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ARTICLE 

Natural convection heat transfer from horizontal Rod bundles in liquid 

sodium 

Part 1 : Correlations for two parallel horizontal cylinders based on experimental and 

theoretical results 
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b
 and Masahiro Shiotsu

b
  

a
 Institute of Advanced Energy, Kyoto University, Gokasho, Uji, Kyoto 611-0011, Japan 

b
 Dept. of Energy Science and Technology, Kyoto University, Sakyo-ku, Kyoto 606-8501, 

Japan 

 

Natural convection heat transfer coefficients on two parallel horizontal test cylinders in liquid 

sodium were obtained experimentally and theoretically for various setting angles, , between 

vertical direction and the plane including both of these cylinder axis, over the range of zero to 

90. Both test cylinders are 7.6 mm in diameter and 50 mm in heated length with the ratio of 

the distance between each cylinder axis to the cylinder diameter, S/D, of 2. Theoretical 

equations for laminar natural convection heat transfer from the two horizontal cylinders were 

numerically solved for the same conditions as the experimental ones. The average Nusselt 

numbers Nu on the cylinders obtained experimentally were compared with the corresponding 

theoretical values on the Nu versus modified Rayleigh number Rf [=Gr
*
Pr

2
/(4+9Pr

1/2
+10Pr)] 

graph. The experimental values of Nu for the upper cylinder are about 20 % lower than those 

for the lower cylinder at =0 for the range of Rf tested here. The value of Nu for the upper 

cylinder becomes higher and approaches that for the lower cylinder with the increase in  over 

range of 0 to 90: the values for each cylinder agree with each other at =90. The values of 

Nu for the lower cylinder at each  are almost in agreement with those for a single cylinder. 

The theoretical values of Nu on two cylinders except those for Rf<4 at =0 are in agreement 

with the experimental data at each  with the deviations less than 15 %. Correlations for two 
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cylinders were obtained as functions of S/D and  based on the theoretical solutions. A 

combined correlation for multi-cylinders in a vertical array based on the correlations for two 

cylinders was developed. The values by the correlation agree with the theoretical solution for 

the multi-cylinders for Rf ranging from 4.7 to 63 within 10 % difference.  
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1. Introduction 

    There have been many studies on natural convection heat transfer. Most of them are for 

single horizontal cylinders, and correlations for gases and non-metallic and metallic liquids 

have been reported. The correlations based on boundary layer approximation were found to 

become inapplicable in the region of low Rayleigh numbers where curvature effect on heat 

transfer is no longer negligible. Several correlations based on experimental data for a wide 

range of Rayleigh numbers were presented [1, 2]. Some of the authors [3] presented the 

correlation based on rigorous numerical solutions for a wide range of Rf and Pr. 

    There have been a few works on interactions between two or more horizontal cylinders 

in natural convection. Marsters [4] carried out a study of three, five and nine horizontal 

cylinders in a vertical array in air. They have found that for closely spaced arrays, individual 

tube Nusselt numbers are smaller than for a single cylinder, and for wide spacings individual 

tube Nusselt numbers are higher than for a single cylinder. Lieberman and Gebhard [5] have 

conducted experiments in air on the interactions of heated wires arranged in a plane array. The 

array could be oriented so that its plane made angles of 0, 30, 60 and 90 with the vertical. 

Their data were for the wire spacings ranging from 37.5 diameters to 225 diameters.  

    Study on the correlation for natural convection heat transfer from a horizontal rod bundle 

in liquid sodium is important as a database for the design of a heat exchanger in a fast breeder 

reactor in relation to decay heat removal at a loss of flow accident. However, there is no 

reliable correlation even for two horizontal cylinders with various setting angles between the 

plane including the cylinders and vertical direction and for the distance between the cylinders. 

    The objectives of present study are: (1) to obtain the experimental data of natural 

convection heat transfer from each of two horizontal cylinders systematically for a wide range 

of heat flux at the setting angles  over the range of zero to 90, (2) to obtain the numerical 

solutions of the average and local Nusselt numbers on two horizontal cylinders from a 

theoretical laminar natural convection equations for the same experimental conditions, (3) to 
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compare experimental results with corresponding theoretical values to confirm the reliability 

of both results, (4) to present a correlation to describe the effects of  and S/D on natural 

convection heat transfer on two cylinders based on the theoretical solution, and (5) to present 

a combined correlation for multi-cylinders in a vertical array based on the correlations for two 

cylinders.  

    Extension of this work to multi-rod bundles is performed in Part 2 of this paper. 

 

2. Apparatus and Method 

    Experimental apparatus consists of a test vessel containing a test heater, a vapor 

condenser, an inert gas supply, a vacuum system, a sodium purification system and 

instrumentation. Explanations on major parts of the apparatus are as follows. 

    The test vessel is shown schematically in Figure 1. It is a cylindrical vessel of 30 cm in 

inner diameter and 70 cm in height containing liquid sodium of about 30 liter. Measuring 

device of the vertical temperature distribution in the liquid consisting of several K type 

thermocouples and one standard PR(13 %) thermocouple is mounted vertically by using a 

flange on the top of the vessel. Two test cylinders are mounted horizontally at the height of 

about 170 mm from the inner bottom of the vessel. Lower part of the vessel up to the height 

of 500 mm is in an electric furnace whose power is PID controlled to keep the liquid in the 

vessel at a desired temperature. 

< Figure 1 > 

    The two test cylinders used in the experiment are shown in Figure 2. Both test cylinders 

have the diameter of 7.6 mm and heated length of 50 mm. They are mounted on a flange with 

the S/D value of 2. Each test cylinder is a nickel sheathed once-through current type with a 

spiral tantalum heating element one end of which is connected to an electrode with a potential 

tap, the other end being grounded to liquid sodium. Boron nitride is used as the electrical 

insulation material. Eight 0.5 mm diameter K type thermocouples are embedded in the 
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grooves on each test cylinder surface, brazed and surface finished. The flange for these two 

horizontal cylinders can be rotated every 30. The angle between the vertical direction and the 

plane including both of the cylinders axis plane is called in this work the setting angle : =0 

means the location where the upper cylinder is just above the lower one, and =90 means that 

one is just beside the other. The thermocouple locations are shown in Figure 3 (a) to (d), for 

=0, 30, 60, and 90, respectively.  

< Figure 2 > 

< Figure 3 (a) to (d) > 

    The heating current to each test cylinder is supplied by a power amplifier which can 

supply a direct current of up to 300 amperes at a power level of 10 kW. The input signal of the 

power amplifier is controlled by a digital computer so that the heat generation rate in the test 

cylinder agrees with a desired value. In this work, heat inputs to the two test cylinders are 

equally given.  

    Signal voltages expressing the heating current and the terminal voltage of the test heater, 

heater surface temperatures and bulk liquid temperatures are sent to each insulated amplifier, 

and the amplified signals are led to a digital computer through AD converters. The heat flux, q, 

is calculated from the measured values of the heating current and the terminal voltage. The 

measured output voltage for each thermocouple is converted to temperature by using the 

voltage-temperature relation preliminary calibrated for each thermocouple. The calibration 

was performed in sodium by using a standard precision PR(13%) thermocouple. The heater 

wall temperature, Tw, was calculated from the measured temperature at 0.25 mm inner 

positions from the surface by solving the thermal conduction equation in the heater sheath 

supposing a uniform surface heat flux, q. Measurement error was estimated to be 1 % in the 

heat flux and 2 K in the heater wall temperature. The edge effect on natural convection heat 

transfer from both cylinders was estimated based on the theoretical solution for 3-dimensional 

natural convection model to be about 5 % and 2 % for the upper and lower cylinders 
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respectively at the outermost thermocouple locations of 9 mm from both ends of heated 

section, and negligibly small at other thermocouple locations. 

    Experiments were performed as follows. After charging up liquid sodium to the test loop 

from the storage tank, sodium was purified to an oxide content of less than 5 ppm by 

circulating it through a cold trap at the temperature of 390 K for about 8 hours. Then, the 

circulation pump was shut off and liquid level in the test vessel was adjusted to about 300 mm 

above the horizontal test cylinders. Liquid temperature was raised and kept constant at 673 K 

by using the electric furnace. Pressure of Argon cover gas was kept constant at around 

atmospheric. After the system has reached a steady state with negligible vertical temperature 

distribution in the liquid, electric current to the test cylinders was gradually raised to a desired 

heat flux level. The heat flux was kept for 76 s during which the measurements were made in 

the time intervals of 0.1 s.  

 

3. Experimental Results and Discussion  

3.1 The Correlation Previously Obtained for a Single Horizontal Cylinder 

    The correlation of natural convection heat transfer from single horizontal cylinders based 

on rigorous numerical solutions for natural convection without the boundary layer 

approximation previously obtained by some of the authors [3] is firstly explained. The 

theoretical values of Nu for a wide range of Ra for Pr ranging from 0.005 to 10 were 

expressed by a single curve on the Nu versus modified Rayleigh number Rf 

[=Gr
*
Pr

2
/(4+9Pr

1/2
+10Pr)] graph. The theoretical Nu values on a horizontal cylinder 

obtained with boundary layer approximation for Pr from near zero to infinity can be 

expressed as a single line, (Nu=1.03 Rf
1/5

), on log Nu versus log Rf graph. This is the 

asymptotic line to which true Nu approaches with the increase in Rf. The following correlation 

for Nu was given as a function of Rf by least square fitting within 4% error.  

z10Nu         (1) 
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where 

4
f

4-3
f

3-

2
f

-2
f

)R (log100.238613-)R (log100.232432-

)R (log100.664323R log 0.1450370.193385  z




  (2) 

    The correlation based on the theoretical values expressed the authors' experimental data 

on single horizontal cylinders of 7.6 and 10.7 mm in diameter in liquid sodium for a wide 

range of Rf within 10 % deviation and many conventional experimental data obtained by 

other workers on various diameter cylinders in various liquids and gases with Pr from 0.005 

to 6.7, for Rf from about 10
-8

 to 10
6 
within 20 % deviation.  

    The correlation was also compared with existing correlations. The values by Churchil 

and Chu's correlation [1] for Pr ranged over 0.005 to 10 were lower than those by Equation 

(1) for Rf > 10
-4

 with the maximum deviation of 20 %. The values agreed with the correlation 

at around Rf =10
-4

 and then became far higher than that by Equation (1) with decreasing Rf 

from 10
-4

. The values predicted by Raithby and Hollands' correlation [2] were in good 

agreement with those by Equation (1) in most of the Rf range. However, in the range (10
-6.5

 < 

Rf < 10
-1.5

), the values by their correlation were about 10 % higher than those predicted by 

Equation (1) and in good agreement with conventional experimental data in the range. It was 

suggested that the correlations based on experimental data had a possibility of containing the 

same order of errors as the experimental errors. In this work, average heat transfer coefficients 

on two cylinders measured for a wide range of heat input and corresponding theoretical value 

are plotted to compare with each other on a Nu versus Rf graph.  

 

3.2 Experimental Results of Heat Transfer Coefficients for Upper and Lower Cylinders at 

Each Setting Angle 

    Natural convection heat transfer coefficients on two horizontal 7.6 mm-diameter 

cylinders at the same heat input were measured. Experimental conditions are tabulated in 

Table 1.  
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                              < Table 1 > 

    The experimental results for the two cylinders are compared with the rigorous solutions 

for the theoretical model of laminar natural convection heat transfer from two parallel 

horizontal cylinders with a uniform heat flux obtained for the same conditions as the 

experimental ones considering the temperature dependence of thermo-physical properties by 

using a commercial CFD cord PHOENICS [6]. Outline of the theoretical equations and 

calculation method are shown in Appendix 1. Table 2 shows the parameters used for the 

calculation. 

                              < Table 2 > 

3.2.1 In case of the setting angle =0  

Experimental results of average heat transfer coefficients in case of =0 (upper cylinder 

is just above the lower one) are plotted on Nu vs. Rf graph in Figure 4. Open circles show the 

results for the lower cylinder and open triangles show those for the upper cylinder. As can be 

seen in the figure, the value of Nu for the upper cylinder at each Rf is about 20 % lower than 

that for the lower cylinder. The Nu values for single cylinders predicted by Equation (1) are 

shown in the figure as a solid curve for comparison. The experimental results of Nu for the 

lower cylinder are almost in agreement with the curve for whole range of Rf tested here. 

Numerical solutions of Nu for the lower and upper cylinders are also shown in the figure as 

solid circles and solid triangles, respectively. The numerical solution for the lower cylinder is 

from about 8 % to 17 % lower than the experimental one. The solution for the upper cylinder 

is about 15 % lower than the experimental one for Rf  4; the difference becomes larger with 

the decrease in Rf from 4.  

< Figure 4 > 

    Figure 5 shows the peripheral distribution of local Nusselt numbers Nu on the upper 

and lower cylinders for the data shown in Figure 4 at Rf=6.9 (q=1.0  10
6
 W/m

2
) in 

comparison with the numerical solutions of Nu for a single cylinder. The Nu is the Nusselt 
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number at the angle  from the bottom (=0 at the bottom). The data for the lower and upper 

cylinders are shown as solid circles and solid triangles, respectively with the fluctuation range. 

Considering the symmetry of the phenomena in case of =0, measured values on the left 

hand side are plotted at a corresponding angle on the positive  region. As can be seen in the 

figure, Nu data for the lower cylinder almost agree with the values for a single cylinder. On 

the contrary, Nu data for the lower part of the upper cylinder ( 90) are affected by the 

thermal boundary layer of the lower cylinder: they become lower than those for the lower 

cylinder and single cylinder with the decrease in  from around 90. The Nu at =0 is about 

63 % of that for the lower cylinder. Numerical solutions of the Nu for the lower and upper 

cylinders are also shown as open circles and open triangles, respectively, in the figure. The 

theoretical Nu for the lower cylinder are almost in agreement with the corresponding 

experimental data and with the curve for the single cylinder. However, those for the upper 

cylinder are about 15 % lower than the corresponding experimental data for all the  range. 

That causes the theoretical Nu values about 15 % lower than the corresponding experimental 

data as mentioned above.  

< Figure 5 > 

3.2.2 In case of the setting angle =30  

Average heat transfer coefficients in case of =30 are shown in Figure 6. The Nu values 

for the upper cylinder are about 20 % lower than those for the lower cylinder for the Rf lower 

than 1.3. They approach the latter values with the Rf becoming higher than 1.3, and finally 

arrive at the value about 14 % lower than the latter values at Rf =14. Numerical solutions of 

the Nu for the lower and upper cylinders are also shown in the figure for comparison. The 

solutions for the lower and upper cylinders are about 10 % lower than the average of the 

corresponding experimental data. 

< Figure 6 > 

    Figure 7 shows the typical distribution of Nu on the upper and lower cylinders for the 
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data shown in Figure 6 at Rf=6.7. As can be seen in the figure, Nu data for the lower cylinder 

almost agree with the values for a single cylinder, although the data are somewhat scattered. 

On the contrary, Nu data for the upper cylinder in the positive  region (right hand side of the 

cylinder facing the lower cylinder) are lower than those for the lower cylinder and single 

cylinder being affected by the thermal boundary layer of the lower cylinder. Numerical 

solutions of Nu for the lower and upper cylinders are shown as open circles and open 

triangles, respectively, in the figure. The solutions for the lower and upper cylinders are 

almost in agreement with the corresponding experimental data. 

< Figure 7 > 

3.2.3 In case of the setting angle =60  

The data of Nu in case of =60 are shown in Figure 8. The Nu values for the upper 

cylinder are about 14 % lower than those for the lower cylinder. The theoretical solutions of 

Nu for the lower and upper cylinders are also shown in the figure for comparison. The 

solutions for the lower cylinder almost agree with the corresponding experimental data, and 

those for the upper cylinder are about 6 % higher than the average of corresponding 

experimental data. 

< Figure 8 > 

    Figure 9 shows the distribution of Nu on the upper and lower cylinders for the data 

shown in Figure 8 at Rf =6.7. As seen from the figure, Nu data for the lower cylinder agree 

with the value for a single cylinder at  around 0, and they become higher and lower than the 

corresponding values for a single cylinder with increasing and decreasing  from the value, 

respectively. Namely, the heat transfer in the left side of the lower cylinder facing the upper 

cylinder is disturbed and that in the opposite side is enhanced by the upper cylinder. On the 

other hand, Nu in the positive  region of the upper cylinder (right side of the cylinder facing 

the lower cylinder) are lower than those for the lower cylinder, although the data in the 

negative  region are almost in agreement with those for a single cylinder. The theoretical 
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solutions of Nu for the lower and upper cylinders are shown in the figure. In comparison with 

the experimental data, the solutions of Nu for the lower cylinder agree with the experimental 

data at =0 but they are higher and lower than the experimental data in the negative and 

positive range of , respectively. These differences compensate with each other and the 

theoretical Nu values for the lower cylinders are almost in agreement with the experimental 

data as mentioned above. The solutions of Nu for the upper cylinder almost agree with the 

experimental data in the positive  range but they are 11 % at =-30, 15 % at =-90 and 

32 % at =-120 higher than the experimental data in the negative  range. These differences 

cause the Nu higher than the experimental data.  

< Figure 9 > 

3.2.4 In case of the setting angle =90  

The data of Nu in case of  =90 (one cylinder is just beside the other) are shown in 

Figure 10. As the peripheral distribution of local surface temperatures on one cylinder is 

almost symmetrical to that on the other cylinder, Nu are obtained based on the measured local 

surface temperatures on both cylinders. The Nu value at Rf =0.1 is about 26 % lower than the 

curve for a single cylinder; it increases and gradually approaches the curve with the increase 

in Rf and almost agrees with the curve for Rf  5. It should be noted that, in the cases of  =60 

and 90, Nu for both cylinders become lower than the corresponding values for a single 

cylinder in the lower Rf range due to the mutual effect. On the contrary, in the cases of  =0 

and 30, Nu for the lower cylinder almost agree with those for a single cylinder, and only the 

heat transfer from upper cylinder is disturbed by the mutual effect. The theoretical solutions 

of Nu are also shown in Figure 10 for comparison. They are in agreement with the 

corresponding experimental data within the scattering range. 

< Figure 10 > 

    Figure 11 shows the typical distribution of Nu on the left side cylinder (which is the 

upper cylinder for  < 90) for the data shown in Figure 10 at Rf =6.7. As the peripheral 
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distribution of heat transfer coefficients on one cylinder is almost symmetrical to that for the 

other cylinder, Nu data on the right side cylinder are also plotted in the figure at the 

corresponding . Though the Nu data in the negative and positive  range are slightly higher 

and lower than the values for a single cylinder, respectively, they are almost in agreement 

with those for a single cylinder. The theoretical solutions of Nu are also shown in the figure. 

The solution almost describes the angular distribution of the Nu. 

< Figure 11 > 

 

3.3 Effect of the Setting Angle 

    The experimental data of Nu for Rf =0.448, 4.6, and 13.8 are shown versus the setting 

angle  in Figures 12 (a), 12 (b), and 12 (c), respectively, in comparison with the theoretical 

solution. The value for a single cylinder is also shown in each figure as a broken line. As 

shown in these figures, the experimental values of Nu for the upper cylinder are lower than 

those for the lower cylinder: the difference becomes smaller with the increase in  and arrives 

at zero at  =90. For the low heat flux corresponding to Rf=0.448 shown in Figure 12 (a), the 

experimental data for the lower cylinder at  =0, 30 are almost in agreement with, and those 

for  larger than 60 are about 20 % lower than the value for a single cylinder. For the heat 

flux ten times higher (Rf=4.6) shown in Figure 12 (b), the experimental data for the lower 

cylinder are almost in agreement with the value for a single cylinder for all the  range. For 

the heat flux further about three times higher (Rf=13.8) shown in Figure 12 (c), the 

experimental data for the lower and upper cylinders have maximum values at  =30. These 

maximum values are not predicted by the theoretical solutions and are about 15 % higher than 

the predicted values.  

< Figures 12 (a), 12 (b), and 12 (c) > 

 

4. Correlations for Two Cylinders 



 13 

    The numerical solutions agreed with the Nu data within 15 % difference. In this section, 

the correlations for two cylinders including the effects of  and S/D is presented based on the 

numerical solutions. Then a combined correlation for multi-cylinders in a vertical array with a 

constant S/D is developed based on the correlations for two cylinders.  

 

4.1 Estimation of S/D Effect 

    The effect of S/D on natural convection heat transfer from each of the two horizontal 

cylinders was estimated based on the numerical solutions of the above mentioned theoretical 

model. The calculations were made for the S/D of 1.5, 2.0, 3.0 and 4.0 at the  of 0, 30, 60 

and 90 for Rf ranging from 0.064 to 13.8. The ratios of the calculated Nu to those for a single 

cylinder given by Equation (1) at the same condition, Nu/Nusc, are shown versus  with S/D as 

a parameter in Figures 13 (a), 13 (b) and 13 (c) for the Rf values of 0.448, 4.6 and 13.8, 

respectively. The open symbols show the values for the lower cylinder and the solid symbols 

show those for the upper cylinder. As can be seen in these figures, the values of Nu/Nusc for 

the upper cylinder are lower for the lower values of S/D,  and Rf. The values of Nu/Nusc for 

the lower cylinder show nearly the same trend of dependence on S/D,  and Rf, although they 

are far higher than the corresponding values for the upper cylinder. 

< Figures 13 (a), 13 (b) and 13 (c) > 

 

4.2 Correlations for Two Cylinders 

    The calculated values of Nu/Nusc for the upper and lower cylinders are approximately 

expressed by the following correlations.  

 

For the upper cylinder: 

)]/(exp[60.01/ DSARNuNu m
fSC      (3) 

where  
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 33 1067.112.0m,108.629.0A    

For the lower cylinder: 

)]/(exp[1/ DSKRCNuNu n
fSC      (4) 

where  









3

3

102.116.0

)/arcsin(:9.0
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,102.24.0
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




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

n
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SDDSK

C

 

The curves of Nu/Nusc for upper and lower cylinders derived from these correlations are 

shown in Figures 13 (a) to (c) for comparison. They are in agreement with the numerical 

solutions for the upper and lower cylinders within 9 % error.  

 

4.3 Application of the Correlations for Two Cylinders to Multi-cylinders 

    It was intended to present a combined correlation for multi-cylinders in a vertical array 

with a constant S/D based on the correlations for two cylinders. Each horizontal cylinder 

consisting the vertical array are numbered sequentially from i=1 (lowermost cylinder) to i=Nm 

(uppermost one). 

The combined correlation is as follows: 

 

}]/)(exp{1[

}]/)(exp{60.01[/

1

1

1

DSiNKRC

DSiaARNuNu

m

mN

ai

n
f

a

i

m
faiSC

 

 










  (5) 

 

where the Nu/Nusc value for a cylinder with i=a is given by multiplying the mutual effects 

between the cylinder and other lower and upper cylinders predicted by Equations (3) and (4). 

    The theoretical solutions of natural convection heat transfer from five and nine 

horizontal cylinders in a vertical array with S/D of 2 were obtained. The values of Nu/Nusc for 

each cylinder are shown versus cylinder number N in Figures 14 and 15 with Rf as a 
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parameter. As shown in the figure, the value of Nu/Nusc at each cylinder is higher for higher 

Rf , and the value for a certain Rf is lower for upper cylinder. The values of Nu/Nusc for each 

cylinder derived from the combined correlation are shown as a curve for each value of Rf in 

the figure for comparison. The values for Rf higher than 4.67 are within 10 % of the 

theoretical solution, and those for the Rf of 1.29 and 0.45 are about 18 and 26 %, respectively, 

lower than the solution.  

< Figures 14 and 15 > 

 

4.4 Comparison of the Correlation with Other Worker's Experimental Data on 

Multi-Cylinders in Air 

    The correlation for multi-cylinders in a vertical array including the effects of Rf ,  and 

S/D may be applicable to the experimental data in other liquids and gases because the 

correlation is based on the Nusc derived from the general correlation of natural convection 

heat transfer for a single cylinder and Rf is a generalized Rayleigh number. The correlation 

was compared with Marsters' experimental data [4] for five cylinders in a vertical array 

consisting S/D=2 in air. 

    Experimental data for each cylinder are shown in Figure 16 with Rf as a parameter. The 

trend of Nu/Nusc for Rf and N is almost similar to the results of liquid sodium shown in Figure 

14. The values of Nu/Nusc for each value of Rf derived from the correlation for multi-cylinders 

are shown as an individual curve for comparison. This correlation predicts the experimental 

data for five cylinders in air within 16 % difference.  

< Figures 16 > 

    It is expected from these comparisons that the combined correlation based on the 

correlations for two cylinders may be applicable to multi-cylinders in 2 dimensional arrays in 

liquid sodium, although some modifications may be necessary. In Part 2 of this work, natural 

convection heat transfer from multi-rod bundles is numerically analyzed in liquid sodium and 
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a generalized correlation for multi-rod bundles is developed.  

 

5. Summary and Conclusions 

    Experimental data of natural convection heat transfer on two horizontal cylinders with a 

uniform heat flux were obtained systematically for a wide range of Rayleigh number at the 

setting angles of the cylinders,  , over the range of 0 to 90. 

    The data of Nu for the upper cylinder are about 20 % lower than those for the lower 

cylinder at  =0. The values of Nu for the upper cylinder become higher and approach those 

for the lower cylinder with the increase in  to 90.  

    Theoretical solutions for the same conditions as the experimental ones were obtained. 

The experimental data for each cylinder are in agreement with the corresponding theoretical 

ones within 15 % difference.  

    The theoretical values of Nu on the cylinders with the S/D values ranging from 1.5 to 4 

were obtained for the various angles of . 

    The correlations to express the natural convection heat transfer from two cylinders for 

the values of  and S/D were presented based on the theoretical values. 

    The combined correlation for multi-cylinders in a vertical array based on the correlations 

for upper and lower cylinders was presented. 

 

Nomenclature 

A          = parameter in Equation (3)   

C          = parameter in Equation (4)   

D          = cylinder diameter, m   

Gr
*
        = g  q D

4
/ 2

, Grashof number for constant heat flux   

g          = acceleration of gravity, m/s
2
  

K          = parameter in Equation (4)  
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m          = exponent in Equation (3)  

N          = cylinder number   

Nm         = total number of cylinder  

Nu         = average Nusselt number  

Nusc        = average Nusselt number for single cylinder  

Nu      = local Nusselt number at the position specified by the angle at the circumference  

n          = exponent in Equation (4)   

Pr         = Prandtl number  

q          = heat flux, W/m
2
  

Ra
*
        = Gr

*
Pr, Rayleigh number for constant heat flux   

Rf         = Gr
*
Pr

2
/(4+9Pr

1/2
+10Pr), modified Rayleigh number  

S          = distance between the center axis of two parallel horizontal cylinders, m  

T0         = bulk liquid temperature, K 

Tw         = heater wall temperature, K 

          = volumetric expansion coefficient, K
-1

  

          = setting angle of the two horizontal cylinders, deg  

          = peripheral angle from the bottom of the cylinder, deg   

          = thermal conductivity, W/(m K)   

          = kinematic viscosity, m
2
/s  
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Appendix 1  

 

Theoretical solution of laminar natural convection equations  

A.1 Fundamental Equations 

    The unsteady laminar two dimensional basic equations in boundary fitted coordinates as 

shown in Figures 17 (a) and (b) for =0, and Figures 18 (a) and (b) for  =30 are 

described as follows. 

< Figures 17 (a) and (b) > 

< Figures 18 (a) and (b) > 

 

(Continuity Equation) 
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(Momentum Equation) 
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(Energy Equation) 
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x

u

xx 


  2 , 

z

w

zz 


  2 , 



















x

w

z

u

zxxz
   (10) 

u, w are the x, z components of a velocity vector, respectively.  

The control volume discretization equations were derived from these equations by using the 

hybrid scheme [7]. The thermo-physical properties for each control volume are given as those 

at each volume temperature. The equations are numerically analyzed together with the 

following boundary conditions. 

 

On the surfaces of cylinders: constant heat flux, and non-slip condition.  

At the left and right outer boundary: 

0,0 





x

u
TT    (for in-flow) 

0,0 



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



x

u

x

T
   (for out-flow) 

At the lower and upper boundary:  

 0,0 





z

w
TT    (for in-flow) 

0,0 









z

w

z

T
   (for out-flow) 

where T0 is a bulk liquid temperature. The procedure for the calculation of the flow field is the 
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SIMPLE algorithm which stands for Semi-Implicit Method for Pressure-Linked Equations. 

Stepwise increase in surface heat flux was considered as an initial condition, and numerical 

calculation was continued until the steady-state was obtained. Table 2 shows the parameters 

used for the calculation. Average heat transfer coefficient on the cylinder surface was obtained 

by averaging the calculated local temperatures at every 10 in . All the calculations were 

made by using the PHOENICS code [6]. 
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Table 1.  Experimental Conditions.  

 

System Pressure   85  94 kPa  

Upper Cylinder Diameter (D) 7.6 mm  

Upper Cylinder Length  50 mm  

Lower Cylinder Diameter (D) 7.6 mm  

Lower Cylinder Length  50 mm  

S/D (S=Distance between 2  

       Cylinder Axis) 

 (Setting Angle)  0, 30, 60, 90  

Liquid Temperature  673 K  

Liquid Head   300 mm  

Heat Flux (q)   2  10
4
  2  10

6
 W/m

2 
 

                            qUpper Cylinder=qLower Cylinder  

Rf (=Gr
*
Pr

2
/(4+9Pr

1/2
+10Pr)) 0.1 14  
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Table 2.  Parameters for Calculation.  

 

2 Cylinders 

System Pressure   101.3 kPa  

Upper Cylinder Diameter (D) 7.6 mm  

Lower Cylinder Diameter (D) 7.6 mm  

S/D (S=Distance between 1.5, 2, 3, 4, 5  

       Cylinder Axis) 

 (Setting Angle)  0, 10, 30, 60, 90  

Liquid Temperature  673 K 

Heat Flux (q)   1  10
4
,  2  10

4
,  7  10

4
,  

2  10
5
,  7  10

5
,  1  10

6
,  

2  10
6
,  7  10

6
 W/m

2 
 

Gr
*
    1.20  10

4
, 2.41  10

4
, 8.54  10

4
,  

2.49  10
5
, 9.33  10

5
, 1.38  10

6
,  

3.06  10
6
, 1.43  10

7
  

Ra
*
(=Gr

*
Pr)   5.98  10

 
, 1.20  10

2
, 4.24  10

2
,  

1.23  10
3
, 4.50  10

3
, 6.59  10

3
,  

1.42  10
4
, 6.17  10

4 
 

Rf (=Gr
*
Pr

2
/(4+9Pr

1/2
+10Pr)) 0.0637, 0.128, 0.448,  

1.29,  4.60,  6.65,  

13.8,  57.0  

 

5 Cylinders 

System Pressure   101.3 kPa  

Each Cylinder Diameter (D) 7.6 mm  
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S/D    2  

 (Setting Angle)  0  

Liquid Temperature  673 K 

Heat Flux (q)   1  10
4
,  2  10

4
,  7  10

4
,  

2  10
5
,  7  10

5
,  1  10

6
,  

2  10
6
,  7  10

6
 W/m

2 
 

Gr
*
    1.20  10

4
, 2.41  10

4
, 8.54  10

4
,  

2.49  10
5
, 9.33  10

5
, 1.38  10

6
,  

3.06  10
6
, 1.43  10

7
  

Ra
*
(=Gr

*
Pr)   5.98  10

 
, 1.20  10

2
, 4.24  10

2
,  

1.23  10
3
, 4.50  10

3
, 6.59  10

3
,  

1.42  10
4
, 6.17  10

4
 

Rf (=Gr
*
Pr

2
/(4+9Pr

1/2
+10Pr)) 0.0637, 0.128, 0.449,  

1.29,  4.67,  6.78,  

14.2,  63.1  
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Figure 1.  Schematic diagram of test vessel. 
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Figure 2.  Schematic diagram of two horizontal cylinders with S/D=2. 





 29 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3 (a).  Thermocouple locations for =0. Figure 3 (b).  Thermocouple locations for =30.  

Figure 3 (c).  Thermocouple locations for =60. Figure 3 (d).  Thermocouple locations for =90.  
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Figure 4.  Experimental data of Nu for lower and upper cylinders at =0 compared with the 

theoretical solutions.  
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Figure 5.  Comparison of Nu data for =0 with the theoretical solutions. 
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Figure 6.  Experimental data of Nu for lower and upper cylinders at =30 compared with the 

theoretical solutions. 
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Figure 7.  Comparison of Nu data for =30 with the theoretical solutions. 
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Figure 8.  Experimental data of Nu for lower and upper cylinders at =60 compared with the 

theoretical solutions. 
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Figure 9.  Comparison of Nu data for =60 with the theoretical solutions. 
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Figure 10.  Experimental data of Nu for lower and upper cylinders at =90 compared with the 

theoretical solutions. 



 37 

 

Figure 11.  Comparison of Nu data for =90 with the theoretical solutions. 
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Figure 12 (a).  Effect of setting angle on Nu for Rf=0.448. 
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Figure 12 (b).  Effect of setting angle on Nu for Rf =4.6. 
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Figure 12 (c).  Effect of setting angle on Nu for Rf =13.8. 
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Figure 13 (a).  Nu/Nusc versus  for upper and lower cylinders with S/D as a parameter at Rf 

=0.448. 
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Figure 13 (b).  Nu/Nusc versus  for upper and lower cylinders with S/D as a parameter at Rf =4.6. 
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Figure 13 (c).  Nu/Nusc versus  for upper and lower cylinders with S/D as a parameter at Rf =13.8. 
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Figure 14.  Nu/Nusc versus cylinder number N for Nm=5 with Rf as a parameter. Comparison 

with the predicted curves. 
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Figure 15.  Nu/Nusc versus cylinder number N for Nm=9 with Rf as a parameter. Comparison 

with the predicted curves. 
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Figure16.  Comparison of correlation with Marsters' experimental data on five cylinders in air. 
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Figure 17 (a).  Boundary fitted coordinates for =0. 
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Figure17 (b).  Details of Boundary fitted coordinates for =0. 
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Figure 18 (a).  Boundary fitted coordinates for =30. 
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Figure 18 (b).  Details of Boundary fitted coordinates for =30. 

 


