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The law of the iterated logarithm for discrepancies of
three variations of geometric progressions

By

Katusi FUKuyaAMA*, Koji MURAKAMI}*
Ryota OHNO** and Satoru USHIJIMA™**

Abstract

We prove the law of the iterated logarithm for discrepancies for three sequences: a sequence
determined by products of random numbers, a sequence given by products of periodic numbers,
and a sequence given by an arrangement in increasing order of the union of finitely many
geometric progressions.

§1. Main Result

In this note we consider three variations of positive geometric progressions and
prove the law of the iterated logarithm for discrepancies Dy {nix} and star discrepancies
D3 {nkx} of these sequences {nyz}, i.e.,

— NDxj — ND
lim AT} = lim n{mer} =
N—oo /2N loglog N N—oo /2N loglog N

for some constant . As to a sequence satisfying Hadamard’s gap condition,

a.c.

(1.1) ne+1/nk >qg>1 (k=1,2,...),

it was conjectured by Erdos-Gal that the limsups above are bounded. By applying
methods due to Erd6s-Gal [4], Takahashi [17], and Gal-Gal [11], Philipp [13] proved the
bounded law of the iterated logarithm below and solved the conjecture:

*
< lim NDy {niz} < lim NDn{niz} <K, <oo, a.e.
4y/2 — N—ooo /2N loglog N = N—oo /2N loglog N
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For a positive geometric progression {#*x}, the limsup value depends on algebraic
nature of 6 as below:

Theorem 1.1 ([6, 7]).  For any 0 > 1, there exists a real number g such that

—  ND}{6* —  NDy{0"
(1.3) lim Al S e A LA S
N—oo /2N loglog N N—oo /2N loglog N
We have )
29 - 5
if and only if 0 satisfies
(1.4) 0" ¢ Q (reN).

In other cases, 6 can be written uniquely by

(1.5) 0=1/p/q, r=min{ne N |0" € Q}, p,g e N, gcd(p,q) =1.

In this case Xy does not depend on r and satisfies

1/2 <29 < V/(pg +1)/(pg — 1)/2.

Moreover, we can evaluate it in the following cases:

( V(pg+1)/(pg —1)/2, if p and q are both odd;
Vip+1)/(p—1)/2, especially if p is odd and q = 1;
Yo=q+{@+plp—2)/(p—1)3/2, ifp>4iseven and g =1;
V42/9, ifp=2and q=1;
V22/9, ifp=">5and q=2.

In this paper, we consider three variations of the above result.

The first variation is given by randomizing the ratio # in a geometric progression.
Theorem 1.2.  Assume that sets A and B of positive integers satisfy
(1.6) b/a>q>1 and ged(a,b)=1 forall a€ A, and b€ B.

Let {(Xk,Yr)} be an A x B-valued i.i.d. and define {ny} by

k
(17) ne — H

~

J
J

>~
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Then there exists a constant Xz (x, y,) depending only on the law L(X1,Y1) of (X1,Y1)
such that

— ND3 — ND
(1.8) P lim Az} = lim ez} =¥r(x1,v1), ae x| =1
N—oo /2N loglog N N—oo /2N loglog N

When A and B both consist of odd numbers, we have

1 [Texv) +1 1 -
19) 3% B B G, ST < D —(B(+5)) -
(19) Peoaw 2\/ Teaou -1 0 TE X\,

Because T£(x, y,) can be written as

—1
P(a,b)
Tz(XhYl):( 2 _ab)

(a,b)eAxB

where p(q ) = P((X1,Y1) = (a,b)), it can be regarded as a generalized harmonic mean
of ab over A x B.
The second variation is given by changing the ratio 6 periodically.

Theorem 1.3.  For 6y, ..., 0, > 1, we define a sequence {ny} by
no=1, ngy1 =0;41n, ifk=jmod T andj=0,...,7—1.

Then there exists a constant g, ... 6. periodic Such that

.....

— NDx3 — ND
(1.10) lim nAnez) = lim n{nir} = X9, ,....0, periodics
N—oo /2N loglog N N—oo /2N loglog N T

We have permutation invariance below when T = 2, 3.

a.e.

(111) E91,6?2;periodic - E02,91;periodi(:a
and
(1 12) E61,02,93;periodic - Z]02,63,91;periodic - 203,01,92;periodic

- E61,6?3,02;peri0di¢: - z]93,92,91;periodic - E6’2,01,93;periodic-

Let A and B be sets of positive integers satisfying (1.6). If A and B both consist of odd
numbers, and if pj € B and g € A (j=1,...,7), then Xp, /g, .. p. /g, periodic €quals to
(1.13)

1 1 2
5\/m(l—l—sl...&—%; Z (Sj---Sk;—l+31---3j—15k:---37'))7

1<j<k<t

where s; = pjq;.
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We can explain the reason why we have the invariance (1.11): If we replace x by
(92.%’ in
01,0102, 0205, 03052, 0303, . . .

and add one term 6yx at the top, we have
0o, 01051, 0,05z, 0305z, 01052, 0303, . . ..

Since the law of the iterated logarithm holds for a.e. x, and since adding finitely many
terms does not affect on the law of the iterated logarithm, we have (1.11).

As to the invariance (1.12), while invariances among circular permutations

291,92,93;peri0dic = 292,93,01;periodic = 293,91,02;periodic

and
E91,93,92;peri0dic - Z(93,02,(91;periodic - E(92,91,93;periodic

are explained in the same way, we could not find any easy explanation for the fact that
these two values are identical.

We must also mention that we cannot expect such an invariance when 7 > 4.
Actually, we have

| 423 ) [ 491
E3,5,7,11;periodic = TSZL’ while 23,7,5,11;periodic = TM

The third variation is the arrangement in increasing order of the union of finitely
many positive geometric progressions. Although it no longer satisfies Hadamard’s gap
condition, it still has good arithmetic structure to have the following limit theorems. It
is proved in [5] that sequences {f(0%x)} and {g(5x)} are asymptotically independent
in some sense when log 6, /log 0> is irrational. We can find a similar phenomenon in

case of metric studies on discrepancies.

Theorem 1.4.  Suppose that 6, ..., 6, > 1 are given and that geometric pro-
gressions {0F}, ..., {08} are mutually disjoint from each other, i.e.,

Let {ny} be the arrangement in increasing order of {05} U---U{0F}. Then there ewists

a real number Xg, .. o, .union Such that

—  ND;j — ND
lim N{nkx} = lim N{nkx} = 201 ...,0;union; a.e.
N—oo /2N loglog N N—oo /2N loglog N e

If each 0; satisfies (1.4) or given by (1.5) with odd p and q, then

i 3, R ! !
61,...,0-;union — (10g91 RIS 10g07,> / <10g01 tot log97>’
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where 3g,, ..., Xg_ are defined by (1.3). In particular when all 0y, ..., 0, satisfy (1.4),
then ]
291 ..... 6. ;union 5

§2. Preliminaries

Forz,y, & n €[0,1), put V(z,£) = e Af € and V(x,y,6,m) = V(2,6)+V (y, 1)~
Viz,n) — V(y,§). Note V(z,&) = V(0,2,0,£). By 0 < V(z,§) < 1/4, clearly we have
|V (z,y,&,1)| < 1. The proof of the next lemma can be found in [6].

Lemma 2.1. Let 0 < a < b < 1. For any positive integers P and Q) with
ged(P, Q) = 1, we have

(2.1) / L1y (P) T (Q) d = Q V((Pa), (Pb). (Qa), (Qb)
(2.2) V((Pa), (Pb), (Qa). (Qb)) < V((P(b - a)), (Q(b— a))) <

For a bounded measurable function g, we define the mean value [g g(x) pr(dx) by

[ o)) = g [ gteyas

if the limit on the right hand side exists. For a trigonometric polynomial g with period

);
1
4

1 satisfying fol g = 0, we have

/R 9(0)g(x) pr(dz) = 0

for © ¢ Q, and

1
/ 9((P/Q)2)g(x) pr(dr) = / 9(P2)g(Qr) pp(dr) = / 9(P2)g(Qx) do
R R 0

for non-zero integers P and Q.
The next lemma controls asymptotic behavior of variances. It is a variation of the
key lemma of [9]. Denote the d-th subsum of the Fourier series of I[a,b) by i[a,b);d.

Lemma 2.2.  For a sequence {ny} of positive numbers satisfying Hadamard’s
gap condition (1.1) and for arbitrary d > 3, we have

MAN 2 MAN 2 log d
/( > 1[a,b);d(”kﬂf)) MR(de)S/( > 1[07b—a);d(”kx)) pr(dz) + NCg— =,
R \g=nr11 R \g=n11

M+N

/R( Z I[a,b);d(nkx))zmg(dx) < C,N,

k=M+1
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where Cy is a constant depending only on q.

Proof. Because we have

1 1
/ 1[a,b);d(PQ7)1[a,b);d(QI) dx = / 1[a,b) (Pm)l[a’b);d(Qx) dx
0 0

for coprime positive integers < P, we obtain

1

1
/ L0y (P) L0 (Q) d — / 10 pyea(P2) L0y (Q) da
0 0

1 ~ ~
= / 1[a,b) (Px)(]-[a,b) - l[a,b);d)(Q-r) dr| < Z l[a,b) (QV)].[CLJ,)(—PV)
° vI>d/P
2 1 2 2P Q 1P
<= — < Ty <X i
~ 1m2PQ Z v~ 7r2PQ<2/\ d ) - P(l/\dQ>
v>d/P
We prove
/ Tja,):a (7)o pya(nie) pr(de)
(2.3) R

- ~ s 1n
< /R 10.0—a);a(152) 110 p—a)sa(nex) pr(dx) + 2n—i <1 A c_in_l;>

for arbitrary j < k. Because we have

~ ~ ~ ~ n
/ Lia,b);a(157) L a,p):a(nie) pr(dz) :/ 1[a,b);d(l’)1[a,b);d<—k$) pr(dr),
R R Uz

we see that it equals to 0 if ng/n; ¢ Q, and the inequality (2.3) holds in this case.
Otherwise, we can write

T o E
(2.4) "= O

where P > () are coprime positive integers. In this case we have

1
/1[a,b);d(njl‘)1[a,b);d(nk33)MR(dx):/ 1ia,b);a(Px)1}g p),qa(Qx) do
R 0

and thereby
(2.5)

1
~ ~ ~ ~ n; 1n
‘ / La.bysa(15%) Lo b)sa (M) per(de) — / La,p) (P2)1ja) (Qr) d| < —= (1 A ——k>'
R 0

By applying (2.1) and (2.2), we have

1

1
/ L0 0y (P2) L) (Qu) do < / T4 (P2) 1000 (Qa) da.
0 0
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These together with

1
/ 1j0,p—a) (P2)1j0,p—a)(Qx) dz
0
- - "
< / 110,6—a);a(152) 110, p—a);a(nax) pr(dx) + n_] (1 A __‘>
R

imply (2.3).
By applying (2.3), we have

M+N

/( 2 1ab>dnw>> jig(dz)

k=M+1

= Mi:N {/R [ab)d(nkx)uR(d.r ) +2 Z / ab)d(nkx)l[ab)d(na )MR(d-T)}

k=M+1 Jj=M+1
M-+N

~ 2
< 3 [ B wutmountan + 5

k=M+1

g dnj

M+N MAN kol L
S/R< > 1[0,b—a);d(”kx)) pr(dx) +—+4 >y J( /\——>

k=M+1 k=M+1j=M+1

k—1
- N .
+2 E (/ 1i0,p—a);d(Me7) 1[0 p—a);a(njT )uR(dx)+2_(1/\__k>)}
j=M+1 R

To have the first inequality of Lemma 2.2, it is enough to bound the last summation of
the above formula. Fix j arbitrarily and let L be the largest [ such that n;y;/n; < d.
Since ¢¥ < njy1/n; < d, we have L < (logd)/(logq). For | < L, we have

o (1/\ ”””) -1
N1 d n; d

and for | > L + 1,

n <1/\ 1"J+l) _ nj  Myrr+r _ 1

1
Tt d n; —her

N1 Njyr+1 Ny d g
since n;1;/n; > njyr4+1/n; > d. Hence we have a desirable estimate below

> n; 1’)”L+l logd q
> (1 ; ) Z 2. dql I-1 dlogq+d(q—1)'

n
=1 It l<L I>L+1

Let us prove the second inequality of Lemma 2.2. First we prove

(2.6) ‘/ Tap;a(12) L (g )0 (k) pr(de)
R

‘ L ng .
n 1 ——), k> ).
_nk+nk< /\dn] (k= 7)
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When ny/n; is irrational, the left hand side integral equals to 0 and (2.6) is clearly
valid. Otherwise, by expressing ny/n; by (2.4), and by applying the expression (2.1),
we have

1
~ ~ ~ ~ 1 Q n,
1 ix)l dx)| = 1 Px)l dr| < — < 2 =1,
M_{ [a.b) (1) Lo p) (nk2) pr(dz) ’/O (a,0) (P2)1(45)(Qx) dz| < PGSP " n
This together with (2.5), implies (2.6). By applying (2.6), we have
M4N 2
/( > 1[a,b);d(nk$)) per(dz)
R \p=M+1
M+N
= > {/ 12, 4).a(nex) g (da) + 2 Z /1[ab)d(nk®")1[ab)d(ng ),UR(d$)}
k=M+1 /R j=M+1
MAN 4 1y,
< -
< ¥ { -2 Z ( (1/\dn3))}
k=M+1

1 1 2 2logd 2 1 1 2 P 2
<N<— - )<N(— = )
- 4+d+q—1+dlogq+d(q—1) - 4+3+q—1+logq+3(q—1)

O

The next two lemmas are very convenient to give an error estimate while approxi-
mating a sum of functions by a martingale. Proofs can be found in [6, 9, 8].

Lemma 2.3. If g is a bounded measurable function with period 1 satisfying
fol g =0, then for all a < b and X > 0, we have

b
/ g(\z)dz| < %
a A
Lemma 2.4. Let g be a trigonometric polynomial with period 1 and degree d

satisfying fol g = 0. There exists a constant 6’(1 depending only on q such that, for any
integer L and for a sequence {\r} of real numbers satisfying Hadamard’s gap condition
Met1/Ak > q>1 and A\ > 1,

/jfﬂ(ki%jigw)f sé(|%d|g )4

Final lemma we present here will be used to control asymptotic behaviors of two
gaussian processes. The proof is based on the path properties of gaussian processes and
can be found in [9].



THE LAW OF THE ITERATED LOGARITHM FOR DISCREPANCIES 97

Lemma 2.5.  Let {Z;} and {Z},} be standard normal i.i.d. Suppose that {vy}
and {vy.} are sequence of positive numbers satisfying c1i < v; < coi, dii < v < dai,
and v; < v, + i for some 0 < ¢1 < c2 <00, 0 <dy <dz <00, and 0 <y < co. Put

Iy =M(M+1)/2, By =v1+---+om, By =01+ -+, and ¢(x) = /2xloglog x.
Then we have

Ja < Tm

Zi| < lim ——— +/7 < Vda+ 7, as.,
k;ﬁ:M " = M5 d(lar) VIS Vd VA

2. %

k<B\

where both of limsups above are constants a.s.

§3. Law of the iterated logarithm

In this section we prove the following proposition, which gives sufficient conditions
to have the law of the iterated logarithm for lacunary series. It is very easy to verify

these conditions for some variations of geometric progression.

Proposition 3.1.  Suppose that a sequence {ny} of positive numbers satisfies
Hadamard’s gap condition (1.1). Let d > 3 and suppose that the condition

(3.1) inf{|nk1/ - |/my ‘ 1<I<k, 1<V <d, ngv—nv/ # O} >0

is satisfied. Then there exists a real number C(a,b;d) such that

N
_ 1 ~
3.2 li 1,5 =C(a,b;d .€.
(3.2) Novso 2N log log N ’; (a:6):(T ) (a,6:d), a.c
and
log d
(3.3) C(a,b;d) < C(0,b—a;d) + C’QT.
By putting
1 N 2
Tipg = lim — 11004 nka:) ur(x) and
va= Jm R@ o) ) pn(2)
1 al 2
9 ~
Gabyd = NhTmoo N . (; 1[a,b);d(nkx)) pr(T),
we have
(34) Ta,bid < O<a7 b; d) < Ea,b;d-

If (3.1) holds for all d > 3, then there exists a real number ¥ such that

—  ND; — ND
(3.5) [im T Nt} g
N—oo /2N loglog N N—oo /2N loglog N

a.e.



98 K. FukuvyamMA, K. MURAKAMI, R. OHNO, S. USHIJIMA

and

(3.6) sup  lim g,,, <X < sup lim G pa
0<a<b<ld—o0 0<a<b<1d—oo

Especially, if there exist non-negative numbers oq p.q and o, such that

N 2
. 1 = .
(3.7) A}gnoo N /R(I; 1[a,b);d(”kzm)> pr(x) = Ug,b;d and dlglgo U?L,b;d = Ui,ba
then we have
(3.8) Y= sup o0gp.

0<a<b<1

The next lemma gives an easy sufficient condition to have the condition (3.1) of the
previous proposition. The most typical example satisfying this condition is a positive
diverging geometric progression.

Lemma 3.2.  Suppose that a sequence {ny} of positive numbers satisfies Hadamard’s
gap condition (1.1). If {ny} satisfies the condition

(3.9) #({nj+1/nj |j€N}ﬂ[q,Q]) < oo forall Q > q,

then it satisfies (3.1) for all d > 3.

Proof. Taked >3,1<v,v <d,and 1 <[ < k arbitrarily. We use the following

estimate:
k—ln k—ln
i1 i1
npy — v = I/H It n; > H it g ny.
nj nj

If k —1>log,(d+1), then

k—1

i+1 —dzqk_l—dzl
n;

j=l
and hence we have
!
nglV — nr > nj.
If njy1/n; > d+1 for some j € {l,...,k— 1}, then we have

k—1

.
g,
mn;

i=l
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and hence we have the same conclusion. Let us consider the case when k—1 < log,(d+1)
and nj41/n; <d+1for j =1, ..., k—1. Because of the condition (3.9), only finitely
many values of n;y1/n; can belong to [g¢,d + 1]. Hence

el
i+ 1
Sty
n;

J=l

can takes only finitely many values in this case, and thereby

k—1

D ::min{ 1T Nty AL g1 (GG =1, k—1), k—1 <10gq(d+1)}
= 1

is positive. Hence we have |ngv — niv’| > Dny in this case. O

To prove Proposition 3.1, we follow the method of martingale approximation given
in [1], which originated with Berkes [3] and Philipp [14].

We take an arbitrary integer L and prove (3.2) for a.e. z € [L,L 4+ 1). Let us
divide N into consecutive blocks A}, Ay, A, Ay, ... satisfying #A} = [1+9log, ] and
#A,; = i. Denote i~ = min A; and it = max A,;. We have

910gqi — i9.

ni- [MG—1)+ > ¢
Put (i) = [logy i*n;+ ] + 1 and let F; be a o-field on [L, L + 1) defined by
Fi=oa{[L+27"O L+ (j+1)27D) | j=0,...,2¢0 1},
Note that i*n;+ < 24 < 2i*n,.. Put

Ta,b;d;i(x) - Z I[a,b);d(nkx)u a, b d; z Z 1 [a,b);d nkx

keA; keAl
Yabiasi = E(Ta,b;d;i ’ ]:i) - E(Ta,b;d;i | ]:i—l)'

Then {Y, t.4:i, Fi} forms a martingale difference sequence. Here let us prove

(3.10) Yabsasi — Tapsasilloo < (10 y.alloo + 20T (a,b)iallon) /%,
(3.11) HY2b~d;z’ — T2 pilloe < 31T abyialloo (10 y:alloe + 20T (a.b)iallon) /7%,
(3'12) || a,b;d;i Tcil,b;d;z'”oo < 15||I[a,b);dHgo(”ﬂa,b);dnoo + 2||I[a,b);d||00)~

IfkeAjandxz €I =[L+j527*O L+ (j+1)27#0) € F;, then we have

L0 pya(ree) — E(Lgpya(ng ) | F)| = ‘|I|_ /1( b)) — L py.a(ney)) dy

< I;lg}li[a,b);d(”kx) — oy ()| < (1T pysallooru2 ™D < T, palloorin/i*nix

< g pysalloo /3™
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Hence we obtain
T bsa: — E(Tapsasi | Fi)| < ”I/[a,b);d||oo#Ai/i4 = ||I/[a,b);d |00/i3-

Take J = [L 4 j27 0=V L 4 (j +1)27#0=1) € F;_;. Then by Lemma 2.3, we have

1B (La,pysa(n ) [ Fio1)| = ‘|J|_1 / 1ja,b):a(4) dy‘ < 1T fapysalloc 27 /g
J

< Hi[a,b);dHooQ(i - 1)4n(i71)+/ni— < 2||I[a,b);d||00/i5~

Thus |E(Tupasi | Fim1)| < 2/ p)allocAi/i® = 2|14 p).all0 /3%, and (3.10) is proved.
By ||Ta,b;d;i 0o < i||1[a,b);d||005 we have

1E(Ta i | Fillloos 1E(Tapiasi | Fim)lloo < illTgapyallo-

Hence we have

HYa,b;d;iHoo < 2i|ﬁ[a,b);d

’007 HYa,b;d;i + Ta,b;d;iHoo S 3i|’1[a,b);d

|00

HYaZ,b;d;i + Tg,b;d;iHOO < 5i2"1[a7b);dugo‘
By applying these to HYa%b;d;z’ - Tj,b;d;i oo < Yapsasi — Tabidsilloo|Ya,biaii + Ta,bsdsilloo
and HYf,b;d;i - T(;L,b;d;z‘HOO < HYaQ,b;d;i - Tc%,b;d;iHOOHYcib;d;i +Ta2,b;d;iH00’ we have (3.11) and

(3.12).

If we expand Tf’b; 4;; into trigonometric polynomial, the constant term is given by
Vabidii = Jg Tpai(®)r(dr). Denote by D > 0 the infimum given in (3.1). The
polynomial Tf’b; di — Va,bid;i has at most 8(d + 1)?i2 terms and the absolute values of
frequencies are greater than Dn;—. Therefore, by Lemma 2.3 again, we have

|B(T2 piai — Vasbsasi | Fi1)| < 8(d+1)%%(1/Dny- 2007 = O(1/8%).

Hence we have
M
ZE(Tg,b;d;i ’ fi—l) - 6a,b;d;M

i=1 HOO

(3.13) =0(1),

where Bq pid;m = Zz]\il Va,b;d;i-
Since (3.11) implies |00, (E(Y2y.4. | Fic1) — E(T2 4. | Fiz1))||
have

= 0(1), we

oo

(3.14)

M
ZE(Ya%b;d;i | Fi—l) - Ba,b;d;MH = O(l)
=1

oo

Denote lpy = M (M +1)/2. By Lemma 2.2 we have

log d
(315) Va,b;d;i < V0,b—a;d;i + ZCq 3 )
(316) Va,b;d;i < qua

(317) Ba,b;d;M < quM
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Now we use the following theorem by Monrad-Philipp [12] which is a version of Strassen’s
theorem [16].

Theorem 3.3.  Suppose that a square integrable martingale difference sequence

{Yi, F;} satisfies

M o0
Vi = X:E(YZ2 | Fic1) > o0 a.s. and ZE(K‘Ql{ﬁQw(Vi)}/@D(%)) <
i=1 =1

for some non-decreasing function ¢ with (z) — oo (x — o) such that 1 (z)(log z)*/x
is non-increasing for some o > 50. If there exists a uniformly distributed random
variable U which is independent of {Y,}, there exists a standard normal ii.d. {Z;}
such that

Y Vilipoy =D Zi+o(B2((t) /1)), (t—00) as.

i>1 i<t

We prepare another probability space on which a uniform distributed random vari-
able U and an ii.d {&} with P(§ = 1) = P(§ = —1) = 1/2 which is independent of
U. Let G; be a o-field over this probability space which is generated by {£;}r<;+. Put
Ei = ZkeAi Ek-

We make a product of [ L, L+ 1) on which {Y}} is defined and this new probability
space, and regard Yy, U, and Z; as random variables on this product probability space.
Take € > 0 arbitrarily and put

~ ~ ~

M
_ So ~
Ya,b;d;s;i = La,b;d;i + ez, Jrz - -Fz & gi7 Va,b,d;e;M - E E<Ya7b7d;g;i | Fi—l)a
=1

~ 2. > 2
Va,b,d;e;i = Va,b;d;i + €71, Ba,b,d;e;M = ﬁa,b;d;M + € lM

Clearly {?a’b;d;s;i, ]-A"Z} is a martingale difference sequence.
By Lemma 2.4 and (3.12), we have

Yapaseilla < [Yapasills + 11Zilla = | Tapaalla + |Eills + O(1) = O(?),

or
EYafl,b;d;s;i = 0(7'2)
We have
E(YaQ,b;d;s;i | fi—l) - E(Ya%b;d;i | ‘Fi—l) + 522’7
and hence

M
Va,b;d;E§M = Z E(Yaz,b;d;i ‘ ‘Fi—l) + €2lM = €2ZM — 0.
=1
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We owe Aistleitner [2] this idea to prepare an independent rademacher i.i.d. to assure
growth of Vg p.g.e.r. By (3.14), we have

(318) “Va,b;d;s;M - Ea,b,d;s;MHoo = O(l)

Hence by putting ¢ (z) = z/(log x)°!, we have
y?2

Y I > -2 102

a,b;d;esi {YaQ pidsesi 2V (Vabidse;i) } ) a b d €31 ? (log ll)

> e Z < oy B o,
i V(Vabidiesi) ¢2 i lzz

By (318) aJnd‘/abclsM VabdsM 1>52]\4—>C>O WehavevabdeM 1<5abd5M<

VabdaM+1 for large M. Hence VabdEZ < ﬁabdsM is equivalent to ¢ < M — 1 or
t < M. By ||Ya,b;d;s;z||oo = O( ) we have

M
ZYa7b;d;s;i1{‘7a,b;d;8;i§//8\a,b;d;s;M} ZYG de k + O ZY de k _|_ ¢(ZM)>7
i>1 k=1 k=1

where ¢(x) = v/zloglogx. By (3.17) we have Ba,b;d;a;M = O(lpr). By applying Theorem
3.3 and putting t = B, p.d:c; 1, We have

ZYadek_ZYdesz {V, bdaz<ﬂabdsM}+ Z Zi+o(¢(lm)), as.

k=1 Z>1 ZS/Ba,b;d;a;M

and

M
Z Y0,0—a:diesk = Z Zi+o(p(lp)), as.
k=1

Z‘SBO,bfa;d;s;M

where {Z/} is another standard normal ii.d. By (3.15), (3.16), and (3.17), we have
aa,b;d;a;i < iJ\O,b—a;d;e;i + ZCq(IOgd)/d, 527; < 6a,b;d;e;i < (Cq + 52)i, 52lM < 5a,b;d;e;M <

(Cq + €)lp. By applying Lemma 2.5, we have
log d
\/Cy
+ d

where both limsups are constants. Hence there exists a constant C(a, b; d; ) such that

1 — 1 ,
N o) B S BN T o B SR

1<Ba,b;dse; M 1<Bo,b—asdie; M

(3.19)

abdak = C(a,b;d;e), as.

M —oc0 gb lM

1
lim ——— Z;
~ . |2

satisfying an inequality below:

1
(3.20) Cla,b;d;e) < C(0,b — ad@+ﬁ0(€d
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Clearly we have

M —o0 (}5 lM a5
Hence dividing
M
a,b;d;k| — Z abdsk a,b;d;k Z Sk
k= k=1
by ¢(lar) and taking limsup, we have
M 1 M
lim ——— Yovar| —e < C(a,b;d;e) < lim ——— Ya,b;d;k +¢e, a.s.

By letting € — 0 we have

= hm C(a,b;d;e) := C(a,b;d), a.s.

a,b;d;k

M—o00 ¢ lM

By (3.20), we have (3.3). By noting (3.10), we have

M M
21 I — ST e = Tm ——— SO Y, pgi| = Clab:d),  as.
B21) o, Sy |2 Toman| = i, G |2 Yoa] = Clabid), s

Since this conclusion is valid over the product probability space with probability 1, by
applying Fubini’s theorem we see that it is valid on [L, L + 1), a.e

We here apply (1.2) and Koksma’s inequality by noting zij\il[l + 9log,i] =
O(M log M), we have

bdk \/Mlongoglog(MlogM)) o(v/Inr),

and thereby

M
lim —— T varl =0, ae.
T g3

This together with M* =I5 + Zi\il[ 1+9log,i] ~ Iy and (3.21) implies

M
N 1 ~
lim ——— E E liap).a(npx)| = C(a, b;d), a.e.
M—o0 (M) S [a,b);d

Moreover we have ZkEA’MUAM ||I[a7b);d(nk Nlso = o(d(M™T)), and hence

N
E ab)d nkl'

=C(a,b;d), ae.

N%ood)
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Here we prove (3.4).

We prove
(322 / (f; Tonai(0)) () = Bugare +O(1),
(3.23) /R <§; Tc/z,b;d;i(x)> 2 pr(x) = o(lm).

If j € A; and k € A;1q, then n;/ng < l/qglogqi =379, Thus we have

<HFAFN 0G0 =036

‘ / T bsdsi (x)Ta,b;d;iH (x)pr(dx)
R

by (26) Ifj c Az and k € Ai—i—l (l Z 2)7 we have k —j Z #Ai+1 + -+ #Ai—i—l—l Z
(i +1)+ (i +1—1))/2, and nj/ng < 1/¢"/>+0FD/2 Thereby

i+ D)
‘/RTa,b;d;i(I)Ta,b;d;i+l($>ﬂR(dx) S W—ZH)/Q

Hence we have o -
>0

i=1 =1

< 00,

/ w.b:d:i ()T brdit1 () pr(dx)
R

which implies

M 2 M
L(; Ta,b;d;i(:v)> pr(z) = ;/RTf’b;dﬂ(x) pr(x) + O(1) = Bayains + O(1).

IfjeAjandke A, (I>1),thenk—j7>#A;+---+#A 1 > (i+ (i +1-1))/2.
In the same way as before, we have

>y

log, ilog, (i + 1)
/ 0.bidii(0) T peiig 1 (2) R (do) <O(ZZ z?2+(z+ql 1)/2 )20(1)7

o i=1 l=1
and
i a,b:dsi () 2MR( ) i T2, 1.i(2) pr(z)+O(1) = O(M(log, M)?) = o(inr)
[ atn) wate =3 [
By
(5 ) ) "~ i) i)
1/2
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we have
M 2 R
/ <Z T pya;i(x) + Té,b;d;i(x)> pr(x) = Baba.mr +0(lar) = Babidie; s — UVES o(lnr)-
R \=1

By definition of g;b;d and Eibsd’ we have

2
i palm + o(lur) < / (Z T biasi( b;d;i(x)) pr(x) <5y alv + o(lu),
and hence we have
(—3bd+€ )ZM+O(ZM) <ﬁabdsM < ( abd+€ )lM+O(lM)
By (3.19), we have
(—ab +eH)Y2 < Cla,bydie) < (@ 2b;d+52)1/27

we have (3.4) by letting ¢ | 0.
Now we assume (3.1) for all d > 3. We apply the fundamental proposition below:

Proposition 3.4 ([10]).  Let {ny} be a sequence of real numbers satisfying
(3.24) ny # 0, ng+1/nkl >q¢>1 (k=1,2,...),

and w be a permutation of N, i.e., a bijection N — N. Then for any dense countable
set S C [0,1), we have

—__ NDy{n, . 1 i

lim A0 sup  lim Zl[a b) (o (1))

N=oo v/2Nloglog N  s30<bes N—oo /2N loglog N —

e T (nogiy)
= su im Neg (k) T) |
0<a<€<1 N—oo /2N loglog N — (k)
(3.25)

—_— ND}“V{nw(k)x} 1 ~

lim —sup lim )

N—oo /2N loglog N  4es N—oo /2N loglog N —

= sup lim

N
1 ~
1

0<a<1N—o0 2N10g10gN'kZ—:1 [O,a)(nw(k)x),

for almost every x € R. If we denote the d-th subsum of the Fourier series of I[a7b) by
i[a’b);d, we have

1 N

= lim lim Tias):
Jim - lim h]\ﬂoglogl\f’; (a,6);d (N (k) )

N
- 1 ~
T 31
NSoo /2N Toglog N Lzl o) (o9 ?)

for almost every x € R.
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By applying the proposition for w(k) = k, we have

— NDx

lim ez} = sup lim C(0,a;d), a.e.,
N—oo y/2N loglog N g<gq<1d—oc

—  NDpy{ngx}

sup lim Cf(a,b;d), a.e.

lim =
N—oo /2N loglog N o<a<b<1 d—o0

Clearly we have

sup lim C(0,a;d) < sup lim C(a,b;d),
0<a<1 d— oo 0<a<b<l d— oo

and by (3.3) we have
dlim C(a,b;d) < lim C(0,b — a;d),
—00

d—o00

and hence we have

sup lim C(0,a;d) = sup lim C(a,b;d) =X,
0<a<1 d— o0 0<a<b<l d— o0

which shows (3.5). By (3.4), we have
lim 0,,.4, < lim C(a,b;d) < lim G4 p.4,
d—o0 7 d—o0 d— oo

which implies (3.6). The formula (3.8) is clear from this inequality and (3.7).

§4. Random ratio

We prove Theorem 1.2. By the condition (1.6), we can verify Hadamard’s gap
condition (1.1) for {nx}. We can also verify that the condition (3.9) holds. Actually,
all njy1/n; belongs to the set {b/a | a € A,b € B}. By (1.6), we see that A is a
finite set, and for fixed a € A, the number of b satisfying b/a € [q, Q] is finite. Hence
{b/a €[q,Q]]|a€ A,be B} is proved to be finite set and the condition (3.9) is verified.

By applying Lemma 3.2 and Proposition 3.1, we see that there exists a 3 such that
(3.5) holds.

We put

1 0 .1
0 1 /0
and verify that it is well defined for f = I[a,b);d and f = I[a’b). We first note
/ 110 ). (M) L1 pya(nes17) pr(de) = / L10.5):a(®) L0 py:a( (M /10 )2) pup (dv)
R R

~ ~ Yig1.. . Yo )
= Lio0):a(x)Ligp): x dx
/R [a,0):a (7)1 ’b)’d(XkH...XkH pr(dx)

1
= / 1[a,b);d(Xk+1 . -Xk—l—lx)l[a,b);d(yk—i—l .. .Yk+lac) dz.
0
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By applying the inequality (2.6) to the above formula, we have

2

1
~ ~ n
(4.1) / 1[a,b);d(Xk:+1 .. ~Xk+lx)1[a,b);d<Yk;+1 e Yk_H.ZC) dz| < 2—k < —-
0

N+t 4
Putting £ = 0 and by noting that we naturally have ng = 1, we see that the se-
ries appearing in the definition of o ( a,b);a; £(X1,Y1)) is absolutely convergent and
02(i[a p):d: £(X1,Y1)) is well defined. By noting (2.1), V(z,&y,m)| <1,and Xy ... X, >
¢*, we see that the series appearing in the definition of o2(1 (a,b); £(X1,Y1)) is also ab-
solutely convergent and o (1[a b); L(X1,Y71)) is well defined.

Since l[a b);d converges to l[a p) In L?-sense, we have
1
lim Liap)id(Xbt1 o Xet1®) L pysa(Yet1 - - Vi) do

d— o0 0

1
= / 1[a,b) (Xk+1 .. ~Xk+l37)1[a7b)(Yk:+1 .. .Y]H_lx) dz.
0

Because each term is bounded by 1/¢' which is summable in I, by applying Lebesgue’s
convergence theorem for series, we have

0o 1
lim Z/ Lap)id(Xeg1 - Xer1) g pya(Yegr - Yepx) do
0

d—o0
]{:

o 1
= Z/ 1[a,b) (Xk—H .. 'Xk+lw)1[a,b) (Yk—i—l . .Yk_HJI) dx.
0

Since the absolute value of the above series is bounded by ), 2/ q" < 00, by taking the
expectation and by applying bounded convergence theorem, we have

(42) lim o (1[a b); daﬁ(XbYl)) = UZ(I[a,b);[’(XbYl))'

d— o0

Hence we have verified the second formula of (3.7) for ag,b;d = UQ(I[a,b);d;ﬁ(Xl,Yl))
and ai’b = o2 (I[a,b); L(X1,Y1)). Now we verify that the first formula of (3.7) holds with
probability one. By applying the above formula, we have

1 N 2
N/R(Zl[a»b);d(nkx)> pr(dx)
N—-1N-I

2
= —Z/ f0,b);a(MeT) pr(dz) + N / 1(a.b):a (M) 11 pya(nesi7) pr(de)
=1 k=1“R
N—-1

=/ fpa(@)dr+2)

=1

N—

Z/ (ab);d (X1 -+ KX)o p)a(Yetr - - Vi) do
0 k=

— 12ab dx+22E/ 1[a b)d X .Xlx)I[a’b);d(Yl leilj) dx.
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The last limiting procedure is verified in the following way. Firstly, by the law of large

numbers, we have
1 N
N Z/ L pyia(Xt1 - - X)L g p)a(Yis1 - - - Vi) do
k=1

— E/ I[a,b);d(Xl . Xlx)I[a,b);d(Yl R Y'lﬁ) dl‘, a.s.
0

since the summands form a sequence of [-dependent identically distributed sequence of

random variables. Secondly, by (4.1), we have

1 ~ ~ 2
‘N Z / 1[a,b);d(Xk+1 .. 'Xk+l$)1[a,b);d(yl€+l “ue Yk—HI') dx S q—
k=1"0

where the right hand side is summable in [. Hence by Lebesgue’s convergence theorem
for series, we can verify the last limiting procedure.

Since 02(I[a7b);d;£(X1,Y1)) depends only on a, b, d, and £L(X7,Y7), by (3.7) and
(3.8) we see that ¥ depends only on £(X7,Y7).

Finally we prove (1.9) by assuming that A and B consist of odd numbers. Suppose
that P and @ are positive odd integers. In this case we have (P/2) = (Q/2) = 1/2. By
(2.2), we have

V((Pa), (Pb),(Qa), (Qb)) <
and see that the equality holds if a = 0 and b= 1/2.

By (2.1) we see that o2 (I[a,b); L(X7,Y7)) takes its maximum value when a = 0 and
b =1/2. Hence we have

NH

= 1 o 2 1 1
2 2 . _ B
e (1[0’1/2)’L(X1’Y1))_E<Z+Z4X ...Xle...Yk) _1+Z2Tk—,

which shows (1.9).

§ 5. Periodic ratio

We prove Theorem 1.3 by applying Proposition 3.1. In this case the condition (3.9)
is clearly satisfied, and then by Lemma 3.2, the condition (3.1) can be verified for all
d > 3. Since the sequence clearly satisfies Hadamard’s gap condition (1.1), we can
verify that (3.5) holds for some constant ¥. We evaluate o 1.4 and o, in (3.7). Denote
O, =061...0,,

ga(x) = flv[a’b);d(:@ + I[a’b);d(ell‘) + I[a,b);d(éﬂgx) +---+ i[a’b);d(el o0 17),
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and
o2(f:01,...,6,) Rf(x)f(Hi:v)uR(dx)
- l X o, xXr xXr
-/ P nli) 23 +T§<%( [ 1) 116040, ... 00-10) (o)
+ f(x)f(@i@l...c9j_19k...6’7x)uR(dx)>

R

where we obey the convention 6;...0,_1 = 1 if j = k. Since we have

/gﬁ(x)/m(dw)z > / [a.b); 0;12) 10 p)a(0r - . O 12) pr(de)
R 1<j=k<r
+2 Z / ab)d 0 193>1[ab);d(91---9k—1$)MR(d1')
1<j<k<T

:T/ i%a,b);d(x) /’LR(dx)
R
+2 > / [a.0);d (@)1 [a,p);a(0) - - - Op—12) pr(dz),

1<j<k<t
and
| auta)aatie) unas)
= Z / [a,b);d (0 0 193)[ b);d 2(0L6, ... 0_12) pr(dr)
1<j=k<r
+ Z (/ I[a,b);d(gl cee Hj,lmﬁ[a’b);d(éit% . .Qkflx) /LR(dl‘)
1<j<k<r VR
+ / Tiapya(01 - Op12) 110 p).a(0L601 .. .0, 1) uR(dx))
R

:T/ I[a b):d (T )N[a,b);d(‘gix)NR(dx)
+ > (/ Lo p)sa(@) Lo pya (0205 - - O1) pr(de)

1<j<k<r
+ / I[a,b);d(x)I[a,b);d(01_191 R Qj_lek . 97-1') ,uR(dx)) ,
R

we can verify

(5.1) a%i[a,b);d;el,...,ef):%( /| G3(e) nlde) +23 / gd<x>gd<eixw(dx>).
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By applying (2.6), we have

‘ | 9s(0104(6L) unti)| <

— gl_17

*

we see that the series converges absolutely and o ( [a,b):d3 01, - - -, 0r) is well defined. We
also apply Lebesgue’s convergence theorem when d — oo to have

lhn,a2(i%ab%d;91,...,07)

d—oo
(5.2) 1 . ) e . l
= —( lim / 95 (@) pr(dx) + 22 lim / 94()g4(0.x) pr(dz) ).
We can verify (3.7) for Jijb;d = 02(i[a7b);d; 01,...,0;) as below:

e

= [ gh@) ) + Y % | 94()9a(6) un(d)
R =1

R

_>U2(1[ab)d7917-~- )

By denoting

H©) = lim [ 1j4).4(2)1[p).a(O7) pr(dz),
d—)OO R
we have

ooy = dh_{{.lo GZ(I[a,b);d; O1,...,0:)

1)+2§:<H(ei)+% > (H(eiej...ak1)+H(9191...9j19k...97))).
=0

1<j<k<Tt

When 7 = 2, we have

+22( (H(6L0,) + H(0L 92))>

and we see that it is invariant under substitution of #; and 65. It proves (1.11).
When 7 = 3, we have

o2, = — H(1)+ 22(1{ 0!
=0

H(Hﬁﬂl) + H(Qieg) + H(Qi@g) + H(9i9192) + H(0i9203) + H(9i9391)>

3
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and we see that it is invariant under permutation among 61, 62, and 3. It proves (1.12).
We consider the case when 6; = p;/q; for odd p; € B and ¢; € A. Put s; = p;q;,
Sg =81...87yPx =P1..-Pr, and ¢« = q1 ...¢q,. In this case

1

H(0L0;...0,_1) = lim ; L0 y:a®ps - Peo12) L0 p).a(d gy - - - qeo12) dz

1
:/ L) (PLp; - pr—1)
0

1) (dha; - querz) da
C V((@pj .. pr—1a), Plpj .. pr—1b),(d\q; - . . qr—1a),{d q; . .. qp_1b))
slsi...s
%S5 - Sk—1

1
~ dslsj..spo

)

where equality holds when a = 0 and b = 1/2. Similarly we have

€;<(pipl...;g_lpk...p7a>,<pip1...pj_lpk...pr>, )

l l
W1 -Qi—1G9k - - -qra),(qq1 - - - Qj—1Qk - - - @b
HOL0, .0, 16,...0,) = (@ - Qj—1Gk - - - ¢ra),(G5q1 - - - Qj—1Gk - - - G+ D)

kaSl - 8j-18k ... 87
1
T 4dslsy.. 818k .. 8,

Y

where equality holds when a = 0 and b = 1/2. Hence we see that o, ; takes its maximum
at a =0 and a = 1/2 and its maximum equals to

1 1 2 1 1
(51w |
4( - ;si+72 Z slsj...sk_1+sls >

oo S5_18SL...8
1=0 1<j<k<r % 91 j—1°k T

1 2 1 1
= ——| 1+ 54+ —ss ( + >)
4(s. — 1) ( T lﬁjééf Sj...8k—1 S1...5j-15k...S¢

1 2
:4(5*_1)<1+S*+; Z (Sj...Sk;—l+81...Sj_18k...87>),

1<j<k<T

§6. Union of geometric progressions

We prove Theorem 1.4 by assuming 6; < --- < 0. First we recall an outline of the
proof of Theorem 1.1. For a function of bounded variation over the unit interval with
period 1 satisfying fol f =0, we define

fol f2(y) dy if 0 satisfies (1.4),

02(f70): 1 po 00 1 k k ; -
fo fFly)dy+2> ., fo f®"y) f(¢"y)dy if 0 is given by (1.5).
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We have
1 N 2 -
61 Jim /R <; 1[a,b>%d<9%)) pr(dz) = o (Lo pya. 6).
(6.2) lim a(i[a’b);d, 0) = a(ﬁlv[ayb), ), uniformly in a and b
d—o0
(6.3) Yo= sup o(lap,0) =0(1,1/2),0),
0<a<b<1

when 0 satisfies (1.4) or is given by (1.5) with odd p and g. Details are given in section
2 of [8]. See also [6].
Fix a positive integer d arbitrarily. Let 1 <14, j <7 and 1 < v, v/ < d, and denote

Mij. = {k € N | |logg, (v0; /v'05)| > 1/27d” for all | € Z}.
The condition defining M;.; ..,/ is equivalent to
(klogg, 0; + (logg, v — logy, V)" > 1/2rd?

where (z)* denotes the distance between x and the nearest integer of x. Since logy, 0
is irrational, we see that

#(Mijow N [1L,N]) ~ (1 =1/7d*)N, (N — o).

Denote
Mi=() () Mijwwr and R; =M.
j#i 1<,/ <d
We divide the sequence {0¥},cn into the main part {6F}rens, and the remainder part
{0F}ker,. Let {ng} be an arrangement in increasing order of

{05 e,
=1

Denote the sequence {#’},cr, simply by {ng)}keN.
By noting logy, < logy, x (z > 0), by definition we have logy, (vny /v'ny) > 1/27d3
if k, 1 e N, 1 <w,v/ <dand vnj/v'ny > 1. If we consider the special case v =1 =1,

3
we have ng/ny > 91/2Td if ny/ny > 1. It implies that the sequence {nj} satisfies

3
Hadamard’s gap condition with ¢ = Gi/ 274" Moreover we have

3 3
vng —v'nf > (0,70~ 1vnp > (0,7 — gy,

if vny > v'nj. It verifies the condition (3.1) for {ny}. Hence we can apply the first half
of Proposition 3.1 and see that there exists a real number C(a, b; d) such that

N

Z i[a,b);d(nzx)

k=1

— 1
(6.4) m ——

A S — Cla,bid), ae.
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Denote

M;(t) ={k € M; | 0F <t}, Ri(t)={ke R;|0F <t},
NE(t) =#M;(t), NOD@t)=#Ri(t), Nit)=7"{keN|OF <t} ~logt/logh;.

(2

We clearly have

lim ( [, N)) > (I3)"? and lim ( [1,N)) <1/d,
N —o0 N N —o00
or ()
. N7() 2 N(t)
1 > (19 lim <1
Mmoo > (I3)~" and  lim Nit) = /d,

where (13)? denotes 1/(1 — 1/d). By denoting
1/log 6;
1/logby +---+1/log,
N(t) = Nu(t) +---+ No(t), N°(t) = Ny (8) +--- + N2(1),

w; =

we have
. O(N°(t)) . NO(t)\1/2 18\ 1/2
65) L2 lm Torsy = lm () 2 (1-3)
| MMZM<N@@)>1/2<<%>1/2
t=oo G(N(t))  t=eo\ N() =\q/) =

If i # 4, k € M; and | € M;, we have v¥ 7éy’0§- for 1 <wv,v/ <d, and

/ I[a:b);d(efx),i[a,b);d(eé‘x)luR(dilj') =0.
R

Hence we have

/(Z 3 l[ab)dex)/mdx 2/(

i=1 ke M, (t)

2
[a.b);a(0; :c)) pr(dz).
ke M, (t)

By noting w;(I5)72 < lim, ,  N?(t)/N°(t) < limy_00 NP (t)/N°(t) < w;, we have

oy / (ii[a,w;d(nzw)%(dm
= Jim, No / <Z > Luwal¥ia) )2MR(dﬂc>

i=1 ke M,;(t)

— 1 - L\
S;witlggo N;(t)/( > l[a:b);d(eix)> pr(dx),

ke M; (t)
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and similarly, we have
1 N

lim NL(Zi[a,b>;d(n2w)>2ua(dﬂf)

N—o0 k=1

1 ~ 2
—2 k
> E w;(Ig) Jim NE ) [R( > Tasyal®] 90)) pr(dz).

keM;(t)

By denoting R;(t) by {m(1) <m(2) < --- < m(N®(t))}, we have

/( 3 1ab)deg;> ()

kER;(t)
NG )(t)

m(k
= Z . [2ab)d(9 *) z)pr(dr)
k=1

N<‘>(t) 1 N® ()=t

Z Z / a0 (07" 2) Lo 0 (07 )1 (d)

NG )(t) 1N< ) (t)—1

01 +1
< 2N m (k) —m(k+1) <92t (i) (¢
2N (t)+4 E E 9, 201 — 1N (1),

where we applied (2.6) and m(k:) - m(k + 1) < —I. Hence we have

— 1 ~ i 2 0 +1 N (t)
tlggow/R( > Tapya(b] fﬂ)) pr(dz) < lim 2 0

kGRi(t)

01+1 2/d
I%)2.
6, —11-1/d = (13’

By (6.1), we have

N;(t)

N.OL(t) /R ( Z I[mb);d(efx)) 2/LR(al:v)

¢ k=1

0 (Lja,p)a: 05) < hm

(6.7) o

< tlim NO / <Z L(a,p):a(0; w) pr(de) < (19)°0° (Ljap):a; 0:)-

By applying these estimates to

Ni(t)

‘(/ (Z Lo pya(0ie ) ,uR(al:y))l/2 — (/R( Z I[a,b);d(effﬂ))ng(dx))1/2

keM, ()

g/R( S Tpul0f :c) (dx)>1/2,

kER;(t)
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we have
1 2
Tua,0:) —I9)° < lim —— 110 0).0(0F d
()= 12" = Ji ey [ 3 Tuonattt)) s
1 " 2 _ )
< lim o / ( 1iap d(gfx)> ,UR(dl') < IOO'(]. a.b ~d79i) +19)°.
=00 N°(t) Jr ke%;(t) [a,b); (I50 (Lfa,p); 7)
Hence
. (Lo p)as 0i) — I3\ 2 /( )
w; — < lim — 1, nyx dx
P ( IS ) Now N Z b)d k pr(dr)
=~ 2
< —_ < . o ) . ° )
<0y (Zlab)d 0i2)) ) < 3 (00 +13)

i=1
By Proposition 3.1, we have

T T N T 1/2
(Zwi((l[a,b);;;&z) Id>2) (a.b:d) (sz (150 (1 ab)d,e.)+lg)2>
d

=1

1/2

Now we recall the following inequality. For any sequence {my} satisfying Hadamard’s
gap condition (1.1), there exists a constant C' depending only on ¢ in (1.1) such that

N

> Moy = Liawya) (M)

k=1

hm < CHI[a,b) - ,]V.[ayb);dH;/ll, a.c.

1
N—o ¢(N)

This inequality can be proved by method of Takahashi [17] a detailed proof can be
found in [8] (Lemma 4.1). By applying this and Hl (@) — Lapy.allz < 1/d/? to a triangle
inequality relation

N N
1 - ~ ~
lim —— 1, p.a(nix)| — hm — Lo — Lip.q)(nz
N—oo ¢(N) Zl [ ,b)’d( RE) N—o0 ¢(N) 1;( [a,b) [ ,b),d)( i)
N
<
]\}gnoo ¢ Lo (n72)
N N N
~ N—oo — [a b);d nkﬂf + 1E>noo —¢ kz_: [a,b) — 1[a,b);d>(n;21') ,
we have
C(a,b;d) — Ji/8 = ]\}inm oV °z)| < C(a,b;d) + -
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By combining these, we have

- U(I[a,b);dvgi)_f. A2 ¢
(Y (R )y

=1

N

Zi[mb) (nyz)

k=1

< lim

1 ; ) R
< (7 LT |
NS0 6(N) < (sz(fdau[a,b),d,m 1) ) N

=1

By applying Proposition 3.4, we have

sup (ET: wi(U(I[a,b);dv 0:) — Ic;>2> i _C
i=1

: 0<a<b<l I3 di/8
6.8
— NDN{’I”LZCE} < 2) 2 ¢
< lim ———*f 1 < su 'LUZIO' [a,b);ds O + 15 4+ —.
N—o0 (V) O<a<12<1 Z d 'b)id ) d) dr/8’

On the other hand, since each {n,(;)} is a subsequence of {#F}, it satisfies Hadamard’s
gap condition (1.1) with ¢ = 6;. Hence by (1.2), we have

. ——— < .e.
(6 9) ]\;E}noo gb(N) — K917 a.e
By
N(#) N° (1) T (NP
> Lo (k) Z w5+ 371 3T T (ny ),
k=1 =1 i=1! k=1
we have
— 1 Z 7 - 1 Z(
im su [a,b) (N&T) im ————~  su [a,b) (NRT)
t—o0 G(N O<a<12<1 o ( t—>00 (N 0<a<1:1;<1 i ok
N® (1)
+ 1 ;
Zt—moqﬁ 0<a<b<1 ; nln
and hence by applying (6.5), (6.8), and (6.9), we have
m NDN{nkx}
— ¢(N°(t)) — ND — N(Z) ___ ND (@)
< Tim P(N°(t)) Trm N{”kx} Z 9( ()) m N{ng }
t—o00 gb( ()) N—o0 t—)oo gb N—o0 gb(N)

1/2

1/2
< sup (Zwl Igo( ]-[a b);d» 0i) +15)2> Ve +Z(wl>

0<a<b<1
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By letting d — oo, and by noting (6.2), (6.3), I3 — 0, and I — 1, we have

L NDN{nkx 1/2 T , 1/2
lim ———————" 10 (1ja), 0 = iXg, | -
NS B(N) e (Zw [a.6) >) ;w ;

0<a<b<1
By
N°(t) NG®) r (NO)
Z [a,b) nkx ab) nkx +Z Z ab) n](g) );
k=1 =1 =
we can derive in the same way
im ( °(t)) T NDn{n5x} < Tm NDpy{ngx}
i—o0 G(N(t)) N0 G(N) N—oo  ¢(N)
S (1) — ND
—I—Z lim HINTI(1)) lim N{n },
2% (N () Nk o)
or
N—o0 ¢(AU

7SN (D) N oY)

1 T (1a, ;,9,-)—1' 2\ 1/2 C T i\ 1/2
ko (S (Tenathotty) 0 Spmyy,

d 0<a<b<1i\i—;

N°(t)) —— NDN ndx NO@) — NDy{n\"z
SN°(t) {k} ZHOO¢ )))ngnoo ¢(EV) }

By letting d — oo, we have

. NDN{nkx} 1/2 T ) 1/2
lim ——————— i0” (Lia,p), i = iXe, |
Nae  o(N) T oeh Z wio” (1[ap), 0:) ; Wi,

O<a<b<1

which proves the conclusion.
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