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An extension of Voronin’s functional independence
for a general Dirichlet series

By

Hirofumi NAGOSHI*

Abstract

We give a hybrid joint denseness result for values of an axiomatically defined general
Dirichlet series F'(s) and its derivatives. A typical example of F(s) is the Lerch zeta-function
L\ a,s) =32 €™ (n+a)”® with « transcendental. Further, from this result we deduce
two independence properties of those functions. One of them is stronger than the functional
independence in the sense of Voronin for those functions.

§1. Introduction

The study of differential independence for Dirichlet series has a long history. At
the International Congress of Mathematicians in 1900, Hilbert stated that the Riemann
zeta-function ((s) and its derivatives are algebraically independent over the rational
functions C(s). His proof is based on the functional equation of {(s) and the similar
independence property of the Gamma-function I'(s) proved by Hélder in 1886.

Much later, Voronin obtained another proof of Hilbert’s result and a stronger result,
from the viewpoint of the value-distribution of ((s). In fact, Voronin proved that for
any o € (3,1] and any non-negative integer K, the set

{(¢lo+it), (Vo +it),...,¢ (o +it)) e CEH |t € R}

is dense in CE+! (see [16]), and from this he deduced the following functional indepen-
dence for ((s) and its derivatives (see [17] and [7, p. 254]).
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Theorem A. Let K and J be non-negative integers. Let Go,...,Gy: CETT —
C be continuous functions. If

J

D 571G (¢(s),¢M(s), ..., ¢F)(s)) =0

=0

holds identically for s, then we have G; =0 for all 0 < j < J.

Similar and stronger results for L-functions have been established. See e.g. [18§],
[15], [10] and [11]. In the proofs of these results, the fact that the set {logp|p is prime}
is linearly independent over the rationals Q is crucial.

For A € R and 0 < a < 1, the Lerch zeta-function L(\, «, s) is defined by

6277171)\

L\ a,s) = —_—.
( ) RZ:% (n+ «a)®
This series has an analytic continuation to C (except for a simple pole at s = 1 when A\ €
7). In the sequel we assume that « is transcendental. Then the numbers {log(n+a)|n =
0,1,...} are linearly independent over Q. As an analog of Theorem A, Garunkstis and
Laurincikas [8] [5, p. 137] obtained the following result for L(\, «, s).

Theorem B.  The function L(\, «,s) and its derivatives are functionally inde-
pendent in the sense of Voronin. That is, we have the following: Let K and J be
non-negative integers. Let Go,...,Gy: CETY — C be continuous functions. If

J
Zstj (L()\,a, s),L(l)()\,a, 8)ye-- ,L(K)()\,a,s)) =0

j=0
holds identically for s, then we have G; =0 for all 0 < j < J.

As a related result, we have the next theorem, which is due to Amou and Kat-
surada [1, Theorem 1, Corollay 2]. Let D, denote the set of Dirichlet polynomials
{Zﬁ;l apn~*| N € Nya, € C}.

Theorem C.  The function L(\, «, s) and its derivatives are algebraically inde-
pendent over Dy.

In this paper we show two independence results (Theorems 1 and 2) for a general
Dirichlet series F(s) mentioned below and its derivatives, from the viewpoint of their
value-distribution (Theorem 3). A typical example of F'(s) is the Lerch zeta-function
L(\, a, s), where « is transcendental as above, and our Theorems 1 and 2 with F(s) =
L(\, a, s) are stronger than Theorems B and C, respectively.
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We now give a general Dirichlet series which is treated in the present paper. Let

F(s):Z%
n=1

be a general Dirichlet series satisfying the following conditions (I), (II) and (III):
D o< A <A<+, limy 0\ =00, and a, € Cforalln=1,2,....

(IT) There exists a real number oy > 0 such that F(s) converges absolutely in the
half-plane Re s > 0y and such that

Z [an| — 00 as X — oo.

€>\n0—0
n<X

Further, the series

00 2
2 : |an|
eAns
n=1
converges for some real number s = oy with o9 < 01 < 20¢.

(III) The numbers {\, |n =1,2,...} are linearly independent over the rationals Q.

To state our results, we introduce the following. For a real number c, let D, . denote
the set of all general Dirichlet series D(s) such that each D(s) converges absolutely at
some complex number s = sy with Re sg < ¢, where sgp may depend on D(s). If ¢; > ¢
then

Dy, O Dy,

For any real number ¢ we have
1)&0 :)2)3;—00 :)2)37

where D; _o, denotes the set of general Dirichlet polynomials {ijzl ane % | N €
N,a, € C, A\, € R} and Dy is as before.

The next theorem shows that the Dirichlet series F(s) and its derivatives are func-
tionally independent in the sense of Voronin and further that they have a stronger
independence property. Actually, in this theorem, the case Dy(s) =1,...,D;(s) =1 is
the functional independence in the sense of Voronin for those functions.

Theorem 1.  Let F(s) be as above. Let K and J be non-negative integers. Let
Go,...,Gy: CEFTY — C be continuous functions, and Do(s),...,D(s) € Ds.qy- If

J
Z s'D;(s) Gj(F(s), FM(s),...,F¥)(s)) =0
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holds identically for Res > og, then we have
Gj =0 or D](S) =0
for all0 < j < J.

/
Let Ny denote the set of non-negative integers. In this paper, the symbol Z will
denote a finite sum.

Theorem 2.  Let F(s) be as above. Let K be a non-negative integer. Let
!/
(1.1) P(s,Xg,...,Xg) = Z D(s;a,ap,...,ax)s*Xy° - X35,

a,aq,...,ax €ENg

be a polynomial in (K +2)-variables s, Xy, ..., X g whose coefficients D(s;a,ag,...,ax)

are general Dirichlet series in D . If
P(s,F(s),...,F®)(s)) =0
holds identically for Res > og, then P is the zero polynomial.

Theorems 1 and 2 are obtained from the next theorem, which is a "hybrid” joint
denseness result on values of F'(s) and its derivatives. For related hybrid type results,
see e.g. [6] and [13]. As usual, for x € R let ||z| := min,ez |z — n|. Let meas denote
the Lebesgue measure on R.

Theorem 3.  Let F(s) be as above, and let K be a non-negative integer. Let
2, EC0<EkE<K),tgeR,e>0andd > 0. Let ay,...,an be real numbers linearly
independent over Q, and 01, ...,0n € R. Then there exists a real number of, > og such

that, for every o with oy < o < o), the set of real numbers t satisfying
‘F(k)(a—i-ito +it) — zk‘ <e forany0< k<K
and
last— 051l <& for any1<j <N
has a positive lower density, that is,

1
lijgninffmeas({te [O,T]‘ ‘F(k)(a—l—ito—f—it)—zk <e forany0 <k <K
and |lajt — 65| <9 for anylﬁjﬁN}) > 0.

§ 2. Preliminary results

Let T denote the unit circle {s € C| |s| = 1}.
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Lemma 4.  As in condition (III), let {\, |n =1,2,...} be real numbers linearly
independent over Q. As in Theorem 3, let aq,...,an be real numbers linearly indepen-
dent over Q, and 0y, ...,0n € R. Then there exist a finite set B = B(ay,...,any) CN
and real numbers 0} (n € B) such that for any finite set A C N\ B, any real numbers
on (n € A) and any 6 > 0, the set of real numbers t satisfying the inequalities

< and max‘—)\—nt—gbn <
27

A
max _|a;t — 6] <9, max‘ - t—0
neA

*
1<j<N nEB 2 "

has a positive lower density.

Proof. Lemma 2.6 of [12] gives this lemma, since the linear independence of
{An|n =1,2,...} over Q implies the linear independence of {—;‘—; ln =1,2,...}
over Q. O

Lemma 5. Let F(s) = Y07 ane % be a general Dirichlet series satisfying

conditions (1) and (II). Let K be any non-negative integer, and ty € R. For eachn € N,
let F,, be the element of CE+L given by

Fn::< @ (M) an (“Aa)?an (—)\n)Kan).

eAn(0otito) ’ pAn(oo+ito) ’ pAn(oo+ito) > " "7 pAn(oo+ito)

Let y be any positive real number. Then the set

{ Z cn ',

y<n<v

VZy,cneTforeverynENwithygngy}

is dense in CE+1,

Proof. Lemma 4 of [9] gives this lemma, since if ¢ € T then ce~*»#o ¢ T, O

Lemma 6. Let F(s) = > o, ane ™ be a general Dirichlet series satisfying
conditions (I) and (II). Let K be any non-negative integer, and ty € R. Then there
exist a real number oo with 0 < 09 < 0g and a sequence {e, € T |n =1,2,...} such
that for every 0 < k < K the series

- Z':n(_>\n)kan
1; 6)\n (o2+ito)
converges.
Proof. This is obtained from [9, Lemma 5]. O

From Lemmas 5 and 6 we obtain the next proposition.
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Proposition 7.  Let F(s) =) o_, ane "% be a general Dirichlet series satisfy-
ing conditions (I) and (II). Let B be a finite subset of N, and 0} € R forn € B. Let K
be a non-negative integer and tyg € R. Let z, € C (0 < k < K) and € > 0 be arbitrary.
Then there exist a sequence {b, € T |n € N\ B}, a large real number Xo > 0 and a
real number oy > oo such that if o satisfies o9 < o < o, then for all X > Xy and
0 <k <K we have

e ¥ e 3 e
k en (0 +ito) en (0 +ito) :
neN\B,n<X neB,n<X

Proof. Let og and {e, € T|n=1,2,...} be asin Lemma 6. Then by a well-known
property of Dirichlet series (see [4, p. 28, Corollary 1.3]), the series

ekn (S+it0)

2 en(—Mn)ay,

converges uniformly on compacta (in particular, on the segment [og,00 + 1]) in the
half-plane Re s > g5. Thus we can take a large number y > 0 such that

(2.1) Yy > sup n
neB

and such that

(2.2) sup
co<o<op+1

en(—Mn)kay,
Z Mlotite) | <
e n\0T1lo

n>yi

£
4

for every y; > yand 0 < k < K.
By Lemma 5, there exist a real number v > y and numbers {¢, € T |y < n < v}
such that

(2.3)
(—=\)*ay, e2 0 (—\p)*an cn(=Mn)ka,
<Zk— Z eAn(ootito) Z eAn(0o+ito) - Z eAn (0o+ito)

neN\B,n<y neB,n<y y<n<v

<5
4

for every 0 < k < K.
For each n € N\ B, we put

1 fl<n<y,
(2.4) bpi=qc, ify<n<u,

e, ifn>wv.
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By continuity, there exists a real number oy < 0(, < 0¢ + 1 such that if o satisfies
oo < o < o), then

bﬂ(_)\n)kan eQwinb(_)\n)kan
(2'5) ‘ ( Z eAn(oo+ito) Z eAn(oo+ito)
neN\B,n<v neB,n<y
by (—An)fan, e2mifn (— )\, ka,, €
Sy mEE Y o] <
eAn(o+1t 0) e)\n(‘7+7't0) 4
neN\B,n<v neBn<y

for every 0 < k < K.
Let X := v and let o be a real number with op < o < (. Let X be any real
number greater than Xy. By the triangle inequality, (2.5), (2.3), (2.1) and (2.4), we

have

bn(_)\n)kan eZniO;‘L(_)\n)kan
(2:6) “k Z oAn(otito) Z eAn(oFito)
neN\B,n<v neB,n<y
b (—An)Fa, 2™ (=N ra,| e e
<lm— X eAn(ootite) 2 Anlootit) | T4 7
neN\B,n<v neB,n<y
By (2.2) we have
En(_)\n)kan . 5n(_>\n)kan Sn(_An)kan
(2.7) Z eAn(o+ito) | Z ern(otito) Z eXn (0+ito)
r<n<X n>v n>X
en(=An)*ay, en(=Mn)Fany £
S Z eAn (o+ito) Z eAn (0+ito) 9°
n>v n>X
Thus, from (2.1), (2.6), (2.4) and (2.7) we conclude
bn(—)\n)kan 62771'6;(_)\“)1@%
Pk~ Z oAn(otito) Z on (o Fito)
neN\B,n<X neBn<X
bo(—=n)*an e2™ 00 (= \,)*an bn(—=An)Fan
=|*k Z eAn(otito) Z ecn(otito) Z oAn (0 tito)
neN\B,n<v neBn<y v<n<X
bo(—n)*ay, 2™ 0n (=) Fan bo(—=n)*ay,
S |2k — Z eAn(otito) Z eAn (0 +ito) Z eAn (0 +ito)
neN\B,n<v neB,n<y v<n<X
< e&.

This completes the proof.

8§3. Proof of Theorem 3

Let B and 6} (n € B) be as in Lemma 4. According to Proposition 7, there exist a
sequence {b, € T |n € N\ B}, a large real number Xy > 0 and a real number o > o9
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such that if o satisfies 09 < 0 < o{), then for all X > Xy and 0 < k < K we have

bn(—X\n)ka, eQWieZ(—)\n)kan €
“k ( Z eAn (o +ito) + Z eAn (0 +ito) < 3

neEN\B,n<X neB,n<X

(3.1)

In the following, we fix a number o with o9 < o < (. By condition (II), the
series F(k)(s) converges absolutely in the half-plane Res > o¢ for every 0 < k£ < K.
Therefore, if X; is a large positive real number satisfying

¢ 1 Mlan| e
Ap > 1foralln > X; and Z o <§,
n>X1
then, for all 0 < k£ < K, X > X; and t € R, we have
k k
(k) . . . (_>\n) an <_)\n) (079
(3.2) F® (o +itg +it) — Y S| < > prw )
n<X n>X
)‘Ifz |an| )‘ﬁ |an| )‘5 |an| €
SZWS > Ao = > e S 3
n>X n>Xq n>Xq

We fix a large number X5 satisfying
Xo > max{Xp, X1} and Xy>n forallne B.

For each b, € T in (3.1), we write b, = e2™» with 0 < ¢,, < 1. Then, by continuity,
there exists a small number §; with 0 < §; < § such that if ¢ € R satisfies

An :
(3.3) H—2—t—¢n <6 for any n € N\ B with n < X5
T
and
An .
(3.4) H — 2—t — 07| <01 for any n € B,
T

then for any 0 < k < K we have

bn(—X\n)ka, eQTrieZ(—)\n)kan (—\n)Fa,
’( Z eAn (o+ito) + Z eAn (o+ito) o Z eAn(o+ito+it)

neEN\B,n<X, neB n<Xo

<

€

3
This, (3.1) and (3.2) imply that if ¢ € R satisfies (3.3) and (3.4), then for any 0 < k < K
we have

(3.5) ’F(’“) (0 +ito +it) — 2

:’F<k>(g+it0+it)_ 5 (“An)an S (=An)Ean

e)\n(a-i-ito-i-’it) e)\n(O'-i-’ito—‘y-it)
n<Xo n<Xo
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b (=, kan e27ri0:§ A k:an
(3 bl 5o

eAn(o+ito) eAn(o+ito)
neN\B,n< X, nebB
n Z bn(—)\n)kan n Z 62”92(—)\”)]‘3&” _
oAn (0 +ito) eAn (0 +ito) k
neN\B,n< X, neB

<€—I—E—i—€—5
3 3 3 7

Lemma 4 gives

1 )\n .
lim inf ?meas<{t € (0,7 ‘ H — 2—t — ¢n|| <01 for any n € N\ B with n < X,
T

T—o0

An
H——t—&;‘; <6, foranyne B
2m

and ||a;t —0;]| <01 forany 1 <j < N}) > 0.
Using this and (3.5) and recalling §; < §, we conclude

1
lim inf Tmeas({t €[0,T] ‘ ‘F(k)(a + ity + it) — zk‘ <e forany0<k<K

T—oo

and ||a;t — 0| <6 forany 1<y §N}> > 0.

This completes the proof of Theorem 3.

84. Proof of Theorem 1

We can prove Theorem 1 by using an argument in [10]. For the sake of completeness
of the present paper, we will give a detailed proof. Let F(s), K, J, G}, D;(s) be as in
Theorem 1. Assume that for some 0 < j < J we have G; # 0 and D;(s) # 0. In order
to obtain Theorem 1, it suffices to show that there exists a complex number s, with
Re s, > 0g such that

J

(4.1) > s8I Dj(s.) Gi(F(s.), FV(s.) ..., FH)(s,)) #0.
=0

Let Jo := max{0 < j < J|G; #0 and D;(s) # 0}. By the definition of D; ,, the
series D j,(s) is holomorphic for Res > o1 with some real number o1 < 0, and we

have D, (s) # 0. Hence, by a fundamental property of a holomorphic function (see [14,
Theorem 10.18]), we have

(42) Co :— |DJ0 (0'0 + Zto)’ 7& 0

for some real number ¢g. We write




256 HiroruMI NAGOSHI

and set

g = ‘o
" 100°

Since by the definition of D ,, the series D, (s) converges absolutely at s = o, we
have a large positive integer M such that

|6 |
(43) Z el’m—a'o <€
m>M

By definition, there exists a small number dy = do(&, {bm }, {vm}, M) > 0 such that
if t € R satisfies

(4.4) H — I;—th < dp for every integer 1 <m < M
T

then

b, b,
Z evm (ootito+it) Z eVm (co+ito) < €&
M

m<M m<

Hence it follows from the triangle inequality, (4.2) and (4.3) that, for any ¢ € R satisfying
(4.4), we have

. . bm bm
(4.5) |D o (00 + ito +it)| = Z ovm (G0 +ito+it) + Z ovm (Gotito+it)
m<M m>M
bin bin
=z Z eVm (co+ito+it) | Z eVm (Go-+ito+it)
m<M m>M
b bm,
=z Z eVm (co+ito) e~ Z eVm (co+ito+it)
m<M m>M
> p " bm bm,
> | Dy, (00 +ito) — Z evm(00+ito) —&- Z evm (0o+itotit)
m>M m>M
> Dy +ito) — | 3 —tm |y Moml
- Jo\Y0 0 eym(00+it0) evymoo
m>M m>M
= [ \00 T o om0 € om0
m>M m>M

C
260—36>50.
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Let {a1,...,an} be a basis of the vector space over Q generated by the numbers v,
(1 <m < M). Let Ny be an integer such that, for each 1 <m < M,

(4.6) Z M N

where n,, ; € Z. Then, since we have the inequalities
161 4 02| < [|62]] + (62| (61,02 € R)
and
[nfll < Inlfl0 (0 €R,neZ)

(see e.g. [2, p.ix]), there exists a small number 6; = d1(do, N, {nm,;}) > 0 such that if
t satisfies

(4.7) H tH < 01 for every integer 1 < j < N

27TNO
then ¢ satisfies (4.4). This fact and (4.5) imply that, for any ¢ € R satisfying (4.7), w

have

. . C
(4.8) |D, (00 + ito + it)| > 50

By recalling that D, (s) converges absolutely at s = oy and taking a large number
Mo with D7~ [bm] e < 5, we find that, for any o > og and 7 € R,

: : : b,
|Dj, (00 +iT) — Dy, (o0 +it)| < |Dyj, (00 +iT) — Z

vm (oo+iT
mSMO € ( ’ )
b D : b bin
+ Z eum(a—l—ir) —Jo (U+ZT) + Z ellm(ao—kir) o Z el/m(a—l—i‘r)
m<Moy m< Moy m< Mo
b, b b 1
S Z evm (o0o+iT) + Z evm (o+iT) + Z eVm(oo+iT) (1 o eVm(U—Uo)) ’

m> M

[ [bm| [bm| [
= Z Ym0 + Z W—i_ Z eVmoo (1_evm(0—00)>

m>Mj m>My m< Moy
£ |6 | 1
< — - ].
-9 + evm <1 evm(0—00)

Thus there exists a real number o = o{f (e, Mo, {bm },{Vm}) > 00 such that

m> My m<Mp

(4.9) |Dj, (00 +i1) — Dy (0 +iT)| < e



258 HiroruMI NAGOSHI

uniformly for op < o < o and 7 € R.
Since G, = Gj,(z0,...,2K) is a continuous function and G, #Z 0, there exist a
constant ¢; > 0 and a bounded open set U C CX*! such that

(4.10) |G j, (20, .., 2K)| > 1 for all (zp,...,2K) € U.

By Theorem 3, there exist a real number o and a sequence of real numbers {t,, |n =
1,2,...} satisfying

(4.11) oo < o < min{c{,00 + 1},
(4.12) lim t, = oo,
(4.13) w, = (F(o + ity + ity,), . ... JFE) (g 4 ity + it,)) € U for any n,
and
(4.14) H % tpll <61 forany 1 <j <N and n.
27TNO

We write
Sp = 0 + ity + it,,.
Using (4.14) and (4.8), we have
|Dj, (00 + ity + ity,)| > %O for any n,
which, together with (4.9) and (4.11), gives
. . Co Co
(4.15) |Dj,(sn)| > |Dy, (00 + ito +it,)| —e > 5 TE€> for any n.
Combining (4.15), (4.13) and (4.10), we have

(4.16) |D g, (sn) Gy, (wy)| > — for any n.

then we have

. = Cm - |Cm| = |Cm’
(4.17) |D(o +i1)| < Z (o) | Z o = Z T

m=1 m=1 m=1

uniformly for ¢ > 0¢ and 7 € R. Hence there exists a constant Cy > 0 such that

(4.18) |D;(sn)| < Co for any 0 < j < J and n.
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Since all G; are bounded on the bounded open set U, by (4.13) there exists a constant
C7 > 0 such that

(4.19) |Gj(w,)| < Cy for any 0 < j < J and n.
By (4.11) and (4.12), we have
lim |s,| = oo.

Consequently, since Jy > 1 and < > 0, it follows from (4.16), (4.18), and (4.19) that

J
Z S%Dj(5n>Gj (wy,)
=0

570D 1, (80) Ggo (wn) + 5,7 D gy —1(8n) G g1 (wy) + - - + Do(sn) Go(w,)

> |820D gy (8n) G (wi)| — |00 D yy—1(5n) Grg—1(wy)| — -+ — ‘Do(sn) Go(wn)
J CoC1 C()Cl COCI
2’877,‘0 __—_..._—JO
4 |5 5]
— O as n — Q0.

Thus (4.1) holds in the present case.
In the case Jy = 0, (4.1) is obtained from (4.16), since <t > 0. We have completed
the proof of Theorem 1.

85. Proof of Theorem 2

We follow an argument in [10] again. For the sake of completeness of the present
paper, we will give a detailed proof. Let F(s) and K be as in Theorem 2. Let
P(s,Xo,...,Xk) be as in (1.1). Assume that P(s, Xo,...,Xk) is not the zero poly-
nomial. In order to obtain Theorem 2, it suffices to show that there exists a complex
number s, with Re s, > o such that

(5.1) P(s*,F(s*),...,F(K)(s*)) # 0.
We order the terms of P(s, Xy, ..., Xk) lexicographically with
s>Xo> > Xk,

and let (d,dy, - ,dr) denote the multidegree of P(s, Xo,...,Xk) (see e.g. [3]). The
/
symbol Z will denote a finite sum.
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First we shall consider
Case 1: d # 0 and d # 0 for some 0 < k < K.
Let k :=min{0 < k < K | dj, # 0}. Then

(5.2) P(s,Xo,..., Xg) = D(5;d,0,...,0,ds,...,dg)s X ... Xix
/
+ Y D(53d,0,...,0,dp, ... die—1, ax)s X - XX
ax €Np,
ax <di

Z/ D(s;d,(),...,O,a,{,...,aK)stg“"-X?(K

Ay,...,ax ENg,
a,<dg
/

+ Z D(s;a,aqp,...,ax)s*Xy° - X35,

CL,G;O,...,GKGN07
a<d

where
(5.3) Dy(s) := D(s;d,0,...,0,d,,...,dg) Z0.
As in (4.2), by (5.3) we have

¢ = |Do(og +itg)| # 0

for some real number t,. We write

and set

Then, let M,{aq,...,an} and Ny be as in the proof of Theorem 1 (see (4.3) and (4.6)).
As in (4.8), there exists a small number §; > 0 such that if ¢ satisfies

H & tH <0 for every integer 1 < j < N
21Ny
then
. . c
(5.4) [Do(oo +ito +it)] > 5.

As in (4.9), there exists a real number o] > oy such that

(5.5) |Do(0g +i1) — Do(0 +iT)| < €
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uniformly for op < o < o and 7 € R.
For a large positive integer n, we set

(5.6) 20m =N, Z1p:=logn, z,:=loglogn, ..., zg,:=Ilog---logn.

Let ng be a large positive integer with zg ,, > 10. According to Theorem 3, for each
integer n > ng there exist real numbers ,, and t,, such that

(5.7) oo < o < min{oy, 00 + 1},
(5.8) t, > e,
1
(5.9) ’F(k)(an + ity + ity) — Zkn| < 100 for any 0 < k < K,
and
(5.10) H27f]j\fotn <0; forany 1<j <N.
We write

Sp = oy + ity + it,,.
Since (5.10) and (5.4) give
| Do (09 + itg + ity,)| > g for any n > ny,
it follows from (5.5) and (5.7) that

(5.11) |Do(sn)| > |Do(og +itg +ity)| —e > g —e> i for any n > nyg.

By (4.17), there exists a positive constant Cp such that

sSup ‘D(sn;a’vaﬂv"waK)’ <CO-
a,apg, ..., 0K in (1.1)
n>ngo

This, (5.2) and (5.11) imply that, for any n > ny,
‘P(sn,F(sn), .. ,F(K)(sn))’
dy d

z|D(sn;d,o,...,o,dn,...,dK)||sn|d(F<ﬁ>(sn)] ---‘F(K)(sn)) "

/

_ |D(sn;d,(),...,O,d,.@,...,dK_l,aK)\\snld)F(“)(sn)

ax €Np,
ag <dx

K
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aK

FE) (Sn)

X

e 5[

aK

- ¥ |D(sn;d,o,...,o,am...,aK)||sn|d‘F<“>(sn)(a”---‘F<K>(sn)

D503, 0, ) sl [F ()| - [FO) (5,)

2

a,aq,...,a €ENg,
a<d

di

Vv
>0

dy
’5n|d ’F(”)(sn)‘ ‘F(K)(Sn)

= > Colsal’ )F(“)(Sn)

aK €N07
ax <dg

drx_1 aK

.

F(K—l)(sn)‘ F(K)(Sn)

aK

— Y Colsal RGP (s

a,aq,...,ax €ENp,
a<d

dn
= |sn? ‘F<“>(sn)] --~’F(K)(sn)

c r Ll PO (5[ PO (s,)| T [FUO (s, )|
5o

e eNo, ’ \sn]d }F(R)(sn)‘d“ |F<K>(sn)]dK
arg<dg

‘dK

! ’Sn|d‘F(n)(5n)|aN""F(K)(Sn)}GK
Co d dn drc
|55 | |F("’°)(sn)} ‘F(K)(sn)}

o Z

an’--waKeNOa
ax<dg

! |5n’a‘F(5n)‘aO"'|F(K)(5n)’aK
- Z Co—r d dr |°
|Sn| ‘F(m)(sn” ”""F(K)(sn)| K

a,ag,..., ax €Np,

For every m € N we have

(log z)™
x

—0 as r — oQ.
This fact, (5.6), (5.7), (5.8) and (5.9) imply that the numbers

[l [P (5,)] ™ - - [FED (5,)| 7 [FU) (s,
15| \F(n>($n)|dﬂ N ’F(K)(sn)|dK

(aK € No,CLK < dK),
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|3n|d ‘F(H)(Sn)‘aﬁ T }F(K)@n)‘w{
15| ‘F(n)(sn”d“ N }F(K)(sn)ﬁK
|sn|® [F(s0)|* - [FE) (5,)]""

(a,{,..wa}( c NQ,CLK < d,{),

\8n|d ‘F(’ﬁ)(sn)‘d“ - |F(K)<Sn)‘dK (a,ag,...,ax € Ng,a < d)
go to 0 as n — oo, and that
|sn|d‘F(”)(sn)‘dﬁ~~~‘F(K)(sn)‘dK — 00 as n — oo.
Therefore, we have
’P(SH,F(SH),...,F(K)(Sn))‘ — 00 as n — oo.

Thus (5.1) holds in Case 1.
Similarly we can verify (5.1) in the following remaining cases:
Case 2: d#0and dp =0 forall 0 <k < K,
Case 3: d =0 and dj # 0 for some 0 < k < K,
Case4: d=0and dp, =0forall0 <k < K.
We have completed the proof of Theorem 2.

Acknowledgments. The author would like to express his sincere gratitude to the orga-

nizers of this conference.
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