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Calculation of the 1RSB transition temperature of
spin glass models on regular random graphs under
the replica symmetric ansatz

Masahiko Ueda and Shin-ichi Sasa
Department of Physics, Kyoto University, Kyoto 606-8502, Japan

E-mail: ueda@ton.scphys.kyoto-u.ac. jp, sasa@scphys.kyoto-u.ac. jp

Abstract. We study p-spin glass models on regular random graphs. By analyzing
the Franz-Parisi potential with a two-body cavity field approximation under the replica
symmetric ansatz, we obtain a good approximation of the 1RSB transition temperature
for p = 3. Our calculation method is much easier than the 1RSB cavity method because
the result is obtained by solving self-consistent equations with Newton’s method.

PACS numbers: 75.10.Nr, 05.70.Fh, 64.60.Cn
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1. Introduction

Spin glass models on random graphs have been extensively studied in statistical
mechanics of random systems [1, 2, 3, 4, 5, 6, 7]. There are two reasons for this. The
first reason comes from a motivation for describing thermodynamic phases of models
with finite connectivity which might have a different nature from the infinite-range
model. Models on random graphs may form the simplest class for this motivation,
while the final goal is to understand the nature of finite-dimensional models [8]. On the
other hand, apart from spin glass materials in nature, it has been found that spin glass
models on random graphs frequently appear in combinatorial optimization problems
9, 10, 11, 12]. Many constraint satisfaction problems can be mapped to problems
concerning the ground states of spin glass models [13], and the solutions space for
random instances is characterized by their complexity that is calculated by a theoretical
technique developed in studies on spin glasses. This provides the second reason for
intensive studies on spin glass models on random graphs.

The first step of studying models is to determine transition points. As an example,
let us consider p-body interaction spin glass models on random graphs [14]. For the
model with p = 2, a full replica symmetry breaking (FRSB) occurs at a transition
temperature whose value is determined by the condition that the replica symmetric
(RS) solution becomes unstable. When p > 3, a one-step RSB (1RSB) occurs, but
the transition is not detected by simply searching the instability point of the RS
solution because of the discontinuous nature of the transition. In order to determine
the transition temperature, we need another method different from analyzing the free
energy under the RS ansatz.

Up to the present, the 1RSB transition temperature of models on random graphs
has often been studied by using the replica method with the 1RSB ansatz [15], a
variational approximation of the replica method [16], the 1RSB cavity method extending
the Bethe-Peierls approximation to the 1RSB phase [4], and the replica method with
finite replica number and the RS ansatz [17, 18]. In particular, in the 1RSB cavity
method, which might be the most standard method for the calculation of the 1RSB
transition temperature, one needs to solve self-consistent equations for functionals of
the probability distributions of cavity fields in general. These self-consistent equations
can be solved numerically by using the algorithm called population dynamics. It should
be noted that the 1RSB transition is characterized by the divergence of point-to-set
correlation length within the 1RSB cavity method [19]. In the replica method for
models on random graphs, the free energy is calculated by using the function order
parameter. The method using finite replica number [18] assumes a property of the
cumulant generating function of the free energy, which turns out to be equivalent to the
replica method with the factorized ansatz [5].

As a different approach to determine the 1RSB transition temperature, the method
using the Franz-Parisi potential [20] has been proposed. The Franz-Parisi potential is an
effective potential of overlap between two replicas and we can detect the transition by
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investigating a qualitative change of the potential. An explicit form of the Franz-Parisi
potential has been derived theoretically for the infinite-range spin glass models. The
advantage of the method using the Franz-Parisi potential is that we can calculate the
transition temperature under only the RS ansatz. In fact, in the infinite-range model,
the transition temperature calculated by using this potential with the RS ansatz agrees
with the result by the standard 1RSB ansatz. If this method can apply to models on
random graphs, we can determine the transition temperature with easier calculation
than the 1RSB methods. For models on random graphs, since the computational cost
for the methods with the RS ansatz is significantly lower than that for the methods
with the 1RSB ansatz, it is a major advantage if applicable. However, the Franz-Parisi
potential has not been employed for calculating the transition temperature of models
on random graphs, because the 1RSB phase is characterized by a nontrivial distribution
of cavity fields. It should be noted that a computational method of the Franz-Parisi
potential of diluted disordered models on random graphs was proposed by generalizing
the cavity method [21].

In this paper, we calculate the transition temperature of models on regular random
graphs by analyzing the Franz-Parisi potential under the RS ansatz. By comparing our
results with those obtained by the 1RSB methods, we conclude that our method is useful
for obtaining a good approximation of the transition temperature with considerably
lower computational cost.

This paper is organized as follows. In section 2, we present the models we study,
define the Franz-Parisi potential and its Legendre transform, and explicitly express a
condition that determines the transition point. We also express this Legendre transform
by using the RS cavity method. In section 3, we make an assumption in order to solve
the problem in terms of a few self-consistent equations, and as a result, we obtain
the transition temperature. In section 4, we remark difference between our method
and the standard 1RSB methods. Finally, in section 5, we discuss the validity of the
assumption we made. In Appendicies, we review the analysis on the infinite-range model
for reference of our method and collect details of our calculation.

2. Preliminaries

We consider the £.J-type p-spin glass models [10, 22, 23] on a C-regular random graph
G [14] of size N, where C represents connectivity. The spin variable o; € {—1,1} is
defined on each site ¢+ € G and we write o = {ai}i]\il collectively. The Hamiltonian is
given by

H()(O') = — Z gil’...’iinly...viinl R Uip' (1)

i< <
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Gi1,—i, 18 a random variable taking a value 0 or 1 which is determined according to a
probability distribution

N
P({gi17~~~,ip}) = H(S Z gi1,'“,ip—1,i —-C]. (2)
=1 11 < <lp—1

Jiy i, 18 a random interaction variable obeying a probability distribution

P = 5 601+ 601 3)

We consider the case where g;, ... ;, and J;, ...;, are symmetric under index permutations.
It has been known that the low temperature phase of this model is reasonably described
with the 1RSB solution [5, 24, 25, 18]. It is also known that a problem computing
the ground state energy of this Hamiltonian can be mapped to a NP-hard problem,
MAX-p-XORSAT [13].

We consider an effective potential of overlap between two replicas, the Franz-Parisi
potential [20]. The Franz-Parisi potential was originally introduced for the infinite-
range model in order to detect the appearance of metastable states as a local minimum
of the potential. In this calculation, the 1RSB transition point is determined as the
temperature at which a nontrivial local minimum value of the potential is equal to the
trivial local minimum value. In other words, at the transition temperature, the overlap
between two replicas takes a nontrivial value in the thermodynamic limit. We expect
that this picture can be extended to spin glass models on random graphs. We also
introduce the Legendre transform of the Franz-Parisi potential [26]. To be specific, we
first define the Hamiltonian with an external field directing s

N
Hy,  (0:8) = — Z Git ooy Jit sy Oy * Oy — Nt Y 8105 (4)

i1 < <ip i=1
The free energy of this system with inverse temperature § and fixed s is given by
—Btlog (Za e‘ﬁHhext(U‘s)). We then assume that s obeys the canonical distribution
with the Hamiltonian H, and inverse temperature 3’. By taking the average of the free
and J;, ..

energy with respect to s, g;, ... we obtain the Legendre transform of the

p Sip )

Franz-Parisi potential

_Bg(ﬁa ﬁ/a hext) = EQEJ

1 g _ :
Z’)Ze B'Ho(8) |og (Ze ﬁHhcxt(O',S)>] (5)

S g

where Z) = S ge #H() and E, and E; represent the expected value with respect
to g and J, respectively. —pG corresponds to the cumulant generating function of
the overlap N~} Zf\;l s;0;. In the infinite-range model, we could calculate the 1RSB
transition temperature only with the RS ansatz. (The details are given in Appendix
A.) Based on this achievement, we attempt to calculate —5G(53, ', hext) by using the
replica method for the models on random graphs.

In order to obtain the transition temperature, we have only to calculate the
cumulant generating function —gG for the case 5’ = 5 and hey = +0. Due to a property
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of the Legendre transformation, considering the case hey = +0 corresponds to probing
only the minima of the Franz-Parisi potential. Under the RS ansatz, self-consistent
equations in the replica method have a nontrivial solution as well as the trivial (high
temperature) solution. We denote the cumulant generating functions calculated from
the nontrivial solution and the trivial solution by —3Gsa and — 3G, ara, respectively. We
assume that the nontrivial RS solution is stable above the 1RSB transition temperature
Tk. It should be noted that this trivial and nontrivial solution correspond to the global
minima and local minima of the Franz-Parisi potential, respectively. The transition
temperature Tk is determined by the condition

~BGs(8,6.40) = — <0G (3) ()

Below we assume p = 3. It is straightforward to extend our method to p > 4 case.

We calculate the cumulant generating function (5) under the RS ansatz. By using
the replica method [20], we introduce two replica numbers n and R. We first define a
free energy of the R-replicated system as

! - -8 (r) R-1 g (r).
—Bgr = NE log Z Z o~ B Ho(8)=B I Ho(0 )+ Bhext LI 008 | | )
5 {o}

The cumulant generating function —fG is then expressed as

1 ,
- Nﬁg(ﬁa 6 ) hext)

R—1
1 1 0 y
= — lim lim = . § —B"Ho(8) § —BHo(O)+LhextO-S
N }L1—>0 Il%lal nE OR 3 € ( € )

n

o

. B [{Zs e=FH(S) (Y e—ﬁHo(a)whcxta-S)R—l}”] CE[{Dge &}

= W am im n(R—1)
_ —Bgr — (—=Bg1)
=1 .
1 R—1 (®)
Hereafter, we set o(® = s. We can use the cavity method for calculating —fBgg.

We denote R spins collectively by 7 = (6,0, ... o®D) for a site in G. By

applying the RS cavity method [14], —fSgg is expressed in terms of k-body cavity fields

h= [{h(“’“'”’c)} ] . We also define by as the quantity which takes the value
r1<-<rTp 1<k<R

hexs for the (0,7) components with 1 < r < R—1 and 0 otherwise, for convenience. The

free energy is expressed as
c c
o= [ T1a0 (5 o 5+ 350
b=1 b=1
—O/dﬁ (6)/dp(h)1ogw(h+6)

+%/j1_[1dP(f)j)]EJ [log I ({b;})], (9)



Calculation of 1RSB transition temperature under the replica symmetric ansatz 6

where we set 6((]0) = (" and ﬂ(()r) =f(1<r<R-1),and w(h) and I ({h;}) in (9) are
given by

w (h) = Zesz:l ZT1<"‘<TI¢ ﬁh(rl’M’Tk)O'(Tl)-no’(rk), (10)

3 R Crioenrg) (1) | (k)
E ' 62]’:1 2 k=1 2oy <<y, BB TG TG
T(1):7(2):7(3)

Rt (1) () (1) (1)
e 2or=0 B0 019 (2)9(s) (11)

I({h;})

The probability distributions P and P satisfy the following self-consistent equations
called density evolution equations

1
/HdP h,) E, H II ( L )—2R510g

k=1r1<--<rg

P(h) = / g ar (b, {H 11 (h - >—C_1ﬁ£”"””"“>}

R-1 Cc-1 R
5 (h(O,T) — eyt — Z hl()oﬂ“)) } : (13)

where A7) in (12) is given by

/
2 R 1 k’) (71) (ryr)
A(Tlv"'yrk) = I I z 62j:1 Zk/:1 Zr/1<,..<%, th (J) 0’0)

u

7:0(M) g (Tk) =4, T(1),7(2)
Rp Dy o 850(‘530(”_ (14)
See reference [14] for details of the derivation. We remark that these results can be
derived from only the replica method by using order parameters in reference [27].

For a specific natural number R, we can numerically calculate —fBgg by solving
the density evolution equations with a polulation dynamics algorithm [14]. However it
is difficult to obtain —4G on the basis of the numerical method, because we need to
perform the analytic continuation of —fggr to real number R. We attempt to derive
—Bgr without numerical evaluation.

3. Results

We assume a solution of the form

AT T seeem MU st o)

k#£21r1<--<rg r1<re

X {ﬁl § (RO — hs*)} : (15)
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P6) = {1 T o) T o)

k#£2 r1<--<rp r1<ro

SRS "

which is exact for the infinite-range model (see Appendix A). We will discuss the
existence of this solution later. Under this assumption, (14) is calculated as

7”1 2750 (7"1) (7"2) R—1 (r)
Alrere) H 2: [ Hor By oY T Bhaso ) m}
7:0(m) o (Tk) =4 T(1),T(2)

R r r T r
er o 5( ) 51))‘752;‘7( )

_ HWZUQR sm{ncosh@o )}

r:0(r) ..o

x/iiD%{Ilmﬁﬁl(%¢EZ+ﬁm0}

X Z {1+ vol® tanh (5J) )} H {1+ vo"sgn(J) tanh 0}, (17)
v==+1

— dz —122

where we have defined Dz = ol and

!
O(z1, -y 215 hay hey) = tanh ™! ltanh BIJ]) Htanh (zj\/ﬁh* + ﬁhs*>] . (18)
j=1

(See Appendix B.) By noting that (17) is independent of the sign of J, we find that the
density evolution equations (12) and (13) provide the following self-consistent equations
for the two-body cavity fields:

h, = (C —1)h,, (19)
hs* - hext + (C - 1)iLs*7 (20)

2 2
h, = % ZU(Tl)U(Tz) 10g/H Dz; {HcoshR_l <Zj vV Bhy + /Bhs*>}

X Z {1+ vo® tanh (8 |J|) }H{l+u0 tanh ©, } , (21)

v=+1

I 2R5 ZJ ) log/HDzj {H coshf™* (zj\/ﬂh* + 5hs*)}
j=1 j=1

R-1

X Z {1—|—VO' tanh (8 |.J]) }H{l—I—VJ tanh O, } , (22)

v==+1
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where 71,79 # 0 and 7’ # 0 in (21) and (22), respectively. The quantity w (h) in (10) is
also calculated as

R—-1 0 r 71,7270 T T
w (h) _ Z ezrzl Bhsxo(® gl )+2T1<T2 Bhyo(t1)g(r2)

= 2Re=2fhe(R-1) /Dz coshf™! <z\/6h* + Bhs*) : (23)
(Details are presented in Appendix B.) Furthermore, in the manner similar to Alrome),
I({h;}) in (11) is calculated as
r1,797#0 ('r)('r) 0) (r) 13 r T T
({b;}) = Z (i [T 2 o (P o+ Bheno (o] LTI B0 (})o(3)ofs)
T(1):7(2)/7(3)

— 93R=3Bh(R=1) ¢y (B'J) cosh™* (B.])

X 1/li[Dz-{li[COSth (z-\/ﬂT+ﬁh )}
2/ 1 j 1 j . s

X Z {1+ vtanh (8'J)} {1 4 vsgn(J) tanh ©5} " (24)
v==+1
which is independent of the sign of J too. By using these quantities, the free energy gg
is expressed as

—Bgr = Rlog2 + (—; log [cosh (5| J])] + (R — 1)% log [cosh (5 |.J])]

+ log/Dz coshft™1 (z\/ ,BC’fL* + Bhext + ﬁCiLs*)
- C’log/Dz cosh*™? (z\/ (h* + fz*> +p (hs* + ils*>>

3 3
+ glog % /jH1DZj {]1_[1 cosh®! (zj\/ﬁh* + 6hs*> }

x Y {l+vtanh (8'|J))} {1+ vtanh O} (25)
v==+1

In particular, we obtain
C
—fBg1 =log2+ gEJ [log cosh (5 J)] . (26)

Now we take the sum over 7 in (21) and (22). For later convenience, we define

2 2
B(dy,ds) = log/HDzj {H cosh®1 (zj\/ﬂh* + Bhs*)}
j=1 j=1

x Y {L+vtanh (8'|J])} {1+ vtanh O} {1 — v tanh ©,}®. (27)
v=%1
We also define the binomial coefficient C(n, k) = T'(n+ 1)I'(k+1)"'T'(n —k+1)"1. We

then obtain
n 1

hs* 2R lﬁ (@1 1 @172) ) (28)



Calculation of 1RSB transition temperature under the replica symmetric ansatz 9

- 1
« = S5R- 16(®21+@22—q’23—¢24) (29)
where
R—2
D= C(R—2,d)B(R—1—d,d), (30)
d=0
R—2
®p=» C(R—2,d)B(d,R—1-d), (31)
d=0
R-3
®y1= > C(R-3,d)B(R—1-d.d), (32)
d=0
R-3
Oy = C(R-3,d)B(d,R—1-d), (33)
d=0
R-3
d=0
R-3
Pyy=> C(R-3,d)B(d+1,R—2—4d). (35)
d=0

We consider the limit R — 1 by analytic continuation of a function ¢g(n)
Y ro C(n, k) f(k) with arbitrary f(k):

8 oo
lim ¢y(n) = %ZO<—1>%J‘W (36)
m= =1
a (0. ]
Jim, or(m) = 5o D (1) ot 1t (37)
m= r=1

(The proof is given in Appendix C.) Using these identities, we obtain the following
self-consistent equations in the limit R — 1:

hao) = (C = Dhao), (38)
hs*(()) = hext + (C )h %(0) (39)
- 1

hao) =3 (fbé?i + <1>§% <I>§?§ - af)). (41)

(The explicit expressions of @S?g are given in Appendix C.) By using Oy (21, -+, 21) =
O(21, -+ 5 215 ha(0), hsw(0)), the final form of —f5G is obtained as

_%ﬁg(ﬁ,ﬁ’, hext) = log 2 + %log [cosh (B].7])]

+ /Dzlog cosh (z\/ 5Ch )+ Bhext + 6C'hs*(o )
_ C/Dz log cosh (z\/ﬁ (h*(()) ) 6] < 0) + hb*( ))
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+ C/Dzlog cosh (z@ / Bhao) + 5hs*(0)>

c1 (¢ /
+§§/£[1Dzj Z {1+ vtanh (8" |J|)}

v=%1
x log {1+ v tanh O3 } . (42)

Now, we evaluate the right-hand side of (42) numerically by solving (38)-(41) with
Newton’s method. The transition temperature is determined by comparing the value of
the cumulant generating function calculated from a nontrivial solution, Gsg, and that
calculated from the trivial solution, Gpara. The obtained results for the case C' = 4,
B = and he = 0 are displayed in FIG. 1. Ggg corresponds to the blue curve in FIG.

-1.16 A e S

-1.18 | |
1.2 | ]
124 | T 1
-1.26 | ]
-1.28 | ]
1.3 | ]
1.32 | ]
-1.34

03 04 05 06 07 08 09 1 11 1.2
T

Figure 1. The value of G for C = 4, 8/ = 8 and heyy = 0. The red curve represents
the cumulant generating function calculated from the trivial solution. The blue curve
represents that calculated from the nontrivial solution. The green curve represents the
cumulant generating function calculated from the annealed average.

1. We remark that we approximate the evaluation of infinite serieses (36) and (37) at
xr =1 as that at x = 1 — ¢, where € is changed from 0.10 to 0.04, because the infinite
serieses at x = 1 are not convergent. We checked numerically that the values of G for
these € were almost equal to each other. Gap, is calculated from (g (o), hs0)) = (0,0),
which corresponds to the red curve in FIG. 1.

The static 1RSB transition point Tk is determined by the condition (6), which
means that the blue curve crosses the red curve in FIG. 1. The dynamical 1RSB
transition point Ty is determined as the temperature where the nontrivial solution
appears, that is, the right edge of the blue curve in FIG. 1. In our case, we obtain
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Ty = 0.80 and Tk = 0.65. For the p = 3 spin glass model on regular random graphs with
C' =4, it has been reported (Ty,Tx) = (0.745,0.660) [24] and (T4, Tx) = (0.757,0.655)
[25] for the 1RSB cavity method, (T4, Tx) = (0.752,0.654) [24] for the replica method
with the variational approximation and Tx = 0.65 [18] for the replica method with
finite replica number. We claim from these results that our method provides a good
approximation to Tk.

It should be noted that our results are not obtained by the cumulant generating
function calculated from the annealed average E [log (Z5 ' Y- g e #H0S) 3~ e~ AHhe (0:8))]
under the RS ansatz. This quantity is displayed as the green curve in FIG. 1. It was
shown in [28] that the Franz-Parisi potential calculated from the quenched average and
that calculated from the annealed average are different in general.

We also give the transition temperature Tk for other connectivity C' in TABLE 1.
These results are consistent with the previous 1RSB calculations [25, 18]. From this

Table 1. Connectivity dependence of transition temperature

Connectivity C Transition temperature Tk [25]
4 0.651 0.655(5)
5 0.848 0.849(5)
6 1.00
8 1.25 1.25(1)

table we find that our method provides more accurate values as C' is increased. We
recall that the calculation containing only the two-body cavity fields is exact in the
infinite-range model (see Appendix A). We conjecture that the result obtained by our
method approaches the exact value when C' — oo.

4. Relation with previous results

In this section, we consider the difference between our method using the Franz-
Parisi potential and the previous 1RSB methods [24, 25, 18]. In our method, the
transition temperature Tk is determined by the condition (6). By using —fL,r =
limy_o0 7 log E [Z77], the left-hand side of (6) is rewritten as

E [Z5%] —E[Zg]

~BGs(8. 6.+0) = - lim I

n—0 R—1 n(R—1)
1 . . e_NﬁLn,R _ e_NﬁLn,l
SN T RSy (43)

We evaluate L, r under the RS ansatz. Here we define —3Lg = limy_,o 1 logE [Z{],
which corresponds to the cumulant generating function of the free energy log Z;. In the
infinite-range model, by choosing an appropriate form of the overlap matrix as (A.9),
we obtain L,, p of the form

—BLYY = —nBLE®. (44)
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In this case, we can rewrite the right-hand side of (43) as

_/6L$%RS) _ <_6L§RS)>

~60sa(5,5,+0) = lim

R—1 R—1
o (-BLEY)
= — ¢ (45)
OR
R=1
Furthermore, for the infinite-range model, the relation
1
_BLERS) = - Nﬁgpara(ﬁ) (46)
holds. By using this relation, we can rewrite the phase transition condition (6) as
_ 37 /(RS)
OR !
R=1
= — |—=pL 47

This condition is equivalent to the phase transition condition in the method using finite
replica number [17]. Thus, the method using the Franz-Parisi potential and the method
using finite replica number give the same transition temperature for the infinite-range
model.

However, for models on random graphs, the relations (44) and (46) do not hold
in general, as we can see from reference [18]. Thus, the phase transition condition
calculated with the Franz-Parisi potential

_ E[log Z§f] | 15 — E [log Zo]|s
0= lim _
R—1 R—-1
is generally not equivalent to the phase transition condition calculated by using finite

E log Zo]|gs (48)

replica number
Los B [Z7]] g — log B [Zo] s
0= lim
R—1 R-1
For models on regular random graphs, since the method using finite replica number is

equivalent to the 1RSB replica method with the factorized ansatz [5] and the 1RSB
cavity method with the homogeneous assumption [25] respectively, we conclude that

—log B [Zo]lgs - (49)

our calculation method using the Franz-Parisi potential is not equivalent to these 1RSB
calculations.

5. Concluding remarks

Before concluding the paper, we present three remarks. First, we remark that calculation
containing only the two-body cavity field is not exact. For our calculation to be exact,
the k-body cavity fields with k£ # 2 should be zero in the density evolution equation
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(12) with the assumed form (15). However, it turns out that the k-body cavity fields
take finite vaules, because, as one example, the quantity appearing in (12)

Agrl7'..7Tk) ( (
et S ) ... (k)
log/l_[DzJ { coshR ! (Z]\/Bh +5h5*)}

R-1

X Z {1+VO' tanh (5" |J|) }H{l+ua tanh ©, }(50)

v==+1

1

ﬂ log

is finite for even number k # 2. In other words, our results provide approximations.
Nevertheless, it should be noted that we obtain the transition temperature Tk close to
those obtained by the 1RSB methods. This fact suggests that the two-body cavity fields
play an important role in describing RSB even in the models on random graphs.

Second, we conjecture that it would be difficult to extend our method to models
on inhomogeneous graphs such as Erdos-Rényi graphs, because the assumption of
homogeneous solution (15) and (16) may not be effective in this case. We need to
develop another method so as to analyze models on inhomogeneous graphs.

We finally remark whether our method using the Franz-Parisi potential with the
two-body cavity field approximation can be applied to other models on regular random
graphs. We conjecture that our method is useful for models whose fully-connected limit
can be described only by the two-body cavity fields. Therefore, for example, we expect
that the Potts glass models [30], whose fully-connected limit is described by using only
one and two-body overlaps, can be analyzed by our method. Nevertheless, we do not
know the extent of how our method is useful for other cases such as lattice glass models
[29] that cannot be defined on fully-connected graphs. We will study these problems
elsewhere in future.

In summary, we calculated the approximation value of the 1RSB transition
temperature of the p-spin glass models on regular random graphs by analyzing the
Franz-Parisi potential with the two-body cavity field approximation under the replica
symmetric ansatz. Our results are consistent with those calculated by the 1RSB methods
and the computational cost for calculating transition temperatures is substantially
reduced in our method, because we can determine Tk only by solving the four-variable
self-consistent equations (38)-(41), in contrast to the 1RSB cavity method, where self-
consistent equations for probability distribution of cavity field should be solved.
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Appendix A.

In this section, we review the calculation method of the 1RSB transition temperature by
using the Franz-Parisi potential for the infinite-range spin glass model. The Hamiltonian
we study is given by
Ho(O') = — Z Ji1,-~~,ip0i1 s O'Z'p, (Al)
i1 <<

where J;, ...;, is a random interaction variable obeying a Gaussian distribution

No-1 ML
P(Jiroiy) = \| —7€ N (A.2)
mp!

Below we assume p = 3. The Legendre transform of the Franz-Parisi potential is defined
by

1 1 /
—ﬁg(ﬁ,ﬁ'; hext) = ]\}gn NE ? Ze—ﬁ Ho(8) log (Z 6—5H0(0')+ﬁhext Z@N:1 cn&') ’ (AS)
OO 0 s o
where [ represents an average over the quenched random coupling J;.;,. The

transition point is determined by the condition (6), that is,

_ﬁgSG(ﬁ7 Ba +0) = - ngara(ﬁ)' (A4)

First, we calculate the transition point by using overlaps. —(g is rewritten by using
the replica method [20] as

E [Zn R] —E [Zn,l]

1
im — lim lim

. /. — )
Bg(ﬁv /B ) hext) ]\}ﬁoo N 70 Rl n(R — 1) y (A5)
where we have defined the partition function of a replicated system as
EZug =E| Y Y e @ Ein HoSO)-5 50 50 (@)
{59} {7}
¢ @Phext PR i o_(a,r).s(a)] . (A.6)

By performing the configurational average [E and introducing overlaps qa, r)(as,r) =
Lol . glazr) | (Z, g is expressed as

E[Zn,R] = /HdQ(al,rl)(ag,m)/Hd)\(al,rl)(az,rz)

> Z Z 6Nﬁhext Zi%;f > a=19(a,0)(a,r)
(57} (o)

N ~R—1 R—1
X g4 ~m=0 2;1:1 ZW:O 222:1 B(Tl)ﬁ(rwqfﬂ,Tl)(az,m)

. 1 ai,m1). a9,
X 672N2a17a2 2y ’\(alﬂ“l)(a2ﬂ“2)(q(a17T1)(a27T2)7W0'( L)o@ 2))

~ e NBInR (A.7)
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where we set (@9 = g(@ and

n_ ) B (r=0)
B = { f r> 1), (A.8)
—Bgn.r is calculated by the saddle point method. We consider the case that §' =
and heyy = 0, because only this case is needed for calculating the transition temperature
(A.4). Since the spin variables o(®? are no longer special in this situation, we can
assume the RS ansatz in which all replica indexes r are treated equally and only overlaps
between the same a’s are nonzero as

d(ay,m1)(az,m2) = 5a1,a2 [57"1,7"2 +4q (1 - 57"1,7"2)] . (A9)

The matrix A4, 1) (az,r) 18 assumed to take the same form. Under this ansatz, the saddle
point equations for (A.7) are written as

iN= Spptgt, (A.10)
2
fﬂe_%%tanh2 2Vi\ ) cosh® [ 2\

Wk () con” (1) N

i \;%e’%ﬂ cosh” <Z\/ﬁ>
By using the RS ansatz (A.9) for (A.7), the quantity g, r is calculated as

1 1 1 1
—ﬁ@uy:ZnRﬂ?+ZnRG%—1ﬂy¢“—énRG{—lﬂAq—éank+ang2

dz 1,2
+ nlog/ e~ 2% cosh® (zﬂ) . (A.12)
V2
By using —f¢,1 = }lnﬁ2 + nlog2, —fg is finally calculated from (A.5):

1, 1, 1. 1
_ . _ log? 4+ 3207 — Zi\g — —

Bg(B, B;+0) = 1 6° +1log2+ - F°¢" — SiAg — SiA
Ik \;%e*%f cosh (m/ﬁ) log cosh <zm)
_|_

f \}%e_%zz cosh (zﬂ)

Because the cumulant generating function calculated from the trivial solution is obtained

. (A.13)

as —Bgpara(B) = %52 + log 2, the phase transition condition (A.4) is expressed as
1 1 1 / d;re_%ZQ cosh <2m> log cosh (zﬂ)
0==3%" — ~i\g — =i\ + —
1 2 2 i j%e‘ﬁz cosh (z\/ﬁ)

which is equivalent to the phase transition condition under the 1RSB ansatz [14]. It

, (A.14)

should be noted that the trivial solution with ¢ = 0 and a nontrivial solution with non-
zero q to Eq. (A.11) with R = 1 correspond to the global minima and local minima of
the Franz-Parisi potential, respectively.

Secondly, we also calculate —pg by using the method with Monasson’s order
parameters [27]. In this method, we evaluate the partition function (A.6) using
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Monasson’s order parameters, which are generalized magnetizations to 2" —1 directions.
— (g is expressed as

—BGn.r — (—BYn1)

—B9(B, B’ hext) = lim lim ST (A.15)
where by using the notation 7 = (¢©,¢W, ... ##-V) with ") = (67 ... o)
and §= (s, s), g, g has been defined as
n R-1
—Bgnr = —Y_m(F)logm (F) + Bhexy »_m (7)Y Y oVgl®r)
T T a=1 r=1
N2
T > 2> m(Tw) m (7)) m (7)
) T2 Te)
x logE [ Zim 250 A0 5o (A.16)
In particular, g, is expressed as
_Bgn,l o Zm (ref) logm(ref) (gi)
ref) (2 ref) (=2 ref
* ﬁ ZZZm< " (5w) mt () mUD (5))
Sy S2) 3)
ngr(a) (a) (o
x logE [e"zazlﬁ KON >5<3>] (A.17)

Monasson’s order parameters m (7) and m(") (5) satisfy the self-consistent equations
n R-1

0=X=m(F)+ Bhext Y > Y ool

7 a=1r=1

n - r) (a,r) (a,r) a,r
T Z > m (Fy)) m (Fz)) log E [ X B B0 (o)t )} . (A18)
7—(1) 7—(2)
0= )\(ref ref (g*)
ref — ref - Jza 5/ (a) (a) gla)
+ 7 Z Zm( ) (8(1)) m( ) (8(2)) IOgE [6 1781)5(2)® ] , (A.lg)

Sy 8@
where A and AT are determined by the normalization condition Y .m (7) = 1 and
ng(ref) (s) = 1. We consider the case ' = 8 and hey, = 0, because only this case is
needed for the calculation of the transition temperature. Since the spin variables o (*0)
are no longer special in this situation in the R-replicated system, we assume the RS
ansatz as
oF SR S <oy, ROLTTR) SR (@) g (@mE)

w (h)" ’

m(@ = [ avr )
where we have defined
wb) =Y PR Ty ooy AL o)) (A.21)

(A.20)
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Furthermore, by assuming the two-body cavity field solution

_ {H II ¢ (h(’”l""””k))} { II ¢ (h(”“) — ;ﬁDg) } (A.22)

k#£2 11 < <rg r1<re

the self-consistent equation is rewritten as
[ oo sinh (24/362D2 + $62D2 ) cosh™ 2 (/48202 + 52D?)
D, = il . A.23
Az o~ coghfl (z@ /382D2 + §52D2> ( )
Vor 2 e 2 e

Through the transformation of the integration variable from z to 2/ = z + /252D2,

this self-consistent equation turns out to be equivalent to that of overlaps, (A.10) with
(A.11). We also obtain

—BGnr = — —52 (R—1)D? +n(R—1)log?2 + }lﬁzn + iBQn(R —1)
— B*n(R - 1)D? - %5%(}%— 1)(R — 2)D? + nlog?2

+ nlog/ j;_e_zj cosh®! (Z\/ ;62D3 + 252D§) . (A.24)
T

which is equal to —fg, g in the calculation using overlaps, (A.12). Thus, we conclude

that these two methods calculating the Franz-Parisi potential give the same condition
as the phase transition condition calculated with the 1RSB ansatz.

Appendix B.

In this section we calculate several quantities with the two-body cavity field solution (15)
and (16). First, we calculate (14) by using Dz = “%-¢72%" and ©,(z1, - - -, 213 hs, hey) =

e
tanh ™! [tanh (B1J)) Hé.:l tanh (z;y/Bh. + ﬁhs*)]. The result is
7"1 ’“2?50 ) 0"2) R—1 (r)
Alresme) — H Y oe [ vy PReo() o) F e 5’“*"@)%)}
u
7:0(m1) g (Th) =4 T(1),7(2)
R=1 5(r) (1) (") (r
=0 Ao o195
— 0 g
= H e (D) T B (el

7:o(r1) .. 0<Tk)*u T(1):7(2)

X H {COSh (,60 )J> +o, )O'E )O'(T) sinh <B( )J)}
/HDz eXi=1 VPR T
SO e s [fie

7.0 g (TR =y T(1),7(2) J=1
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X {cosh (580) J) + 0((%)0(((2)))0(0) sinh ( ((]0) J)}

R-1
X H Hcosh (Bér) J) + U((Ba((ga(” sinh (6(()T) J) }

50 () 2 : (r)
X GZ] 1Bhsvo (4) (J)ez Bh*a(].)]

_ H o~ Bh(R=1)

TCU(T1> U(T‘k)—u

/HDZ] {COSh (B'J) + 0(0)) 523 © sinh (5’J)}
»(0 (0
7(1)7(2)

R—1
X H [COSh(ﬂJ) H 2 cosh (zj\/ﬁh* - Bhs*ag))>
r=1 7j=1
2
+0 sinh(8.7) [ 2sinh <zj\/5h* n ms*gg?;)]

j=1

R-1
_ H oR ,—Bh+(R-1) {H cosh <B((]T)J> }

701 g (Tl =y r=0

/ HDZJ{ [T cosh™* (= /Bh +5h5*)}

R-1
{1+ 0@ tanh (8'J)} H {14 0"sgn(J) tanh ©,}

r=1

+{1— 0@ tanh (8'J)} 1:[ {1 —0"sgn(J) tanh ©,}

- I 2t {Hcosh@o’” )}

TCU(T1> ...O-(T'k):u

X /f[Dzj {H coshf~! (zj\/ﬁ . 5hs*> }

X Z {1+ v0® tanh (8'J) }H{l—l—ua sgn(J)tanh©,}.  (B.1)

v==1
We also calculate w (h) in (10) as

R—-1 0 r r1,r2#0 r I8
w (b) _ ZeZTzl Bhsxa (0l )+zr1<7'2 Bhyo(m1)g(r2)

— Zezf;fﬁhs*a@a(”—%ﬁh*m—l) / DazesVBh 35 0

= Ze 3P (R— 1)/D22R L coshf*~ 1( \/ Bhy + Bhg 0(0))

o (0)
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— oR-1p—3Bh(R-1) / Dz {coshR*1 (zm - ﬁhs*) + coshf™! (z\/m — ﬁhs*)}
= 2Re—3Bh(R-1) / Dz cosh®™ (z\/m + 6h5*> : (B.2)

Appendix C.

In this section, we derive the identities (36) and (37). First, by defining

¢(n) = Y _ Cn,k)f(k), (C.1)

we obtain
n

¢(n+1) = f(n+1)+ f(0) + Y _Cln+1,k)f(k)

= fn+ 1)+ f(0)+ > (Cln,k) + Cln k — 1)) f(k)

= fln+1)+ ) Cn,k)f(k)+ i Cn, k) f(k +1)
=¢(n)+ Y _ C(n, k) f(k+1). (C.2)
Similarly, by introducing :
o™ (n) = C(n, k) f(k +m), (C.3)
k=0
we also obtain
oO(n)  =o(n) (C.4)
oV (n+1) =)+ oW (n) (C.5)
o (n+1) = ¢ (n) + ¢ (n). (C.6)

By considering the sum $"°°_ (=1)"¢(™ (n + 1), we obtain
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Consequently, we obtain the relation

[e.9]

o(n) = S (=160 (n + 1), (C8)

m=0

Particularly, in the limit n — —1, we obtain the identity (36):

Tim ¢(n) = Y (~1)"6"™(0)

= > (=)™ f(m)

= 83 Z(_l)mxf(m)
T

m=0

(C.9)

z=1
Similarly, by considering the sum $°°°_ (—1)™(m 4 1)$™ (n+2) and using the identity
O (n +2) = ¢ (n) 4 26+ (n) + ¢(m+2 (n), we also obtain the identity (37):

lim Z C(n, k) f(k) = 9 D (=1 (m+ 1)2dtm

n——2 81‘
k=0

(C.10)

m=0 =1
We remark that when f(k) depends on n, we just have to consider ¢, (ns) =
w0 C(no, k) f(k;ny). By applying the same argument to ny and taking n; = ng, we

finally obtain the identity

0 & :
n;gn ¢n2(n2) %Z(_l)mxf(m,—l) (Cll)
m=0 =1

It should also be noted that our identities (36) and (37) can also be derived in terms of
the gamma function [31].

We can apply these formulas to our ®,;. By defining Oyq)(21,---,2) =
©i(21,- -+, 215 hu(0), hsi(0)) and

vtanh ©y) 1 ™
B ) = D 1 tanh (5" |J C.12
olm /H 5 X (e vl e
we obtain in the limit R — 1
a oo
) = oo > (=)rator (C.13)
m=0 =1
8 (o]
o= L5 Capeatoim| c
ZL‘m 0 r=1
a (o)
1= oD (~D)"(m A 2ol (C.15)
m=0 r=1
a o0
oY) = o > (=)™ (m A+ DaPotm | (C.16)
m=0 =1
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a oo
oY) = o > (=1)™(m + aPo ol (C.17)
m=0 r=1
a oo
h= 5o D ()" (m+ Dol (C.18)
m=0 =1
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