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Lattice Analysis for the Energy Scale of QCD Phenomena
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We formulate a new framework in lattice QCD to study the relevant energy scale of QCD phenomena.

By considering the Fourier transformation of link variable, we can investigate the intrinsic energy scale of

a physical quantity nonperturbatively. This framework is broadly available for all lattice QCD calcu-

lations. We apply this framework for the quark-antiquark potential and meson masses in quenched lattice

QCD. The gluonic energy scale relevant for the confinement is found to be less than 1 GeV in the Landau

or Coulomb gauge.

DOI: 10.1103/PhysRevLett.101.241601 PACS numbers: 11.15.Ha, 12.38.Aw, 12.38.Gc, 14.40.�n

Physics covers a huge number of phenomena on various
scales, i.e., from elementary particles to the Universe.
Nature is described in different ways depending on the
energy scale. The energy scale characterizes physical phe-
nomena and is important in understanding them.

The classical QCD Lagrangian is scale invariant, except
for quark mass terms. However, quantum effects yield the
scale anomaly and violate the scale invariance, and the
energy scale appears in the real world. The appearance of
the energy scale enriches QCD phenomena and creates
their hierarchy. In high energy, due to the weak coupling
or asymptotic freedom, the phenomena are governed by
perturbative QCD [1,2]. In contrast, in low energy, there
are complicated and important nonperturbative phe-
nomena, i.e., quark confinement, chiral symmetry break-
ing, and so on [3–5]. Many of the QCD phenomena would
have their intrinsic energy scale. These phenomena origi-
nate from a single Lagrangian but seem like different
physics. The knowledge about the energy scale of QCD
phenomena would be useful in understanding complicated
QCD dynamics.

One possible way to study the intrinsic energy scale is to
calculate a physical quantity after cutting a part of the
region of momentum space artificially. From the relation
between the cut region and the resulting quantity, we can
understand the relevant energy scale for the quantity. This
concept is used, for example, in the Swinger-Dyson ap-
proach [6]. In this Letter, we introduce this concept to
lattice QCD, which is the nonperturbative and first-
principle calculation [7,8]. The fundamental degree of
freedom in lattice QCD is the link variable, which repre-
sents the gluon on lattice. We cut a part of the link variable
in momentum space, and investigate its effect on the
resulting quantity.

The procedure is formulated as the following five steps:
(1) We generate a gauge configuration, i.e., link varia-

bles U�ðxÞð 2 SUð3ÞÞ, by the usual Monte Carlo simula-

tion in lattice QCD. Since the procedure is not gauge
independent, we fix the configurations with some gauge.

It is desirable to choose a physically meaningful gauge on
lattice, such as the Landau gauge, which has the corre-
sponding continuum theory and the minimum fluctuation
of the gauge field. In this Letter, we mainly use the Landau
gauge for numerical calculation, unless otherwise stated.
(2) Using discrete Fourier transformation in the

4-dimensional Euclid space, we construct the
momentum-space link variable ~U�ðpÞ as

~U�ðpÞ ¼ 1

L4

X

x

U�ðxÞ exp
�
i
X

�

p�x�

�
; (1)

where L is a number of lattice sites in one direction. When
numerical simulation is performed in a certain lattice size
with periodic boundary condition, the corresponding
momentum space is the lattice with the same structure.
The first Brillouin zone of the momentum space is a
hypercube with each side of ð��=a;�=a�.
(3) We impose a ‘‘cut’’ on ~U�ðpÞ in some region of the

momentum space, for example, an ultraviolet (UV) cut or
an infrared (IR) cut. Outside the cut, the link variable is
replaced with the free link variable ~Ufree

� ðpÞ ¼ �p0. In this

Letter, we estimate the energy scale by the 4-momentum

length
ffiffiffiffiffiffi
p2

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

�p�p�

q
, and define the momentum-

space link variable ~U�
�ðpÞ with the UV cut �UV and the

IR cut �IR as

~U �
�ðpÞ ¼

� ~U�ðpÞ ð�UV � ffiffiffiffiffiffi
p2

p � �IRÞ;
�p0 ð ffiffiffiffiffiffi

p2
p

>�UVor
ffiffiffiffiffiffi
p2

p
<�IRÞ:

(2)

These cuts are schematically depicted in Fig. 1. Of course,
we can consider other kinds of cuts, for example, the cut
for the intermediate-momentum region, the cut by

maxðp1; p2; p3; p4Þ instead of
ffiffiffiffiffiffi
p2

p
, and some more com-

plicated cut.
(4) We reconstruct the coordinate-space link variable

U�
�ðxÞ with the cut by the inverse Fourier transformation.

Since the naive inverse Fourier transformation of ~U�
�ðpÞ is
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not a SU(3) matrix, we define U�
�ðxÞð 2 SUð3ÞÞ by max-

imizing

Re Tr½U�
�ðxÞyU0

�ðxÞ�; (3)

where

U0
�ðxÞ ¼

X

p

~U�
�ðpÞ exp

�
�i

X

�

p�x�

�
: (4)

(5) Using this link variable U�
�ðxÞ, we compute physical

quantities in just the same way as the original SU(3) lattice
QCD.

By this procedure, we can investigate what energy scale
of the gluon is essential for a QCD quantity, nonperturba-
tively and quantitatively. We have only to replace U�

�ðxÞ
instead of U�ðxÞ in the usual lattice QCD calculation.

Therefore this framework can be applied to whatever can
be calculated by lattice QCD, and would be widely useful
for QCD phenomena.

We would like to apply this procedure to several funda-
mental quantities in quenched lattice QCD. The numerical
simulation is performed with the � ¼ 6:0 plaquette gauge
action on 164 lattice. The lattice spacing a is about 0.10 fm
[9]. Then the corresponding momentum-space lattice is
also 164 lattice, and the momentum-space lattice spacing
ap ¼ 2�=La is about 0.77 GeV.

First, we calculate the quark-antiquark (Q �Q) potential
with the UVor IR cut. The Q �Q potential is extracted from
the expectation value of the Wilson loop. To enhance the
ground-state component, the smearing method is used for
the spatial link variables in the Wilson loop [10]. The
configuration number is 50, but effectively large by aver-
aging all the parallel-translated Wilson loops in one
configuration.

The physical Q �Q potential is written with a Coulomb
plus linear potential as

VðRÞ ¼ �R� A

R
þ C; (5)

where R is the distance between the quark and the anti-
quark [11]. The Coulomb potential is explained by the
perturbative one-gluon exchange, and its coefficient A is
about 0.26. The linear confinement potential is purely a
nonperturbative phenomenon. Its coefficient, or the string
tension �, is about 0:89 GeV=fm, and �a2 ’ 0:051 in
� ¼ 6:0 lattice unit. The constant term C is physically
irrelevant and depends on the regularization.
We show the Q �Q potential VðRÞ with the IR cut �IR in

Fig. 2. When �IR=ap ¼ 1 and 1.1, the string tension

slightly decreases from the original Q �Q potential. When
�IR=ap � 1:5, the linear confinement potential completely

disappears and the Q �Q potential becomes only the pertur-
bative Coulomb potential. In Table I, we list the asymptotic
string tension �asym which is estimated by fitting the Q �Q

potential in 4 � R=a � 8 with a linear function �asymRþ
const. The asymptotic string tension is approximately zero
in �IR=ap � 1:5. This result means that the Q �Q confine-

ment potential is made from the low-momentum gluon,
and that its physical energy scale is less than 1 GeV in the
Landau gauge.
Since the procedure is not gauge invariant, it is desired to

check the gauge dependence of the resulting energy scale
among several reasonable gauge choices in the step (1). In
Table I, we also show the result of the Coulomb gauge for
the gauge choice. The value of �asym is different between

the Coulomb gauge and the Landau gauge. However, the
qualitative behavior is the same, and the energy scale for
the confinement potential is less than about 1 GeV also in
the Coulomb gauge.
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FIG. 2. The Q �Q potential VðRÞ with the IR cut �IR against the
interquark distance R. The unit is scaled with the lattice spacings
a ’ 0:10 fm and ap ’ 0:77 GeV. The broken line is the original

Q �Q potential in lattice QCD.
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FIG. 1. The two-dimensional schematic figure of the UV cut
�UV and the IR cut �IR on momentum-space lattice. The
momentum-space link variable ~U�ðpÞ is replaced with the free

one ~Ufree
� ðpÞ in the cut (shaded) regions. ap is the momentum-

space lattice spacing.
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The Q �Q potential with the UV cut �UV is shown in
Fig. 3. As the UV cut becomes lower, the Coulomb poten-
tial gradually weakens. In contrast, the string tension re-
mains unchanged regardless of the UV cut. As for the
constant term C in Eq. (5), it is considered to be mainly
given by the lattice regularization of the Coulomb singu-
larity, that is, a perturbative origin. Actually, the constant
term becomes smaller with lower UV cut. With the very
low UV cut, theQ �Q potential is almost the linear potential,
and the Coulomb coefficient and the constant term is nearly
zero or slightly negative. For example, with �UV=ap ¼ 2,

the fitting result by Eq. (5) is �a2 ¼ 0:0459ð15Þ, A ¼
�0:056ð5Þ, and Ca ¼ �0:095ð7Þ.

Now we consider another type of the cut, i.e., the cut by

maxðp1; p2; p3; p4Þ instead of
ffiffiffiffiffiffi
p2

p
in Eq. (2). This type of

the cut forms a 4-dimensional hypercube, and respects the
momentum-space lattice structure. We find that the Q �Q
potential with this type of the cut displays the similar
behavior as before in both the UV and IR case, and gives
almost the same relevant energy scale. A part of the results
is shown in Fig. 4.

Next, we apply this framework to the meson mass
calculation. The quark propagator is calculated with the
clover fermion action, which is the OðaÞ-improved Wilson

fermion action. The hopping parameters are � ¼ 0:1200,
0.1300, and 0.1340, and the corresponding pion masses are
about 2.9, 1.8, and 1.3 GeV, respectively [9]. The configu-
ration number is 100 here.
Figure 5 shows pion mass m� and �-meson mass m�

with the IR cut �IR. When more IR region is cut, the pion
mass and the �-meson mass become smaller. In addition,
the pion and �-meson masses degenerate in �IR=ap � 2.

This energy scale is consistent with the energy scale of the
disappearance of the Q �Q confinement potential. Therefore
this degeneracy is considered to suggest that the quark and
the antiquark become unbound and quasifree and that m�

and m� are equal to the sum of the quark and antiquark

masses. We have also calculated these meson masses with
the UV cut, and found that these masses decrease also by
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FIG. 3. The Q �Q potential with the UV cut �UV. The notation
is the same as Fig. 2.
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FIG. 4. The Q �Q potential VðRÞ with the IR cut �IR by

maxðp1; p2; p3; p4Þ instead of
ffiffiffiffiffiffi
p2

p
in Eq. (2). The notation is

the same as Fig. 2.
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FIG. 5. Pion mass m� and �-meson mass m� with the IR cut
�IR. The results of three hopping parameters � ¼ 0:1200,
0.1300, and 0.1340 are shown. The unit is scaled with the lattice
spacings a ’ 0:10 fm and ap ’ 0:77 GeV. The values at

�IR=ap ¼ 0 are calculated in original lattice QCD [9].

TABLE I. The asymptotic string tension �asym with the IR cut
�IR. The results of the Landau gauge and the Coulomb gauge are
shown. In original lattice QCD with � ¼ 6:0, the string tension
�a2 is about 0.051.

�IR=ap �asyma
2 (Landau) �asyma

2 (Coulomb)

1.0 0.0469(58) 0.0289(58)

1.1 0.0311(49) 0.0190(59)

1.5 �0:0019ð20Þ 0.0024(25)

2.0 �0:0132ð6Þ �0:0041ð10Þ
3.0 0.0003(12) 0.0058(10)
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the UV cut but the degeneracy does not occur. It would be
also interesting to investigate the meson masses and the
chiral condensate by this procedure with the staggered
fermion or the overlap fermion.

In summary, we have proposed the new framework in
lattice QCD to investigate the relation between a QCD
phenomenon and its typical energy scale. Using Fourier
transformation, we construct momentum-space link varia-
bles, cut a part of them in momentum space, and recon-
struct coordinate-space link variables with the cut. By
lattice QCD calculations with this link variables, we can
investigate the gluonic energy scale of QCD quantities.
Since what is needed is only the replacement of the link
variables, this is easily available for all lattice QCD calcu-
lations. In addition, this kind of framework would be
broadly applied to not only lattice QCD but also any
discretized theory. By such a framework, we can system-
atically analyze the momentum structure of physical
phenomena.

We have applied this framework to the calculation for
the Q �Q potential and meson masses. When IR gluons are
cut, the nonperturbative confinement potential vanishes in
the Q �Q potential, and pion and �-meson degenerate and
seem to be the quasifree quark and antiquark pair. The
relevant gluonic energy scale for quark confinement is less
than about 1 GeV in the Landau gauge and the Coulomb
gauge.
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