)yt
[(XW)O,n,B}vir i=1
Here aq,...,a, € Hor(Xw) and by,...,b, > 0. Again we sometimes omit 7y from the

notation. The orbifold GW invariants are also homogeneous. The invariant (I5]) vanishes
unless Y1, (b; + 5 deg o) =n + ¢ — 3.

2.3. Quantum cohomology and quantum connection. We can associate the quantum
cohomology rings to both of FJRW and GW theories. The quantum ring of FJRW theory
is defined over C, whereas the quantum ring of GW theory is defined over the Novikov ring
A := C[Eff]. It is the completion of the group ring C[Eff] of the semigroup Eff C Ha(|Xw |, Z)
consisting of classes of effective curves. For 8 € Eff, we denote by QP the corresponding
element in A. In §232 below, we see how the divisor equation reduces the ground ring to C
(by setting @° = 1) for GW theory. The construction here is standard and can be applied to
any (genus zero) cohomological field theories with homogeneity. See [9].

In order to describe the quantum rings of both theories in a uniform way, we use the
following notation. Let K denote the ground ring. It is C for FJRW theory and A for GW
theory. Let H denote the state space. It is H(W, pg) or Hor(Xw) @ A. Let {T;}7_, be a
homogeneous basis of H. We choose Tj to be the identity class, i.e. Tp = 19 € Hcer(Xw) in
GW theory and Tp = ¢ € H(W, py)1 in FJRW theory. We set g;; = (T3,7;) and let (g%)
denote the matrix inverse to (g;;). We writ
(16)

(T (T ) = {<Tbl(ﬂl),...,Tbn(ﬂn)ﬁjﬁw for FJRW theory;
1\F21 /)y Ton\Fin )/ 0n T

ZﬁeEf—f (16, (T3y)5 - - -5 T, (Tzn)>(?nwﬁ Qﬁ for GW theory.

Let ¢, ..., t* denote the co-ordinates of H dual to the basis Ty, ..., T, such that ¢t = Yoo t'T;
denotes a general pointﬂ:l:I on H. We regard H as a supermanifold such that ¢’ has the parity
il = degT; mod 2 and odd co-ordinates anticommute ¢t/ = (—1)llilt7¢%. Let K[t] denote
the tensor product of the formal power series ring in even variables and the exterior algebra
in odd variables, i.e. K[t] = K[t': even] ®x /\;((@M:odd Kt%). The quantum product e is a
Kt]-bilinear product on H ® K [t] defined by

S
1
(17) T‘l.jy = Z Zﬁ<n77}7Tk7t7'"1t>07n+3gkln-
kil=0n>0

This is super-commutative and associative by the WDVV equation. We call (H ® K[t],e)
the quantum cohomology ring. The identity of the product e is given by Tp. When we set
@ = 0 and t = 0 in Gromov—Witten theory, the product e defines the so-called Chen-Ruan
orbifold cup product on Her(Xw ). This limit Q@ =t = 0 is called the large radius limit. On
the other hand, the limit point ¢t = 0 in FJRW theory is called the Landau-Ginzburg point.

10Note that the FJRW correlators are not defined for n = 0,1,2 (since the moduli spaces are empty), but
the GW correlators still exist for these n because the degree 8 can be non-zero. We set the correlator to be
zero when the subscript (0,n) or (0,7, 3) is not in the stable range.

e use upper indices for the co-ordinates t'. Note that ' does not mean the i-th power of .
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The quantum connection is the set of operators V;, i =0,...,s on H® K[t][z,27!] defined

by
0 1

(18) Va—a—:j—{— “T,ea, acH®®K[t][z,2]
Here z is a formal parameter. The associativity of the product e implies that these operators
supercommute, i.e. V;V; — (—1)'1“9‘Vjvi = 0. We regard the quantum cohomology H ® K]
as the trivial vector bundle over the formal neighbourhood of the origin in H and V as a flat
connection on it with parameter z. Moreover, we can extend the connection in the z-direction
because of the homogeneity in FJRW/GW theory. Define a section E € H ® K|t] by

S
1 .
E:=)_ <1 — 2degﬂ> ;.

=0

This corresponds to the Euler vector ﬁeld'm Yoo (1 — %degT) t'-9- By abuse of notation,

ot - :
we also denote the vector field by E. It defines the half of the grading of variables: degt* :=
2 — degT;. Let Gr denote the grading operator

deg T;
Gr(T}) = iy,
The connection V, in the z-direction is defined to be
Oa 1 1
V.o = 5—?an+;Gr(a).

for « € H® K[t][z,27']. We have [V,,V;] =0, i = 1,...,s and the pairing (,-) is V-
flat. The precise meaning of the flatness of (-,-) is as follows. Let (—)*: H ® K[t][z, 27 '] —
H ® K[t][z,27!] denote the map a(z) — «a(—=z) flipping the sign of z. By extending the
pairing (+,-) on H to H ® K[t][z, 2] bilinearly over K[t][z, 2], we have
8 * * *

(19) 5 (D) ar,a2) = ((=)"Viar, a2) + (=) a1, Viag).
for aq,a € H® K[t][z, 27 ]. The flatness of the pairing follows from the Frobenius property
(a1 @ g, a3) = (o1, 2 ® 3).

We have a canonical solution of the quantum connection. Define L € End(H) ® K[t][z]
by

(20) L(t, ) = a + Z ZZ ot (@)t t To 9Ty,

i,j=1n>0 b>0
This is an invertible endomorphism satisfying the following differential equations:
Proposition 2.7. For o € H, we have
Vi(L(t,2)2=%a) =0, V.(L(t,2)z"%a) = 0.
For ay, a9 € H, we have
(L(t,—2)au, L(t, z)ag) = (a1, a9).

Proof. These are well-known in GW theory (see e.g. 2] Proposition 2.4]) and can be proved
similarly for FJRW theory. So we only sketch the outline of the proof in the case of FJIRW
theory. The equation V;(L(t,2)z~ ®'a) = 0 is a formal consequence of the Topological
Recursion Relation (TRR), as shown in [B4] Proposition 2] for GW theory. The TRR

2Gince we are working in the Calabi-Yau case, the term c1(X) vanishes.
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in FJRW theory is proved in 8, Theorem 4.2.8]. The equation V,(L(t,2)z~%a) = 0
follows from the homogeneity ([[3) of FJRW invariants. Since L(t,z)a; is flat in the ¢-
direction, the pairing (L(t,—z)aq, L(t, z)ag) does not depend on t (see ([I9)). Therefore
(L(t,—=2)au, L(t, z)az) = (L(0, —2)aq, L(0, 2)az) = (a1, a2). O

2.3.1. Restriction to the narrow/ambient part. Recall that the state space H is decomposed
as Hupar(W, pg) @ Hpro(W, pg) for FJRW theory and as Hamb(Xw) @ A & Hpi(Xw) ® A for
GW theory. In this section, we denote this decomposition as

H — H/ @ H//

where H' denotes the narrow/ambient part and H” denotes the broad/primitive part. The
decomposition is orthogonal with respect to the pairing (-,-). Moreover we have the following.

Proposition 2.8. For ai,...,a, € H and v € H”, we have

(Toy (1), -+, To, (@), Te(V))gpys = 0

In particular, H' is closed under the quantum product e when the parameter t is restricted to
lie on H'; the quantum connection V and the fundamental solution L(t,z) preserve H' as far
ast e H'.

Proof. Because of the deformation invariance (25, Theorem 1.2.5], [0, Theorem 3.4.2]) we can
d/w1 d/wn
1 +' ‘ '+xN
symmetries preserving W is given as Gmax = {(21,...,2n) | z?/wi =1} = Py, X X gy -
The Gpax-action on CV naturally lifts to the state space H. We claim that H' is the Gpax-
invariant part of H:

assume that W is of Fermat type W = x . Then the maximal diagonal group of

H/ — HGmax
and that H” is the sum of non-trivial irreducible Gpax-representations. The proposition
follows from this claim and the G.x-invariance of the correlator:

<Tb1 (ga1)7 - To, (gan)7 TC(g’Y)>07n+1 = <Tb1 (a1)7 <oy Thy (an)7 TC(’Y)>0,n+1 , g€ Gmax-

First we show the claim for the FJRW state space. We use the description of H(W, pg)
as the Jacobi space Q(W)*4 given in (@) If k£ € Nar, the sector H (W, py)i is obviously Gmax-
invariant. Assume that k ¢ Nar. Then each element of H (W, p,)r can be represented by a
sum of monomial Ni-forms of the form [, 7 (2{dz;) with 0 < a; < d/w; — 2. But each
summand spans a non-trivial irreducible G .x-representations and the claim follows.

Next we show the claim for the GW state space. Each twisted sector has a decom-
position H(P(w)s N Xw) = Hamb(P(w) s N Xw) @& Hpri(P(w) s N Xw). It is obvious that
Hamp (P(w) ¢ N Xw) is Guax-invariant. The primitive part Hpi(P(w) s N Xy ) is isomorphic
to Grzfﬂk HNe=L(W=1(1)) for k = fd (see [64 p.216]), which is H(W, u,)r (see Appendix [A]).
Now the claim follows for the same reason as the previous paragraph, since k = fd ¢ Nar. O

Remark 2.9. The fact that the ambient part is closed under the quantum product (in GW
theory) is shown [43] Corollary 2.5] in general for complete intersections.

2.3.2. Divisor equation and the specialization Q = 1. In orbifold GW theory, we have the
following Divisor Equation [l Theorem 8.3.1]:
GW GW
<Tb1 (al)v cos Thy (O‘n)7p>07n+1”8 = <p7 /8> <Tb1 (a1),..., T, (an)>07n”8
+ Z (Tb, (041), e aTbifl(O‘i% < Thy, (O"VZ))O(;,XYB )
i:b; >0
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where p = ¢1(O(1)) is the hyperplane class on Xy in the untwisted sector. We choose the
homogeneous basis {T;}7_, such that Th = 1 and also that 77 = p. The divisor equation
implies that

Z Z Z <TzaTj,Tk, . >0n+36 pﬂ>t1QnglTl’

k,1=0 n>0 BEf

where ¢/ = > 21 t'T;. Therefore, the specialization T; e Tj|g=1 makes sense as an element

of Hor(Xw) ® C[[etl/w,t’]]. Here w is the least common multiple of wy,...,wy (so that
Op(w)(w) is a pull-back from the coarse moduli space [P(w)]). Under this specialization, the

limit e!' /¥ = ¢ = 0 plays the role of the large radius limit. Similarly, the specialization ) = 1
of the fundamental solution L(¢, z) gives

L(t, z)a‘ = e t'P/7g
Q=1

GW 3
—t'p/z ! I (0Bt ijrp
FEET Y o (nteate ) ,

1,j=1n>0 b>0 ﬁEEﬁ

This is an element of End(Hcgr(Xw)) © Clet' /*, #'][t'][z~1] and gives a fundamental solution
to the quantum connection V|g=;. In this way the divisor equation reduces the ground ring
from A to C.

2.4. Quantum D-modules and integral structure. Here we define the narrow/ambient
part of the quantum D-module and introduce a certain integral structure on it. In this
section we entirely work over C. Let H denote the state space over C and H' C H denote the
narrow/ambient part:

(21) H — {Hnar(W, wy) for FJRW theory;

Hab(Xw)  for GW theory.

Recall that H' is closed under the quantum product by Proposition Let {Ty, T1,..., T}
(r < s) be a homogeneous basis of H' such that Tj is the identity. It is, for example, a
reordering of the basis {¢x_1|k € Nar} (FJRW theory) or the basis {p'lf|i > 0, f € F}
(GW theory). For GW theory, we choose T7 to be the hyperplane class p = ¢1(O(1)). Let
{t9,...,¢"} denote the dual co-ordinates and t = Y__ #'T; denote a general point on H’. The
parity of these co-ordinates are all even. In this section, the parameter t is restricted to lie
on H' unless otherwise stated. Also in GW theory, we set the Novikov parameter Q to 1 in
the quantum product e, the connection V and the fundamental solutions L(t, z) as done in

232

2.4.1. Convergence assumption. We assume that the quantum product T; ¢ T, 0 < 7,5 < r
are all convergent power series. This means

T; e T e HoC{t" ', . .t} for FJRW theory;
TyeTje H @ C{L0 '/ 12,... "} for GW theory.

Let U C H' denote the domain of convergence of the product e. For FJRW theory, U is of
the form

{1t < (¥i)}
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for some € > 0. For GW theory, U is of the form
[R(Y) < =M, [ti] < e, (Vi # 1)}

for some €, M > 0. In practice, we do not need to assume the full convergence of the product.
One can consider the quantum D-module over a submanifold of U where the product e is
convergent. In our case, we show in §5.2] that the quantum product e is convergent on the
image of the mirror map. When Xy is a manifold, we show the full convergence in §5.5] for
both GW and FJRW theories.

Note that the convergence assumption imply that V and L(¢, z) are analytic in ¢ € U and
z € C*.

2.4.2. Quantum D-module. Let U C H' be as in §Z4.J1 The present quantum D-module is
defined as a meromorphic flat connection over U x C. Let z denote the co-ordinate on the
second factor C and 7: U x C — U denote the projection to the first factor. Let (—): UxC —
U x C be the map sending (¢, z) to (t, —z).

Definition 2.10. Let F'= H' x (U x C) — U x C be the trivial vector bundle with fibre H'.
Let V be the meromorphic flat connection (quantum connection) on F'

r

V=d+ % > (Tie)dt' + (—i(E.) + Gr> dz

z
=0
which can be regarded as a map
d

V: O(F) = O(F)(U x {0}) ® <W*Q(1] @ OM;;) .
Here O(F)(U x {0}) denotes the sheaf of holomorphic sections of F' with at most simple poles
along {z =0} = U x {0}. Let P be an Opxc-bilinear pairing

(—)*O(F) ® O(F) = 2“Ouxc
defined by
P((—)*s1,82) := (2miz)°(s1(t, —2), s2(t, 2)).

Here ¢ = dim Xy = N — 2 and (-, -) in the right-hand side denotes the standard pairing on
the state space defined in (@) and ([[4]). The pairing satisfies

(=1)°P((=)*s1,52) = (=) P((—)"s2,51)
dP((—)"s1,82) = P((—)"Vs1,82) + P((—)"s1, Vs2).
We call the tuple (F,V, P) the narrow part quantum D-module QD M. (W, ) (in the case

of FJRW theory) and the ambient part quantum D-module QD Mypmp(Xw ) (in the case of GW
theory).

Remark 2.11. In E9] and 42 Definition 2.2], the quantum connection V5, in the z-direction
is shifted by —¢/2 so that it makes the ordinary pairing P/(27iz)¢ flat. In this paper, we adopt
the convention in [3] Definition 3.1] because it is more compatible with mirror symmetry.

Remark 2.12. The quantum D-module here is a (TEP(¢)) structure in the sense of Hertling
B3 Remark 2.13]. Moreover, by the given trivialization, F' is extended over U x P! as a trivial
vector bundle and thus gives a (trTLEP(¢))-structure [38 Definition 5.5]. In the context of
LG/CY correspondence, it is more convenient to consider the connection over U x C since
the extensions across z = oo do not match under analytic continuation.
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Remark 2.13. Over the degree two subspace H’ cH , the narrow/ambient part quantum D-
module gives rise to a variation of Hodge structure, the so-called (narrow/ambient) A-model
VHS A3 §6.2]. This is defined to be the restriction of (F, V) to the subspace (H>NU) x {z =
1} equipped with the decreasing Hodge filtration

70 =P Q0,0
and the polarization

Oal(a, B) = (2mi)° ((—1)deg/2a,5) .

2.4.3. Galois action. The quantum D-module has an important discrete symmetry which we
call the Galois action. This symmetry is also compatible with mirror symmetry.

Proposition 2.14 (Galois action in FJRW theory). Let H be the FJRW state space and H'
be its narrow part. Define the linear map G: H — H by
o—2mi(k=1)/d

G|H(Wvlid)k - idH(VV#d)k :

The map G preserves H'. Without loss of generality, one can assume that the convergence
domain U C H' is preserved by G. The bundle map Gr: F — G*F defined by

Gr: H x (UxC)— H' x (U xC)
(a, (£ 2)) > (779G ), (G(1), 2))

preserves the connection V (i.e. Vg © Gr = G oV,) and the pairing P. We call it the
Galois action of the narrow part quantum D-module.

Proof. For a d-spin structure L — C on a pointed orbicurve (C,o1,...,0,), we have
deg(L) — > i, age,.(L) € Z by Riemann-Roch for orbicurves [EBG5]. Thus the moduli
space Spingm(kl, ..., ky) is empty unless 2+ > | k; =0 mod d. Therefore we have

(11 (G(D11)): s T (G D)o = ECT iy (1), T, (S0
for ky +1,...,k, + 1 € Nar. This fact and the formula (@) of the pairing show that
G(a1) *G(t) G(ag) = G(a e az)

for a1, a9 € H'. Here the subscripts of e denote the parameter of the quantum product. The
statement follows easily from this. O

Remark 2.15. Since the FJRW invariants in our case are (regardless of narrow or broad)
certain intersection numbers on Spingm(kl, ..., k), the same argument shows that the Galois
action preserves V and P defined on the full FJRW state space H.

Proposition 2.16 (Galois action in GW theory: [2] Proposition 2.3]). Let H be the GW
state space and H' be its ambient part. Define G: H — H to be the affine-linear map

G(a) = ¥ o —2rip, for a € H(P(w); N Xw), f €.

The map G preserves H'. Without loss of generality, one can assume that the convergence
domain U C H' is preserved by G. The bundle map Gr: F — G*F defined by

H x(UxC)— H x (UxC)
(a, (t, 2)) — (dG(a), (G(1), 2))

preserves the connection V and the pairing P. Here dG is the differential (linear part) of G.
We call it the Galois action of the ambient part quantum D-module.
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Proof. In A2 Proposition 2.3|, the Galois action was defined for each orbifold line bundle.
The map G here arises from O(1). O

Via the Galois action, the quantum D-module (F,V,P) over U x C descends to a flat
connection on the quotient space (U/(G)) x C. We denote it by (F,V, P)/{(G).

2.4.4. Integral structure. The f—integral structure in the orbifold GW theory was introduced

in [@2 §2.4], B4 §3.1]. We generalize it to the case of FJRW theory for (CN, W, u,).

Definition 2.17. (1) In FJRW theory, the Gamma class Trirw € End(H) is defined to be
d—1 N

Tryrw = @ HF (1= (kq;))

k=0 j=1

where ¢; = w;/d and the kth summand acts on H(W, p,)i by the scalar multiplication. This
is similar to the Gamma class A2} §2.4] of the tangent bundle of the orbifold [CV /pu,].
(2) In GW theory, the Gamma class I'qw € End(H) is defined to be

[TY, T — (fw;) +wip)
Paw = @ I'(1 + dp)

=

where p = ¢1(O(1)) is the hyperplane class and the summand indexed by f € § acts on
H(P(w)sNXw) by the cup product. This is the Gamma class A2} §2.4] of the tangent bundle
of the Calabi-Yau hypersurface Xy .

Remark 2.18. Libgober (8] observed that the Gamma class arises from periods of mirrors of
Calabi-Yau hypersurfaces.

We introduce a flat section associated to a graded matrix factorization of W (see §4.1]) or
a vector bundle on Xy. We use the Chern character map

ch: MF& (W) — P Q(Wi)* = H(W, u,) for FJRW theory;

ch: D*(Xw) = Her(Xw) for GW theory.

The Chern character for a matrix factorization (due to Walcher [68] and Polishchuk-Vaintrob
[B4]) will be explained in §LT.T] and we use the isomorphism @i;é Q(Wy)Ha = H(W, pg) in
Proposition 21l The Chern character for a orbi-vector bundle is the “stabilizer-equivariant”
version which appears in the Kawasaki-Riemann-Roch formula E5B5]. For ch: D*(Xy) —

Hcr(Xw), see for instance 2] §2.4] where it is denoted by ch.

Definition 2.19 (f—integral structure). Let degy: H — H be the degree operator without
the shift (“bare” degree operator):

degy := —2idgw,pu,) for FJRW theory;
degy | i (B(w) ;nxw) = NidEn(Pw)nxy) for GW theory.
Let inv: H — H denote the map induced from the natural isomorphisms

HW, 1) = HOW, 1) a- for FJRW theory;
H(P(w)y N Xw) = H(P(w)q—p N Xw) for GW theory.
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Let £ be an object of MF% (W) (in the case of FJRW theory) or an object of D*(Xw) (in
the case of GW theory). We define a V-flat section §(&) by

(22) s(E)(t,2) = (2731)@

where T, L(t, z) and ch(€) are the Gamma class, the fundamental solution (20) and the Chern
character in the respective theory. It is clear from the definition that s(£) depends only on
the numerical class of £. When ch(€) € H’, (&) defines a flat section of narrow /ambient part
quantum D-module. Define the Z-local system over U x C* by

Fz:={s(E)|ch(€) € H'} cT(U x C*,0(F))Y
where & ranges over objects of MFy, (W) or D(Xy). (Note that ch(€) lies in H, but not

in H' in general.) We call this the f—integml structure of the narrow/ambient part quantum
D-module.

L(t,z)z~ T ((27ri)deTgO inv* ch(é’))

Remark 2.20. The degree deg is even on the image of the Chern character map. In fact, the
Chern character takes values in the (p, p)-part. See Remark [£.4]

Proposition 2.21. (1) The f—integml structure is preserved under the Galois action, i.e.
e G (s(E)(G(t), 2)) = s(E(1))(t, 2) for FJRW theory;
dG (5(5)(G_1(7§), z)) =s(€®O(-1))(t,z) for GW theory,

where E(1) is the shift of the grading of € by 1. In particular, Fy, defines an integral structure
on the quotient (F,V,P)/(G).
(2) We have

P((=)*s(€),s(F)) = (-1)N " 'x(€,F) for FJRW theory;
P((=)"s(€),s(F)) = x(&,F) for GW theory,
where x(E,F) = Y ;cz(—1)"dimHom(E, Fli]) is the Euler pairing of MFS (W) or of
DY(Xw). In particular, P takes values in 7 on Fy.

Proof. The proof relies on the Hirzebruch-Riemann-Roch formula in each category. We explain
the case of FJRW theory. See 2] Proposition 2.10] (or [3] Definition 3.6]) for the case of
GW theory. For Part (1), since the Galois action preserves V, it suffices to check the equality
at t = 0 (see Remark ZT5)). It follows from L(0, z) = id and

e~ 2™/4@ (inv* ch(€)) = inv* ch(&(1)).
Next we show Part (2). Setting (&) = f((27ri)de% inv* ch(€)), we have
P((=)*s(E),s(F)) = (2mi) %2%((—2)~ C"W(E), 2~ ®"W(F)) by Proposition 21
= (2m1) (1)~ *U(E), U(F))

d—1 N
D(1— (ky))T(1 - ((d - k)g;)) | (273)~2
k

P

(27i) —¢

o

j=1

x (—1)" 2 T2k ((inv* ch(E))g, (inv* ch(F))a_s)

= 3" (2ma) M H iy | (FDY D) (e E)a ()
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where ch(F)y denotes the component of ch(F) in the sector H(W, uy)r and we used the
equality I'(1 — )I'(x) = n/sin(mz). Note that ch(F); vanishes if Vi is odd. By Proposition
1l we can write the last expression in terms of the residue pairing:

d—1

1 _ N1 1
Z H 1 o2mitha) ()N (=17 2 EReku(ch(g)d_k,Ch(]:)k)
k=0 "\ (kq;)7#0

where we used the fact that the degree of ch(F)y as an element of Q(Wy )4 is (N /2)d (see
Remark 4} the degree here is different from the degree as an element of the FJRW state
space). This equals (—1)V~1x (&, F) by Hirzebruch-Riemann-Roch Theorem O

Remark 2.22. In Proposition 22211 we do not need to assume that ch(£) € H or t € H'.

2.5. Statements of the main results. In this section we summarize our main results in
three theorems. Theorems 2.23] are about analytic continuation of quantum D-modules
(with integral structure) and Theorem is about the monodromy representation and de-
rived equivalences. These theorems are more precise versions of Theorems [[LT] and in the
introduction. The proofs take the entire paper and are completed in §0l (see §2.0).

Let v be an inhomogeneous co-ordinate of P(1, d) such that v = oo is the p -orbifold point.
Then u = v~ /¢ gives a uniformizing co-ordiante around the orbifold point (LG point). Set
M :=P(1,d)\ {v =0,v = v}, where v = 0 is the large radius limit point and v = v, :=
d—? H;VZI w;-uj is the conifold point. We write (—): M x C, - M x C, for the map sending
(v, z) to (v, —z). The following theorem is a precise version of Theorem [[T] (without the part
concerning the Orlov equivalence). The proof will be completed in §5.4

Theorem 2.23. There exists a locally free sheaf F over M x C, with a meromorphic flat
connection ¥V (with simple poles along z =0)

V:F = F(Mx{0}) ® Ve,
a V-flat, symmetric and non-degenerate pairing
P: (=)*F@F = 2*Opmxc,
and a Z-local subsystem Fy of the same rank over M x CZ
Fz C (Flpguex)

such that the following holds:

(i) For a small open neighbourhood Upjrw = {|u| < €} C M of the LG point, we have a
MATTOT Map Tpypw © UrIRW — Hr (W, pg) /(G) such that 7y,py = —ug1 + O(u?) and

(F.V, (=1)VP, Fy) = 7w (@D Muar (W, 1) /(G)) ,
Ursrw XC-

where in the right-hand side appears the narrow part quantum D-module (Definition [Z10)
of (CN, W, my) equipped with the f—z’ntegml structure (Definition [219) and G is the Galois
action (§2.4.3).

(ii) For a small open neighbourhood Ugw = {|v| < €} C M of the large radius limit point,
we have a mirror map Tay, : Uaw — H2 1 (Xw)/(G) such that T4y, (v) = plogv + O(v) and

(F,V, P, Fy) = 7w (RD My (Xw)/(G)),
Ucw XC;

where in the right-hand side appears the ambient part quantum D-module of Xy equipped

with the I'-integral structure and G is the Galois action.
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Remark 2.24. Restricting the global D-module (F,V, P, Fy) to z = 1, we obtain the analytic
continuation between the narrow A-model VHS of (C™, W, u,) and the ambient A-model VHS
of Xy in Remark The fibre F(, 1y at (z,1) € M x C, has a well-defined filtration and

a polarization
TP (Flon)) = {v € F(z,1) | 5u(2) has a pole of order < ¢é—p at z = 0}
Qv1,v2) = P(s4, (1), 85,(1)), 1,02 € ]:(9071)

where s,(z) € H°(CY, ]-"]{t}x(czx) is a unique V-flat section such that s,(1) = v. The filtration
and the polarization coincide with those of the A-model VHS near the respective limit point.
By analytic continuation, we have an isomorphism of state spaces

@(:L’) (Hnar(m ll’*d)ﬂypaQA) = (Hamb(XW)yyﬁ?QA)

for a point z on the universal cover M. Taking the associated graded vector space with respect
to Z°®, we can turn this into a graded isomorphism (preserving the polarization). Note that
© does not map the identity to the identity because of the factor F in the asymptotics (Z4).

In the case where the Calabi-Yau hypersurface Xy is a smooth manifold (e.g. P(w) = P"
or P(1,1,1,1,2), P(1,1,1,1,1,1,1,2,3), etc), we can use the reconstruction theorem to prove
that the “big” quantum D-modules are analytically continued to each other. Here the word
“big” means the quantum D-module over the full narrow/ambient sector H’. This is used in
contrast with the “small” quantum D-module which is the restriction of the big one to the
image of the mirror maps. The following theorem will be proved in §5.0

Theorem 2.25. Assume that Xy is a manifold.

(i) The “big” quantum product of (CN, W, uy) on the narrow part and the “big” quantum
product of Xy on the ambient part are convergent in the sense of §2.4-1

(ii) The global D-module (F,V, P, Fy) in Theorem [Z23 can be extended to a D-module
(Fext yext pext Fext) over a base Mext X C,, where Mexy is a complex manifold of dimension
rank F = dim Hupp(Xw) which contains a Zariski open subset M’ of M as a submanifold.
The extended D-module is identified with the “big” narrow/ambient part quantum D-module
of FIRW/GW theory in a neighbourhood of Ugw or Upjrw -

More precisely, there exists a locally free sheaf F& over Mey X C, equipped with a mero-
morphic flat connection Ve (with poles of order two along z = 0)

dz
veXt: feXt — feXt(MeXt X {0}) ® <7T*Q}Vlext @ OMextXCz Z> Y
where m: Mext X C, — Moyt is the projection, a V™<'-flat, symmetric and non-degenerate
pairing
P (=) F @ F = 2°Opxc.

and a Z-local subsystem FZeXt of the same rank over Meyxt x CJ
t 1 Vext
Fp C (F™ ’Mextxcg)

such that the following holds:

° (f’ext)vextjpext)FZext)‘M, — (.F,V,P, FZ)|M’;
o There exist open neighbourhoods US™ of Uy in Mexy and open embeddings

UG o HY/(G), 18 v = o
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for O = GW and FIRW such that we have isomorphisms
(P VL ()N TPO PR gy = T (@D Maar (W, 19)/(G))

FJRW

(Jrext7vextjpexaFZext)‘Ug%v ~ Tce;)\:i*(QDMamb(XW)/<G>)

Finally we give a statement on the monodromy representation of the global quantum D-
module (F,V, P, Fy). We choose base points by, boo € M near the large radius limit point and
the LG point such that by, b € Ryg and 0 < by < 1 < by. We choose paths vov, 7n.a, 70, V1
in M as in Figure @l We also define (see also Figure [])

W= 20 °00ys  Yeon =1 00

for I € Z. We adopt the convention that the composite v4 o yp means the concatenation of
Y4 at the end of vp.

ey - LG

FIGURE 2. Various paths in M

Let N(Xyw) denote the numerical K-group of Xyy. From the definition of the f—integral
structure, the fibre at by of the global Z-local system Fy is identified with

(23) N'(Xw) :=={E € N(Xw) | ch(E) € Hamb(Xw)}-

Similarly, the fibre at by, of F7 is identified with the group N'(W, u,) of numerical classes of
matrix factorizations £ such that ch(€) € Hyar(W, pg). The following theorem is a detailed
version of Theorem (which also includes the part of Theorem [[I] concerning the Orlov
equivalence). The proof will be given in §5.6

Theorem 2.26. The Z-local system Fy, of the global D-module (F,V, P, Fz) in Theorem[Z223
induces the representation of the quiver of Figure[d given by the assignment by — N'(Xw ),
boo — N/ (W, pny) and

Yoy — O(=1): N'(Xw) — N'(Xw)
ne — (1) N
’yl_l — ®;: N’
Yook —  To: N'(Xw) — N'(Xw)

where O(—1) denotes the tensor product by O(—1), (1) denotes the shift of the grading by 1,
®; denotes the Orlov equivalence (§4.3) defined for | € Z and Tp denotes the Seidel-Thomas
spherical twist (§5.08) by the structure sheaf. Moreover, the monodromy representation

p: (M, bo) = Aut(N'(Xw), x)
can be lifted to a group homomorphism
p: (M, bo) — Auteq(D"(Xw))/[2],
where [2] is the 2-shift functor.
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2.6. Flowchart of the proof. Here we show by a picture the organization of the rest of the
paper. Several key results are highlighted in the chart.

SYLIHAZE Matrix factorization

and Orlov equivalence

SYL3HAA Analytic
g3t Computation of the continuation of the
twisted FJRW theory: I-functions matches

Mirror Theorem © 7 7 the Orlov equivalence
(Theorem B.10) (Proposition E.12]
Theorem HLI7))

5.2t Refined mirror
of the global theorem (Theorem [(.12))
D-module Ft% for + analytic continuation
the twisted th of the twisted theories
e twiste eory (Corollary EI3)

l

g5. Tk Construction

o3t Analytic

continuation revisited

5.4t Construction of the
global D-module F.
Proof of Theorem
g5 0k Reconstruction of g5.68 Global monodromy
big quantum D-modules. and autoequivalences.
Proof of Theorem Proof of Theorem

The essence of the paper lies in the computation in 4 where the analytic continuation map U
of the two I-functions (or more precisely the two $)-functions) is matched up with the Orlov
derived equivalence.

3. CoMPUTING FJRW THEORY

We compute FJRW invariants attached to narrow state space entries. In §3.11 we provide
an extension of the definition of the invariants to a larger state space. The new invariants are
zero on the extended part, but arise as the non-equivariant limit of the ep-twisted invariants.
In §§32H3 Al we calculate the twisted invariants (or more precisely the I-function) using
Chiodo-Zvonkine’s results [I6] and Givental’s symplectic formalism [29].

3.1. Extending FJRW theory. Define the extended narrow state space (or simply the
extended state space) to be

d

(24) Hexy = €D 61-1C = Hyae (W, 1) & P ¢1-1C.
k=1 k¢Nar

This modified state space may be regarded as the result of the replacement of each term of the
broad sector H(W, py)r, k ¢ Nar, with a one-dimensional term ¢;_1C. As we show straight
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away in Proposition B2 these new states play the role of placeholders in the theory: they only
yield vanishing invariants and they allow to simplify the computation of the invariants with
narrow entries.

We need to extend the grading of Hnar(W pg) to the extended state space. We set (cf. ()

(25) deg ¢y, 1_22 —1q])—2Nk+22 (kq;) —

Jj=1 Jj=1
with ¢j := wj/d. The relevant moduli stack is Spingm(kzl, ..., ky) defined as in (@), but for
ki,...,k, €{0,...,d —1}. Its universal curve w: C — Spingm(kzl, ..., ky) is equipped with a
universal d-spin structure £ and a line bundle M; = O(D;), where D; C C denotes the divisor
of the ith marking. The extended obstruction K -class is defined to be

—Rm, (69?;1 Z@’wj) for L=L®MY

where M = @, M;. Let p: C — C denote the morphism forgetting the stack-theoretic
structure along all the markings D, ..., D, (but not along the nodes). Then we have

x>

agep, (Z) = a’ = p'w

for the relative dualizing sheaf @ of 7: C — Sping’n(kzl, ey k).

Proposition 3.1. For any fibre C of C, we have H°(C, E®w.7'|c) =0,75=1,...,N. As a
consequence, R m. (L®") is locally free and the extended obstruction K-class is represented

by a vector bundle.

Proof. Because w; divides d, L£®vi is a root of p*@. On the other hand, we have H°(C, p*w) =

H°(C,w) = 0 because the genus of C' = p(C) is zero. Hence LBV |c does not have nonzero
global sections either. O

We define the extended FJRW invariants to be

(26) (7 (D) - 7o, (1 )TV /

[Sping ,, (k1,...k

N
(Hl/) ) U Ctop @lei@"j ,

j=1

for ¢, , ..., ¢k, lying within the extended state space Hext.

Proposition 3.2. The above invariants vanish if one of the entries q5k1, .., Ok, does not be-

long to the narrow state space Hypar(W, prg). Otherwise (To, (Pky),-- -, Th, (gbkn))OFiRW X equals
FJRW

<Tb1 (¢k1)7 .- (Qbk )> :

Proof. The proof parallels the argument of MLemma 4.1.1]. Let us compare LE%i and LOWi
after push-forward via the morphism p: C — C forgetting the stack-theoretic structure at the
markings. We getm

(27) Pe(£5) = pa(£%) © O (=i 1pwycazDi )

where D; C C is the divisor supported on the ith coarse marking. Therefore, if (k;+1)w; & dZ
for all i, we have Rlm,(L®%) = Rlm,(L®%i). This shows the second claim above.

1370 see this, use p*p.& = £ @ O(— Y i, dagep (€)D;) for an invertible sheaf £ on C.
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The vanishing condition in the statement holds when (k;+1)w; € dZ for some 1 < i < n and
some 1 < j < N. This simply means that L2V |p, is pulled back from the coarse divisor D;.
On the other hand £%%i is a root of Wiog and wieg|p; = Op, via the residue map. Therefore,
c1(L%%|p,) = 0 and hence c; (p*(£®wj)]5i) = 0 in the rational cohomology group.

Set T = p,(L£L25). From (Z0), T(fi)\fi = p*(£®wﬂ')|§i has vanishing first Chern class.
Write the exact sequence

and the induced exact sequence of vector bundles

(28) 0 — 7 (T(@)\@) — & R'%.T —— R'%.T(D;) — 0.

The vanishing ciop(R'm(LZY)) = ciop(R7T) = 0 follows from c1(T(Di)lp,) = 0. Note

that, in order to get (28]), we need to show that 7(D;) has only trivial sections on each fibre
C of C. For a = d/w;, we find that T(D;)®* = w(D; — >z alki/a) D;) which is a subsheaf
of w(D;). It is easy to see that H(C,w(D;)|g) = 0 for a genus zero curve C' by induction on
the components (see [[3]). Therefore H*(C, T (D;)|g) = 0. O

3.2. Twisted FJRW theory and Givental’s formalism. Let K = C[s] denote the com-
pletion of the polynomial ring (C[sg ) |1 <j < N,k > 0] with respect to the additive valuation
v(s,(fj)) =k—+1.

We define the ring K{z, 27!} of adically convergent power series in z by

K{z,2z71) = {Z anz" ‘ an € K, v(a,) — o0 as |n| — oo} .

neL

Define K{z} (resp. K{27!}) to be the subring of K{z, 27!} consisting of non-negative (resp.
non-positive) power series in z. We introduce a symmetric non-degenerate pairing (-,-)s on
Heyt ® K taking values in K:

(29) (Ohs r)s = é H exp (-8(()j)) Ohtk,d—2s

j:{(h+1)g;)=0

where 0p,4qg—21s 1 if h+k =d —2 (d) and 0 otherwise. Through the entire section we adopt
the convention that the index is reduced modulo d to the suitable range {0,...,d — 1}.

Definition 3.3 (Givental’s symplectic space). Givental’s symplectic space is the space
H := Hext @ K{z, z_l}
equipped with the symplectic form

Q%(f1, f2) = Res—o(f1(—2), fa(2))sdz.

The space H has a standard polarization H = Hy & H_, where Hy = Hexy @ K{z}, H_ =
Heyt ® 27 'K {271} are isotropic subspaces of 7. This polarization allows us to identify #
with the total space of the cotangent bundle of H .
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For the basis {qﬁk}z;(l) of Heyt, we write g3, for (¢, ¢r)s and gl* for the coefficients of the
inverse matrix. A general point of H can be written as q + p with

(30) q= §:§j%¢w €Hs P= §:§:pwm Hb €H_.

b>0 k=0 b>0 h,k=0

Here {q,’f Dbk | b>0,0 <k < d—1} can be regarded as Darboux co-ordinates on . Following
established practice, we denote the coordinates in Givental formalism by q{f, with the label
b corresponding to gravitational descendants and with the label k corresponding to state
space entries. We indicate explicitly where the superscript “k” index is meant instead as an
exponent of a power, indeed this turns out to be useful in some very special cases.

Definition 3.4 (Twisted FJRW theory cf. [2I]). Consider the universal characteristic class
of the extended obstruction K-class:

31) e =exp| Y Y sPeyRm L) | € H*(Spind, (k1. ..., kd);C) @ K
1<j<N =0

and define the twisted FJRW invariants as

(32) <Tb1 (leﬂ), .. .,Tbn(ﬁbkn))(s),n = /[S i (k ) (H wﬁ) Jels
ping ,, (k1 n i=1

.....

The twisted FJRW invariants are encoded in the generating function

k k
LI
b by,
(33) Fi= ) (o1 (@h1)s - T (Do Vo0 =
b1, >0 '
0<k1,....kn<s

This is a formal power series in infinitely many variables {t} |0 < k < d —1,b > 0}. Again,
the superscript k& of t’,f means an index, not an exponent of a power.

The twisted FJRW invariants here are a generalization of the extended invariants (20]).

Definition 3.5 (Givental’s Lagrangian submanifold). We relate the variables {t/} of F§ and
the co-ordinates {gf'} on H. by the following dilaton shift:

= —0L0F 4 tF.

Then F§ can be regarded as a function defined on a formal neighbourhood of —z¢g € H.
The graph of dF§ defines a Lagrangian submanifold of (#, Q°):

OF;
(34) ﬁs;:{q—FpEH}pb,k—ak,

The submanifold £° can be defined as a formal scheme over K. See [I7 Appendix B].

b>00<k<d—1}

3.2.1. The untwisted theory. Consider the case where Sl( D =0 for all 1 <j< Nandl >0.
Then e(s) = 1 and the associated correlators give the so called untwisted invariants

oy (D) -2 T, (D1 ) = / P
e ‘ (Spind, (k1 k)] Hl

(35) 1(Er, b)!
=<db!--b,!
0 otherwise.

ifn—3=>3" band 2+ > " k; € dZ,
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One can show this by using the String Equation (since one of b; has to be zero). The same
Hodge integral over My, is given in 24 Eqn (2)]; the new factor 1/d here comes from the
fact that Spingm(kl, ..., kn) has p, as the generic stabilizer and that [Sping’n(k‘l, o kn)] =
1[Mo,). The generating function F§" of untwisted invariants are defined similarly to (@3).
The pairing (+,-)s and the symplectic form Q2 specialize to

(61 ) = 0020, (i f2) = Resaol fi(~2), fo(=)hundz

The Lagrangian submanifold £"" C (H, Q"") is defined as the graph of dFj* as in ([B4]). (Here
one should use as Darboux co-ordinates those given by the untwisted pairing g = (¢k, On)un
instead of ¢3,,, cf. (B0).)

Since the untwisted invariants are the usual intersection numbers on My ,,, the generating
function F§" satisfy the well known tautological equations: String Equation (SE), Dilaton
Equation (DE) and Topological Recursion Relations (TRR). Givental [29 showed that these
three equations for a genus zero potential F( are equivalent to the following geometric prop-
erties for the graph L of the differential dFy:

e L is a cone in H with vertex at the origin p = q = 0 (with the dilaton shift qu =
th — 616k understood);
e The tangent space T to £ at any point on L satisfies 21" = LNT'; Moreover the tangent
space to £ at any point in z1T C L equals T
We refer to these properties as Givental’s geometric properties for L£. In particular, £""
satisfies Givental’s geometric properties.

3.2.2. The twisted theory. The Lagrangian submanifold £° was determined by Chiodo-
Zvonkine [I0]. Define a linear symplectic transformation A: (H, Q") — (H,Q®) by

o [N L0 B (i) + )
(36) A= exp E g i) 2L 71
g 7=11>0 : <l T 1)‘

where By, (z) is the Bernoulli polynomial defined by > ° ;) By (z)2"/n! = ze** /(e* — 1).
Theorem 3.6 (Chiodo-Zvonkine [I6]). We have £3 = A(L"™).

Because Givental’s geometric properties are preserved by a linear symplectic transforma-
tion, the generating function ¥§ of twisted FJRW invariants satisfies SE, DE and TRR.

The adaptation of [I6] to our context was explained in [[3] Proposition 4.1.5]; we omit the
details.

3.3. Family of elements on the Lagrangian cone. The twisted J-function is a family of
elements lying on £° parametrized by t = i;é tFop € Hoyy @ K:

o0 o
1 P
(37) J3(t,—z) = —z¢o +t + Z Z Z o (st (D)0 s gghm.
n=2 b=0 0<k,h<d—1
Here J5(t,—z) € H is characterized as a unique point lying on £% with the property:
(38) J3(t,—2) = —doz +t+0(z).

It is known [29] that the J-function reconstructs the cone L£° itself via Givental’s geometric
properties. Here we will find another explicit family of elements (/-function) on £5.
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The J-function J"™ € L£"" of the untwisted theory (§8.2.1]) is the specialization of [B7) at
s = 0. Using (B3)), we calculate

Tt —z) = Z Jt(t, —2),
k=(ko,..ka—1)€Z

1 (ko (¢d 1)k

where Jfé“(t,—Z)Z(_Zw—l Rol - gl Ono;

with |k| = Z?;ol k; and h(k) = Z?;ol ik;. Here (t')* means the k;-th power of the variable
t'. Introduce the modification factor My (z) by

N
=]]exo - D sV (=g + {ghK) +m)z) |,
j:

0<m<|g;h(k)]

where s (z) =3 >0 W 2" /n! and define the twisted I-function by
(39) Blt,z)= Y. Md(2) "t 2).
ko,....kqg—12>0
Using Theorem B.6] we get the following statement.
Theorem 3.7. The family t — I5(t,—z) of elements of H lies on L5.
Proof. The discussion here is parallel to [I7, Theorem 4.8] and [I3], Theorem 4.1.6]. We give
a sketch of the proof and leave the details to the reader. Introduce a function

Gg(/])(waz) = Z sl(imfl m FZ , J=1...,N

m,1>0

with s(_J% =0. Set D := Zi;é ktk(0/0tF). Givental’s geometric properties for the cone £
yield the following fact (see [T, Eqn (14)] and [I3] Lemma 4.1.10]):

Lemma 3.8. The family t — exp(— Z;V:1 G(()j)(ijD + 2qj,2))J"(t, —2) lies on L™. O

The conclusion of Theorem B follows from Theorem we apply the symplectic trans-
formation A: (H, Q") — (H,Q°) in [B06) to the family in Lemma B8 Note that we have

d—1 N
A=@esp |36, 0.2 @exp ZG (tigg) +45)2,2)
i=0 j=1

where we used Gz(,j ) (z,2) = G’(()j )(:1: + yz, z) in the second equality. Using the identity
G (x4 2,2) = G (2,2) + s ()

we can easily check that
I?(t,—z) = Aexp ZG (2q;D + zqj,2) | J™(t, —2).

Theorem B.6l and Lemma B.8 show that I®(¢, —z) is on the cone £5. O



LG/CY CORRESPONDENCE, GLOBAL MIRROR SYMMETRY AND ORLOV EQUIVALENCE 31

3.4. The twist by the equivariant Euler class. Let T = (C*)" act on the extended
obstruction bundle @;VZI Rm, (L£%%) diagonally by scaling the fibres and trivially on the

base Spingm(kzl, cooykpn). Let A1,..., AN € H2(pt) denote the equivariant parameters. Then
the T-equivariant Euler class e of the extended obstruction bundle is given by

er EBRl @) | =TT 3 alRn (6

7=11=0

with r; = rank(R'm,(£&%)). This class can be obtained from the universal class e(s) (ZI)
by the substitution:

() _ ) —logA; l=0;
Pl == )"t I>o0.

Note that this specialization yields exp(—s"/)(z)) = = + \;j, where s)(z) = 32 s " /n!
as before. With this choice of parameters, we obtain

e The ep-twisted pairing as the specialization of (29):

1
(Ohs Pk )ew = p H Aj | Od—2 k+n;

J:(g; (h+1))=0

o The ep-twisted FJRW invariants (1o, (k,)s - - -+ Ton (P ) o, as the specializations of

B2);
e The ep-twisted J-function J™(t,—z; \) as the specialization of (B);
e The ep-twisted I-function I'"(u, z; \) as the specialization of ul®(—ud¢1, 2) (see ([B3)):

=1 H0<b<q]‘]€,<b>:<qjk>(>\j — bz) 5
k—1-
[o<o<r(=02)

(40) I™ (u, 23 \) Z

Notice that the denominator [],_,_,(—bz) here is nothing but (k —1)!(—2)*~!, but we prefer
this expression in view of our parallel treatment of I-functions in §4.3.11 Notice also that the
non-equivariant limit A\; — 0 of the ep-twisted FJRW invariants yield the extended invariants

24).

Remark 3.9. Note that the specialization séj )= — log A; does not make sense for every element
in the ground ring K. For this reason, we do not try to define the ep-twisted Lagrangian
cone. The specializations of the I- and J-functions, however, still make sense as elements of
Hexy @ Clz, 2 N, . AE[E0, ., 21

The ep-twisted I-function has the following z-asymptotics

(41) I™(u, z;A) = 2F () + G(u; A) + O(z )
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where F' € Clu ﬂ 1s a scalar-valued and G € HS2 @ C[\1, ..., An][u] is an HS2-valued power
series (where HZ=? denotes the degree < 2 part of Hey):

ext

F(u) . Z kH] 1(kqj )fkqﬂ—l

k>1:k=1(d) (k-1

N
L kH (kg — 1)““1‘1—1
(42) GlwA) =~ 2 N
k>2:3 0 (g5 (k—1))=1

N 1\ TIL (kgs — 1) frg,1—
_ZAZ Z Uk Z E i (kj‘yi 1)| & 1¢0'

=1 k>d+1:k=1(d) 0<a<kqi,(a)y=(kq;)

where (a), =ala—1)---(a—n+1) = F(a + 1)/T'(a—n+ 1) denotes the falling factorial. We

define the FJRW mirror map to be the H=>-valued function:

G(u; )
F(u)

(us ) = = —ug1 +O(u?) € H5f ® ClA, ..., Aw][u]-

We now state the mirror theorem for the ep-twisted FJRW theory.
Theorem 3.10. We have J™¥ (s(u; \), z; \) = IV (u, z; \)/F (u) for the function F(u) in ([@2]).

Proof. Because of the problem we discussed in Remark B9 we use another specialization
(J) <)

='5,"’, where

S0 ._ )0 L=0;
K FURE SR A )

This specialization yields exp(—sU)(z)) = 1+ x/);. Tt defines a well-defined homomorphism
K — C[A 1 :=C[\ ', ..., A\y'] and the characteristic class:

HA” er @Rl (LE"9)

The Lagrangian cone £3 can be defined as a formal scheme over C[A™!] and I3(t, —z) is lying
on L% by Theorem B After some computation, we find that J® and IV are related to J®
and I® as

T (t, 2;0) = RIS (RN 7', 23 \)

(43) I"(u,2A) = ROJul® (~uR() 1, 2)

where R(\): Hext — Hext is defined by R(\)¢p = (H;V 1A (has) )on. It is also easy to check
that IS(—u¢1, z) has the asymptotics

IP(—ugr, 2) = 2F(u; \) o + G(u; A) + O(z7 )

for a scalar valued function F' =1+ O(u) and an H=2-valued function G. Here the functions
F, G appearing in {@2) are related to I, G as

(44) F(u) = uF(\Nu; N),  G(u;\) = uR(A\)G(Mu; \)



LG/CY CORRESPONDENCE, GLOBAL MIRROR SYMMETRY AND ORLOV EQUIVALENCE 33

with A\ = H;V 1 )\;1’. Because £5 is a cone and IS(—u¢q,—2) is on L3, we have (we regard

I5(—ug¢y, —2) as a C[A"!][u]-valued point on £5 and apply [[Z Proposition B2)):

L (b, —2) = g + SN

Tl ) Ty O Ders

By the characterization (B8] of the J-function, this coincides with J3(G(u; \)/F(u;\), —2).
The conclusion follows from this and the relations (43]), ([@4]). O

3.5. The ecx-twisted quantum connection. Here we discuss the ecx-twisted quantum
cohomology for both of FJRW and GW theory. We show that the non-equivariant limit A — 0
of the ecx-twisted quantum product exists and reduces to the original one (7)) restricted to
the narrow/ambient part. In the rest of the paper, we only consider the ecx-twisted theory
as a twisted theory. Thus the word “ecx-twisted” is sometimes abbreviated as “twisted”.

3.5.1. A brief summary of the ecx -twisted theory. We mean by the ecx -twisted FJRW theory
the ep-twisted FJRW theory (§3.4]) with the equivariant parameters Ay, ..., Ay specialized to
the following values:

)\i:—qi)\, Zzl,,N

The ecx-twisted pairing (¢p, ¢r)tw and FJRW invariants (7, (¢, ), - Tbn(¢kn)>FJRw W take
values in C[A]. (We have put the superscript “FJRW” to distingulsh them from GW invari-
ants.)

The ecx -twisted GW theory [TORIIGE for P(w) is defined on the state space Hor(P(w)) =
H(ZP(w)). We consider the twist by the line bundle O(d). Let P(w)o s denote the moduli
stack of n-pointed stable maps to P(w) of genus 0 and degree 8. Let w: Co, 3 = P(w)o.n,g be
the universal curve and let f: Cy, g — P(w) be the universal stable map:

Comp —1— P(w)
P(w)o,n,s

It can be shown that R, f*O(d) is represented by a vector bundle (see [20]; this is because
O(d) is ample and O(d) is pulled back from the coarse moduli |[P(w)|). The ecx-twisted GW
invariants of P(w) are defined to be

cee T GWtw _ v, Qg x (IR7T
(o (en)s- s (@)} S /{M) TTevi (el U ecx (B, FO(a)),

0,n, d]vur i=1

where aq,...,a, € Hecr(P(w)) and C* acts on R, f*O(d) by scaling the fibre. This is an
element of Hcx (pt) = C[A]. We endow Hcg(P(w)) with the following twisted pairing

(1, 00)tw = / a1 Uag Uecx (pr* O(d))
IP(w)

where pr: ZP(w) — P(w) is the natural projection.
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3.5.2. Twisted quantum product. We denote by H the state space of the twisted theory:

= Hext for FJRW theory;
| Her(P(w)) for GW theory.

Both state spaces are of dimension d. The same procedure as §2.3 defines the twisted quantum
cohomology. The ecx-twisted quantum product ™ on H is defined by the formula (7)) with
the correlators (- - ), , replaced by the ecx-twisted invariants and (g;;) replaced by the ecx-
twisted pairing. Because the divisor equation holds also for the twisted GW theory, we can
consider the specialization Q = 1 for ¢V (see §23.2). In GW theory, we shall denote by e
the twisted quantum product with @ already specialized to 1.

Let H' denote the narrow/ambient part ([2I) of the state space. Let pr denote the natural
projection

pr: H — H'.

Let Ty, . ..,T;_1 be a homogeneous basis of H such that T} is the identity (Th = ¢o in FJIRW
theory™ and T = 1¢ in GW theory). In the case of GW theory, we take 71 = p = ¢;(O(1)).
Let t9,...,t% 1 denote the linear co-ordinate on H dual to the basis Ty, ..., Ty_1.

Proposition 3.11. The ecx -twisted quantum products are regular at A = 0, i.e.
Ty e T, {H ® C[A] [[tg, = 1171 ) for FIJRW themjy;
H®@CN[, et /v 2., t4 1] for Gromow-Witten theory.
Here w is the least common multiple of wy, ..., w, (see 2.32). Moreover we have
(45) lim pr (T; o Tj) = pr(T;) &) r(75)

where the product in the right-hand side is the ordinary quantum product on the nar-

row/ambient part in 2.7 and the subscripts t € H, pt(t) € H' denote the parameter of
the product.

Proof. This was proved in [A3], Corollary 2.5] for GW theory, so we only discuss the case of
the FJRW theory. The ecx-twisted FJRW quantum product can be written as

ot ¢] Z Z (bza ¢]7 ¢k7 P >0FL1L1:J{:§ o d H )\;1 ¢d*2*k

k= 0n>0 ! J{(k+1)g;)=0

with A\; = —g;A. To see that this expression is regular at A = 0, it suffices to show that

<Tb1(¢k1) Tbn((ﬁkn»FJRWtW c H )\j (C[/\l,...,)\]v], 1 SVZ <n.
J:{(ki+1)q;)=0
This happens because eT(Rlﬂ*E®wf) is divisible by A; as soon as d divides (k; + 1)w;. This
follows from the fact that R'm,L®% contains the sub-line bundle f*(’T(fi)]@) whose equi-
variant 1st Chern class is ;. See (2§).

Using Proposition and the fact that the ecx-twisted invariant equals the extended
invariant (26) in the non-equivariant limit A — 0, we have

(46)  lim (7, (k). (B )dom = (T OE()) - T (PP -
The equality (A7) follows easily from this. O

14T he element ¢y is the identity in the twisted FJRW theory because of the string equation (see 32.9).
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3.5.3. Twisted quantum connection and the fundamental solution. The ecx -twisted quantum
connection is defined similarly to ([I8):

o 1
VEW:%—F;EOWI.
By PropositionBIT], ecx-twisted quantum connection is regular at A = 0. The non-equivariant
limit is called the e-twisted quantum connection. In contrast with the untwisted case, the
connection VW cannot be extended in the z-direction since the variable \ has a degree.
Let L™ (t,2;\) denote the canonical fundamental solution of the connection V" defined
by the same formula (20) with (- - ->07n, gij there replaced with the twisted counterparts. This

satisfies (part of) the properties in Proposition 27}

Proposition 3.12. For a, a1, € H, we have
VWL (t, 2, )a =0, (L™, —2z; N)ag, L™ (t, 2; \)ao)w = (1, 02) 1y -
In particular, the connection V™V is flat, i.e. [ng,vgw] = 0 and that the pairing (-, )tw 1S
V™W_flat (see [[T) for a precise meaning of the flatness of the pairing).
Proof. The outline of the proof is the same as Proposition B It suffices to show that the

twisted theory satisfies TRR, but this follows from Givental’s geometric properties (see §3.2.2)).
The same discussion as in [43, Proposition 2.1] shows the statement for the pairing. O

Remark 3.13. The fact that V'V is flat implies that 'V is associative. (The commutativity
of &'V is clear from the definition.)

Because L' satisfies the differential equation regular at A = 0, it follows that L' is also
regular at A = 0 (see also 3] Proposition 2.4]).

Ltw(t 2\ € End(g) ® C[] [[toa o 7td_1]][[2_1]] for FJRW theory;
» <9 End(H) ® C[A] [[tO7 et /w’ tQ, oo td_l]][tl][[z_l]] for GW theory.

Let L(t,z) denote the fundamental solution (20)) in the original FJRW/GW theories. (For
GW theory, we specialize @ to 1.) We have the following:

Proposition 3.14.
)l\in% pr (L™ (¢, z;M)a) = L (pr(t), z) pr(e).
—

Proof. Tt was shown in [3] Proposition 3.24] for GW theory. For FJRW theory, the equality
follows easily from (48]). O

3.5.4. Twisted J-function. Recall from §33 that the J-function ([B1) is a special family of ele-
ments lying on the Givental Lagrangian cone. The ecx-twisted J-function is defined similarly:

S
1 .
(47) JW(t,2) = 2To +t + Z Z Z oS {t,....1, Tb(Tz’)ﬁmH Iew T
n>0b>04,j=0

where (gg3,) denotes the inverse of the twisted pairing matrix g = (7}, Tj)tw- (In the case of
GW theory, as in ([I6]), we also take the summation over curve classes 3 (see [[7 Eqn (8)]).
Then we specialize it to Q = 1 using the divisor equation.) The following relation of L'" and
J™ is a key to understand the role of the J-function in the quantum D-module.

Proposition 3.15. L™ (¢, 2; \)J™ (t, z;\) = 2Tp.
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Proof. By Proposition BI2, we have L™ (¢, z; \)~! = L™ (¢, —2z; \)* where * denotes the ad-
joint with respect to the twisted pairing. Thus we have

(Tia Ltw(ta Z; A)_IZTO)‘CW = (T:La Ltw(tv —Z; )‘)*ZTO)tw
= (Ltw(tv —Z; )\)T‘la TO)tW = (7—127 th(t7 Z; )\))twa

where the last equality follows directly from the definitions @0), @) of L™ and J™ and the
string equation. The conclusion follows. O

4. ORLOV EQUIVALENCE MATCHES MELLIN-BARNES ANALYTIC CONTINATION

4.1. Matrix factorizations. Matrix factorizations were originally introduced by Eisenbud
23] for the study of maximal Cohen-Macaulay modules. Recently Kontsevich proposed that
they form the category of B-branes in the Landau-Ginzburg model. References are made to
22 B4B152E3IGB66S]. The paper 2] contains a nice introduction to the subject.

We introduce the differential graded (dg) category of graded matrix factorizations of a
degree-d weighted homogeneous polynomial W € Clzy,...,zy]| from the introduction .11
Set R := Clz1,...,zn]. Notice that R is a Z>o-graded ring by degz; = w;.

Definition 4.1 (Graded matrix factorization B7UGS], [B3 §3.1]). A graded matriz factor-
ization of W is a collection (E",d;);ez of finitely generated graded free R-modules E' and
degree-zero homomorphisms §; € Homg, p(E?, E'1)

5—1 50 51 62 53

E° E! E? E3

such that it is 2-periodic up to the shift of grading
B = B(d), Gz = 6(d)
and that §;41 06 = W -idgi: E® — E*? = EY(d) for all i. This is equivalent to the data

EY E', 5y € Homg, r(E°, EY), §; € Homg, g(E', E°(d)) such that &, 0 §o = W -idgo and
do(d) 061 = W -idg1. These data are denoted also by (E,d0g), where

0 &
d O

_ These objects form a dg category as follows. Consider the graded matrix factorizations
E = (E',6)iez and F = (F",0!);cz; the space of homomorphisms is defined to be the Z-
graded vector space

Hom.(E’ F) = {(fn)neZ
equipped with the differential
(df)n=0hie0 fo— (=1)*fus100,, f € Hom*(E,F).
(

E:=E’® F, 5E;=< >:E—>E satisfying 6% = W -idg.

fn S Homgr—R(En7Fn+.)7 fn+2 = fn(d)}

r

The homotopy category of the above dg category is denoted by MF§;
category.

Remark 4.2 (|6 §4.4]). The lower index in the notation MF} (W) emphasizes the fact
that a graded matrix factorization is automatically p;-equivariant. The pg -action on R is
defined by ( - z; = (""ix;, where ( = exp(27i/d) € p,y. For a graded matrix factorization
E = (E%5)icz, we define the py-action on E* by ( -e = (7" for e € (E%),. Then the
R-module E’ is p,-linearized and 6; is p -equivariant.

(W). It is a triangulated

We introduce a graded Koszul matrix factorization (see [8 §2] for the ungraded case).
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Definition 4.3 (Graded Koszul matrix factorization). Suppose that W is of the form

N
(48) W=>"ab;
=1

for homogeneous elements a;,b; € R such that deg(a;) + deg(b;) = d. Let V be the graded

vector space @fvzl Ce; with deg(e;) = —deg(a;). For q € Z, the graded Koszul matriz factor-
ization {a,b}, is defined by the data

B= P R®(/k\v)(d(i2’“)+q), =0, 40 B> B ez,

where 0y, 0 are the Koszul differentials:

N N
5; = Z aje;N, %’ = Z bje(€;).
j=1 j=1

Observe that the grading is shifted so that the map §; preserves the degree. Note also that

{Q, b}q = {Qv b}O(Q)

4.1.1. Hirzebruch-Riemann-Roch Theorem. For graded matrix factorizations E, F of W, we
write x(E, F') for the Euler characteristic

> (=1)F dim H* (Hom*(E, F),d) .

keZ
This can be computed via Hirzebruch-Riemann-Roch (HRR) due to Walcher [68] and
Polishchuk-Vaintrob [B6] for G-equivariant matrix factorizations. To this effect we need to in-
troduce the Chern character taking values in the orbifold Jacobi space @Z;(l) Q(Wy)#a, which
is identified with the FJRW state space by Proposition Il Let zj,... s Ty, denote the

co-ordinates of the (*-fixed part (CV); where ¢ = e?™/d For a graded matrix factorization

E = (E,Jg), we define [50 Theorem 3.3.3]
o d—1
Ch(E) = ke:% [StrR <8j15E o 8j2(5E 0-+-0 8ij(5E o Ck) ’((CN)kdwjl VANEEIVAN dxij

Here we take a free basis of E = E° @ E! over R = C[zy,...,2n] and regard dp as a
matrix with entries in R; the supertrace strr(f) of an operator f € Endg(FE) is defined to
be tr(fo,0) — tr(fi,1), where f,,: E° — E?, 0 = 0,1 are the components of f. The right
hand side are meant to be the class in @i;é Q(Wy) and lies in the p -invariant part. This is
independent of the choice of a co-ordinate ordering or the choice of a basis of E.

Remark 4.4. Let ch(E); denote the Q(Wj)#d component of ch(E)ﬁ. For a graded matrix
factorization F, one can see that ch(E)j vanishes if Nj is odd and ch(E)y is of degree (N /2)d.
In terms of the Hodge decomposition, the component ch(E); has Hodge type (Ni/2, Ni./2).

Ezample 4.5. For a general weighted homogeneous polynomial W, we can write W =
Zj-vzl ajb; with a; = ¢;0;W, b; = x; (g := wj/d). The Chern character of the graded



38 ALESSANDRO CHIODO, HIROSHI IRITANI, AND YONGBIN RUAN

Koszul matrix factorization {a,b}, of W is supported on the narrow sector. In fact, by a
direct calculation, we obtain

N
(49) h({a.b}y) = € ¢ | [T = ¢F) | drr.
keNar 7=1
See [56] Proposition 4.3.4] where {a,b}o is denoted by k. (The case ¢ # 0 follows from the
case with ¢ = 0 since ¢ is just a shift the grading.) These Chern characters span the narrow
part Hnar(VVa “d)'

Theorem 4.6 (Walcher [G8, §5], Polishchuk-Vaintrob [58, Theorem 4.2.1]). Let E, F' be graded
matriz factorizations. The Euler characteristic x(E, F) is given by the formula:

d—1

1 Np@Wp=1) 1 _
(50) H m (—1) h d Reku (Ch( )k,Ch(F)d_k) .
k=0 \ kw, ¢dZ

Here ch(E)y denotes the Q(Wy)Pd-component of ch(E).

Proof. Because Polishchuk-Vaintrob considered the G-equivariant (ungraded) matrix factor-
izations over the ring of formal power series, we need check that the Euler characteristic does
not change under the base change from the polynomial ring to the formal power series ring
for graded matrix factorizations. Set R = Clay,...,zn]. Let (E,dg), (F,dr) be graded ma-
trix factorizations. Let (E ) = (E,05) ®r R, (F,0p) = (F,0r) ®r R be pg-equivariant
matrix factorizations over R without the Z-grading. We have the identification as Z/2-graded
complexes:

—

Hom” ((B,3). (F.5r)) = @), , Hom ((E,31). (F.3r)). 0 € Z/2

where the completed direct sum consists of arbitrary sequences of homomorphisms bounded
in the negative direction. Hence the cohomology is again the completed direct sum of the
cohomology H’(Hom®((E, ), (F,6r))). The HRR for the left-hand side implies the finite-
dimensionality and the boundedness of the cohomology of the right-hand side, and the HRR
for the right-hand side as well. O

Remark 4.7. Dyckerhoff [22] identified the Hochschild homology of the category of matrix fac-
torizations over a formal power series ring with the Jacobi space of the potential. Polishchuk-
Vaintrob [B6] observed that the Hochschild homology can be identified with the FJRW state
space in the G-equivariant case. The Chern character naturally takes values in the Hochschild
homology and the Riemann-Roch formula was derived in the categorical framework in [Bd].

4.2. Orlov equivalence. Under the Calabi-Yau condition d = Zjvzl wj, Orlov [B3] Theorem
2.5] constructed the equivalence of triangulated categories

(51) D, MF%fd(W) N Db(XW)
parametrized by [ € Z. Consider a graded matrix factorization E = ( E", 6:)icz, of W
— EO 20_> El £1_> E2 — Eo(d) d2=0d0(d) E3 _ El(d) d3=41(d)

and set
S=R/(W)=Clxy,...,zn]/(W).
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By tensoring the above data (E‘,d;);cz with S over R, we obtain an acyclic (see Eisenbud
23] and Buchweitz [0) complex

0108 60®S 01 ®S 02®S 03®S
1 Co 0 1 2 3

ct C? =C%ad) C3 = CYd)
By construction we can extract from C*® a positively graded and left semiinfinite complex Lg.
To this effect, after expressing each C* as a direct sum of S-modules of the form S(k) for some

k € Z, we mod out the S-modules of the form S(—e) with e < 0. More precisely we may
notice that E° and E' have the same dimension and can be expresses as

E'= P R(-jn), E'= & R(-in.
1<h<r r+1<h<2r
In this way we have C" = @, .j,<, S(—jn), and C' = @, | <o, S(—jn) and
= @D Sl -

1<h—2r(i/2)<r

(note that 2r(i/2) equals 0 or r according to the parity of ). Then, the definition of L reads

Ly= @  Sli/2] ).
1<h—2r(i/2)<r
d[i/2]<jn

Since C* is acyclic, Ly is represented by a bounded complex of coherent sheaves. For simplicity,

we stated the definition of the positively graded complex Lg. For any [ € Z, we can define L}
as

(52) L= @ Sz
1<h—2r(i/2)<r
dli/2]—jn<l

This amounts to extracting from each C?, only the S-modules of the form S(—e) with e > I.
We have the following statement. (We stress that the equivalence of categories holds only
under the CY condition d = Z;VZI wj, which we assume throughout the paper.)

Proposition 4.8 (Herbst-Hori-Page B4l §10.6, (10.56-58)]). The Orlov equivalence
®;: MF% (W) — D"(Xw)

for 1 € Z assigns to (E,6p) € MF (W) the left semiinfinite complex (B2)
(B, 08) = Lj € D"(Xw).

Here the graded module S(k) in L is identified with the sheaf O(k) on Xy .

Remark 4.9. We point out that there are two presentations of ®;(F,dg) in the derived cate-
gory. Because the complex C*® is acyclic, the left semiinfinite complex L] can be equivalently
represented by the (complementary) right semiinfinite complex (Lf)®[1], where

(53) L= @ Sli/2) - ).
1<h—2r(i/2)<r
dli/2]—jn>1
Remark 4.10 (Herbst-Hori-Page brane transportation). Although we will not use this in the
rest of the paper, we should mention that Orlov functors ®; can be constructed, for R = R|p|
and W = pW | by lifting the p -action to a C*-action and by obtaining in this way a graded
and C*-equivariant matrix factorization in MF%YX (W). Clearly pg-actions are not uniquely
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lifted to C*-actions; we need an extra datum of an integer parameter [. This point of view
due to Herbst, Hori, and Page explains the presence of several Orlov functors ®; for [ € Z.
From MFZ, (W) a natural functor leads to D*(Xy), see [34].

We apply Orlov’s functor ®; to the graded Koszul matrix factorization {a, b}, from Example
(see also Definition E3]).

Proposition 4.11. The image via ®; of the graded matriz factorization {a,b}, in Example
[£-9 is represented by the complex on Xy

B ol+m-iwi)en---Nej [r+1+21]
]1<]2< <]r
D=1 Wig Sm

equipped with the Koszul differential 5 = Zjvzl zji(ef). Here t and m denote the integer
quotient and remainder of ¢ — | divided by d.

Proof. Write (E%, 6;)icz = {a,b}4. Let us consider E* @ S
d(i—r)
(54) D S@(/\V)(( )
reZir=i(
where V' = @;\;1 Ce; with deg(e;) = — deg(aj) = w; — d. Each summand is of the form

(55) @D S(-Tioidegles) + 5 4q) = @ 5 (- Tioywi, + 2 +q).

J1<<Jr J1<<Jr

By Proposition and Remark we can regard the image via ®; of the Koszul matrix
factorization {a,b}, as the (complementary) right semiinfinite complex (L{)®[1]. The terms
S(h) appearing in the above formula contribute to Lf if and only if i > I; therefore we consider
the inequality

Zw]a d—l—q>l

which can be rewritten as (using q — l =td+m)

. T
i+
m+td + ; d>) " wj,.
a=1
Since Y. _, wj, lies in {0,...,d} by the CY condition d = zj L wj, we deduce that h > [ if
and only if either we have (z+r)/2 > —t (note i+ is even by (B4)) or we have m > >"" | wj,
alongside with (i +r)/2 = —t.
Let us consider all terms of (B3] for which (i +7)/2 > —t. Then, the summand of (B3]

attached to j; < --- < j is of the form S(I+n — ), _, wj,) with n > d. Such summands
with fixed n form an exact sequence £ on Xy

6 6//
(56) & O(+n)+— P OU+n—w;) <—€Boz+n W), — W) — -

J J1<j2

ﬁ@@(l—f‘n—zj/#jwj/) <£(Q(Z_‘_n_d)
J
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where we wrote O(h) for S(h) following Proposition Therefore, all together, the sum

® o () (524
r=i(2)

(i+r)/2>—t

gives an acyclic subcomplex of (Lf)®. It is acyclic because it can be written as a successive
extension by the acyclic complexes &, of a complex supported on arbitrarily high homological
degrees. The quotient of (Lf)® by this acyclic subcomplex consists of terms of (BI) with
(i+7r)/2=—tand > _, w;j, < m. The conclusion follows. (Recall that we need to take the
shift (L{)*[1] by 1.) O

4.3. Twisted I-functions and Mellin-Barnes continuation. We provide two parallel
discussions of the twisted I-functions for GW and FJRW theories. We show that the two
I-functions satisfy the same Picard-Fuchs equation under a co-ordiante change. We compute
the connection matrix between the two I-functions (or more precisely the $)-functions) using
the Mellin-Barnes method of analytic continuation.

On both sides we systematically work with the ecx-twisted theories. On the Landau-
Ginzburg side we already discussed the ep-twisted FJRW theory §3.4] over the extended state
space; its non-equivariant limit, followed by projection to the narrow state space, encodes
the genus zero correlator of FJRW theory. The counterpart on the Calabi-Yau side is the
ecx-twisted theory of P(w), twisted by O(d). It is treated and computed in genus zero in [I9];
again, the non-equivariant limit, followed by the projection to the ambient part Hapmp(Xw)
of the state space yields the genus-zero correlators in GW theory. (See 3.0l for a review.)

4.3.1. The ecx-twisted I-functions. Recall the ep-twisted I-function (0] with N equivariant
parameters Ai,...,Ay. Here, without loss of information from the point of view of non-
equivariant theory, we can impose the conditions A\; = —g; for all j with a single equivariant
parameter A (as in §8.5.0). The ecx-twisted I-function in FJRW theory is given by:

N
tw ) L=t Tocverg )= (k) (A — b2)
IgYrw(u, 23 A) = 2 g u
keZo [To<b<r,y=0(—02)

k—1-

Here the index k — 1 of ¢y is reduced modulo d within the range {0,...,d —1}. This takes
values in the extended state space Hexy (24)).
In GW theory, the ecx-twisted I-function was computed in [I9]. It is given by:

n,(by= dp+ X+ bz
I& (v, 23 A) = zePlo8v/2 Z o [To<b<dn, =0l )

N
neQ>¢ Hj:l H0<b§wjn,(b):(wjn> (ij + bz)
37, nw;EZ
This encodes the ecx-twisted GW invariants of P(w), twisted by the line bundle O(d), and
takes values in Hor(P(w)).
These twisted I-functions If¥pw(u, z) and I8 (v,z) are convergent respectively on the

regions {|u| < vc_l/d} and {|v| < v.}, where v, := d~¢ vazl w;“-vj, see Lemma (.10

1<,n>.

4.3.2. Picard-Fuchs equations. The I-function I,y is a solution of the Picard-Fuchs equa-
tion
N ”Ll)]'—l

d
(57) u? H H (—qjzDy — i — cz) — H (=2Dy +cz)| I =0,

7j=1 c=0 c=1
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for D,, = u(9/0u). The I-function I, is a solution of the Picard-Fuchs equation

ijfl d
(58) H H (wjzDy — c2) —UH dzDy+A+cz)| I =0
7j=1 =0 =1

for D, = v(9/0v).

Under the change of variable u = v 14 and conjugation with the operator u
the two equations coincide. This happens because we have dD, = —D,, and v~% o (dzD,) o
vM% = dzD, + . In particular the limits for A — 0 match under v = u=% (We remedy the
discrepancy of the equivariant Picard-Fuchs equations by introducing the unit co-ordinate t°

(or s¥) later in §5.21) The components of each of the I-functions give a basis of solutions to
the Picard-Fuchs equation for generic A (cf. Proposition BI1l Lemma B.I5 and ([G9)).

-z U)\/dz

4.3.3. The $-functions. We introduce a constant linear transform of the I-function, the $-
function, which is more compatible with the f—integral structure in §Z44 The relevance
of such hypergeometric series in homological mirror symmetry was observed by Horja [35],
Hosono [39] and Borisov-Horja [B]. The §-function is defined by the relation™ (cf. ([22)):

(59) I™(z,2;\) = 2~ O T ((2771)de2 AV (x, 2; )\)) .

Here the operators ftw, Gr, degy in the respective theory are defined as follows: In the twisted
FJRW theory, the twisted Gamma class I'i¥jp\ operating on the extended state space Heyy is
defined to be

R d-1 N

Mrw = @[T~ (key) —;6), €=/

k=0 1i=1

In the twisted GW theory, the twisted Gamma class fg”w operating on Hcr(P(w)) is defined
to be

Hivlr L — (fw;) + wip)
GW = @ , f = )\/Z
(1 d,
st + & +dp)
The non-equivariant limits A — 0 are well-defined and induce fp JrRW and fp Jrw in Definition
B I7 under the projection to the original state spaces. The grading operator Gr on Heyt Or on
Hcr(Xw) is given by
degT;
2

where “deg” denotes the degree defined in (28]) for FJRW theory and the age-shifted degree
of orbifold cohomology classes of P(w) for GW theory. The “bare” degree operator deg, on
Hey or on Heg (P(w)) is defined by (cf. Definition 2.19])

Gr(T;) = T;

degy(dr) = —2¢%, for twisted FJRW theory;
degy(p"1y) =2n(p"1y) for twisted GW theory.

158ee 53 ([B2) for a precise relationship between the $-function and the T-integral structure.
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On the Landau-Ginzburg side, we have

k 1 N k:
Ipw (u, 2 0) = 27 Z,f;zxu Hl“i gk) §§))¢k .
L S D= (gk) — g56)
kgzxu Hj:kqjez(—qji)g I'(1—gj(k+¢)) Pt

— Grtw ydeso g
= 2~ “THjrw ((2771) > OETRw (U, 23 A)) ,
where £ := \/z and

(=D '(2mi)

(60)  HEjRw(u, 23 ) = 2 u Pr—1-
k;zzl P(k) [Ljig,ez(—4€) T2 T(1 = g5(k +€))
On the Calabi-Yau side, we have
N
1 T'(1 —w;
ItGW (’U,Z;)\) = 5 Grzeplogv Z ( + dp;‘é"" dn H (F +wjp < an»l(—n)
neTo I'(1+dp+¢) i (14 wjp+ wjn)
34, nw; EZ
-~ de:
=z GngVW <(27ri)%f)ng(v7 3 A)) )
where £ := A\/z and
1+ dsE d
(61) ﬁGW(U 2 )\) _ 2:62771 logv Z o™ N( + 27i +§+ ’I’L) 1<—n>
n€Q>o Hj:l I'(1+ wjgks + wyn)

Jj,nw;€Z

4.3.4. Mellin-Barnes analytic continuation. The function $Hy (v, z; A) is convergent and an-
alytic on the region R(logv) < logv., where v, := d~ dHJ Lw;" is the singularity of the
Picard-Fuchs equation (G8). Similarly $H¥pw (u, 23 A) is convergent and analytic on the re-

gion R(logu) < —(logw.)/d. Let M° denote the (logv)-plane minus the singularities of the
Picard-Fuchs equation:

(62) M° = Ciogo \ {logve + 2lmi | 1 € Z} .

Under the identification logv = —dlogu, we regard H¥, as a single-valued function in the

left-half of M° and N pw as a single-valued function on the right-half of Me. Let v C M°
be a path from the large radius limit (¥(logv) = 0, R(logv) < 0) to the LG limit (J(logv) =
0,R(logv) > 0) which passes through the “window” [logv. + 2(I — 1)7i,logv. + 2l7i]. See
Figure B We consider analytic continuation along the path ;.

We rewrite $3y by expressing the running index n as an element of § + Z>q. For f € §,
we adopt the notatlon f={—-f). We get
D(1+&+dEs +df +dk
w20 =2 Z : o S do vr iRy g
fes kEZ>0 F( + Wjors 27r1 + ’lU]f + wj )

During the analytic continuation, we regard p as a small complex number and think of the
H-function as a scalar valued function. At the end of the calculation, we take the Taylor ex-
pansion in p and replace p with the hyperplane class. In this way we get analytic continuation
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©
tw ! tw
ﬁGW . ﬁFJRW
O 2lmi

0 2(l - 1)ri

¢

S(logv) =0 > o) > Y
o
R(logv) = log ve

FIGURE 3. The analytic continuation path 7; on the (logv)-plane.

of a cohomology-valued function. We write the sum over Z>q as a sum of residues:

(1 d(Z + f , _
z Z lf Z Resg—p ds (F(S)F(l — 3) ]\5 +&+ (271'1p+ fj‘ 3)) e—(?l—l)ﬂ'lse(2ii+f+5) logv) )
fEF  kE€Lxo T2 T+ wi(s + f+9))

2mi

Here | € Z is the index of the path «;. Consider the contour integrals along the path of Figure
[ of each 1-form in the above expression. The integrals are absolutely convergent (and define

OOOOOOOOOOOOOOOOOOOE

FIGURE 4. the contour of integration on the s-plane

analytic functions of v) if |I(logv) — (20 — 1)7w| < 7 (see e.g. B8] Lemma 3.3]). This condition
is satisfied when logv is along (the middle part of) the path ;. When |v| < v, we can close
the contour to the right and obtain the above sum of residues. On the other hand, if |v| > v,
we can close the contour to the left and obtain the sum of residues at s = —m (m € Z>1)
plus the sum of residues at

1 k —
S:—( et +2p ‘|‘f> fOI‘k‘EZzo.

d i
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The sum of these residues gives

+§+d(2ﬂ-1 +f m)) 24 f—m)logv
fes m=1 J 27r1

x (c1)F e Dmi(gh 4T+ HEH)

_Zzlfz : (_(1+§+k+2%+?>ﬂ.> d-k' L T - qi(1+£+k)

(63)

ul-i—f-‘rk‘

fes  k=0sin

Here the overall minus sign appears because the contour closed to the left encloses each pole
clockwise. We also used the co-ordinate change logu = —logv/d.

We now regard p as the hyperplane class on P(w). The first term of (G3) vanishes in
cohomology because the class

1 S F
H — O(pﬁ{leg'fGZ})

is zero on the sector P(w) . (Note that P(w)y is of dimension §{j | w;f € Z} —1.) By shifting

the index k by 1 and using sin(z) = (e** — e~%)/21i, we can rewrite the second term of (G3)
as
k 2mi
Yy 1 (e hy 2 (1) Lué
! : .
o i dckertamHD) (k= DTS T - g5k +6)

This expression is regular at p = 0 and can be regarded as an Hcg(P(w))-valued function.
This is the analytic continuation of ¥ along the path ;. Comparing this with .. ©@0),
we have the following proposition:

Proposition 4.12. Define a linear transformation U™ : He — Her(P(w)) depending on
l € Z and the parameter £ = \/z by

<<k6p+2ﬂi(?+§))l

64 U™ (¢
(64) (P51 Z ka pr2mi(f+5) _

I 49, k=1....d

L kg ez
Then we have
“(HEW ) continued = U (H985rw) -
where (ﬁng)continued is the analytic continuation of Sﬁg"w along the path ;.

Remark 4.13. By Proposition 12l and ([B9), we can find the connection matrix of the twisted
I-functions. We have 45 (I8%;)continued = U™ (IR ) for the transformation

~ ~ deg,
U =2~ S o Ty o (2ri) 2 o Uj¥ o (271)” S o (TRyrw) " 0 2"

The non-equivariant limit of this induces a linear transformation between the Givental sym-
plectic vector spaces of FJRW theory and GW theory. This is the symplectic transformation
computed in [I3] for a quintic.

4.4. The non-equivariant limit and Orlov equivalence. Here we show that the non-
equivariant limit of U™ exists and descends to a linear transformation between the narrow and
the ambient part state spaces. We show that it matches with the numerical Orlov equivalence.
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4.4.1. The narrow-to-ambient linear transformation.

Proposition 4.14. The non-equivariant limit A — 0 of U™ exists. We have

(Ck P +2mi f)

delf for k € Nar;

lim (U (651)) = "
_ Wy
—phe 11<§>7 H —2 for k & Nar.

) 27i
Jikq; €L

where k =1,...,d and Ny, := 1+ dimP(w) ;/q) = #{j | kq; € Z}.

Proof. We take the Taylor expansion of the expression (64]) in p first and check if the expansion
are regular at £ = 0 when evaluated in Hcg (P(w)).

If k € Nar, or equivalently (k/d) ¢ §, there exists no f € § such that ¢¥e*™*/ = 1. Therefore
([©4)) is regular at (p,&) = (0,0) and the conclusion follows.

If & ¢ Nar, ([©4) is not regular at (p,&) = (0,0). The only non-regular term in ([64)) is the
one with f = (k/d) (in this case (*¢?™*/ = 1). We compute the Taylor expansion in p of such
term. By an elementary computation, we have

e Zﬂn o 5n(§>:(—1)n(27;15>_n_ L oE™),

eP

When evaluated in the cohomology group H(P(w)y), this Taylor series is truncated at n =
dimP(w)s = N — 1 (where we used f = (k/d)). Therefore the factor ], cz(—q;€) cancels
all the negative powers of £ in 3,. Hence U"(¢y_1) is regular at £ = 0 and the conclusion
follows. g

We have natural projections Hext — Hpar(W, ptg), Hor(P(w)) — Hamp (Xw) from the state
spaces of the twisted theory to the narrow/ambient part of the state spaces. We denote this
projection by pr. By Proposition .14l limy_,o U*" descends to these projections.

Corollary 4.15. Define a linear transformation Uy: Hyar(W, pg) = Hamb(Xw) by

(CkeerQﬂ':L f)
(65) Ur(¢-1) = - Z Wlf
Then we have the commutative diagram:
Heo o 222 Hon(P(w)

Prl lpr

U
Hnar(VVa /J/d) —l> Hamb(XW)

The operator U; gives a connection between the non-equivariant limit of $H-functions, i.e.
Haw = Ui(Hrgrw) for Ho = pr(limy_0 H).

4.4.2. The analytic continuation matches Orlov equivalences. Via the Chern character, the
linear transformations U; match the Orlov equivalences ®;. To show this we use the explicit
expression for Orlov’s equivalence for Koszul matrix factorizations (Proposition LT11]) and the
equation ([49) for the Chern character.
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Lemma 4.16. We have
192 ¢k yd=i/d)

g ky— 1 od—1°
deOCy 1 yt—1

where d{—7j/d) is simply —j reduced modulo d within {0,1,...,d — 1}.
Proof. Note that (1/d) Zi;(l) ¢9* equals 1 if ¢ € dZ and 0 otherwise. Thus we have

1d71 ij d 1 o
I )Y S AR VN
=0~ Y k=0n=0 n>0:j+nedZ
The lemma follows. O

Theorem 4.17. Let U;: Hyor(W, ptg) = Hamn(Xw) denote the map in Corollary [{.15 For
a graded matriz factorization E € MFY (W) such that ch(E) € Hyar(W, pg), we have

U; (inv* ch(F)) = inv* ch (®;(E)) .

Proof. Because Chern characters of the form ch({a, b},) in Example @3]l span the narrow part,
it suffices to show that

Ulinv” ch({a, b)) = inv* ch(@({a, b},))
for ¢ € Z and a, b in Example Using ([63]) and @9), we get

Uy (inv* ch({a, b},)) = Uy ( S L ¢y (1 - ch’f>¢k_1)

keNar

— _ rwnk =
- ZZC qk 1 Ck p)+27r1(f1 ¢ ) <<k6p+27r1f)l 1f

fegk 0
—qHtwjy +Fwy,

1cl 1 Ck
:Zlf Z gz Cky_l ’

fes  n<-<jr =0

where we set y := ep+2mif, Using Lemma TG we can write the coefficient of 1 as

Y r+1, d{L -1 1 Wig
(66) T oL (i),
J1<<Jr

Let m be the remainder of ¢ — [ divided by d. The sum (6@l can be decomposed as

: Y . Z (_1)r+1ym—zg:1 Wia 4 Z (_1)r+1ym—2221 Wi, +d
Y Jr<<Jr J1<e<Jr
Za 1 w]a<m Za 1 w]a>m

This can be further rewritten as

l
(67) 12 d (l_yd) Z ( 1)r+1 M= Wia + Z r+1ym > a=1Wjetd
) J1<-<Jr 1< <
Za 1wﬂa<m
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The second summand equals

Ly — ) (L =y
1—yd '
This is divisible by p#ilwif€Z}=1 and vanishes in H(P(w); N X ) for the dimensional reason

(note that dim(P(w)r N Xw) = #{jlw;f € Z} — 2). Finally, the first summand of (&7) equals
the coefficient of 1 of inv* ch(®;({a,b},)) by Proposition EIIl O

5. CONSTRUCTION OF GLOBAL D-MODULE

This section is devoted to the proof of the main theorems in §I.1land 2.5 We construct a
global D-module over the base M = P(1,d) \ {2 points} as an explicit GKZ-type differential
system and show that the D-module is isomorphic to the quantum D-module of GW theory
near v = 0 and to the quantum D-module of FJRW theory near v = co. We use the mirror
theorem in §8l and that of Coates-Corti-Lee-Tseng [19] (and its refinement in [43]).

5.1. Multi-GKZ system. Let v — [1,v] denote the inhomogeneous co-ordinate on P(1,d)
where v = oo is the py-orbifold point (LG point). Using the co-ordinate v, we set

M =P(1,d)\ {0,vc}, M°:=P(1,d)\ {0,ve,o00}

where v, := d~¢ vazl w;-uj is the conifold point. Let u := v~/ denote the uniformizing
co-ordinate centered at the LG point. In this section we introduce a GKZ-type (Gelf’and-
Kapranov-Zelevinskii [27]) hypergeometric D-module over the base M°. The D-module here
involves the parameter z which appears in the quantum D-module (see §2432]), and the
equivariant parameter \ which appears in the twisted theory (see §3]). Therefore it is defined
as a sheaf over M° x C, x Cy. Let R"™ denote the sheaf of algebras over M° x C, x C, given
by the non-commutative ring of differential operators

C <z, ot (v —we) 7, zDv>
where D, = v(9/0v). We also set
B .= {(Vo,...,VN) GZNJrl | Vi + qilo > O,i: 1,...,N}, q; :wi/d.
Definition 5.1. The sheaf F*V over M° x C, x C, is defined to be the R'"W-module generated
by the symbols A, with v € B subject to the relations:
(dzDy + X+ (vo+ 1)2) Ay = Dpgey,
(68) (wizDy —viz) Ny = Dyie;, 1€ {1,...,N},
v- Ly = AV+(_d7w17"~7wN)'
Here v € B and ¢; = (0,...,0,1,0,...,0), 0 < i < N. This defines a GKZ-type hyper-
geometric differential system. In fact, it is easy to see that each generator A, satisfies the
relation
d N w;—1
(69) v H(dzDv + A+ v+ k)z) — H H (wizDy — (v; + k)z) | A, = 0.
k=1 i=1 k=0

Remark 5.2. A multi-generated hypergeometric system similar to F*V above appeared in
the recent work of Borisov-Horja [G] (also will appear in Coates-Corti-Iritani-Tseng [I§]).
The R™-submodule R™ A, of F* generated by A\ coincides with F'V at the generic point
(Lemma B.TH]), but not everywhere (for instance along z = A = 0). A closely related multi-
generation phenomena of quantum cohomology was observed by Guest-Sakai [B3] for a Fano
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hypersurface in P(w). It was shown in 3] that the quantum D-module of a toric Calabi-Yau
hypersurface can be described by a multi-GKZ system.

Remark 5.3. Givental’s mirror 2§ (adapted to a Calabi-Yau hypersurface Xy in the weighted
projective space P(w)) gives a solution to the above differential system. Let xg,...,xy be
mirror C*-variables subject to the relation

xg BN = .
The mirror potential W) is defined by
Wy =x1 4+ +xy — %o+ Alogxg.
Then the integrals

dxg A dl A---Adl
Iy(v):/xgoxlflm et/ Og);llogv BN yeB

satisfy the same differential relations as A,’s do. The integration cycle is contained in the
torus {(xo, - ..,xy) € (C*)N*1|x;%; ---xy = v} and possibly noncompact, but here we do
not try to justify the integral itself. The differential relations among Z,(v) follow from a
formal computation of integration by parts.

Lemma 5.4. Set v(l) := (I, — |ql],...,— |qnl]|) € B. The sheaf F*V is generated by AW
1=0,...,d—1 as an R™-module.

Proof. For v = (v, ...,vn) € B, set | = d(vp/d). Observe that

+Z VZ QZVO L%J (_duwl)"'awN)7 Vi+ LquOJ ZO
The conclusion follows from this and the defining relations ([G8)) of F*™. O

The sheaf F' is a 2Z>¢-graded R*"-module with respect to the grading
degv =0, degz=deg)=deg(zD,) =2, degl, =2+ -+vn).
(Strictly speaking, the module of global sections of F* is graded, but we abuse the language

since we are working over the affine base.)

Lemma 5.5. Set §(1) := %deg Ayy- We have
(i) 6(I+1) <)+ 1,6(l+d) = ()
) =

(ii)) 0 < (1) < N —1. We have 6(1 — 1 if and only if | = —1 mod d.

Proof. We have 6(l) = [ — ZZ]\LI lgil]. Part (i) follows from this formula. Part (ii) follows
from §(1) = SN (g:l) < SN (1 — ¢;) = N — 1. The equality holds iff I = —1 mod d/w; for
all 4, i.e. I = —1 mod d. O

Lemma 5.6. The following relations hold in F*V:
(i) For0<l<d—-1, m=min{l <I'<d—1|6(") =6(l) + 1} exists and we have

N
2Dy Dy € dTT (H w}qimJ‘Lqi”> Dymy + (2, NF™.

i=1
(ii) zDy, - Ay(d_l) S (Z, )\)]:tw.
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Proof. The existence of m follows from Lemma We have by ([65)

N
(dzDy + A+ (1+1)2) A0 = [ | 11 (wizDy + k2) 2y 41).-
i=1 gl <k<|qi(1+1)]

Hence

N

zDy - Arz(l) ed”! (H wqui(l+1)J_LqilJ> (ZDv)d(l)_é(l+1)+1Au(l-i-l) + (2, )‘)Ftw'
i=1

If 6( +1) < 4(1), we can apply this formula recursively for 2D, - A1) in the right-hand

side. In general, if §(I') < (1) for all I’ with [ <1’ <m/, we have

N
2Dy, - Ay € d—(m' =) <H witqim’J—LqilJ> (zDv)zS(l)—d(m’)—i—lAy(m/) 4 (2, \)F
=1

Taking m’ to be m, we have (i). When [ = d — 1, we can take m’ to be [ + d = 2d — 1. Then
we have
ZDU . Au(d—l) — UCZ_Dv . Ay(2d—1) € (Z, )\)ftw.

Part (ii) follows because A, 41y = v_lAV(d,l) and (1 — vc/v) is invertible. O

Theorem 5.7. The sheaf F™ is a free Opgoxc, xcy-module of rank d with the basis Dyys
l=0,...,d—1.

Proof. Let F™' be the Opoxc, xc,-submodule of F*™ generated by Dyay, 1=0,...,d—1.
First we see that F*" = F™. We proceed by induction on the degree. The degree zero
part (F™)g is generated by Ao = Ay ). Hence (F*™)o C F™. Assume by induction that
(F™)<ar € F™ for some k > 0. We shall show (F™)<op11) C F™'. By Lemma B4 it
suffices to show that zD, - A,y € F™ for 0 <1 < d —1 with §(I) = k. This follows from
Lemma [5.8] and the induction hypothesis. Therefore F*W = FtW/,

As we will see in Proposition E.I1] below, F*" has d independent solutions. This shows that
the generic rank (the rank at the generic point) of 7™ equals d. By the previous paragraph,
F™ is generated by Ay, 1 =0,...,d—1. Suppose we have a relation Z?:_ol filv, N, 2) D) =
0 with f; € Oapexcyxc,. Then f; should vanish at the generic point. Therefore f; = 0. The
conclusion follows. O

5.2. Refined mirror theorem. We construct a basis of hypergeometric solutions of the
GKZ system F™. Then we relate it to the fundamental solution L'V of the ecx-twisted
quantum connection (see §8.7)) in Theorem This shows the analytic continuation of
twisted quantum connections. (In this section “twisted” always means “ecx-twisted”.)

First we will “thicken” F*V by adding a new co-ordinate t°. Let M° — M° be the minimal
abelian cover of M° such that logv is single-valued (see ([62])). We set

./T/l\ == (CtO X MO.
where C;0 denotes the complex plane with co-ordinate t°. Define another co-ordinate s: M x
Cy — C by

1
V=1t — g/\logv.
We shall use (t°, v; \) and (s°,u; \) as two co-ordinate systems on M x Cy; (t°,v; \) is a chart
for GW theory and (s°,u; \) is for FJRW theory. The co-ordinates t° and s° correspond to
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the identity direction of the state space via the mirror map we consider below. Let R be
the following sheaf of algebras over M x C, x Cy:

~ 0
tw __ g
RY = OMx(szCA <zDU,zat0> .
Here we use the analytic structure sheaf. Note that we have

0 0 0
(70) Dy, =—-dD, — )\@, 950 — 50
under the co-ordinate change (t%,v) — (s, u). Let pr: M x C, x Cy — M° x C, x Cy —
M° x C, x C), denote the natural projection. The pull back Fow = pr* F™ has the structure
of an R™-module by
0
“ot0

By a solution of the R™-module F™, we mean an R™-module homomorphism ¢: F™|, —

N, =/A,, veEB.

Oy for an open subset V' C M x C, x Cy. We construct a vector-valued solution with values
in H such that all of its components form a basis of solutions.

Definition 5.8. The generalized twisted I-functions I'""Y v € B are defined as follows (the
relevant convergence will be shown in Lemma below):
(i) In the FJRW side:

[JRERI (—gjA —bz)

=1 L1lo<b<kqj+v;,(b)=(kq; j

Iy (8% 1, 25 0) = z¢® /2 E uF = <b<kg;+v;,(b) ((‘Ig>bz) -
k=vo+1 IIO<b<k—V@,bEZ

where we use the convention of reducing the index £ — 1 of ¢5_; modulo d. This is an Hext-
valued power series convergent on the region {|u| < Uc_l/d} x CX xCy in M x C, x Cy. Note
that, if £ > vg + 1, then kq; +v; > ¢; + (gjv0 +v5) > gj.

(i) In the GW side (cf. [A3] Definition 4.5]):

dn+1/o N Hb<0 ) (wm>( i+ bz)

Ié‘”{,;,”(to,v,z; ) = st +plogu)/z Z H (dp+A+bz) H 1—[

neQ:(n b<w;n—v;,(b

This is an Hcg (P(w))-valued power series convergent on the region {|v| < v.} x CX x Cy in
M x C, x Cy. Note that the term

Y T To<o, ()= (w;ny (wip + b2)
i=1 Hbﬁwmfui,(@:(wm) (wip + bz) (=

vanishes if w;n — v; < 0 for all i such that w;n € Z (because the factor H<wm>:0(wip) in
the numerator vanishes on P(w)_, for dimensional reason). Thus one can assume that
there exists ¢ such that w;n € Z and w;n — v; > 0. In this case we have g;(dn + vy) >
qi(dn + 1) + v; — win = gy + v; > 0. Hence one can assume dn + vy > 0 in the summation.

Remark 5.9. For v =0, Igg’P?W(O,u, z) and Ié“\’,&(o,v, z) coincide with the original twisted I-
functions in §£3.11 Also note that the generalized I-function I*%+¥ is homogeneous of degree
2+deg A\, = 2(1+19+- - -+vy) with respect to the degree deg s” = degt? = deg z = deg A = 2,
degu = degv = 0 and the grading on H.

1 .
winy (Wip + b2) (=
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Lemma 5.10. The function Iy (5% u,2; M) is convergent on the region {|u| < vc_l/d} X
Cr xCyin M xC, xCy; Ig{;&'(to,v,z;)\) is convergent on the region {|v] < v.} x CF x Cy
m M X (Cz X C)\.

Proof. Write I;V}i)':w(so, u, 2 \) = ze® D ot w0y (2, \) with O (2, A) an element of Heys.

Fix a norm || - || on Hext such that ||¢g|| = 1. Then we have
N —1
1Tkra(z N TGS [TaZo lgA + (kgj + v + a)z]
1862, Al 1920 [(k — vo + a)2|
This converges to vazl q;uj = v, as k — oo for a fixed (z,\) € C* x C. This implies that the
1/

convergence radius of I;VE’IZ{W as a power series of u is ve d Similarly, write Ig{;&’(to, v, 23 \) =
ze(t’tplogv)/z > one@:nyeg On(z;A) with On(z,A) an element of Her(P(w)). Fix a norm || - |
on Hor(P(w)). We have

[0n 412 VIl _ || _TT3i(dp+ A+ (dn + vo + a)2)

[On (2, A)l [IY, T, (wip + (win — v; + a)z)
where in the right-hand side || - || means the operator norm. The right-hand side converges to
d?/ Hf\il w’ = vyl as n — oo for a fixed (2,A) € C* x C. Hence the convergence radius of

IGur (10,0, 2) as a power series of v is no less than v. O

I

Proposition 5.11. For each ¢ € Hom(H, C), the map
I:FY — 0, A, — (™), veB

defines a solution to the ﬁtw—moclﬂle f'tw, i.e. a homomorphism of RY _modules. Moreowver,
for a C-basis @1, ...,pq of Hom(H,C), the corresponding solutions I¥1,... I¥4 are linearly
independent. (In fact, they form a basis of solutions by Theorem [5.7 )

Proof. For the former statement, it suffices to check that I*W:¥ = ;‘gﬁ’w or I&“{Ny satisfies the
following differential equations (cf. (G8); note also the co-ordinate change ([0)):

(—2Dy + (g + 1)2) 1™V = [twvteo,

(71) (—qizDy — @)\ — viz) IV = I"VFe =1, N,
0 - Itw,l/ — Itvv,y—l—(—d,wl,...,u)N)7 Ziltw,u — Itw,u.
0sY

They follow from a straightforward computation. Let v() be as in Lemma 54l For the FJRW
I-functions, we have

(72) 2 e e (g Ow)), 1=0,...,d— 1.
Since the leading terms span Heys, it follows that the solutions Ifjpw, - - - [f gy are linearly

independent. For the GW [-functions, we have if (I/d) € §,
2_113;,&/(1) ~ (" +ploguv)/z, ~1/d (1%) i O(vl/d)) '

Thus

d
These leading terms span Hcer(P(w)). Hence Iy, - . ., IG5, are linearly independent. O

(73) <ZD’U + ZZ> Z—llgg\;/(l) ~ 6(t0+plogv)/zv—l/d (pi1<é> + O(vl/d)) .
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The twisted I-function 1™ in each theory has the z~!-asymptotics of the form (cf. ({II)):
(74) IO = 2F . To+ G+ 0(z7Y)

where F and G are functions on a domain in M x Cy on which I*"¥ converges; F takes values

in C and G takes values in the degree < 2 part "7 =H° @FZ. More precisely, in the FJRW
side, we have (cf. ([42)):

kH] 1(kQJ )[kqj]—l

F:FFJRW(U): Z (k‘—l)

k>1:k=1 (d)

H (kqj — 1) 1rg;1—
G = Grgrw(s”,u; A) = 8" Frgrw (u)do — > uh === (k]— i LCL
k>2:3°N ) (q;(k—1))=

N
. N (kg
_|_)\ E uk § 2 : % Hj_l((z]_ 1))“61]” 1¢0

k>d+1:k=1(d) i=1 0<a<kq;,(a)=(kq:)
and in the GW side, we have:

o0

(dn)!
F=Faw(v) =S o —2
nz:o [T, (wyn)!
n dn)!
G= GGW(tO,U; A) = toFgw(U)l + Z v HN ((w7)1) Li_p
n€Q>o:(n)EF, Z;V_l(—ijzl j=1\13") [wjn]

N win
Fow (v logv—i—Zv (Z—Z wl) '] pl
i=1 a=1 j l(wjn)'
+/\ZU <21> HN(dn)! 1

a=1 j:l(wjn)!
where (a), =a(a—1)--- (a —n+1)=T(a+1)/T'(a—n+1) denotes the falling factorial. We
define the mirror map ¢ to be the FSQ—valued function:

G
(75) <=z
The FJRW mirror map ¢, is defined over {|u| < ve Y d} x Cy and the GW mirror map .,
is defined over {|v| < vc} x Cy. The following mirror theorem gives a refinement of Theorem
and [[M9], namely, the special case v = 0 corresponds to the original mirror theorem
(see ([[8) in the proof). A similar refinement was given in 3] Theorem 4.6] for GW theory
of complete intersections in toric orbifolds.

Theorem 5.12. In both FJRW and GW theories, there exist H-valued complex analytic
functions Y™V v € B defined on an open set U x C, x Cy C M x C, x Cy such that

(76) L™ (s(@5 X)), 23 N I™Y (2, 23 \) = 2 Y™ (2, 25 \).
Here ¢ denotes the mirror map ([3) in each theory. The e fundamental solution L(s(z; N\), 23 \)

is also analytic over U x CX x Cx. The open subset U C M is of the form {lu] < €} for
FJRW theory and is of the form {|lv] < €} for GW theory. For v =0, we have Y™ = F . Tj
where F' is the function appearing in



54 ALESSANDRO CHIODO, HIROSHI IRITANI, AND YONGBIN RUAN

Proof. First we discuss the case of FJRW theory. By Theorem BI0, we have
(77) F(u)J™(s(s%,u; \), 23 0) = I™O0(s w, 2;0) for s° =0
where the subscripts “FJRW” are omitted. We have ¢(s%,u;\) = 59Ty + ¢(0,u;A) and
(s, z; = e (0, 25 A). y the string equation for the twisted invariants (see
I%0(50, 2 A °/2[%:0(0, 2; A). By the stri ion for the twisted invari
43.22), we have
T + (0,03 0), 25A) = e/ (50,43 1), 25 A).
Hence ([77) holds for arbitrary s. Therefore, by Proposition BI5, we have
(78) L™ (6(s%,u; N), 23 NI O0(s w23 \) = 2F (u)Tp.

This shows that one can take Y™:0(s% w, 2; \) = F(u)Tp. The other Y®*’s are obtained from
this by differentiation. To see this, we use the fact that the generalized I-functions satisfy
() and that we have by Proposition B.12

(s *VzDu) o Ltw(g(so,u; A), 23 A) = Ltw(g(so,u; A),2z;A) 0 2Dy,
where ¢*V, = 2Dy + (Dys(s",u; X))e™. For example, one obtains zT™i as
LY (¢(s% u; N), 2 VI (0w, 2 N) = L (6 (12, us N), 23 \) (—qizDy — i) - TV0(s°, u, 25 \)
= (~qis"ViD, — aA) (2F(u)Tp) .
To obtain Y'™W+ for a general v, we use the following differential operator:

vokd NI (— gD — aih — b2)

ZD = 'Uk ZDu + bz b=—00
H E Hb_zlfoo(_%ZDu - qz)\ — bZ)

where k is an integer such that vy + kd > 0. When v; — kw; < 0 for some 4, we expand the
factor (—q;zDy — ;A — bz) ™! in the A~ !-series

e.9]

> (=N (b2 + qizDu)"

n=0
Then we have P,(zD )Itw 0 = ['"W.v_ By applying P,(¢*V.p,) to ([[¥), one obtains (6) with
T (80 )\) = P,(¢*V.p,)F(u)Ty. Note that this expression makes sense as an element of
H® Clz) (A1) [s%, u]. This is because s*V,p, = 2Dy + (Dys)e™ = 2D, + O(u) (note that
(5%, u) = spg —up1 +O(u?)). A posteriori, we know that T®™* belongs to H @ C[z, \][s°, u]
by (Z6) since L™, I'™ and < are regular at A = 0.

Next we show the analyticity of T*W:¥ and L'*W. It suffices to show the analyticity of L'V.

By (@) we have

| | |
(79) oL itwr(0) g —dptwr(d-1) | = (Ltw)*l - lytwr() g —dytwr(d-1)

where v(l) is as in Lemma 54l Using the basis ¢o,...,¢q_1 of H, one can view this as an
equality of (d,d) matrices. Write (z) for the left-hand side. It is invertible near v = 0
because of the asymptotics ([T2). Hence S 3 z + (z) defines an element of the loop group
LGLy = C*®(SY,GLy). As observed by Coates-Givental 1] and Guest [32], we can regard
(@) as a Birkhoff factorization of v(z) because (L™)~! =id +O(z71) and Y™ is regular at
z = 0. Birkhoff’s theorem [B8] says that the multiplication map L7 GLy x LTGL; — LGLy
is an isomorphism onto an open and dense subset called the “big cell”. Here L] GLg4 is the
subgroup consisting of the boundary values of holomorphic maps v_: {z € CU {o0} | |2| <
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1} — GLg4 satisfying v_(c0) = id and L*GLy is the subgroup consisting of the boundary
values of holomorphic maps v4: {z € C| |z| > 1} — GL4. The asymptotics ([[2) ensures that
v(2) is in the big cell for |u| < € and |A\| < 1 for sufficiently small € > 0. Hence its Birkhoff
factor v_(z) = L™ (s(s%, u; \), z; A) 7! is analytic on the region {|u| < ¢,|z| > 1, || < 1}. The
homogeneity of (L™)~! implies that it is in fact analytic on {|u| < ¢,z € C*,\ € C}.

For GW theory, the theorem follows from the proof of 3] Theorem 4.6]. When
(I/dy € F, the function Ig;’\;’(l) coincides with zv_l/dly/d>|Q:1 there and we can take

Ttwr ) — vl/di‘<l/d>|@:1 in the notation of loc. cit. We can get the other Ig‘{,\;’ from Ig;’\;'(l),
(1/d) € § by applying differential operators in R™, so the other Y™ as well. O

Let Upsrw = {|u| < €}, Uaw = {|v| < €} be sufficiently small open subsets of M as in
Theorem (.12 The following corollary gives a twisted version of Theorem 2.23]

Corollary 5.13. Via the R _module F™ over M\, the ecx -twisted quantum connections V%
of FJRW theory and of GW theory are analytically continued to each other. More precisely,
we have a local trivialization of F*™ over Uy

: . Tt ~ TI7T . _
Mirg: F¥|5 o o ®Ho® 05 ¢ ., ©=FIRW or GW

Dy — T

such that, under the trivialization, the action of RW s given by the ecx-twisted quantum

connection

2D — CSBVZVB@, D is a vector field on Ugy,

where ¢o: (7@ x Cy — FQ%Q is the mirror map ([[Q) in the respective theory.

Proof. We omit the subscript “FJRW” or “GW?” throughout the proof. By Proposition B.1T]
the generalized twisted I-functions define an H-valued solution:

Ttw I —1 rtw,v
(80) F¥owcxxe, 7 H X Opyerve,s Lvrrz IV

which is an isomorphism (see the asymptotics ([[2), (73)). On the other hand, the twisted
quantum connection ¢*V™ also has an H-valued solution (Proposition B12)

L¥(s(-50),20) 71 (H @ Opox e, »S V™) = H® Opox e, s

which sends Y™ to 2~ I*"":¥ by Theorem This is also an isomorphism. Therefore we
o, = H® Op, cx «c, Such that Mir(A,) = T, It
extends across z = 0 as Y™+ is regular at z = 0. Now it suffices to show that T"'¥, v € B
generate H along z = 0. In the case of FJRW theory, this follows from the fact that the factor
[t (0) gy dytwar(d=D] in the Birkhoff factorization () is invertible at z = 0. The
discussion is similar for GW theory. U

have an isomorphism Mir: F™|5_
z

Remark 5.14. Mann-Mignon [50, Theorem 1.2] described explicitly the twisted quantum D-
module (with A = 0) for a smooth nef complete intersection in a toric manifold.

5.3. Analytic continuation UV revisited.

Lemma 5.15. The submodule R™ Ay of F*™V coincides with F™ at the generic point on
M° x (Cz X C)\.
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Proof. In view of the isomorphism (80), it suffices to show that Hézl(zDu —bz)z 71[12‘3’&]\7\/’
[ =0,...,d —1 form a basis of H = Hey; for generic (z,)) and sufficiently small |u|. This
follows from the asymptotics near u = 0:

l
[[(zDu = b2)27 Iy ~ /2T (= H [T ar—b2) | é+0@™)

b=1 J=1 0<b<(I+1)g;
(b)=((I+1)g;)

We calculated in Proposition a linear transformation U™ (G4)
UpY: Hexy ® Oa, = Hor(P(w)) ® Oa,

from analytic continuation of the “$)-functions”, where A¢ = {|¢| < €} denotes a sufficiently
small disc in the & := (A/z)-plane. We give an interpretation of Uj™ as analytic continuation of

flat sections of the global D-module Ftw Using the trivialization Mire in Corollary B.13] we
define a flat section f& () of F*™ over Uy x {(z,A) € C* x C | || = |\/z| < e} parametrized
by a € Ho ® O(Ag):

(81) ¥ (a)(z, 2 \) = L (co(x5A), 25 A) 2~ ST ((27ri)de%a> , a€ Ho®O(A)

where L&', fgv are the fundamental solution and the twisted Gamma class (§£33)) in each
theory and © = GW or FJRW. We extend the $)-functions in the s’- or t’-direction as follows:

W sY/z s tw
'FJ%JRW((SOa u), 2 )‘) =€ / f)%JRw(’LL, A )\)
ﬁgVW((tov 1}), Z; )\> = eto/zﬁt(}ww(’l), Z; \)

so that we have I8 = 2~ O'TL ((2771)(16%.63") (cf. (59)). By this relation and Theorem 12}
we have

(82) Mirg (200) = 20z, 2; ) = ¥ (98 (2, 2; V) (2, ;).

Namely the H-function represemfs the section z/\ in the flat frame f%” The relationships

between Tgv’o, 20, I, HE are given in the following diagram:

~ degg
Mi . §* Ltw Z_ Grr‘tw(27ri)T .
Fw 5 e — (Ho® OBy, @Vtw) (H(p ® (’)B@,d) i (Ho ® OB@,d)
o o
2Ag ——— zTgV’O pioy | HE

where By = Uy x {(z,A) € C* x C | |A/z] < €} and d stands for the trivial connection (all
the connections here are only defined in the Up-direction).
Recall the path ~; in Me (434 FigureB]) defined for each integer [. It can be lifted to a

path 4; in M startmg from the GW base point logv < 0, t° = 0 and ending at the FJRW base
point logu < 0, s° = 0. The homotopy type of the lift 4; is unambiguous. For convenience,
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we take the following lift 4;:
(logv < 0,t° = 0) ~ (logu < 0,t° =0) = (logu < 0,s° = Aogu) (moving along ;)
~ (logu < 0,s° = 0) (shifting sp).

Because the shift of s° has an effect of the multiplication by the factor u*? = u¢ on the
H-function Hrjrw, we have from Proposition E.12] that

(83) (ﬁt(}ww)continucd = Utw (f)FJRW)

where the left-hand side now denotes the analytic continuation of ¥, along 4.

Proposition 5.16. Along the path ¥, ~L the FJRW flat section fpmw( ), a € Heyt 18 analyti-
cally continued to the GW flat section fg‘év (U¥a). Here the values of z and X are fized during
the analytic continuation and chosen so that €| = |X/z| is sufficiently small.

Proof. Note that ft@w is invertible for sufficiently small |£|. Therefore {f%”(ﬂ)}f:_ol forms a
basis of flat sections for sufficiently small £ = A\/z. Hence for a fixed such (z, A), there exists

an invertible linear transformatlon Vi: Hext — Hcr(P(w)) such that f%  (T;) is analytically

continued to for (ViT;) along 47t Because f¥ (H%) = Mirp(24) B2) and 24 is a global
section of F*, we have
(ﬁtGwW)continued = Vl (ﬁ%VSRW)

Because z/\q is a generator of F™ at the generic point (Lemma [5.T3]), this relation uniquely
determines V; for a generic (2, \). By (&3], we know that V; = U™. O

5.4. The non-equivariant limit and its reduction. Here we prove Theorem By
taking the non-equivariant limit A\ = 0 in Corollary [EI3] we obtain analytic continuation
between e-twisted quantum connections. (Recall that e stands for the non-equivariant Euler
class.) We shall show that it reduces to analytic continuation between ambient and narrow
part quantum D-modules. This reduction was described more explicitly in terms of the
Picard-Fuchs ideal in a recent paper of Mann-Mignon [50] Theorem 1.2] for the quantum
cohomology of a smooth nef complete intersection in a toric manifold.

(Step 0) Note that M° x C is contained in M x C. x C, as the locus DN=t"=0}={\=
0 = 0}. We consider the restriction

GV = ]?tw|,\=t0:0
of I to M° x C,. This is also identified with the pull-back of
G = F™|r=0

by M° x C, — M° x C,. Let Uy denote the open subset of M° given by UGW = {|jv|] < €}
or Upyrw = {|u| < €} where € is the same as in Corollary 5.13] Over qu x C, G is identified
with the e-twisted quantum connection V® on Ho x (U@ x C,) — U@ x C, by Corollary
By Proposition B.IT], under the natural projection pr: H — H’, the e-twisted quantum
connection projects to the quantum connection of the respective theory:

Gl e, —— (FQ ® Oﬁoxczmé‘thW)
(34) "
(Hé? ® Oﬁ@ xCy? (pr O§Q?)*V> .
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where ¢o: Uy — Fé denotes the mirror map (7H) restricted to A = t° = 0. Here the

meromorphic flat connection V on G (or G) is given by the action of 2D, € R™|y_, i.e. we
define Vp, := 2~ !(the action of zD,)) on G (or G).

(Step 1) Let Uy C M° be the image of (7@ under the projection M° — M°. We show that
the diagram (84)) descends to the quotient (7@ — Ugy. First notice that the Galois symmetry
in Propositions 2.14] extends to the twisted theory. The map G: H' — H’ there is
extended to H as

G(py) = e 2mik/d g, for FJRW theory;
G(1y) = e%iflf —2mip for GW theory.

Then the conclusions of Propositions 2.14] hold for this G (except that we do not have
the connection in the z-direction in the twisted theory). The proof is similar. This shows that
the fundamental solution L™ in the twisted theory (see Proposition BI2) has the following
symmetry:

e TG o Lfipw (GTH(t), 23 M) = Lifpw (t, 25 A) 0 e 279G
dG o L&y (G7H(t), 2 A) = Ly (t, 23 A) 0 e~ 27P/2d @,
On the other hand, the deck transformation of (7@ — Uy acts on I'™W+ as

e—2mi/d ey ([;"}’F’{’W(log u+ (27i/d), z)

tw,
50:>\:0> = I mw(log u, 2)

) =I5 (log v, 2)

s0=X\=0
e 2m/dG (I (log v +2r, 2)

=2=0 t9=X=0

Hence the mirror maps (with t° = A\ = 0) satisfy
(85) G (Spyrw (logu + (271/d))) = Gppw (logu), G (Sgy (logv +271)) = ¢y (log v).

This shows that the deck transformation of (7@ is conjugate to the Galois action on " via
the mirror maps. By the relation ({@)) and the above calculations, we find that (again over
the locus A = t* = 0)

o—2mi/d ey <T%V§’§W(logu + (27i)/d, z)) = Ty (log u, )
dG (TtGW\;"//(log v+ 27i, z)) = Tesy (log v, 2)
This shows that the induced Galois symmetry on the sheaf (H x Op, xc.> ¢& VW) is compatible

with the deck transformation on 5 | FoxC because the deck-transformation-invariant section

A, EG corresponds to Y™W:¥. Moreover the projection pr: H — H’ is compatible with the
Galois action, so the diagram (84]) descends to

Gluoxc, ——  (Ho x Op v OV™)/(G)
(86) lpr
(Ho ® Op, .- (Proso) V) /(G).

Notice that the bundle in the second line is the pull-back of the quantum D-module (F, V)/(G)
in Definition by the mirror map

To = [progol]: Uy — H@/(G)
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In the diagram (B, we do not consider the flat connection V, in the z-direction and the
pairing P. However, we can introduce V, for G and make the diagram compatible with V, as
follows. Recall that (the module of global sections of ) F*V is 2Z-graded by degu = degv = 0,
deg A, =2 Efio vi, deg z = deg A = 2. Thus G = F™W|y_g is also graded. The grading defines
the meromorphic flat connection V, on G (with logarithmic poles along z = 0) as

1deg A

‘7ZZXV —— eg v
z 2

Because all the morphisms in the diagram (RB6]) preserve the grading and the Euler vec-

tor field vanishes on the image of the mirror map progy, the projection pr: Gly,xc, —
(10)*(F,V)/(G) induced from the diagram (86l preserves the connection V, as well.

(Step 2) The diagram (8G) defines for each (v,2) € Uy x C, a projection G, .y — H',
i.e. an element of the Grassmannian Gr(§(,.)). The kernel of the projection is flat for V
(including the z-direction). We show that this section of the Grassmannian bundle Gr(G)
extends globally over M° x C,.

Recall the flat section §f&' () of the twisted theory in (BI). When restricted to the locus
A = tY = 0, this defines a flat section of G. On the other hand, we can define a flat section of

the quantum D-module (H{, ® Oy xc.» (progw)*V) by an analogous formula:

YAV

degg

(87) fo(a) = Lo(proso(z), 2)z~ ¢ To ((27ri)Ta> , a€ Hb,

where Lo(t,z) and fqp are the fundamental solution and the Gamma class in the respective
theory (as appear in Definition 219). By Proposition B4l and the definitions of f& and fo,
we have

(88) pr (78" (@) [x=0=0) = fo(pr())
for o € H.

Lemma 5.17. The section of Gr(G) over (Ugw U Urjrw) X C, given by the diagram (8G)
extends to ((Ugw U Urjrw) X C;) U (M° x CJ).

Proof. By the flat connection V on G, the section of Gr(G) over Ugw x CJ can be extended
along any path in M° x CZ. We see that the given section of Gr(G)[;,, «cx is analytically
continued to the given section of Gr(G)|y, . «cx along the path v in §.3.41 By considering
the A = 0 limit in Proposition B8, we know that f&%_(a)|x=p—¢ is analytically continued

to fov (Up¥ar)|\—4o—o along fyl_l, for o € Hpjrw = Hext- By B5), the projections of these flat
sections by pr are f . (pr(c)) and fy, (pr(limy_o UV a)). Diagrammatically:

_ ow (U"a) ‘)\:tO:O
along v,

(89) prl prl
fFJRW (pr(a)) fGW ([Ul pr(a))

Here we used the fact (Corollary TH)) that there exists a unique operator U;: Hpjpw — Haw
such that pro(limy_,q [U}W) = U; o pr. The existence of such an operator shows that the
sections pr of Gr (G|, xcx and Gr(G)|y, . xcx coincide under analytic continuation along
~;. Because this holds for all the paths ~; with [ € Z, the conclusion follows. O

tw analytic continuation

FJRW (a) ‘)\:tO:O

1

Lemma 5.18. The section of Gr(G) in the previous lemma extends to M° x C,.
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Proof. The section of Gr(G) here is flat for V on G. Therefore, the corresponding element of
Gr(G(2,2)) at (z,2) € M®xCZ can be represented by a matrix independent of z when we write
it in terms of the homogeneous basis z~ 98 A'J(l)/QAl,(l), [=0,...,d=10f G, ). Therefore, via
the basis Ay, v =0,...,d—1, the section {z} x C} — Gr(g|{$}xczx) can be represented by
an algebraic map CX — Gr(CY), which extends across z = 0 by the completeness of Gr(C?).
This proves the lemma. O

(Step 3) The previous step shows that there exists a projection G — F to a locally free sheaf
F over M° x C,. The sheaf F is equipped with a meromorphic flat connection with simple
poles along z = 0.
V:F = FM® x{0}) ® Vo,

Also F is isomorphic to the pulled-back quantum D-module (H{, ® Oy xc.> (proso)*V)/(G)
over the open subset Uy x C,. In particular, F extends across the orbifold point . = 0 as an
orbi-sheaf with flat connection (i.e. pg-equivariant flat bundle on a d-fold cover). We denote
this extension over M x C, by the same symbol F.

We claim that there is a global Z-local subsystem F of (|, ¢x, V) such that it coincides

with the T-integral structure over U x CX. By (B9), the flat section f, (@), @ € Hpar(W, pg)
is analytically continued to f., (Ue) along the path 7, '. Note that f(«) (87) is related to
the flat section §(&) ([22) defining the I'-integral structure by

s&) = (27r1i)é

where € is an object of D(Xyy) or MF§ (W) such that ch(€) € H'. Therefore by Theorem
[ I7 we know that

(90) Spumw (€) is analytically continued to s, (®;(€)) along ;!
for & € MFy (W) with ch(€) € Hyar(W, pg). This shows the existence of a global Z-local
system and that the analytic continuation along v, ! corresponds to the Orlov equivalence ®;.
Finally we show that F admits a global V-flat pairing
P: (=)' F®F = 2°Opxc., ¢=N -2,

which coincides with the pairings Paw, (—1)V ! Ppjrw of the quantum D-modules. In order
to see that the global pairing exists over M x C*, in view of (@), it suffices to check that

(91) (_1)N71PFJRW((_)*5FJRW (81)75FJRW (&2)) = PGW((_)*ﬁcw(q)lgl)?5Gw((1)l‘€2))

for &,& € MFy, (W, pg) such that ch(€;) € Hnar(W, pg). Recall that the pairing between
the flat sections (&) coincides with the Euler form up to sign (Proposition [ZZI]). Because
the categorical equivalence preserves the Euler pairing x (&, F) = x(®,&, ®,F), [@) follows.
The global pairing P over M x CJ extends across z = 0 (with zeros of order ¢) by Hartog’s
principle because it already extends over Uy x C,. The non-degeneracy of P/(2riz)¢ along

z = 0 holds for the same reason.
Now the proof of Theorem 23] is complete.

Remark 5.19. We described the global D-module F as a quotient of G = F™W|,_¢. In HE3]
Theorem 6.13], with the aid of mirror symmetry, it was described as a submodule of another
multi-GKZ system. We can translate this result in our setting as follows. Define the shift

map S: M° xC, x Cy = M° x C, x Cy by S(z,2,A\) = (x,2, A — z). Then the map
o F™ = S*FY Ay S Ay,

f(inv* ch(&))(z, 2)
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is a morphism of R™W-modules by the relations (G8). This is an isomorphism at the generic
point because both R™ Ay and R™ A, equal F™ at the generic point (see Lemma 515 the
proof there applies also to R™A,,). However, ¢ is not an isomorphism over A = 0 and we
have F = Im(o|yx=0: F™¥|x=0 — (S*F™)|x=0). See also [E0].

5.5. Reconstruction of the big quantum D-module. Here we prove Theorem
When Xy is a manifold, the orbifold cohomology consists only of untwisted sectors. In par-
ticular Hopp(Xyy) is spanned 1,p1,--- , pi™Xw 1, This allows us to use the reconstruction
theorem [BEHEIATNEAGT to obtain the big quantum cohomology from the small one.

More specifically, we apply the reconstruction theorem of a (TE) structure by Hertling-
Manin [B8l Theorem 2.5] to the global D-module (F, V) over M (which is itself a (TE) struc-
ture). For this, one has to check the injectivity condition (IC) and the generation condition
(GC) for (F,V). More concretely, (IC) means

2Dy N\ £ 0,
z

and (GC) means
{(zDy)" Ao | n > 0} generates F|,—o over O .

We claim that (zD,)"Ag, n = 0,...,rank F — 1 is a basis of F|,— over the open subsets
Upjrw and Ugw. (Here Upjrw does not contain u = 0.) We work over the cyclic cover
Uy C M° of Uy. First observe that we have D-module isomorphisms (cf. (80)):

Miro

% L(prog(z),z) "t
F )l wcs 59 (HYy © Op e (proso) V) 225097 (w0, )
A, — YV = pr(YTVY) — Y =t pr([éw’yb\:to:o).

Here the first map is induced from the mirror isomorphism in Corollary (see also (&)
and the second map is given by the inverse of the fundamental solution L(¢, z) in each theory.
The relation L(prog(x),2) 1Y%(x, 2) = 2~ 1IY(x, z) follows from ([Z6) and Proposition B4l
Similarly to (), the two maps Miry, L~! can be viewed as the Birkhoff factors of the
composition since Mire extends regularly to z = 0 and L~! extends regularly to z = co. We
want to check that (zD,)/g, i =0, ...,rank F — 1 form a basis. Under the above map, these
sections map to

(D)2 ey = eplogv/z (pil + O(vl/d))

over (?GW. From these asymptotics, we know that the matrix with the column vectors
(2Dy)2 1w, @ = 0,...,rank F — 1 is Birkhoff factorizable (i.e. in the “big cell”) for suf-
ficiently small |v|; this means that (zD,)"Ag, i = 0,...,rank F — 1 is a basis of F|,—g over

Uaw.
Over Urjrw, the calculation is a little more involved. Instead of (2D,),i =0, ..., rank F —
1, we consider the differential operator P;, i = 0,...,rank F — 1 defined inductively by
Py=u"t, Pri=u""%(28,)Piy

where ord; € N is determined by (z@u)B_lngRw = O(u®%). Tt suffices to show that P;/A\g,
i = 0,...,rank F — 1 is a basis of F|,—¢ since {P;A¢} and {(2D,)!/\o} are related by an
invertible matrix along z = 0. We have

—170 —
Pz Ipjpw = ¢i— —
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where k; is the (i + 1)-th smallest element of the set Nar C {1,...,d — 1}, ¢; # 0 and
l; = deg(¢r,—1)/2. It is not difficult to show that {; = i when Xy is a manifold. Therefore
the matrix having the column vectors P;z 1T g jrw> ¢ = 0,...,rank F—1 is Birkhoff factorizable
for small |u|. The claim now follows also over —

Because (IC) and (GC) are open conditions, they hold in a Zariski open subset M’ of
M containing Ugw and Upjrw. At each point z € M’, we have a universal unfolding
BG, Definition 2.3] of (F,V)|(mu)xc. over the analytic germ (M, z) x (C#k7~1 0) x C,.
By the universality, they will patch together to form a global (TE) structure (Fet Vext)
over Mgy DO M’'. By Bl Lemma 3.2], the pairing P over M x C, extends to My x C,
and we have a (TEP) structure (Ft, Vet PeXt) The extension of the Z-local system Fy, is
automatic.

Next we show that (F&t VXt Pext) coincides with the “big” quantum D-module over a
neighbourhood of Upjrw or Ugw. We review the reconstruction of the big FJRW quantum
cohomology. Over Upjrw, we already identified (F,V, P) with the quantum D-module over
the image of the mirror map 7 = prog. We take a basis {T;}/_, of H' such that Ty = ¢y,
T1 = ¢ and write the big quantum product as T;T; = >, _, C'ikj (t)T}, where t = (t°,...,t")
is the co-ordinates of H' = Hy.(W, py) dual to {T;}7_,. Using the frame {7;}]_,, one can
write the connection V of F|yp nw @S

Vu=—+-
8u+z, i ou

7=

8 1<~ 0ri(u) (051(7'(“))>a6-

Here 7(u) = >_I_, 7*(u)T; denotes the mirror map. The structure constants C’ikj (t) are a priori
formal power series in ¢, but we know from the mirror theorem that the above connection V,,

is convergent. Because 7(u) = —ug¢; +O(u?), we can use (u,t°,t%,... ,t") = 7(u) +2 54 tT;
as a co-ordinate patch of H' near the origin. We want to reconstruct the connection operators
0 0

1 1 .
t t_ g . ;
Vi = et AW, V= o (O ()t T 0T)) L i
satisfying Vi<|—o = Vy, [V§, VX = [VE, V] = 0 and V;Tp = T;. Following the
method of [B6] Lemma 2.9], 1], §4.4], one can solve for such Cfa(T(u) + i t/T}) uniquely

as a power series in t. This is because Ty = ¢g is asymptotic to u= Ay as u — 0, so is also
a cyclic vector of the action of [2V,]|.—o for a sufficiently small u # 0. This reconstruction
can be done either over the formal Laurent series ring C((u)) or for a fixed small u # 0. In
the former case, we recover the big quantum product as a formal power series in (u,t); in the

latter case, we get Cfa (T(u)+>254 tIT}) as a convergent power series of ¢ ([B6, Lemma 2.9]).

Therefore Ci(T(u) + 254 t/T}) is a formal power series in ¢ whose coefficients are analytic
functions on {u € C||u| < €}. Moreover for each u with 0 < |u| < ¢, it is convergent as a
power series in t. By 0 Lemma 6.5], such a function is holomorphic in a neighbourhood of
(u,t) = (0,0). This shows the convergence of the big quantum product and that (Fext Vext)
is isomorphic to the big quantum D-module in a neighbourhood of Urjrw. The discussion on
the GW side is similar and omitted.

5.6. Monodromy and autoequivalences. Here we prove Theorem .20 We study the
relationships between monodromy of the global quantum D-module F and category equiva-
lences.
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An object E of D*(Xyy) is said to be spherical B3, Definition 1.1] if Hom™(E, E) =
Hom(FE, E[n]) is isomorphic to the cohomology of a sphere, i.e.

C n=0or dimXy

Hom"(E,F) = .
0 otherwise.

Seidel-Thomas [63] introduced a functor Tr: D*(Xy) — DP(Xyy), called spherical twist, for
a spherical object E. This gives an auto-equivalence with the following property:

Tg(F) = Cone(Hom®*(E,F)® E — F).
Ezample 5.20. A line bundle O(7) on Xyy is a spherical object (since Xy is Calabi-Yau).

By Proposition 221] and (BH), the monodromy of flat sections §(£) around the paths ycy,
yLc (FigureB) comes from the autoequivalences O(—1), (1) of D®(Xyy) and MF# (W) respec-
tively. We already saw in (@) that the analytic continuation along 7, U (Figure B is induced
by the Orlov equivalence ®;. Thus the monodromy along .. corresponds to the composition
®g o &', The following proposition shows that the monodromy around 7.} comes from the
spherical twist Tp.

Proposition 5.21. For E € D*(Xy) such that ch(E) € Hamy,(Xw), we have [<I>l<I>l+1(E)] =
[Toa) (E)] in the numerical K -group.

Proof. Let {a,b}, be the graded Koszul matrix factorization in Example Recall that
ch({a,b}q), ¢ € Z span Hyar(W, pg). Hence by Theorem BT, ch(®;({a,b},)), ¢ € Z also
span Hamp (Xw) since Up: Hpar(W, pg) = Hamp(Xw). Therefore, it suffices to check that
[Toa®i+1({a, b}q)] = [®1({a, b}y)] in the K-group. By Proposition ELTT] we have

@r({abl)l = > (“)TOU+1+m =3 w,)]
J1<<Jgr
> am1 Wig <m/

[@i(fab})l= D, (DO +m =Y w,)]
J1<-<jr
>a=1 Wig Sm
where m (resp. m’) is the remainder of ¢ — (vesp. ¢ —[ — 1) divided by d. Because [T E] =
[E] = x(E(=1)[O@)], we have

Tow®i1({a,b}))= > ()Mo U+1+m =30 wj,)]
J1<<Jgr
D1 Wig Sm/

+ Y )Xo+ = w)[oW).
J1<-<Jr
Za 1wJa<m

(92)

Here we use the following fact: For 1 <14 < d, we have

X(0(i)) = dim H(Xw, O(i))
s
s

:{ﬂ{klé--ék blwkb i} if1<i<d-1
g{k1 <--- <k

oW, =i} —1 ifi=d.

|v |v
MM
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Therefore the second term of the right-hand side of ([@2]) gives

(93) [OW)] | =6mra1+ > (=17
J1<<gr, k1< <ks
D=1 WiaT2p=1 Wiy, =m'+1, 3741 wjo <m/

> (-1 =o0.

, jl<"'<jr;sk1§"'gks ,
D01 Wig 2 poq Wy =m'+1

We claim that for m’ >0

The claim follows from the comparison of the coefficient of t™ 1! in the following equality:

_(l_tw1)<1_tw2)"'<1_tw]v)_ D q
1= (1 —twr)(1 —tw2) ... (1 — twn) B Z Z (=1)"t Z t
p,q=0 J1<-<Jr k1 <--<ks
a=1Wja =P 2b=1 Wk, =4

By the above claim, ([@3]) can be rewritten as

O] | =0mra—1 — | > | (—=1)"

r o
wj, =m'+1

a=1

This gives the second term of the right-hand side of ([@2)).

First consider the case where m’ < d — 1. 1In this case, by the above calculation,
[Tow®i+1({a, b}q)] equals [®;({a,b},)] because m = m’ + 1. Next consider the case where

m’ = d — 1. In this case, we have m = 0 and

Tom@ii(fabl)l= Y (~)™OU+d— 30 w;,)] — [O0)].

J1<<Jr

We know from the Koszul complex &; (B8]) that the first term in the right-hand side vanishes.

Because m = 0 we have [®;({a,b},)] = —[O(1)]. The conclusion follows.

Remark 5.22. We should have an isomorphism of functors Tp;) = ®; 0 <I>l_+11, but this does

not seem to be proved in the literature. E. Segal [62] Theorem 3.13] showed a similar (object-

wise) relationship in the category of B-branes on the LG model (Kp(y), W) (which should be
equivalent to D?(Xy)).
We speculate that the relations in the fundamental groupoid of M
Vi+1 = VLG © V1 °YCY,
Yeon = V1 © %0
e =id
should be lifted to category equivalences as
Oy = (1ot o0(-1)
Tot = ®100;7,
(d) = [2].
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The second relation is conjectural (see Remark [(.22)) but the other two are easy to show. Note
that the identity in the fundamental groupoid is lifted to the 2-shift [2] in the third relation.
This is the reason why we have to mod out by [2] in the statement of Theorem

Finally we check the last statement in Theorem The fundamental group of M is
generated by Yoy, Yeon and is defined by the relation

(’YCY o 'Ycon)d =id.
We define the lift p: m (M, bg) — Auteq(D?(X))/[2] by sending ycy to O(—1) and Yeon to
Ty L as we speculated above. It suffices to check the relation:
(O(=1) o T, ) = [2].

This was proved by Canonaco-Karp [@]. The proof of Theorem [Z28] (hence of Theorem [[2))
is now complete.

APPENDIX A. PROOF OF PROPOSITION 1]

When N = 0, both sides of (@) are one-dimensional and their pairings match. When
N = 1, both sides are zero. Assume that Np > 2. The relative cohomology exact sequence
identifies HNk((CN)y, W,F>) with HNe—1(W,F*>°) = gNe=1(W,_1(1)). Therefore

H(W, )i = HY W, (1)Ha.

We use the following result of Steenbrink:

Theorem A.1 ([64, Theorem 1]). The Deligne weight filtration #s on H™+=Y(W, (1)) is of
the form
0=Wn,—2 C #ny—1 C #n, = H LW ().
Take a set {¢1,...,01} C Q?ch)k of homogeneous Ni-forms which gives a basis of Q(Wy).
Let |i| denote the degree of ; divided by d. Define n; € HNk*l(Wk_l(l)) by
. Pi

with ¢; = T'(1 — (—|i]))([]7|] — 1)!. Then the set {n; | N, — 1 —p < |i| < N — p} gives a basis
of Grpgz(”/ﬂNk,l); the set {n;||i| = Ny — p} gives a basis of Grpy(WNk/WNk,l).

There is a typo in the statement of [64] Theorem 1] about the index of the Hodge filtration
and we corrected it above. The prefactor ¢; is not important in the above statement, but
is chosen for our later purpose. Since {n; ||i| € Z} gives a basis of the p -invariant part of
HNe=1(W,71(1)), by the theorem, the p4-invariant part splits the weight filtration:

Wi/ W = HY LW (1),

Therefore the sector H(W, py) = H™+=1 (W, (1))#¢ has a pure Hodge structure of weight
Ng. Moreover the theorem gives an isomorphism

QW) 2= Grip HN W (D), (o] — [mi]
independent of the choice of representatives ;. The isomorphism () is defined by the Hodge
decomposition which splits the above isomorphism:
Ny
(95) HW.p = BV W W) = @ #7 nFN 7 = oW,
p=0
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Next we study the pairing on the FJRW state space. The form e~"#¢; defines a cohomology
class in HN#((CV),, W;F>) via the integration over non-compact Lefschetz thimbles I' €
Hy, ((CV)g, W) of Wy

' — / e Wrop,.
r

The following lemma shows that the set {e="k; | |i| € Z, |i| < Nj,—p} of relative cohomology
classes forms a basis of ZPH(W, p ). It also shows that [¢;] € Q(W})Hd corresponds to an
element of the form [(¢; + 3_;/ <y ajip;)e Vel € H(W, pg)x, under ([@5).

Lemma A.2. Under the isomorphism H™¢((CN)y,, W) = HNe=1(W,1(1)), the class rep-
resented by e~Wrip; corresponds to the class n; in ().

Proof. Let T' be a Lefschetz thimble of Wy, in Hy, ((CN), W,F>) and C' € Hy,—1(W, (1))
be the corresponding cycle. (Note that Hp, ((CN)g, W) = Hy,_1(W, '(1)).) The image
of I' under W}, is assumed to be the positive real line. Then we have

(96) /F e W, = /0 h et P(t)dt.

Here we set

i 1 ©i
97 P(t ::/ = — /
(67) Q Wy ()=t} AWk 271 Jp Wi(z) —t

where T is a circle bundle over I'N {Wj(x) = t}. Using the homogeneity, one can deduce from
the co-ordinate change z; — t—wi/ dy.. that

P(t) = =1 p(1).

Therefore by ([Qgl),

(98) /Fe‘W’“w =T(li))P(1) = T(L = (=[il)) P (1),

By differentiating (7)) and setting ¢t = 1, we find

(99) T (1 — (—[if))PMiM-D(1) = / .

c
The lemma follows from (@8)) and (@9). O

Consider the tame deformation W, ¢ of Wj:
th(x) = Wk(:c) + Z S %y,
1€F},
where Fj, := {1 < j < N|¢¥ = 1} is the index set of co-ordinates on (CV),. For generic
values of s, W}, s has only non-degenerate critical points (i.e. it is a Morse function). Let
z € C* and () HNe((CN)y, (Wys/2)T°) x HNe((CN)y, (Wy.s/2)"°) — C denote the
intersection pairing (cf. [@)). Set

Gigls,2) = ([e™Wer/" i) [ee/ ]

This is a presentation of K. Saito’s higher residue pairing [6I] by Pham [55]. The invariance
of the pairing under the co-ordinate change x; — A7 / da:j shows the following.

Lemma A.3. With respect to the degree degs; :== 1 — (w;/d) and degz := 1, the function
Gij(s,z) is homogeneous of degree |i| + |j].



LG/CY CORRESPONDENCE, GLOBAL MIRROR SYMMETRY AND ORLOV EQUIVALENCE 67

Lemma A.4. The function Gij(s, z) is reqular at z = 0. Moreover

k(k)

Gij(s,2) = (=1) (2miz)™ (Resw, , (lex], [¢r]) + O(2)) -

Proof. This is remarked in [B5 2éme Partie, §4.3, Remarque], but we include a proof for the
convenience of the reader. Suppose that s is generic so that z — R(W}, s(z)/2) is a Morse
function. Let Fi", e ,Fz (resp. I',...,I';) denote the Lefschetz thimbles emanating from
the critical points o1,...,0p of (W} /%) given by the upward (resp. downward) gradient
flow. Choose an orientation of FZ:-'E such that '} - Iy = 645 We have

L
Gz](s Z) Z </F+ Gkas/zgpi> . < - @Wk’S/ZQOj> .

a=1
For a fixed argument of z, we have the stationary phase expansion as z — 0.

_ . 2mz)N/2
L (o) + OL2).

Here we set ¢; = fi(z) /\jeFk dxj, Hess Wy, s(0,) 1= det ((8xi8ijk7s)i7j€Fk) is the Hessian of
Wi.s at o and =+ is the sign depending on the orientation of I'}". Therefore

w f7, Ua f] Ua
Gij(s’ Z) ~ (_1) ° 7T12: (Z Hess W s(Ua) " O(z)>
where the lowest order term in the right-hand side equals the Grothendieck residue. The sign

Ny (N —1)
(—1) “2 comes from a local computatiofd of the orientation. Since this holds for an
arbitrarily fixed argument of z, and Gj;(s, ) is holomorphic in z € C*, the conclusion follows
for a generic s. By analytic continuation, the same holds for all s. O

By Lemma [A.3] and Lemma [A 4], we have

if 3] + |5] < Ni
(2miz)™ Resw, (lpil, [py]) i [i] + |j] =
This shows the Hodge-Riemann bilinear relation:
(101) (FPHW, pg)i, FPHW, pg)a—k) =0 if p+q > N.
For i, j such that |i|, |j| € Z, we take lifts

0
100 Gij(0,2) = Ny (N —1
(100) (0,2) {(_1) (1)

el e FPAFNTE Wl e AN T
which correspond to [¢;], [apj] € Q(Wg)Hd under the isomorphism ([@5). When p + ¢ > Ny,
the pairing ([e="*@;], [e="*3;]) = 0 vanishes by ([0I). When p + q < Ny, the pairing again
vanishes because of the Hodge-Riemann bilinear relation (IQI]) for .. When p + g = Ni, we
have

(e @d, [ ¢5]) = (le " @il [e " g;]) by [T

1 _ .
= = (el (~1) Vo)) by @
N (Np—1) N 1 .
= (-1 @)~ Reswy ([l (-1 [y]) by @),
16T his comes from /\ 1 duy /\/\ Ldu; = (—l)M /\;V:kl(duj Advj;) where {u;++v—1v; |j =1,..., Nk}
is a local co-ordinate system centered at a critical point.
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The factor (—1)17! comes from the map I* in ). The proof of Proposition Il is complete.

Remark A.5. In the proof we observed that H(W, p ), has a Hodge structure of weight Nj.
In order to make the weight compatible with the FJRW grading, we consider the Tate twist

by SN (kqi) — 1 so that H(W, pag) is of weight Ny +2(3N | (kg;) — 1).

APPENDIX B. COMPATIBILITY WITH FJRW SETUP

In 6] a factor f; = |G|?/ deg(st) multiplies all genus-g n-pointed invariants as well as all
the homomorphisms

AgY;LG: H(W,G)*" — H*(Myn;Q),
(al, - ,Oén) — fgst* ([Wg7n7g(W (kl, o Vlr N H Oél>

defining a cohomological field theory via Poincaré duality. These operators embody all the
relevant invariants via the definition

(@)1 7, () = / A (0, an) T 0
Mg,n ‘7

The cycle Wy n.c(W, (k1, ... k) ]YF NI, i is a cycle in the moduli space of (W, G)-curves;
in this paper G equals p; and, in genus zero and for narrow state space entries, we may regard
this as the top Chern class of the obstruction bundle. The degree of st is simply the degree of
the map forgetting the (W, G)-structure and retaining only the underlying coarse stable curve;
for (W, G) = (W, pg) the morphism st is the natural forgetful map Sping’n(kl, o kn) = Mg,
We have deg(st) = |G|*9~! in general; therefore, f, equals 1/|G|97!, and the setup of [26]
is consistent with that of Witten’s original tentative treatment [[0] of quantum singularity
theory. In genus zero and for G = p,, this amounts to an overall factor d appearing also in
[, (14))

We point out that all these different factors f, can be removed once we take into account
that the pairing used ([{l) comes from orbifold Chen-Ruan cohomology (in its relative version)
and acquires an overall factor 1/|G| equal to the degree of BG over Spec C (we recall that the
pairing of [26] maps the pair (¢, ¢;) to d4—1 x4, without any factor). In particular, removing
the factor fo = d in the definition of the genus-zero invariants does not change the quantum
product: in the definition ([I7) of T; e Tj, the factor fy is absorbed into ghl = dog—2 jit1-
Furthermore, removing the factors f;, from the cohomological field theory homomorphisms
AIQ/Y;ZG does not affect the composition axioms 26, (62),(64)]. Let g = g1 + go; let n = ny + no;
and let pyee: Mgl ni+1 X /\/lg2 na+1 — /\/lg n be the gluing morphism. Then the forms

WG
AZI,/;LG(OQ, Ce ,Oén) = sty ([Wgynw,d(W, (k‘l, ce v1r M H al> =
satisfy the composition property stated in [28] (62)]
AW,G AW.G AW,.G
ptreeAg n (O‘I’ az, .. Z gH’VAgl ni+1 ail? sy Qs :u) Agg n2+1(a1n1+1’ co Qi g V)'

for all a; € H(W,G), for p and v running through a basis of H(W, @), and for g** denoting
the inverse of the pairing ( , ) with respect to the chosen basis. This happens because, by
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rescaling the pairing, we have multiplied g"" by |G|; the cancelled factors on the two sides of
the above identity match

1 11 1 1
Jg

=G G ae T aeT gl fe

The same happens for the gluing morphism pipep : ﬂg_17n+2 — ﬂg’n. We have

" N‘I:G M,VN‘VyG
A a1,009,...,X = E 1\ al,y..., V).
—1,n
p]oop g,n ( 1,2, 9 n) g g 17 +2( 1, 9 nmU’v )
1,V

Taking again into account that, in this paper, the matrix (¢*") has been multiplied by an
overall factor |G|, the cancellation of factors from the analogue identity 26 (64)] yields the
same quantity on both sides

1 1 1
= eree e
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