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Instantaneous interquark potential in generalized Landau gauge in SU(3) lattice QCD:

A linkage between the Landau and the Coulomb gauges
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We investigate in detail “instantaneous interquark potentials,” interesting gauge-dependent quantities
defined from the spatial correlators of the temporal link-variable Uy, in generalized Landau gauge using
SU(3) quenched lattice QCD. The instantaneous QQ potential has no linear part in the Landau gauge, and
it is expressed by the Coulomb plus linear potential in the Coulomb gauge, where the slope is 2—3 times
larger than the physical string tension. Using the generalized Landau gauge, we find that the instantaneous
potential can be continuously described between the Landau and the Coulomb gauges, and its linear part
rapidly grows in the neighborhood of the Coulomb gauge. We also investigate the instantaneous 3Q
potential in the generalized Landau gauge, and obtain similar results to the QQ case. 7-length terminated
Polyakov-line correlators and their corresponding ‘“‘finite-time potentials’” are also investigated in

generalized Landau gauge.

DOI: 10.1103/PhysRevD.83.054502

I. INTRODUCTION

Nowadays, quantum chromodynamics (QCD) is estab-
lished as the fundamental theory of the strong interaction,
and perturbative QCD gives a standard framework to de-
scribe high-energy reactions of hadrons. QCD is a non-
Abelian gauge theory constructed from quarks and gluons,
and color SU(3) gauge symmetry is one of the guiding
principles in formulating QCD [1,2]. For actual perturba-
tive calculations of QCD, the gauge has to be fixed to
remove gauge degrees of freedom. In the low-energy re-
gion, however, QCD exhibits a strong-coupling nature and
the resulting nonperturbative QCD is a very difficult and
complicated theory.

As for the gauge fixing, the Landau and the Coulomb
gauges have often been used as the typical gauge in QCD,
but their physical pictures seem to be rather different for
several important arguments in QCD.

As the typical example, the color confinement, which is
an important gauge-invariant QCD phenomenon, can be
explained from various viewpoints in various gauges. In
the Landau gauge, the color confinement is mathematically
investigated by the Kugo-Ojima criterion, in terms of the
Becchi-Rouet-Stora-Tyutin charge and the inverse Higgs
theorem [3]. In the Coulomb gauge, the color confinement
is argued from the viewpoint of a large instantaneous
Coulomb energy [4-7], and its resulting gluon-chain pic-
ture [8,9]. Taking the maximally Abelian gauge, the quark
confinement has been discussed in terms of the dual
superconductor picture [10].

Of course, in gauge theories, the physical quantities
never depend on the gauge choice. However, according
to the gauge choice, the physical picture can be changed,
and the role of the gauge field, which is a fundamental
field of the gauge theory, can be also changed. Then, it is
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important to link the different gauges, and investigate the
role of gluons in each gauge. In fact, the role and the
properties of gluons are expected to be clarified by the
overview on the structure of gauge dependence. For ex-
ample, it is meaningful to investigate the continuous con-
nection between the Landau and the Coulomb gauges,
using the generalized Landau gauge [11,12].

In this paper, aiming to grasp the gluon properties
through a continuous view from the Landau gauge to the
Coulomb gauge, we investigate ‘‘generalized Landau
gauge” (or ““A gauge”), and apply it to interesting gluonic
correlations, such as instantaneous interquark potentials
both for QQ and 3Q systems, in SU(3) lattice QCD at
B = 5.8 [12]. Here, the generalized Landau gauge is a
natural general gauge to connect the Landau, the
Coulomb, and the temporal gauges, by one real parameter
A. In this interpolating gauge, we quantitatively clarify
how rapidly the expectation values of several operators
transition from their Coulomb gauge values to the
Landau-gauge results.

The organization of this paper is as follows. In Sec. II,
we briefly review the properties of the Landau gauge and
the Coulomb gauge. In Sec. III, we give the formalism of
generalized Landau gauge (A gauge). In Sec. IV, we for-
mulate the instantaneous potential in lattice QCD. In
Sec. V, we show the lattice QCD results. In Sec. VI, we
investigate Polyakov-line correlators and its relation to the
potential. Sec. VII will be devoted to summary and
discussions.

II. LANDAU GAUGE AND COULOMB GAUGE

In this section, we briefly review the properties of the
Landau gauge and the Coulomb gauge.

© 2011 American Physical Society
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A. Landau gauge

The Landau gauge is one of the most popular gauges in
QCD, and its gauge fixing is given by

9,A, =0, )

where A, (x) = A§ (x)T* € 51(N,) are gluon fields, with
s1(N,) generator T%(a = 1,2,...N?> — 1). The Landau
gauge keeps the Lorentz covariance and the global
SU(N,) color symmetry. These symmetries simplify the
tensor structure of various quantities in QCD. For example,
the gluon propagator fo’,,(p) is simply expressed as

= D)5 (8, ~ o )

due to the symmetries and the transverse property. Owing
to this advanced feature, the Landau gauge is often used
both in the Schwinger-Dyson formalism [13,14] and in
lattice QCD studies for quarks and gluons [15,16].

In Euclidean QCD, the Landau gauge has a global
definition to minimize the global quantity,

D (p)

= / A TH{A (WAL} = 3 / XA ()AL (),

3)

by the gauge transformation. This global definition is more
strict, and the local form in Eq. (1) can be obtained from
the minimization of Ry . Since the quantity R; physically
means the total amount of gauge-field fluctuations, and
therefore the Landau gauge maximally suppresses artificial
gauge-field fluctuations originated from the gauge degrees
of freedom.

Here, we comment on the nonlocality of the gauge
fields. Through the gauge fixing procedure, gauge fields
have nonlocality stemming from the Faddeev-Popov deter-
minant. In the Landau gauge, this nonlocality of gauge
fields is Lorentz covariant.

Using the Landau gauge, or a covariant and globally
symmetric gauge, the color confinement has been mathe-
matically investigated in terms of the Becchi-Rouet-Stora-
Tyutin charge and the inverse Higgs theorem, which is
known as the “Kugo-Ojima criterion” [3].

B. Coulomb gauge

The Coulomb gauge is also a popular gauge in QCD, and
its gauge fixing is given by

This condition resembles the Landau gauge condition of
Eq. (1), but there are no constraints on A,. In the Coulomb
gauge, the Lorentz covariance is partially broken, and
gauge-field components are completely decoupled into
two parts, A and Ap: A behave as canonical variables and
A, becomes an instantaneous potential.
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Similarly in the Landau gauge, the Coulomb gauge has a
global definition to minimize the global quantity

Reoy = [ dx TH{A, (DA, (1)} = f d*xAY(0)AYR) (5)
by the gauge transformation. Note here that the Euclidean
metric is not necessary for the global definition of the
Coulomb gauge. Note also that there appears no nonlocal-
ity in the temporal direction in the Coulomb gauge.
Because of this feature, a hadron mass measurement
can be safely performed using a spatially extended
quark source in the Coulomb gauge in lattice QCD calcu-
lations [17].

In the Coulomb gauge, one of the advantages is the
compatibility with the canonical quantization [18]. The
QCD Hamiltonian is expressed as

1 I 5 S
H=§/d3x(E“-E“+Ba'Ba)
1
+5 [ Bxdyp (K (x, y)pb(y),  (6)

where p¢ is the color charge density, E* and B are the
color electric and magnetic field, respectively. Here,
K?(x,y) is the instantaneous Coulomb propagator [6]
defined as

K (x,y) = [M~ (~V2 )M~ @)

Xy
with the Faddeev-Popov operator

ac — _825110 _ s“””Aﬁ’a,-. (8)

The confinement picture in the Coulomb gauge focuses
on the Coulomb energy including the inverse of M. Here,
the Coulomb energy is the nonlocal second term of the
QCD Hamiltonian (6), and is regarded as the instantaneous
potential. Near the Gribov horizon, where the Faddeev-
Popov operator M has zero eigenvalues [4], the Coulomb
energy at large quark distance is expected to be largely
enhanced and leads to a confining interquark potential,
which is called as the “Gribov-Zwanziger scenario” [4,5].

As Zwanziger showed, the Coulomb energy (instanta-
neous potential) Vi, (R) in the Coulomb gauge gives an
upper bound on the static interquark potential Vi (R)
[19], i.e.,

Vphys (R) = VCoul(R)- (9)

This inequality indicates that if the physical interquark
potential is confining then the Coulomb energy Vg, is
also confining. Actually, lattice QCD calculations [6] show
that the Coulomb energy (the instantaneous potential)
between a quark and an antiquark leads to a linear poten-
tial, which characterizes the confinement. However, the
slope of the instantaneous potential is too large, i.e.,
2 ~ 3 times larger than the physical string tension, and
this Coulomb system turns out to be an excited state.
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As for the ground-state of the quark-antiquark system,
Thorn and Greensite proposed the ‘““gluon-chain picture”
in the Coulomb gauge [8]. In fact, to screen the large
Coulomb energy between the quark and the antiquark,
chainlike gluons are dynamically generated between
them. This gluon chain is expected to give the linear
potential between quarks. In other words, QCD string
can be regarded as a ‘“‘chain” of gluons in the Coulomb

gauge.

III. GENERALIZED LANDAU GAUGE

In this section, we investigate the ““generalized Landau
gauge,” or “A gauge’, which continuously connects the
Landau and the Coulomb gauges [11,12].

A. Definition and formalism

Since the Landau gauge and the Coulomb gauge are
useful gauges and give different interesting pictures in
QCD, it is meaningful to show the linkage of these gauges.
To link these gauges, we generalize the gauge fixing con-
dition (1) as

al‘Ai + )\64144 = 0 (10)

by introducing one real parameter A [11,12]. The case of
A =1 corresponds to the Landau-gauge fixing condition,
the Coulomb gauge is achieved at A = 0, and the temporal
gauge is also realized for A — oo. Therefore, we can ana-
lyze the gauge dependence of various properties from the
Landau gauge toward the Coulomb gauge by varying the A
parameter from 1 to 0. A gauge keeps the global SU(N,.)
color symmetry, but partially breaks the Lorentz symmetry
like the Coulomb gauge, except for A = 1.

In Euclidean QCD, the global definition of the A gauge
is expressed by the minimization of

RN = f A THA (A ()} + ATHA, (WA, (1)

by the gauge transformation, and this minimization ac-
tually leads to Eq. (10). Here, the A parameter controls
the ratio of the gauge-field fluctuations of A and Ay.

Lattice QCD is formulated on the discretized Euclidean
space-time, and the theory is described with the link vari-
able U, (x) = e« € SU(N,), with the lattice spacing
a and the gauge coupling constant g, instead of gauge
fields A,(x) € su(N,). The A-gauge fixing condition is
expressed in terms of the link variable as the maximization
of a quantity

R} [U] = Z{ZRe TrU;(x) + ARe TrU4(x)} (12)
by the gauge transformation of the link variables,
U,(x) = Q0U,x)Q(x + @), (13)

with the gauge function )(x) € SU(3). In the continuum
limit of @ — 0, this condition results in the minimization of

PHYSICAL REVIEW D 83, 054502 (2011)

R* in Eq. (11), and satisfies the local A-gauge fixing
condition of Eq. (10).

Note here that the gluon-field fluctuation is strongly
suppressed in the generalized Landau gauge with A # 0,
so that one can use the expansion of the link variable
U, (x) = e84 = 1 + jagA ,(x) + O(a?) for small lat-
tice spacing a, and the gluon field A, (x) can be defined by

1
A,u(x) = %[U,u(x) - UIL(X)]traceless € QII(NC) (14)

without suffering from large gluon fluctuations stemming

from the gauge degrees of freedom. With this gluon field
A, (x), the local A-gauge condition is expressed as

3
DA () = A(x = D] + M[A4(x) — Ay(x = H] =0,
i=1

(15)

which directly corresponds to Eq. (10) in the continuum
formalism.

B. Convergence into Coulomb gauge for A — 0

In this subsection, we briefly discuss the correspondence
between the Coulomb gauge and the A — O limit of the
generalized Landau gauge.

We comment on the residual gauge degrees of freedom
in the Coulomb gauge. In lattice QCD, the Coulomb gauge
fixing condition is expressed by the maximization of the
quantity

3
Reou[U1= D D ReTrU (%, 1) (16)

Xt i=1

by the gauge transformation.
Now, we consider the spatially global gauge transforma-
tion as

Ui 1) — QU (X Q1) (17)

U3 1) — Q) ULE 0DQT (1 + 1), (18)

with the gauge function Q(7) € SUN,). Reoul U] is in-
variant under this transformation,

Reou[U1 =D i Re TrQ(1) U, (%, DQ T (1)

Xt i=1
3
=3 Y ReTrU,(% 1). (19)
Xt i=1

Therefore, the Coulomb gauge has the corresponding re-
sidual gauge degrees of freedom.

Under this residual symmetry, however, TrU, is gauge
variant as

TrU, % 1) — TrQ(OULE 1) QT (r + 1) (20)
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FIG. 1. The lattice QCD result of {(9;A¢)) in the generalized
Landau gauge. As A — 0, this quantity goes to zero monotoni-
cally.

so that the expectation value (TrU,) is to be zero in the
Coulomb gauge.

In the generalized Landau gauge with a nonzero A
parameter, this residual symmetry does not exist, and
hence (TrU,) has a finite value, as will be discussed in
Sec. VL.

Here we investigate the convergence of the generalized
Landau gauge into the Coulomb gauge in the limit of
A — 0. To check the convergence, we evaluate the
quantity,

S!lc N: 1

2. 2

site x=] g=

(A7) = (o

X {Z[Ag(x) — A¢(x — i)]}z. (21)
i=1

In the Coulomb gauge, ((9;A¢)?) is equal to zero.

Figure 1 shows ((9;4¢)?) in lattice QCD calculation with
B = 5.8 and 16, and we find that ((9;A%)?) is monotoni-
cally decreasing toward zero by varying A from 1 to 0. This
result supports that the generalized Landau-gauge ap-
proaches to the Coulomb gauge in the A — O limit.

IV. POLYAKOV-LINE CORRELATORS
AND INSTANTANEOUS POTENTIAL

In this section we formulate Polyakov-line correlators
and instantaneous potential in lattice QCD.

First, we consider the Euclidean continuum theory to
make clear the physical interpretation of the terminated
Polyakov-line correlator. Considering the source field
J,,(x) which couples to the gauge field A, (x), the generat-
ing functional is given by

Z[J] = <eifd4x£‘“‘(1)> = <exp{ig fd“xA;i(x)Jff(x)}).

(22)

We consider a closed-loop current such as the Wilson
loop W(R, T), which is constructed in a gauge-invariant

PHYSICAL REVIEW D 83, 054502 (2011)
manner. From the relation Z[J] « e £/7, the ground-state
energy between the static quark and antiquark pair is
expressed as

1
Vonys(R) = = lim — In(W(R, T)). (23)

Next, we consider the color current J M(x) of a quark
located at ¥ = @ and an antiquark at ¥ = b. For the case
that these sources are generated at + = 0 and annihilated at
t =T, the color current J,,(x) is expressed as

Ju(x) = 8,4[6( —a) — 6(x — 0T — 06(1), (24)
in the generalized Landau gauge. In this case, the current
J,, is not conserved, and it breaks the gauge invariance. In a

similar manner to the Wilson loop W(R, T), we define the
“energy” of two sources in the presence of J,(x) as

V(R T) = — % (T L@ T)LT (B, T))  (25)

with R = |a@ — b|, using the terminated Polyakov line

L(x,T) = Pexp(ig [0 ! dxsA4(%, x4)), (26)

with P being the path-ordered product. As a caution, for
A # 0, V(R, T) is gauge dependent and does not mean the
energy of a physical state, due to the temporal nonlocality
of the Faddeev-Popov determinant.

Next, we consider the N, X Ny, X N, X N, lattice with
the lattice spacing a. Using temporal link variables, the
terminated Polyakov line with length 7 is defined as

L(X, T) = Us(X, a)Uy(X, 2a) - - - Uy(X, T). (27)
The terminated Polyakov line is generally gauge variant,
and its expectation value depends on the choice of gauge.
Only for T = N,, the trace of the Polyakov line coincides
with the Polyakov loop, which is gauge invariant. In the
Coulomb gauge, the expectation value of the terminated
Polyakov line is zero due to the remnant symmetry, as was
discussed in Sec. III B.

In this paper, we consider the Polyakov-line correlator in

generalized Landau gauge denoted by

Gi(R,T) =(Te[LT(% T)LG, T)]) (28)
with R = |X — ¥|. From this correlator, we define “‘finite-
time potential,”

wmnz—%mman (29)

Here, for the simple expression, a normalization factor 1/3
is dropped off for G, (R, T), since it only gives a constant
term in the potential V, (R, T).

054502-4
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Particularly for T = a, we call

ValR) = Vo(R.a) = ~ L InT{US G @)Us(5 @) (30)

“instantaneous potential.”

Also, in the generalized Landau gauge, we define
“finite-time 3Q potential” as
. 1 .
ViR, B %5, T) = =2 IGO0, B %), (BD)

using the three Polyakov-line correlator of
G:,;\Q()_El’ 22) 523) T)
= (eapetaw oL (), TIL" (%, TIL (33, 7)), (32)

which is formulated in a similar manner for 3Q Wilson
loop Wiq [20,21]. For GiQ, a normalization factor 1/3! is
dropped off, since it only gives a constant term in the
potential ViQ. For T = a, we call

3Q0/> = =1\ _ 13Q/> > o
VIQ(F), %o, ¥3) = VU3, Xy, X3, a) (33)

“instantaneous 3Q potential.”

Here, these quantities depend on A-parameter. In the
Coulomb gauge, the instantaneous potential V,_y(R) (or
the Coulomb energy) gives a linear potential, but its slope
is about 2 ~ 3 times larger than the physical string tension
[6]. In the Landau gauge, the instantaneous potential
V,=1(R) has no linear part [22], which is also expected
from the exponential reduction of the gluon propagator
[15,16] and the Lorentz symmetry. In Sec. VII, we will
discuss the relation between the gluon propagator and the
instantaneous potential in the Landau gauge.

V. LATTICE QCD RESULTS

We perform SU(3) lattice QCD Monte Carlo calcula-
tions at the quenched level. We use the standard plaquette
action [23] with the lattice parameter 8 = o Ne =58 o0na

16*-size lattice. The lattice spacing a is 0.152 fm, which
is determined so as to reproduce the string tension as
Jo =427 MeV [20].

We use the gauge configurations, which are picked up
every 1000 sweeps after a thermalization of 20 000 sweeps.
After the generation of gauge configurations, we perform
gauge fixing by maximizing Rﬁm[U 1. In this paper, we use
the Landau gauge (A = 1), the Coulomb gauge (A = 0),
and their intermediate gauges with A = 0.75, 0.50, 0.25,
0.10, 0.05, 0.04, 0.03, 0.02, 0.01. We investigate in detail
the region near the Coulomb gauge (A = 0), since the
behavior of the instantaneous potential largely changes
for A ~ 0, as will be shown later. The number of gauge
configurations is 50 for each A. We adopt the jackknife
method to estimate the statistical error.

Here, we comment on A-gauge fixing convergence.
We fix the gauge by maximizing the quantity R} [U] in

PHYSICAL REVIEW D 83, 054502 (2011)

Eq. (12), which corresponds to 9;A; + Ad,A, = 0.
Therefore, to check the convergence of gauge fixing, we
evaluate €, defined by

€)= ((9;A9 + 13,4A9)%)

Nge N2—
" 3y % (S e
+ A[A4(x) — Ad(x — 21)]} , (34)

with the gluon field A, (x) = A% (x)T“ given in Eq. (14).
We iterate the gauge transformation to satisfy €, < 10712
finally. As for the instantaneous potential V,(R), this con-
vergence condition is very strict. Actually, we can obtain
stable lattice data of V,(R) even with €, < 107%.

Also, we comment that the calculation cost of the gauge
fixing is rapidly increasing as A approaches to zero, while
the Coulomb gauge (A = 0) itself can be easily achieved.
Considering this critical slowing down of the gauge fixing
[11,24], we adopt a relatively small-size lattice of 16* with
B = 5.8, although its physical volume of about (2.4 fm)*
is large enough to extract the relevant region for the
interquark potential.

A. “Instantaneous QQ interquark potential”
in the generalized Landau gauge

We investigate the instantaneous potential V, (R) defined
by Eq. (30) in the generalized Landau gauge. Figure 2
shows lattice QCD results of V,(R) for typical values of
A. In this figure, the statistic error is small and the error bars
are hidden in the symbols.

In the Coulomb gauge (A = 0), the instantaneous poten-
tial shows linear behavior, while there is no linear part at all

Coulomb gauge —
A=0.01 B

B
1t A=002 b
A=005 -0

A=0.10 g

A=050 -0

Landau gauge ’—.—‘

0 0.2 0.4 0.6 0.8 1
R [fm]

FIG. 2. The “instantaneous potential” V,(R) in the general-
ized Landau gauge for typical values of A. The symbols denote
lattice QCD results and the curves fit results using Coulomb plus
linear form, V,(R) = —A,/R + o,R + C,, in the region of R <
0.8 fm. For A = 1 ~ 0.1, the potential has almost no linear part.
For A =< 0.1, the linear potential grows rapidly, and o, =

2.60 s at A = 0.
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in the Landau gauge (A = 1). Thus, there is a large gap
between these gauges in terms of the instantaneous poten-
tial. In our framework, however, these two gauges are
connected continuously.

By varying the A parameter from 1 to 0 in the general-
ized Landau gauge, we find that the instantaneous potential
V,(R) changes continuously, and the infrared slope of the
potential V,(R) at R = 0.8 fm grows monotonically, from
the Landau gauge to the Coulomb gauge, as shown in
Fig. 2. Note here that the growing of the infrared slope of
V,(R) is quite rapid for A < 0.1 near the Coulomb gauge,
while the infrared slope is rather small and almost un-
changed for A = 0.1 ~ 1.

To analyze the instantaneous potential V,(R) quantita-
tively, we fit the lattice QCD results using the Coulomb
plus linear ansatz as

Vi(R) = —% +o0,R+C,, (35)
where A, is the Coulomb coefficient and C, a constant.
Here, o) is the infrared slope of the potential, which we
call “instantaneous string tension.” Besides the Coulomb
plus linear ansatz, we try several candidates of the func-
tional form, —A/R + o(1 — e ®F)/e, —Aexp(—mR)/R,
—A/R + oR? and —A/R? apart from an irrelevant con-
stant, but they are less workable. The curves in Fig. 2 are
the best-fit-results using Eq. (35). The Coulomb plus linear
ansatz works well at least for R =< 0.8 fm, which is rele-
vant region for hadron physics. We note that the Yukawa
form of —Ae "R/R also works well near the Landau
gauge, which will be discussed in relation to the gluon-
propagator behavior in Sec. VIC.

We summarize the best-fit parameters and the fit range in
Table I. While the Coulomb coefficient A, has a relatively
weak A dependence, the instantaneous string tension o,
shows a strong A dependence near the Coulomb gauge, i.e.,
A=<0.1.

TABLE 1.

PHYSICAL REVIEW D 83, 054502 (2011)

We comment on the asymptotic behavior of the instan-
taneous potential. In the deep-IR limit of R — oo, V,(R)
goes to a saturated value, so that the asymptotic value of
the instantaneous string tension goes to zero, except for
A = 0. This behavior is due to (U,) # 0 for the temporal
link variable U, in the generalized Landau gauge for
A # 0, as will be discussed in Sec. VI.

Now, we focus on the A dependence of instantaneous
string tension o, in Fig. 3. For 0.1 = A = 1, including the
Landau gauge (A = 1), o, is almost zero, so that this
region can be regarded as ‘“‘Landau-like.” For A < 0.1,
V,(R) is drastically changed near the Coulomb gauge,
and o, grows rapidly in this small region. Finally, in the
Coulomb gauge (A = 0), one finds o, = 2.60 with
Tphys = 0.89 GeV /fm.

Note that the instantaneous string tension ¢, continu-
ously changes from 0 to (2 ~ 3)0ys, according to the
change from the Landau gauge to the Coulomb gauge,
and therefore there exists some specific A parameter of
Ac € [0, 1] where the slope of the instantaneous potential
V,(R) coincides with the physical string tension o, for
R = 0.8 fm. Since the instantaneous potential generally
depends on the lattice parameter f3, i.e., the lattice spacing
a [6,12], the value of A, is B dependent, although its
dependence would be rather weak, as will be discussed in
Sec. VI. However, from the continuity between the over-
confining potential in the Coulomb gauge and the saturated
potential in the Landau gauge, there must exist A¢ € [0, 1]
where the instantaneous string tension ¢, coincides with
O pnys for each lattice spacing.

On the relation to the confinement, which is a gauge
independent phenomenon, the role of gluons generally
depends on the choice of gauges, and the physical picture
of the confinement would be changed according to gauges.
For example, in the Coulomb gauge, the instantaneous
Coulomb energy gives an overconfining potential, and
the ground state of the quark-antiquark system is described

phys»

The best-fit parameters on the instantaneous potential using V,(R) = —A,/R +
o)R + C,, and the ratio of the slope o, to the physical string tension o
parameters of the physical interquark potential are A

phys- Lhe standard

ohys = 0.27 and oy, = 0.89 GeV /fm [20].

The string tension o, is rather small for A = 0.1 ~ 1.

A Fit range [fm] A,

o) [GeV/fm]

C)\ [GCV] O'A/O'

phys
0.00 0.1-1.0 0.167(11) 2.283(35) —0.881(20) 2.57(4)
0.01 0.1-0.8 0.287(27) 1.476(78) —0.617(46) 1.66(9)
0.02 0.1-0.8 0.346(32) 1.005(90) —0.481(54) 1.13(10)
0.03 0.1-0.8 0.372(32) 0.728(86) —0.416(53) 0.82(10)
0.04 0.1-0.8 0.382(30) 0.557(79) —0.386(50) 0.63(9)
0.05 0.1-0.8 0.386(29) 0.441(73) —0.372(47) 0.50(8)
0.10 0.1-0.8 0.365(20) 0.169(46) —0.390(31) 0.19(5)
0.25 0.1-0.8 0.281(6) —0.005(13) —0.544(9) —0.01(1)
0.50 0.1-0.8 0.198(0) —0.042(1) —0.724(1) —0.05(0)
0.75 0.1-0.8 0.152(1) —0.043(3) —0.839(2) —0.05(0)
1.00 0.1-0.8 0.123(2) —0.040(3) —0.917(3) —0.04(0)
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FIG. 3. The instantaneous string tension o, the slope of the
linear part in the instantaneous potential V,(R) in the generalized
Landau gauge. The right upper figure is a close-up near the
Coulomb gauge (A = 0). For 0 = A < 0.1, o, changes rapidly

from 2.60 s to O, while o is rather small for 0.1 = A = 1.

as the gluon-chain state [6—8]. On the other hand, in the
Landau gauge, the instantaneous potential has no linear
part, and the ghost behavior in the deep-infrared region
would be more important for the confinement [14,25].

B. “Finite-time QQ potential”

In the previous subsection, we investigated the instanta-
neous potential V) (R), which is defined by the Polyakov-
line correlator with a minimum length on the lattice. We
investigate the ““finite-time potential” V, (R, T) defined by
Eq. (29) in Sec. VI, and its temporal-length dependence.
Here, V) (R, T) is expressed by the T-length terminated
Polyakov line L(X, T) in Eq. (26), and a generalization of
the instantaneous potential V,(R).

First, we consider the Coulomb gauge [6,12]. Figure 4
shows the lattice QCD result for V,(R, T) in the Coulomb
gauge. Similar to the instantaneous potential, V, (R, T) is

| Coulomb gauge (A = 0)

V, (R, T) [GeV]

0 B 6.2 6.4 6.6 0“8 1
R [fm]

FIG. 4. The “finite-time potential” V,(R, T) in the Coulomb
gauge (A = 0) for T = 1, 2, 3, 4, 5. Here, for the comparison, an
irrelevant constant is shifted for each 7. The curves denote the fit
results using the Coulomb plus linear form. The slope of
VA(R, T) is clearly changed according to 7.

PHYSICAL REVIEW D 83, 054502 (2011)

well reproduced by the Coulomb plus linear form.
However, the parameter values are changed according to
the 7 length. In particular, the slope of the potential be-
comes smaller as 7 becomes larger.

For general A, finite-time potential V,(R, T) is found to
be reproduced by the Coulomb plus linear form as

V(R T) =

- AAIgT) + o,(DR+C,\(T),  (36)
at least for R < 0.8 fm, similarly for the instantaneous
potential.

Here, we investigate “finite-time string tension” o, (7),
the slope of V, (R, T). Figure 5 shows o, (T) in generalized
Landau gauge for typical values of A. In Table II, we
summarize the best-fit parameters of o,(T) at T =
1,2,...,6, and the ratio of o,(1)/c,(6), o,(1)/c
and 0 (6)/ 0 pnys» respectively.

On the T dependence of the finite-time string tension
o) (T), there are three groups of the A-parameter region:
(i) Coulomb-like region (0 = A <K A(), (ii) Landau-like
region (Ac < A = 1), and (iii) Ac-like region (A ~ Ac).

(1) The first category is the Coulomb-like region of
0= A< Ag,ie,0=2A=0.01.In this region, the
instantaneous string tension o, = o ,(T = 1) is
larger than the physical string tension oy, and
the instantaneous potential V,(R) = V,(R, T = 1)
gives an overconfining potential. The ground state
of the quark-antiquark system is considered as the
gluon-chain state. As the temporal length T of the
Polyakov line increases, finite-time string tension
o, (T) decreases and approaches to the physical
string tension o7py. This decreasing behavior is
interpreted that the component of the ground-state,

phys>»

‘ Coulomb gaug‘e ——
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FIG. 5. The T-length dependence of the “finite-time string
tension” o ,(T), the infrared slope of finite-time potential
VA(R, T), in the generalized Landau gauge for several typical
A values. Near the Coulomb gauge, e.g., for A < 0.03, o ,(T)
goes to the same value for large 7 ~ 1 fm. For A = 0.1, 0, (T) is
an increasing function of 7. In fact, even though the instanta-
neous potential has no linear part, the linear part of V,(R, T)
appears and gradually grows, as the Polyakov-line grows.
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TABLE II.

PHYSICAL REVIEW D 83, 054502 (2011)

The finite-time string tension o, (T)[GeV/fm] in the generalized Landau gauge for 7 =1, 2,..., 6, together with the

ratio, o,(1)/ 0, (6), 0\(1)/ T ppys, and &,(6)/ T pnys. The fit range is the same as that listed in Table I.

A T=1 T=2 T=3 T=4 T=5 T=6 oy(D)/oy(6)  a\(1)/Tpnys  02(6)/Tpnys
0.00  2.283(35) 1.704(11)  1.463(8) 1.322(16)  1.244(24)  1.147(75) 1.99(13) 2.57(4) 1.29(8)
0.01 1.476(78)  1.466(30)  1.348(17)  1.252(16) 1.191(27) 1.181(43) 1.25(8) 1.66(9) 1.33(5)
0.02  1.005(90)  1.225(55) 1.225(31) 1.176(20)  1.135(25) 1.119(53) 0.90(9) 1.13(10) 1.26(6)
0.03  0.728(86)  1.034(67) 1.119(43) 1.113(30) 1.10430)  1.086(40) 0.67(8) 0.82(10) 1.22(5)
0.04  0.557(79) 0.896(72) 1.030(51) 1.057(35) 1.053(30) 1.019(53) 0.55(8) 0.63(9) 1.15(6)
005 0441(73) 0.785(76)  0.947(59)  1.002(43) 1.021(35)  1.020(44) 0.43(7) 0.50(8) 1.15(5)
0.10  0.169(46) 0467(71)  0.684(70) 0.811(58) 0.872(50)  0.875(56) 0.19(5) 0.19(5) 0.98(6)
025 —0.005(13) 0.152(42) 0.324(60) 0.474(65) 0.586(62)  0.690(48) —0.01(2) —0.01(1) 0.78(5)
0.50 —0.042(1) 0.01521) 0.111¢41)  0.218(57)  0.320(69)  0.423(79) —0.10(2) —0.05(0) 0.48(9)
0.75 —0.043(3) —0.025(11) 0.028(27) 0.100(44) 0.181(58)  0.275(69) —0.16(4) —0.05(0) 0.31(8)
1.00 —0.040(3) —0.041(5) —0.012(18) 0.039(32)  0.104(45) 0.180(56)  —0.22(7) —0.04(0) 0.20(6)
i.e., the gluon-chain state, becomes dominant as the ~ converge to the physical string tension oy, for enough

T length becomes large.

(i) The second category is the Landau-like region of
Ac K A=1,ie,0.1 = A= 1. In this region, the
instantaneous string tension is almost zero, i.e.,
o) =0, and finite-time string tension o ,(T) is an
increasing function of 7. Although its asymptotic
value is unclear for T ~ 0.8 fm, o,(T) seems to
approach the physical string tension o which
will be discussed in Sec. VI.

(iii)) The third category is the Ac-like region of
A~ Ac, ie., 0.01 = A =<0.1. In this region, the
instantaneous string tension o, is approximately
equal to the physical string tension, i.e., o, =
Tpnys(= 0.89 GeV/fm), and the instantaneous po-
tential V,(R) approximately reproduces the physi-
cal static potential V,,<(R) for R < 0.8 fm. As the
temporal length 7 increases, finite-time string ten-
sion o, (T) is slightly changed and takes a little
larger value (= 1.1 GeV/fm) around 7 = 0.8 fm.
In particular, near A = 0.02, o ,(T) shows only a
weak T dependence, while o, (T) largely changes
as T in the Coulomb gauge. As a whole, finite-
time potential V, (R, T) has small T dependence, as
shown in Fig. 6.

When the length T of the Polyakov line increases, the A

dependence of o,(T) is weakened, and o,(T) seems to

phys»

large T, as indicated in Fig. 5.

There are two ingredients on the above gauge depen-
dence (A dependence): one is the large excess of the
Coulomb energy in the Coulomb gauge, the other is the
nonlocality from the Faddeev-Popov determinant. From
the fixing condition of the generalized Landau gauge in
Eq. (10), one finds that the A parameter controls the non-
locality in the temporal direction. In the Landau gauge,
the nonlocality appears equally in spatial and temporal
directions, while temporal nonlocality disappears in the
Coulomb gauge. If the Coulomb-energy excess can be
neglected, e.g., for large A, V, (R, T) is expected to repro-
duce the static potential V,;,, (R), when the T length and R
are large enough to neglect the nonlocality scale. Owing
to the A dependence of the nonlocality, such a T length
exceeding the nonlocality is to be larger for larger A in the
Landau-like region.

C. “Instantaneous 3Q interquark potential”
in the generalized Landau gauge

We investigate also the instantaneous 3Q potential ViQ
in the generalized Landau gauge. Figure 7 shows lattice
QCD results of ViQ for typical values of A. In Fig. 7 ViQ is
plotted against the minimal value of the total flux-tube
length, L,;,. Using the length of the sides of 3Q triangle,
a, b and ¢, L, is expressed as

Lyin = B(a2 + b2+ ¢?) +f\/(a +b+c)a—b+c)a+b—c)(—a+b+ c)]

when all angles of the 3Q triangle do not exceed 277/3, and
L, =a+ b+ c—max(a,b,c), (38)

when an angle of the 3Q triangle exceeds 27/3 [20,21].
For the ground-state physical 3Q potential, recent lattice

1/2
, (37)

QCD studies have shown that the confinement part
is proportional to L,;,, which is called Y ansatz
[20,21,23,26].

While there is no linear part at all in the Landau gauge
(A = 1), the instantaneous potential shows linear behavior
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For the comparison, an irrelevant constant is shifted for each T
The slope of V,(R, T) is almost the same for T = 1,2, ...5.
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FIG. 7. The instantaneous potential ViQ plotted against L ;, in
the generalized Landau gauge for typical values of A. The
symbols denote lattice QCD results. For A = 1 ~ 0.1, the po-
tential has almost no linear part. For A < 0.1, the linear potential
grows rapidly, and o-iQ = 2.50ppy at A = 0.

proportional to L,;, in the Coulomb gauge (A = 0),
which indicates the Y ansatz even for the instantaneous
potential [27].

By varying the A parameter from 1 to O in the general-
ized Landau gauge, we find also that the instantaneous 3Q
potential ViQ changes continuously, and the infrared slope
of the potential ViQ at L, = 1.5 fm grows monotonically,
from the Landau gauge to the Coulomb gauge, as shown in
Fig. 7. Note here that the growing of the infrared slope of
ViQ is quite rapid for A = 0.1 near the Coulomb gauge,
while the infrared slope is rather small and almost un-
changed for A = 0.1 ~ 1. This gauge dependence of the
potential is similar to the QQ potential V,(R).

To analyze the instantaneous 3Q potential V?\Q quanti-
tatively, we fit the lattice QCD results using the Coulomb
plus linear ansatz as

PHYSICAL REVIEW D 83, 054502 (2011)

1
3 > > > 3 3 3
V,\Q(xl, ¥, X3) = _A,\QZﬁ + U,\QLmin + C)\Q,
i<y X T A
(39)

where AiQ 1s the Coulomb coefficient and CiQ, a constant.
Here, O'iQ is the infrared slope of the potential, which we
call “instantaneous string tension.”

We summarize the best-fit parameters and the fit range in
Table III. While the Coulomb coefficient AiQ has a rela-
tively weak A dependence, the instantaneous string tension
a'iQ shows a strong A dependence near the Coulomb
gauge, i.e., A = 0.1.

Similar to the QQ case, in the deep-IR limit, L, — o,
ViQ goes to a saturated value, except for A = 0. This
behavior is also due to (U,) # 0 for the temporal link
variable U, in the generalized Landau gauge for A # O,
as will be discussed in Sec. VI.

Figure 8 shows the A dependence of instantaneous string
tension a’f\Q. Similarly to the QQ case, o-iQ is almost zero
in the Landau-like region (0.1 = A = 1), and a’?\Q Srows
rapidly in the Coulomb-like region (0 = A =< 0.1). Finally,
in the Coulomb gauge (A = 0), one finds UiQ =250
with oy = 0.89 GeV/fm.

Similarly to the instantaneous string tension for the QQ
system, (riQ continuously changes from 0 to (2 ~ 3) 0 ppys
by varying from the Landau gauge to the Coulomb gauge.
(See also Fig. 3.) Therefore, there exists some specific A
parameter of Ao € [0, 1] where the slope of the instanta-
neous potential ViQ coincides with the physical string
tension oy For the 3Q system, we find A = 0.02, which

is almost the same value for the QQ case. Then, as a whole,

phys>

TABLE III. The best-fit parameters on the instantaneous po-
tential using Vi2(%, %y, %3) = —A?\inqlifli| + 0 Wy +
Cf\Q, and the ratio of the slope o'iQ to the physical string tension
Ophys- The fit range is Ly, = 0.3 ~ 1.5 fm. The standard pa-

rameters of the physical interquark potential are A;?ys = A[(,DhoyS /2,

(AQQ =~ 0.27) and o, = 0.89 GeV/fm [20]. The string tension

hys phys

a"AQ is rather small for A = 0.1 ~ 1.

A AR a2 [GeV/fm]  C2[GeV] 032/ 0 pnys
0.00  0.028(13) 2.196(39) —1.617(50) 2.47(4)
0.01  0.165(15) 1.192(41) —0.954(55) 1.34(5)
0.02  0.211(14) 0.739(35) —0.709(48) 0.83(4)
0.03  0.223(12) 0.503(30) —0.626(42) 0.57(3)
0.04  0.227(10) 0.363(25) —0.593(36) 0.41(3)
0.05  0.225(9) 0.275(22) —0.590(32) 0.31(3)
0.10  0.199(6) 0.084(13) —0.685(19) 0.09(1)
025  0.137(4) —0.018(8) —0.991(13) —0.02(1)
0.50  0.090(3) —0.031(7) —1.288(11) —0.04(1)
0.75  0.067(3) —0.028(6) —1.463(10) —0.03(1)
1.00  0.054(3) —0.026(5) —1.579(8)  —0.03(1)
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FIG. 9. The finite-time 3Q potential V?\Q(fcl, Xy, X3, T) plotted
against L, in the Coulomb gauge (A = 0) for T =1, 2, 3, 4.
Here, for comparison, an irrelevant constant is shifted for each 7.

a universal behavior is found for the instantaneous string
tension between QQ systems and 3Q systems.

D. “Finite-time 3Q potential”’

Next, we consider the finite-time 3Q potential. Figure 9
shows the lattice QCD result for V)3‘Q in the Coulomb
gauge, which is well reproduced by the plus linear form.

For general A, the finite-time potential V;Q(T) is found
to be reproduced by the Coulomb plus linear form as

_A%Q(T)Z — |
1<] J

+ D), (40)

ViQ()_El’ )—C)Z’ 553) T) + OﬁQ(T)me

at least for L;, = 1.5 fm.

Here, we investigate the ‘“finite-time string tension™
aiQ(T), the slope of ViQ(T ). Figure 10 shows aiQ(T) in
the generalized Landau gauge for typical values of A.
In Table IV, we summarize the best-fit parameters of

PHYSICAL REVIEW D 83, 054502 (2011)
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FIG. 10. The T-length dependence of finite-time string tension

iQ(T), the infrared slope of finite-time 3Q potential VAQ(T), in
the generalized Landau gauge for several tgplcal A values. Near
the Coulomb gauge, e.g., for A < 0.03, o, (T) goes to the same
value for large 7 ~ 0.6 fm. For A = 0.1, o 3 Q(T) is an increasing
function of 7. In fact, even though the instantaneous potential
has no linear part, the linear part of ViQ(T) appears and gradu-
ally grows, as the Polyakov line grows.

a'iQ(T) at T =1, 2, 3, 4 For T = 5, the meaningful fit
result was not obtained due to large errors.

The behavior of a'iQ(T) is similar to the QQ case. (i) In
the Coulomb-like region (A = 0), O'iQ(T) is a decreasing
function, and approaches to the physical string tension
Opnys s T increases. (ii) In the Landau-like region (0.1 =
A=1), a'iQ(T) is an increasing function of 7 starting
from zero at 7 = 1, the linear part of ViQ(T) appears and
grows, as T increases. (iii) In the A,-like region (A ~ Ao =
0.02), T dependence is relatively weak, as shown in
Fig. 11.

At the quantitative level, the 3Q finite-time string ten-
sion a’f\Q(T) shows the similar behavior as the QQ finite-
time string tension o, (7). (See Table. IT and Fig. 5.) In fact,
the finite-time string tension shows a universal behavior on
the T dependence for both QQ systems and 3Q systems.

TABLE IV. The finite-time string tension a'iQ(T)[GeV/ fm] in
the generalized Landau gauge for T = 1, 2, 3, 4. The fit range is
the same as that listed in Table III.

A T=1 T=2 T=3 T=4
000  2196(39)  1.612(28)  1.368(35)  1.266(46)
001  1.192(41)  1.29030)  1.234(35)  1.213(45)
002 073935  1.016(30)  1.097(28)  1.116(41)
003  050330)  0.81031)  0967(29)  1.053(41)
004 036325  0.67031)  0.85531)  0.989(39)
005  027522)  0.56930)  0.77031)  0.922(36)
0.10  0.084(13)  0299(22)  0491(27)  0.685(32)
025 —0.018(8) 0.070(12)  0.183(19)  0.319(27)
050 —0.031(7) —0.011(8) 0.035(12)  0.100(19)
075 —0.0286) —0.029(7)  —0.008(9) 0.029(14)
1.00 —0.026(5) —0.036(7)  —0.030(8)  —0.008(10)
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FIG. 11. The finite-time potential ViQ(i 1, X2, X3, T) plotted
against L, at A = 0.02(= A¢). For the comparison, an irrele-
vant constant is shifted for each T. The slope of ViQ(Lmin, T) is
approximately the same for 7 =1, 2, 3, 4.

VI. TERMINATED POLYAKOV-LINE
CORRELATOR AND POTENTIALS

In the previous section, for both QQ and 3Q systems, we
investigated the instantaneous potential [V, (R), V?\Q] and
the finite-time potential [V, (R, T), V/?Q(T)], which are
derived from the correlation of the terminated Polyakov
line L(X, T). In this section, we investigate properties of the
Polyakov-line correlator, and clarify its relation to the
instantaneous/finite-time potential for both QQ and 3Q
systems.

A. Asymptotic behavior of link-variable correlator
and instantaneous potential

First, we investigate the spatial correlator G,(R) of the
temporal link variable Uy, and the relation to the instanta-
neous potential V,(R) = — % InG ,(R). For the large spatial
separation of R = |x — j| — oo, G,(R) behaves asymp-
totically as

GA(R) = (TrU] (% 0U4(, D)) = ((Ua);X(Us)yy)
= §<TI'U4>2, (41)

where ((U,);;) = %{TrU4>8ij € R from the global color
symmetry. Here, 1 (TrU,)? is found to give the lower bound
of G,(R). If (TrU,) takes some finite value, V,(R) inevi-
tably saturates for large R. Then, (TrU,) = 0 is a necessary
condition for the deep-infrared confinement feature of
V(R = o0) = oo.

In the Coulomb gauge, (TrU,) is zero due to the remnant
symmetry, as was shown in Sec. III B. Therefore, as R —
oo, the correlator G,(R) converges to zero, and V,(R) =
- i InG,(R) — +oo, which corresponds to the deep-
infrared confinement.

For the general case of A # 0, however, (TrU,) has a
nonzero value, and G,(R) approaches to a nonzero finite

PHYSICAL REVIEW D 83, 054502 (2011)

constant. The finiteness of (TrU,) gives a saturation of
V,(R), which leads to the absence of its linear part in the
deep-IR region.

Figure 12 shows G,(R) and its asymptotic value
1(TrU,)* in the Landau and the Coulomb gauges. In the
Landau gauge, (TrU,) has a large expectation value, ac-
cording to the maximization of 3 Re TrU ,(x), and G ,(R)
rapidly converges to a finite constant for R = 0.4 fm,
which leads to a rapid saturation of the instan-
taneous potential V,(R). In the Coulomb gauge, we find
(TrU,) = 0, and G, (R) decreases monotonically to zero as
R, which leads to V,(R) = +oo for R = o0.

Figure 13 shows the A dependence of %(TrU4> in the
generalized Landau gauge. For A # 0, (TrU,) takes a non-
zero real value, and it approaches to zero continuously as
A — 0. Here, it largely changes in the small region of
0 = A < 0.1. The finiteness of (TrU,) is directly related
to the infrared damping of the correlator G,(R) and the
infrared form of the instantaneous potential V,(R).

Also for the 3Q system, the similar argument can be
applied. For the large spatial separation of the three quarks,
GiQ()_c’, ¥, Z) behaves asymptotically as

G5 3.2) = (eapeean e UL RUL (F)US (2))
- SabcSa’b’c’<U2al><Ugb/><Uid> = %(TI‘U4>3.
(42)
Therefore, for A # 0, GiQ approaches to a nonzero finite

constant, and asymptotically gives a saturation of ViQ in
the deep-IR region.

Landéu gauge:(,‘)\(]‘?) = (Tr UEU,,;) —e—
3k (1/3)(Tr U))° ——
Coulomb gauge:G)\(R) = (Tr UyU,) —=a—
25 (1/3)(Tr Up* —x— ]
5
R 2 2 = &
2 L
A
1.5F
A
1 a
A
0.5 4 a
0 be X % % = % %
0 0.2 0.4 0.6 0.8 1
R [fm]

FIG. 12. The spatial correlator G,(R) = (TrU;r (X, a)Uy(3, a))
(R=|%¥—9]) in the Landau gauge (open circles) and the
Coulomb gauge (open triangles), together with its asymptotic
value of $(TrU,)* (solid lines and cross symbols). In the Landau
gauge, (TrU,) # 0, and G,(R) rapidly converges to a constant
for R = 0.4 fm, which leads to a rapid saturation of the instan-
taneous potential V,(R) = —1 InG,(R). In the Coulomb gauge,
(TrU,4) = 0, and G,(R) decreases monotonically to zero as R,
which leads to V,(R) = +oo for R = oo,
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FIG. 13. The expectation value of %(TrU4) in the generalized
Landau gauge. For A # 0, (TrU,) takes a nonzero value, and it
approaches to zero continuously as A — 0. The value of (TrU,)
relates to the infrared behavior of the correlator G,(R) and the
instantaneous potential V,(R).

B. Asymptotic behavior of Polyakov-line correlator
and finite-time potential

Next, we consider the T-length terminated Polyakov-
line correlator G, (R, T), which behaves asymptotically as

G)(R, T) =(TrL'(X, T)L(3, T)) — XTrL(T))*>  (43)

for large separation of R = |X — y|. As well as the instan-
taneous potential, $(TrL(T))* is found to give the lower
bound of the correlator G,(R, T), and the finiteness of
(TrL(T)) is responsible for the infrared saturation of the
finite-time potential V,(R, T).

Figure 14 shows the T dependence of the terminated
Polyakov line }(TrL(T)) in the generalized Landau gauge
for typical values of A. In the Coulomb gauge (A = 0),
(TrL(T)) is always zero as well as (TrU,), which means
that V)(R = 0, T) = — 1 InG,(R = 0o, T) = +oo for any
values of T. Actually, finite-time potential V, (R, T) always
has a linear part in the Coulomb gauge, as shown in Fig. 4.

Lr Landau gauge —e—
° A =050 —e—
0.8 e} A=0.05 —o— ]
= Coulomb gauge —@—
& 0.6 F ES °
3 0
— (S]
g
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FIG. 14. The T dependence of %(TrL(T)) in the generalized
Landau gauge. In the Coulomb gauge, (TrL(T)) is always zero.
For A # 0, (TrL(T)) is a decreasing function of 7, and it
converges to zero in the large-T limit.
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For A # 0, (TrL(T)) is a decreasing function of 7, and it
converges to zero in the large-T limit. At T = N,, the
T-length terminated Polyakov line (TrL(7T)) results in the
Polyakov loop, and (TrL(N,)) =0 in the confinement
phase. Therefore, (TrL(T)) converges to zero as T — N,,
and then one finds

GA(R =00, N,) =0, (44)

1
ViR =0, N) = =~ InG)(20,N)) = +o0,  (45)

which gives a confinement potential. From Fig. 14, this
convergence is found to be fast for the smaller A value, and
such a convergence is closely related to the growing of
finite-time string tension o, (7).

For the 3Q system, we can apply the similar argument.
For the large spatial separation limit of the three quarks,
GiQ()?, ¥, Z, T) behaves asymptotically as

G 3,3T) = (eapeeape L & T)LPY (5, T)L' (3, T))
= eapca (L (DXL (T)(L(T))
= §TrL(T))’, (46)
and nonzero (TrL(7T)) leads to the infrared saturation of the
finite-time 3Q potential V/3\Q(T), for A # 0.
At T = N,, because of the Polyakov-loop property of

(TrL(N,)) = 0 in the confinement phase, one finds the
confinement property for 7 = N, as

GN,) — 0, (47)

1
ViIAN) = =2 InG2(N) — Foo,  (48)
in the large limit of the three-quark spatial separation.

C. Gluon propagator and instantaneous potential
in the Landau gauge

In this subsection, we discuss the relation between the
gluon propagator and the instantaneous potential in the
Landau gauge.

The gluon propagator is a two-point function of the
gauge field A, (x), and is defined in Euclidean QCD as

D,,(x,y) = (TrA,(x)A,(y)), (49)

where the trivial color structure is dropped off by taking the
trace. In the Landau gauge, we use the expression of A, in
terms of U, as

Ayn) = ﬁ[wm — U]+ 0@, (50)

Note that this expression is only justified in the Landau
gauge, or more generally in large-A gauges, where the
fluctuation of A, is highly suppressed.
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Then, the gluon propagator D ,,, is expressed using link-
variables, e.g.,

a’g?Dyy(x, y) = a’g*(TrA,(x)A4(y))
= —KTi{U,(x) — U 0)[UL() — UL )]
= (T U, () UL ()] = KT U, (x) + U (x)]
X [Us(y) + UL (). (51)

The last term in Eq. (51) has only O(a*)-order (x — y)
dependence, and actually it changes only a few percent in
the Landau-gauge at 8 = 5.8, so that we here approximate
this term as a constant C. Thus, Eq. (51) reduces

a8 Dyy(x, y) = (TH{U,0UI D — ¢, (52)

and we calculate the instantaneous potential Vi, (R) as

ViealB) = =~ TV UL G, )]

1
= ——1In[C+ a2g2D44(R)]
a
ag2
~ — TD44(R) + const. (53)

In this way, the instantaneous potential Vi,i(R) is ex-
pressed by using the 44-component of the gluon propagator
in the Landau and large-A gauges.

In the previous work [16], we have found that the
Landau-gauge gluon propagator is well reproduced by
the four-dimensional Yukawa function as

1
D(r) =D, (r) = ;e_’”r, (54)

with the Yukawa mass parameter m = 0.6 GeV, in the
region of r = 0.1 ~ 1 fm. Apart from a prefactor from
the tensor factor, D, (R) approximately behaves as the
Yukawa function, and therefore the instantaneous potential
is expressed as

A
Vipst(R) = — Ee_mR + const (55)

in the Landau gauge.

Figure 15 shows the two fit results of instantaneous
potential in the Landau gauge, using the Coulomb plus
linear form Veoy41in(R) = —A/R + oR and the Yukawa-
function form Vyawa(R) = —A exp(—mR)/R. Both func-
tions well reproduce the lattice QCD result. The best-fit
Yukawa mass parameter is m = 0.634(3) GeV, and this
value coincides with the infrared effective gluon mass
obtained from the Landau-gauge gluon propagator [16].

We note again that this relation is only valid in the
Landau and large-A gauges, where the temporal link-
variable U, can be expanded in terms of lattice spacing
a, and the last-term in Eq. (51) is almost constant.
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FIG. 15. The fit result of the instantaneous potential Vi, (R) in

the Landau gauge using the Coulomb plus linear form (solid
line) and Yukawa-function form (dashed line). Both forms well
reproduce lattice QCD result. The best-fit parameter of the
Yukawa mass is m = 0.634(3) GeV, which coincides with the
infrared effective gluon mass obtained from the Landau-gauge
gluon propagator [16].

VII. SUMMARY AND DISCUSSION

In this paper, aiming to grasp the gauge dependence of
gluon properties, we have investigated the generalized
Landau gauge and applied it to instantaneous interquark
potential in SU(3) quenched lattice QCD at 8 = 5.8. In the
Coulomb gauge, the instantaneous potential is expressed
by the sum of Coulomb potential and linear potential with
2-3 times larger string tension. In contrast, the instanta-
neous potential has no linear part in the Landau gauge.
Thus, there is a large gap between these two gauges. Using
the generalized Landau gauge, we have found that the
instantaneous potential V,(R) is connected continuously
from the Landau gauge toward the Coulomb gauge, and the
linear part in V), (R) grows rapidly in the neighborhood of
the Coulomb gauge.

Since the slope o, of the instantaneous potential V,(R)
grows continuously from 0 to 2-307,,, there must exist
some specific intermediate gauge where the slope o, co-
incides with the physical string tension o, From the
lattice QCD calculation, the specific A parameter, Ac, is
estimated to be about 0.02.

We have also investigated the 7-length terminated
Polyakov-line correlator, and its corresponding finite-
time potential V,(R, T), which is a generalization of the
instantaneous potential V,(R), in the generalized Landau
gauge.

In addition to the instantaneous/finite-time QQ potential,
we have also analyzed the instantaneous/finite-time 3Q
potential, which shows quantitatively similar behavior to
the QQ case, in terms of the gauge parameter A and the
temporal length 7. We thus consider that there is a univer-
sality of instantaneous/finite-time potential for QQ systems
and 3Q systems.
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Finally, we consider a possible gauge of QCD to de-
scribe the quark potential model from the viewpoint of
instantaneous potential. The quark potential model is a
successful nonrelativistic framework with a potential in-
stantaneously acting among quarks, and describes many
hadron properties in terms of quark degrees of freedom
[28]. In this model, there are no dynamical gluons, and
gluonic effects indirectly appear as the instantaneous in-
terquark potential. In the A, gauge, the physical interquark
potential V. (R) is approximately reproduced by the
instantaneous potential VAC(R), so that, as an interesting
possibility, the A. gauge may be a useful gauge in
considering the linkage from QCD to the quark potential
model [12]. In addition, since Ar=0.02 <1 is a
very small parameter in this framework, it is interesting

PHYSICAL REVIEW D 83, 054502 (2011)

to apply the perturbative technique in terms of A,
for the calculation of the Faddeev-Popov determinant and
so on.
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