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ON FUNCTIONS STARLIKE IN ONE DIRECTION

MAMORU NUNOKAWA AND JANUSZ SOK\’OL

ABSTRACT. Tn this work we investigate thp notion of starlikpnpss $in$ onp direction.

Let $\mathcal{H}$ denote the class of all analytic functions in the unit disc $\mathbb{D}=\{z:|z|<1\}$ on the complex
plane $\mathbb{C}$ . Recall that a set $E\subset \mathbb{C}$ is said to be starlike with respect to a point $w_{0}\in E$ if and only
if the linear segment joining $w_{0}$ to every other point $w\in E$ lies entirely in $E$, while a set $E$ is said
to be convex if and only if it is starlike with respect to each of its points, that is if and only if the
linear segment joining any two points of $E$ lies entirely in $E.$

Theorem 1. Let $p(z)= \sum_{n=0}^{\infty}c_{n}z^{n}$ be analytic in $\mathbb{D}$ . Assume also that $p(z)\neq 0$ in $\mathbb{D}$ . Then there
exists a number $\theta_{0},0\leq\theta_{0}\leq\pi$ for which
(1) $\arg p(e^{;(\pi+\theta 0)})=\arg p(e^{*\theta_{0}})$ .
Proof. From the hypothesis, we can define the function
(2) $\varphi(\theta)=\arg p(e^{i(\pi+\theta)})-\arg p(e^{i\theta})$ ,
where $0\leq\theta\leq\pi$ . Then we have the following three cases as

(i) $\varphi(0)=0$ , (ii) $\varphi(0)>0$ , (iii) $\varphi(0)<0.$

For the case (i), it proves (1) and for the case (ii), we have
$\varphi(\pi) =\arg p(e^{2i\pi})-argp(e^{i\pi})$

$= -(\arg p(e^{i\pi})-\arg p(e^{i0}))$

$<$ $0.$

Applying the intermediate value theorem, there exists a number $\theta_{0},0<\theta_{0}<\pi$ for which
$\varphi(\theta_{0})=0$

or
argp $(e^{i(\pi+\theta 0)})=$ argp $(e^{i\theta_{0}})$ .

For the case (iii), applying the same method as the above, we can complete the proof of (1). $\square$

Definition 1.
Let us call the diametal line of $p(z)$ with respect to $\theta=\theta_{0}$ if the straight line passes through 3 points
$p(e^{i(\pi+\theta_{0})}),$ $w=0$ and $p(e^{i\theta_{0}})$ .

Deflnition 2.
In the Definition 1, if the diametal line of $p(z)$ with respect to $\theta=\theta_{0}$ has only 2 common points
with the image curve of $|z|=1$ under the mapping $w=p(z)$ , then we call that $p(z)$ is starlike in the
direction of diametal line with respect to $\theta=\theta_{0}.$

These ideas of being starlike in one direction was introduced by M. S. Robertson in [1].
Lemma 2. Let $p(z)= \sum_{n=0}^{\infty}c_{n}z^{n}$ be analytic $\mathbb{D}$ . Assume also that $p(z)\neq 0$ in $\mathbb{D}$ . Then there exists
at least one the diametal line of $p(z)$ .
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Proof. rom thc above $a1^{\cdot}8^{\eta}$uncnt in thc $1$)$roof$ of Theorem 1 and Dcfinitions 1 and 2, wc $\iota a\iota|$ easily
prove Lemma 2. $\square$

Lemma 3. $(Caratl\iota\acute{c}odorys$ lanma$)$ $L \kappa\cdot tp(z)=\sum_{n=0}^{\infty}c_{n}z^{n}$ be analytic and $\mathfrak{R}ep(z)\geq 0$ in D. Then
we have
(3) $\mathfrak{R}c\{2c_{0}\}\geq|c_{n}| n\in N=\{1,2,3, \ldots\}.$

Proof. Let us put

(4) $I= \frac{1}{2\pi i}\int_{|x|=1}p(e^{\alpha}z)(2-z^{n}-1/z^{n})\frac{dz}{z}, (n\alpha=-aoe\alpha)$ .

Then we have
$I=2c_{0}-|c_{n}|$

and

$\mathfrak{R}c\{I\} =\mathfrak{R}t\{\frac{2}{\pi}\int_{0}^{2\pi}p(e^{1(a+\theta)})\sin^{2}(n\theta\int 2)d\theta\}$

$=\mathfrak{R}e\{2c_{0}-|c_{n}|\}$

$\geq$ $0$

or
$\mathfrak{R}e\{2c_{0}\}\geq|c_{n}| n\in N.$

$\square$

Theorem 4. Let $p(z)=1+ \sum_{n=i}^{\infty}c_{21}z^{n}$ be analytic in $\mathbb{D}$ . Assume also that $p(z)\neq 0$ in $\mathbb{D},$ $0<c_{1}$

and suppose that $p(z)$ be starlike in the direction of the diametal line of $p(z)$ with respect to $\theta=0$

and diametal line coincides real $mis$. Then we have

(5) $|c_{n}|\leq nc_{1} n\in N=\{1,2,3, \ldots\}.$

Fig. 1. $A$ picture of Theorem 4.

Proof. From the hypothesis of Theorem 4, we can have the following

$\mathfrak{R}e\{\frac{1}{c_{1}}((p(z)-1)\frac{1-z^{2}}{z})\}$

$= \mathfrak{R}e\{1+\frac{c_{2}}{c_{1}}z+(c_{3}-c_{1})\frac{z^{2}}{c_{i}}+(c_{4}-c_{2})\frac{z^{3}}{c_{i}}+\cdots+(c_{n}-c_{n-2})\frac{z^{n-1}}{c_{1}}+\cdots\}$

$= \mathfrak{R}e\{(p(e^{\theta}-1))(-2i\sin\theta)\}$

$\geq$ $0,$
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where $z=e^{i\theta}$ and $0\leq\theta\leq\pi$ . Then, from Caratheodory’s lemma 3, that $\mathfrak{R}t\{2c_{0}\}\geq|c_{n}|$ , we have

(6) $| \frac{C,g}{c_{1}}|\leq 2$

and

(7) $| \frac{c_{n}-c_{n-2}}{c_{1}}|\leq 2, n=3,4,5, \ldots.$

From (6) and (7) we obtain (5).
$\square$

Theorem 5. Let $p(z)=1+ \sum_{n=1}^{\infty}c_{\tau\alpha}z^{n}$ be analytic in $\mathbb{D}$ . Assume also that $p(z)\neq 0$ in $\mathbb{D},$ $c_{i}\neq 0$

and suppose that $p(z)$ be starlike in the direction of the diametal line of $p(z)$ with respect to $\theta=\beta.$

Then we have

(8) $nc_{1}\geq|c_{\eta}| n\in \mathbb{N}=\{1,2,3, \ldots\}.$

Fig. 2. $a=p(e^{i(\pi+\beta)}),$ $e=p(e^{\hat{l}\beta})$ .

Proof. Let us put $\alpha=\arg p(e^{i\beta}),$ $\gamma=\arg c_{1}$ and

$I(z) = \frac{e^{-i\gamma}}{|c_{1}|}((p(e^{j\beta}z)-1)\frac{1-z^{2}}{z})$

$= \frac{c_{1}e^{i(\beta-\gamma)}}{|c_{1}|}+\frac{c_{2}e^{i(2\beta-\gamma)}}{|c_{1}|}z+\frac{e^{i(\beta-\gamma)}}{|c_{1}|}(c_{3}e^{2i\beta}-c_{1})z^{2}$

$+ \frac{e^{i(2\beta-\gamma)}}{|c_{1}|}(c_{4}e^{2_{2}\beta}-c_{2})z^{3}+\ldots$

$+ \frac{e^{i((n-2)\beta-\gamma\rangle}}{|c_{1}|}(c_{n}e^{2i\beta}-c_{n-2})z^{n-1}+\ldots.$

From the hypothesis of Theorem 5, we have

$\mathfrak{R}e\{I(z)\}\geq 0 z\in \mathbb{D}.$
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Applying Caratheodory’s lemma 3, we have

$\mathfrak{R}\iota\{2e^{1(\beta\alpha+\gamma)}\}$ $\geq|\frac{q}{c_{1}}|$

$\mathfrak{R}e\{2e^{i(\beta\alpha+\gamma)}\} \geq|\frac{C_{3}p_{-c_{1}}}{c_{1}}|$

$\Re\{2e^{1(\beta\alpha+\gamma)}\} \geq|\frac{c_{4}e^{2\cdot\beta}-c_{2}}{c_{1}}|$

$\mathfrak{R}e\{2e^{1(\beta a+\gamma)}\} \geq |\frac{c_{n}e^{2:\beta}-c_{\mathfrak{n}-2}}{c_{1}}|$

Applying the mathematical induction, we can easily obtain Theorem 5. $\square$

For other results on the several problems connected to the starlikeness we refer also to the recent
paper [4].

REFERENCES
[1] M. S. Robertson, Analytic functions starlike in one direction, Amer. J. Math. 58(1936) 465-472.
[2] M. S. Robertson, On the theory of univalent functions, Ann. Math. .$37(19?6)$ 374-408.
[3] $h^{\neg}$ . Study, Konforme Abbildung Einfachzusammenhangender Bereiche, B. C. Teubner, Leipzig und Berlin 1913.
[4] M. Nunokawa. J. Sok\’o}. On the Order of Strongly Starlikeness of Convex Functions of Order Alpha, Mediterranean

J. Math. DOI 10.lO07/s00009-Ol3-034l-6.

UNIVERSITY OF GUNMA, HOSHIKUKI-CHO 798-8, $c_{HUOU-}$WARD, CHIBA, 260-0808, JAPAN
$E$-mail address: mamoru-nunoQdoctor. nifty. jp

DEPARTMENT OF MATHEMATICS, Rzesz\’ow UNIVERSITY OF TECHNOLOGY, AL. POWSTANC6W WARSZAWY 12,
$35-959RZESz6w$, POLAND

$E$-mail address: jsokolQprz. $odu$ . pl

84


