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ABSTRACT: We further study integrable deformations of the AdSsxS® superstring by fol-
lowing the Yang-Baxter sigma model approach with classical r-matrices satisfying the clas-
sical Yang-Baxter equation (CYBE). Deformed string backgrounds specified by r-matrices
are considered as solutions of type IIB supergravity, and therefore the relation between
gravitational solutions and r-matrices may be called the gravity /CYBE correspondence. In
this paper, we present a family of string backgrounds associated with a classical r-matrices
carrying two parameters and its three-parameter generalization. The two-parameter case
leads to the metric and NS-NS two-form of a solution found by Hubeny-Rangamani-Ross
[hep-th/0504034] and another solution in [arXiv:1402.6147]. For all of the backgrounds as-
sociated with the three-parameter case, the metric and NS-NS two-form are reproduced by
performing TsT transformations and S-dualities for the undeformed AdSsxS® background.
As a result, one can anticipate the R-R sector that should be reproduced via a supercoset
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1 Introduction

The AdS/CFT correspondence [1] has a significant property, integrability [2]. It enables us
to compute exactly some quantities such as scaling dimensions of composite operators and
scattering amplitudes at arbitrary couplings even though those are not protected by super-
symmetries. On the string-theory side, the integrability has an intimate relation to classical
integrability of non-linear sigma models in two dimensions. In particular, the mathematical
structure of the target-space geometry is closely associated with the integrability.

The supergeometry of AdS;xS?® is represented by the following supercoset,

PSU(2, 2/4)
SO(1,4) x SO(3) (1.1)

The Green-Schwarz type action is constructed based on this supercoset [3]. It is known that
the coset (1.1) enjoys the Z4-grading property and it ensures the classical integrability [4].
For another formulation [5], the classical integrability is discussed in [6, 7].



What kinds of string backgrounds would be concerned with integrability? It is well-
known that symmetric cosets in general lead to classical integrability. For the symmetric
cosets, consistent string backgrounds have been classified in [8, 9]. On the other hand,
some of non-symmetric cosets may lead to integrable sigma models, but there is no general
prescription. Thus one has to study case by case and hence the main focus has been on
simple cases. In the case of squashed S?, a g-deformation of su(2) and its affine extension
have been shown in [10-14]. Similar results have also been obtained for 3D Schrodinger
spacetimes [15-18]. For an earlier attempt to study higher-dimensional cases, see [19]. For
integrable deformations of Wess-Zumino-Novikov-Witten models, see [20-26].

A systematic method to study integrable deformations was proposed by Klimcik [27—
30]. The original form was applicable only to principal chiral models and it was based
on classical r-matrices satisfying modified classical Yang-Baxter equation (nCYBE). Then
it was generalized to symmetric coset cases [31]. Just after that, it was further applied
to a g-deformation of the AdS;xS® superstring [32, 33]. The g-deformed metric (in the
string frame) and the NS-NS two-form were derived in [34]. Notably, the metric exhibits a
singularity surface. A generalization to other cases are studied in [35]. A mirror description
has been proposed in [36, 37]. A possible resolution of the singularity has been argued by
taking the fast-moving string limit [38, 39]. Giant magnon solutions are studied in [36, 40—
42]. Deformed Neumann models are constructed [43]. A new coordinate system has been
argued in [44, 45]. Although it seems quite difficult to fix the dilaton and the R-R sector
for the g-deformed AdSsxS® superstring, the dilaton was determined at least in lower-
dimensional cases such as AdSoxS? [46]. For two-parameter generalizations, see [35, 47].

It is also possible to consider another kind of integrable deformations of the AdSsxS®
superstring based on the classical Yang-Baxter equation (CYBE) [48], rather than mCYBE.
We have already found out some classical r-matrices, which correspond to solutions of type
IIB supergravity. An example is the Lunin-Maldacena-Frolov backgrounds [49, 50] and
the corresponding r-matrix is composed of the Cartan generators of su(4) [51]. Another
example is gravity duals for non-commutative gauge theories [52-55]. The associated -
matrices are of peculiar Jordanian type [56]. A rather remarkable example is the AdSs x 7!
case. The T1! background is argued to be non-integrable [57]. On the other hand, the
TH1 geometry can be represented by a coset and hence one may consider Yang-Baxter
deformations of T%!. Then it has been shown in [58] that the resulting geometry nicely
agrees with y-deformations of 7! previously discussed in [49, 59]. For a short summary
of the works based on the CYBE, see [60].

In this paper, we further study integrable deformations of the AdSsxS® superstring
along the line of [48]. Deformed string backgrounds specified by r-matrices are considered as
solutions of type IIB supergravity, and therefore the relation between gravitational solutions
and r-matrices may be called the gravity/CYBE correspondence. We will present here a
family of string backgrounds associated with a classical r-matrices carrying two parameters
and its three-parameter generalization. The two-parameter case leads to the metric and
NS-NS B-field of a solution found by Hubeny-Rangamani-Ross [61] and another solution
in [62] as special cases. More generally, for all of the backgrounds associated with the
three-parameter case, the metric and NS-NS two-form are reproduced by performing TsT



transformations and S-dualities for the undeformed AdSsxS® background. As a result, one
can anticipate the R-R sector that should be reproduced via a supercoset construction.

A remarkable point is that the solution obtained in [62] has been reproduced by per-
forming a duality chain for the AdS5xS®, and as a result it is shown to be a consistent
string background. Namely, it is automatically ensured that the beta function vanishes.
This point should be stressed against those who are skeptical about the solution in [62].

This paper is organized as follows. Section 2 provides a short review of Yang-Baxter
deformations of the AdS5xS° superstring. We present a classical r-matrix with two param-
eters, which is a solution of the CYBE. Then the deformed metric and NS-NS two-form are
obtained by evaluating the classical action. In section 3, we reproduce the resulting met-
ric and NS-NS two-form by performing a chain of dualities for the AdSsxS® background.
Section 4 generalizes the previous argument to a three-parameter case and considers the cor-
respondence between the deformations of AdSsxS® and the associated classical r-matrices.
Section 5 is devoted to conclusion and discussion.

In appendix A, our notation and convention are summarized. The Buscher rules of
T-duality are listed in appendix B.

2 Jordanian deformations of the AdS;xS® superstring

In subsection 2.1, let us first recall the formulation of Yang-Baxter sigma models. Then we
consider a two-parameter deformation of the AdSs in subsection 2.2. The resulting metric
and NS-NS two-form are computed in subsection 2.3.

2.1 Yang-Baxter deformations of the AdSsXxS® superstring

The Yang-Baxter sigma model approach [27-33] is applicable to the AdS;xS® superstring
by using a classical r-matrix satisfying the CYBE [48]. Then the deformed action is given by

1 00 2 1
(B aB -
S 4(7 €*”) /—oodT/o do STr (Aado TR, 0 dAB> , (2.1)

where the left-invariant one-form is defined as
Ao =9 1009,  g€SU(2,24). (2.2)

By taking the parameter n — 0, the action (2.1) reduces to the undeformed one [3].
Here the flat metric v and the anti-symmetric tensor €*? on the string world-sheet are
normalized as y*? = diag(—1,1) and €"” = 1, respectively. The operator R, is defined as

Ry(X) =g 'R(9Xg g, (2.3)

where a linear operator R is a solution of CYBE rather than mCYBE. The R-operator is
related to a classical r-matrix in the tensorial notation through
R(X) =STrolr(1® X)) = > (a;STr(b:X) — b;STr(a; X)) (2.4)

2

with r = Zai/\biEZ(ai@)bi—bi@ai).
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The generators a;, b; are some elements of su(2,2|4). The operator d is defined by
d=P, +2P, — P3, (25)

with projectors Py, (k = 0,1,2,3) from su(2,2|4) to its Zs-graded components su(2, 2[4)*).
In particular, su(2,2]4)(®) is a gauge symmetry, so(1,4) @ so(5).

2.2 A two-parameter deformation of AdSs

We consider here a deformation of the AdSs bosonic part of (2.1) based on the following
classical r-matrix of Jordanian type,

Tjor = Foa N (c1E22 — c2FE4y), (2.6)

where Ej; (i,j = 1,2,3,4) are the fundamental representation of the generators of su(2,2)
defined by (Ejj)k = 0ix0j. Here ¢; and ¢y are constant complex numbers.

To evaluate the action, it is convenient to rewrite the metric part and NS-NS two-form
coupled part of the Lagrangian (2.1) into the following form,

1
La = 3STr[ArPa(Jr) = AsPa(J)]

1
Lp = 3STr[A-Po(Jy) = A Po(J)] | (2.7)

where J, is a projected current defined as

1

Ja A
1-— Q[RJor]g 9} P2

(2.8)

Here the parameter n in (2.1) is set as n = 1. The linear R-operator Ry, associated
with (2.6) is represented by the identification (2.4).
To find the AdS; part of (2.7), we use the following parameterization,

g = exp (pomo + prat + por? +p3x3) exp <é5 log z) € SU(2,2). (2.9)

For the su(2,2) generators p, (1 = 0,1,2,3) and 75, see appendix A. The projected de-
formed current P»(J,) is obtained by solving the equation,

(1 =2Py0Ry)P(Jo) = Pa(Aq) . (2.10)
By plugging the projected current!

(%xo,},o + 8{11'1'71 + 80(1'272 + aa$3’73 + 804275

Py(Ay) = 5, (2.11)
with (2.10), the deformed current is evaluated as
_ 0 1 2 3 5
Pay(Ja) = Jo0 + Jam +Jan2 + Javs + Jas (2.12)

'For the convention of y-matrices, see appendix A.



with the coefficients

. 1 (c1 + 62)3:1 +i(c; — 02)m2
1 1 +
= —0, — 0,
]Dé 22 a$ 2\/523 ax '
. 1 (c1 +co)x? —i(c) — c2)at
2 2 +
= —0 — 0,
Jo 2z ot 2/223 ot

. . 1
Jg+1g = @ N

o 3 (a4c)zt+i(e - Cz)an 1 (a4 e)x? —i(er — CQ)xla )
Ja=Ja == 223 o T 2z3 ot
N derea((21)? + (22)2) + (e1 + c2)?2? Bzt + P ‘o,
2/225 \fz 222 77
1
R W T P (2.13)

2z 24/222

Here we have introduced the light-cone coordinates

L 2043

V2

Finally, the metric part and NS-NS two-form part of the Lagrangian (2.7) are given by

x (2.14)

—20,2T 052~ + 0oz Opa! + 002202? + 002032
222
derea((2)? + (22)%) + (a1 + )2
826
(21 0p2t + 22002% + 20,2)0pa™
224

Le = —VQB[

aafagx*} . (2.15)

Lp = _eaﬁ |:(Cl + Cg)

+i(c1 — c2)

(22002" — 21 0q2?)Op™
224 '

Note that the resulting Lagrangian becomes complex in general. Therefore it is necessary
to argue the reality condition.

Reality condition. Interestingly, both Ls and Lp become real if and only if ¢; and ¢
are related by the complex conjugation,

= = a=a, c=a (e C). (2.16)
In particular, the result given in subsection 2.2 of [62] can be reproduced by imposing that

Cl = Cy = (2.17)

-

2.3 The metric and NS-NS two-form

In the previous subsection, we have seen that a Jordanian r-matrix (2.6) yields the metric
in the string frame and NS-NS two form, as presented in (2.15). Taking into account the



reality condition (2.16), the associated metric and NS-NS two form are derived as

—2dztdz™ + (da') + (da?)? + dz2 o ((21)? + (2%)?) + (Re(@))*2?

ds* = 5> o (dzt)?,
By = —Re(a) (wldxt + x2dai+ zdz) A dz™ + Tm(a) (22dx! — x;dﬁ) Adz™ . (2.18)
It is worth seeing two special cases of « as listed below.
(i) Pure imaginary a-deformation. When « is pure imaginary,
a=iag with ar €R, (2.19)
the metric and NS-NS two-form in (2.18) are given by
e —2dzTdr~ + (d:v’;)2 + (dz?)? + d2? o (21)? ; (x2)? (dat)?,
By — a (x2dxt — x;de) A dzt ‘ (2.20)
These agree with the ones of the solution found in [61].
(ii) Real a-deformation. When « is a real number,
a=ag with ar € R, (2.21)
the metric and NS-NS two-form in (2.18) is rewritten as
g2 ~2datde + (dq;le)2 + (da?)? +dz* o (z')* + 2922)2 +2° (dat)?
By — —an (xldxt + xde24+ zdz) A dz™ . (2.92)
z

The above metric and NS-NS two-form are nothing but the ones obtained in [62].

3 A chain of dualities for AdS;xS®

In this section, we show that the metric and NS-NS two-form in (2.18) are reproduced by
performing TsT-transformations and an S-duality for the AdSsxS® background.
In order to perform T-dualities, let us introduce the polar coordinates on the z!-z?

plane,

zt = peosy, x? = psing (0<p<oo, 0<p<2m). (3.1)

With these coordinates, the original AdSsxS® background is given by

—2dxtda™ 4 dp? + pPdp? + dz?
ds® = i 52 pay - + (dx + w)? + dsgpe (3.2)

1
Fs=dCy=14 ——deJr/\daf/\dp/\pdgo/\dz
z

+(dx +w) Adp Asin p g AsinpYe A cos usinpXs|

By =0Cy,=C=0, b =P (COHSt.).



Note that the metric of S° is expressed as a U(1)-fibration over CP2. Here x is a local
coordinate on the fiber and w is a one-form potential for the Kihler form on CP2. In the
usual way, the metric of CP? and w are given by

dstps = dp® + sin® p (E% + %2 +cos? 23) , w=sin? pYs, (3.3)
where ¥, (a = 1,2, 3) are defined as

¥ = —(costdf + sinsinf do) | Egzé(sinwde—coswsined@,

23

DN — DN =

(dip + cosO do) .

The geometry of S° is described with the five coordinates: (x, p, ¥, 0, ¢).
For later computations, it is nice to write down explicitly the R-R four-form Cy,

C’4:%daﬁ/\dmf/\dpApdgo—sin4udxAEl/\22/\23. (3.4)
Note that the following relations are satisfied,
ElAEgAEgz—%sinﬁdG/\dqﬁ/\dip, d(X1 NXaNAX3)=0.
It is also helpful to use the relations,
det ANdz? =dp A pde, xldz' + 2%da® = pdp, 2?dx' — ztda® = —p?dy.

In the following, we will apply TsT transformations and an S-duality for the AdSsxS®
background in (3.2).

3.1 The first TsT transformation

The first step is to perform a TsT transformation to the AdS;xS® background in (3.2).
Let us first take a T-duality along the ¢-direction in (3.2). According to the rules of
T-duality (listed in appendix B), the background is rewritten as

d3?= _de+dx_; dp +d=* szsEQ +ds2s
By =0, éz@o—;ln«:z),
égz—Z%der/\dx_/\dp, Cs = —sind pdy ASL ASo AT AdG. (3.5)
Then the ™ -coordinate is shifted as
T —=ax a1 (3.6)



with a real parameter a;. The metric and C’g are deformed as follows:

o —2dxTdx™ +dp? +d2? ay 22
d82 — 22 — 2?d$+dgﬁ —+ ?dgﬁ2 + d3§5 N
~ p2
BQZO, (I) <I>0—1n<2>,
z

C’g:—%daﬁ/\da:_Adp—aljdm+Ad¢Adp,
z z

Cs=—sintppdy NS A S ASg Adp. (3.7)
Finally, by taking a T-duality along the ¢-direction, the resulting background is given by

Je —2dztdo~ + dzz + pPdp® +dz2* a%,zz(de)Q ds,

By = —a1 dx Ny, D=y, Oy :alz%dﬁAdp,

C’4:z—p4d:c Adr~™ Adp Adp —sin* pdxy NS A So A Sy, (3.8)

Note that the dilaton is constant. Through the coordinate transformations (3.1), the above
metric and NS-NS two-form agree with the ones in (2.20) when a; = —Im(a) = —ag. The

NS-NS sector of the background (3.8) has already been obtained in [61].

3.2 The second TsT transformation

The next step is to perform another TsT transformation for the background (3.8). This
process is essentially the same as the one in [63-65].
Let us first take a T-duality along the y-direction of S°. The resulting metric is given by
—2dxtdr™ + dp? + pPde? + dz?
52

ds® = %(dx )2+ di2 + dsips

By = fal d:U /\d90+781n ud¢/\dx+751n peosfdp Ady, P =Py,

C’g—al det Ndp Ndy —sint p X A Yo A Ds,

C’5zzﬁ4d:ﬂ ANdx™ Ndp ANdp ANdx . (3.9)
Then, by shifting x~ as

xT —x +axy, (3.10)
only the metric is deformed as

—2dxtdr™ + dp? + pPde? + dz?

ds® = 5
z

= %(d )2 2 2dat g + i + dsps .

Finally, by taking a T-duality along the y-direction, the resultmg background is given by

—2dztdr™ + dp? + p>dp® + dz? P> 1
ds?® = = - a%2—6 + a%? (dz )+ (dx + w)? + dsips
Bgz—al ClZL‘ Adp — §d$+A(dx+w), D =P, C’Q:alédx+Adp,
z
p _ .
C4:?dx Adr™ Adp Adp —sin* pdy NS ASe A S5, (3.11)

As a result, a deformation term of the Schrodinger spacetime has been added.



When a; = 0, the Schrédinger solution is realized [63-65]. In comparison to the
r-matrix (2.6) that is composed of su(2,2) only, the classical r-matrix associated with
this solution itself is composed of both su(2,2) and su(4) generators because the TsT
transformation includes a direction of S°>. We will explain in very detail the r-matrix
corresponding to the Schrédinger spacetime in another place [66]. Notably, this result
indicates that the Schrodinger spacetime is integrable.? A further remarkable point is that
brane-wave type deformations [71] also lead to integrable backgrounds.

3.3 S-duality

Then let us perform an S-duality for the background (3.11).
The transformation rule of S-duality is given by

& =-0, By=C,, Ch=-Bs. (3.12)

Hence, after performing the S-duality, the resulting background is given by

—2dzTdx™ + dp? + p?dyp? + dz? p? 1
ds® = ) — a%Z—G + a%; (dzt)? + (dx +w)? + dS%:Pz ,
p P az
By = a1 dax™ Adp, S = -, Coy = ar—da™ ANdp + —da™ A (dx + w),
z z z
04:%dm+Adx7Adp/\dgo—sin4udx/\21AZQAZ;»,. (3.13)
z

When a; = +as = Re(a) = ar , the above background agrees with the one in (2.22). This
solution is nothing but the one obtained in [62], where the deformation parameter was
denoted by ar = 1. Notably, this result ensures that the solution in [62] is a consistent
string background. In particular, the world-sheet beta-function vanishes.

3.4 The third TsT transformation

Furthermore, let us perform a TsT-transformation, which is the same as in section 3.1, for
the background in (3.13).

The background in (3.13) seems complicated, but it has a U(1) symmetry along the
p-direction. We first take a T-duality along the ¢-direction. As a result, the background
is transformed as

—2dxtdx— +dp* +dz?2 22 2 1
ds? = = P + p—2dg02 - (a%; + a§f1> (dz ) + (dx + w)? + dsgps
1 2 2
B2:a1£4d1‘+/\dp, d=—-Py——-In (p2> , Clz—al%dx+,
z 2 z z

03:gdx+A(dx+w)/\d<ﬁ—%dafr/\dx_/\dp,

C’5:—sin4,udx/\21/\22/\23/\dg5. (314)

2The integrability of Schrodinger spacetimes may be related to the coset structure argued in [67]. A
classification of super Schrodinger algebras [68-70] would also play an important role in the future.



Then, by shifting z— as

rT = +a3@, (3.15)
it is rewritten into the following form:
—2dztdz™ + dp* + dz? 2 !
ds?® = T z—; prrer 2gdaz+d<ﬁ + %d(ﬁQ — <a%p6 + a3 4) (da™)?

+ (dx +w)® + dsgpe
p p*
Bgzaljdfr/\dp, <I>:—<I>0—ln( ), C’l——al da:
z

22

ng%daf”'/\(dx+w)/\dgof—d:p Adx~ /\dp+a3—dac Ndp ANdp,
Cs= —sin* pdy AL1 ASo A N3 A dp. (3.16)

Finally, by taking a T-duality along the ¢-direction, the resulting background is given by

—2dxtdx™ + dp? + p?dp? + dz? |

d82 = 22 - ( + a3) + a2 o (dx+)2
+ (dx +w)? + ds?cpz ,

Bg—al—dx /\dp—ag dx ANdy, b =—-9g,

Cg—al d;v /\dgp+—dx /\(dx—l—w)—l—ag—d:c Ndp,
C4:Z—p4d:c Adr~™ Adp Adp —sin* pdxy A X1 A Se A S, (3.17)

When a; = +a2 = Re(a) and a3 = —Im(«), the solution (3.17) reproduces the met-
ric and NS-NS two-form in (2.18). Note that in this identification the sign concerning
a2 has not been determined here. In order to fix this ambiguity, we have to perform a
supercoset construction.

So far, the R-R sector has not been determined yet from the Yang-Baxter sigma
model approach. But the solution (3.17) gives a prediction for the R-R sector. If the
gravity /CYBE correspondence is true, then the R-R sector of (3.17) should be reproduced
by performing a supercoset construction. We will not try to do that here and leave it as
a future problem. However, it should be derived as expected. The kappa-invariance of the
deformed string action would also imply the agreement.

4 Duality-chains and classical r-matrices

It is worth summarizing the relation between duality-chains and classical r-matrices. This
is nothing but the gravity/CYBE correspondence concerned with the present scope.

For the completeness, we first consider the fourth TsT-transformation in subsection 4.1
and the second S-duality in subsection 4.2. In subsection 4.3, we propose a classical
r-matrix including three parameters and summarize a concrete realization of the grav-
ity /CYBE correspondence.

,10,



4.1 The fourth TsT transformation

Let us consider here a TsT-transformation for the background in (3.17).

We first perform a T-duality for the background in (3.17) along the y-direction. The
resulting background is

2 1 ~
d52 = dS2Adss — ((a% —+ (Lg)% + CL%Z4> (dx+)2 + dX2 + dS(2CP2 5

pdp  p*dy

Bg—dx+A<a — a3~ )—i—w/\df(, b =—d, Clz—a—;daﬁ,
z z z
2d d, ~
Cy =dzt A (alp 4<p +a3p4p> ANdx — sin4,u21 Ao A X3,
z z
Cs = Ldet Ade™ Adp A dg A dy, (4.1)
z
where the undeformed metric of AdSs is denoted as
—2dxTdx™ + dp? + p?dp? + dz?
dSQAdS5 = 22 . (42)
Then, by shifting the £~ -coordinate as
T = x tagx, (4.3)
only the metric in (4.1) is modified as
ds® = ds’ 204 4+ 22 L2 LY (@) AR 4 ds? 4.4
87 = dSAqs; — 3 4T dX — (01+a3)g+a2; (dz™)* + dx" + dsgps - (4.4)

Finally, by T-dualizing back along the y-direction, we arrive at the following background:

ds® = dsiqgs, — ((af + ag)’; + (a3 + ai);) (dzt)? + (dx + w)? + dst.pe

By =dxT A <_a3p2j<p — a4dxz—; d +a pip) , b =—-0p,

Cy=dx™ A (al pi(icp + a9 dXZ‘; d + a3pip> ,
C4:Z%dx"'/\dx_/\dp/\dgp—sin4udx/\21/\22/\23. (4.5)

4.2 The second S-duality

One may notice that, in the background (4.5), the NS-NS two-form By and the Ramond-
Ramond two-form Cy are turned on in a symmetric way. This is because the back-
ground (4.5) is obtained by two same TsT-transformations before and after the S-
duality (3.12). Then, let us consider the second S-duality of (4.5). The resulting back-
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ground is given by

2
5 = dshas, — (B4 B + @3+ ad + (dx+w)? + dspn

2d d
BQ:d.I‘+/\<a1p SO—F X+w o > P = q)Ov
Y

24

24 d
CQde+A< LA x+w_ pdp
Z

22 174

)

C4:Z%der/\dxf/\dpAd@—sin‘ludx/\ 1A A X3, (4.6)

4.3 A three-parameter deformation of AdSsxS®

Now it is turn to consider a classical r-matrix corresponding to the background (4.6). It is
argued to be the following form,

1 b .
r12(b1, b2, b3) = Eou N <51(E22 + Eaa) + EZ(M + hs + he) + ibs(E2 — E44)> .47

V2i
Here hy, hs and hg are the three Cartan generators® of su(4) rather than su(2,2), and
b1, b, b3 are real deformation parameters. A direct computation shows that this is a solution
of the CYBE.

Plugging the classical r-matrix (4.7) with the classical action (2.1), the resulting metric
and NS-NS two-form turn out to be

(b7 4 03)p* + (b3 + b3)2°
26

24 d d
By = dzt A (—blp L by X“’ bff) , (4.9)
Z Z

ds® = dsiqs, + dsgs — (dz™)?, (4.8)

where ds?xds5 and dsgg, are the undeformed metrics of AdSs and S°, respectively.

Indeed, the above metric and NS-NS two-form agree with the ones obtained by the
fourth TsT-transformation in (4.5) and the S-duality in (4.6) with the following parameter
identifications, respectively,

b1 = as, b2 = a4, bg = a] = :|:CL2 for (45) , (410)

bl = —ai, bg = —ag, b3 = as — ia4 for (4.6) . (4.11)

It is worth comparing the above results with the deformed backgrounds from TsT-
transformations and an S-duality in section 3. The comprehensive relations are summa-
rized in table 1. Here the symbol (TST)Zl , for instance, stands for a TsT-transformation
consisting of a T-duality for the ¢-direction and the shift = — = + a1p. The capital S
denotes an S-duality. For the details, see section 3.

3The convention of the su(4) algebra would be presented in [66]. The case with by = b3 = 0 will be
elaborated in [66].
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Classical r-matrices Duality chains Backgrounds
ri2(a1, 0,0) (TsT)g | (3.8), see also [61]
ri2(a1, az, 0) (TsT)@o(TsT)g! | (3.11)

r12(0, 0, a1) So(TsT)i‘“o(TsT)fZ1 (3.13), see also [62]
ri2(as, 0,a1) (TsT)go So(TbT)ialo(T:DT)fj,1 (3.17)

r12(as, aq, ay) (TsT)gto(TsT) %o So(TsT)i‘“o(TST)Z,1 (4.5)

r12(—a1, —asg, az) So(TsT);% o(TsT)%o So(TsT)42o(TsT)% | (4.6)

Table 1. The classical m-matrix in (4.7) and the associated duality chains.

As for table 1, note that the following duality chains including S-dualities are realized
only if some parameter constraints are satisfied;

So (TsT)y? o (TsT)g! it ag=+ay,

(TsT)g o So (TsT)}? o (TsT)g! it ay=+ay,

(TsT)}* o (TST)G 0 So (TsT)}? o (TsT)g! it ag=+ay,
So (TsT)§! o (TsT)g oS o (TsT)§? o (TsT)! if a4 =+as.

In order to see the correspondence between the r-matrix in (4.7) and deformed backgrounds,
we need to impose constraints for the values of ai,as,as,a4. It seems likely that the
constraints would come from the S-duality, but at the present moment we have no idea
for the origin. To reveal it, it would be important to develop Yang-Baxter deformations of
the D-string action. Then the origin may be understood as a consistency condition of the
S-duality transformation.

5 Conclusion and discussion

We have further studied integrable deformations of the AdSsxS® superstring based on
the Yang-Baxter sigma model approach with classical r-matrices satisfying the CYBE. By
focusing upon a classical r-matrix with two parameters and its three-parameter general-
ization, we have presented a family of the deformed metric and NS-NS two-form. The
corresponding solutions of type IIB supergravity have been successfully obtained by per-
forming TsT-transformations and S-dualities. In particular, it includes the solution found
by Hubeny-Rangamani-Ross [61] and the one found by us [62] as special cases.

So far, we have seen that a certain multi-parameter family of classical r-matrices cor-
respond to a chain of TsT-transformations and S-dualities for the undeformed AdSsxS®
background. It seems likely that Yang-Baxter sigma models based on CYBE could repro-
duce duality chains of AdS;xS°. In fact, three-parameter y-deformations of S® [49, 50]
and gravity duals for noncommutative gauge theories [52-55] have been reproduced from
the associated classical r-matrices [51, 56]. Integrable deformations based on (at least) a
certain class of r-matrices can be undone with non-local gauge transformations and twisted
boundary condition, by following the philosophy of [72].
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So far, we have discussed duality chains of AdS5xS®. This is a simple story and one
may think of that Yang-Baxter sigma models would work only for duality chains. However,
this is not the case. For example, more complicated backgrounds have been presented in [62]
from the Yang-Baxter sigma model approach and those do not seem to be realized as TsT
transformations of AdSsxS® because of the singular structure. Therefore, it seems likely
that the Yang-Baxter sigma model approach would include a wider class of gravity solutions
which cannot be realized by performing string dualities for the undeformed AdSsxS>.

It would be of great importance to clarify the applicability of Yang-Baxter sigma
models.
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A Notation and convention

An explicit basis of su(2,2) is represented by the following y-matrices,

0 0 0 —1 0 0 0 i 00 1 0
0 0 1 0 o 0 i o0 oo 01
M=o 10 0> ? o =iool” ™" {100 0]
1.0 0 0 i 0 0 0 010 0
[0 01 0 1 0 0 0
0 0 0 —1 01 0 0
W= 0 0 o |0 BEMEEN=| 0 (A.1)
(0 1.0 0 00 0 —1

With the Lorentzian metric 7, = diag(—1,1,1,1), the Clifford algebra is satisfied as
{’Y}u’yu} = 277;w; {’Y/u’}%} =0, ('75)2 =1. (A'Q)
The Lie algebra so(1,4) is formed by the generators
1 1
Muy = Z [’7/“’71/] ) mus = Z [7#775] (/’Lv v = 0> 17 273) ) (A3)
and then enlarged algebra s0(2,4) = su(2,2) is spanned by the following set:
Muy, Mys,
The reality condition for these generators are given by

Miyg+9M =0 for "M esu(2,2). (A.5)
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The generators p, used to parameterize g € SU(2,2) in (2.9) are defined as

1
Pp = §7u — mys - (AG)

To see the s0(2,4) algebra explicitly, one can introduce the generators as follows:

1 N 1

Z [’7/17’711] 5 muys = 1 [7#1’75] (lua v=0,1,2, 3) ,

- - 1 - ~ 1

my,—1= —M-1pu = 5%, ms—1= —M-15= 575~ (A.7)

My =

Indeed, these generators satisfy the commutation relations,
(a0, Mps| = TpoMps — TpaMos — NeoMpap + NepMop - (A.8)

Here i, 7, p,6 = —1,0,1,2,3,5 and 7jpy = diag(—1,-1,1,1,1,1).

B The T-duality rules

The rules of T-duality [73-75] are summarized here. We basically follow appendix C of [75].

The transformation rules between type IIB and type IIA supergravities are listed below.
Note that the T-duality is performed for the y-direction and the other coordinates are
denoted by a,b,a; (i = 1,...). The fields of type IIB supergravity are the metric g, ,
NS-NS two-form B, , dilaton @ , R-R gauge fields C(?"). The ones of type ITA supergravity
are denoted with the tilde, the metric g,, , NS-NS two-form Bs, dilaton @, and R-R gauge
fields C2nt1),

From type IIB to type IIA:

i v . _B _ 9yagys — ByaByb
Jyy = ——»  YJay = ay> Jab = Gab — vy vy ,
yy Iyy Guy
o ~ By, —B ~ 1
Bay:@, Bab:Bab_gya v yagyb, (I):(I)—ilngyy,
gyy gyy
B g C(zn)
) 2n+2 2 ylar Jasly) “ oz -azn 1]
0517'0221+1: - 6(11?-a27)¢+1y - (2n+ 1)By[a10§27.)a2n+1] +2n(2n +1) 17a2 gyy“S @iy
g (2n)
LD = O, + Sl 3.1
vy

where the anti-symmetrization for indices is defined as, for example,
1
A[aBb] = 5 (AaBb — AbBa) .

The symbol |y| inside the anti-symmetrization means that the indices other than the index
y are anti-symmetrized.
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From type ITA to type IIB:

1 B - GyaGyb — ByaByp
yy = = gay:~ay) Gab = Gab — yay~ v y7
yy yy yy
g ~ GuaBub — Byad ~ 1
Bay = qﬂ ; Bab = Bab - Sy yb~ yadyb ) =9 5 In gyy,
yy Gyy
B Gty Conan
2 ~(2n+1 ~ ~(2n—1 yla1Jazly -a2n
Cc(u?)azn: Cc(u?aziy - 2nBy[a1 0527@231} + 2n(2n - 1) : 2§ Lt )
vy
g ~(2n—1)
OB 1y ~CIEL), — (20 — ey (B2
vy
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