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Abstract

We survey some known reflection theorems on topological properties
like metrizability, compactness or paracompactness which are assertions
equivalent to the Fodor-type Reflection Principle (FRP) over ZFC or driv-
able from some modification of FRP. We also present slight improvements

of two theorems in [10].

1 Introduction and summary of known results

In this note, we survey some known reflection theorems on topological properties
like metrizability, compactness or paracompactness. We are mainly interested in
reflection theorems which are equivalent to the Fodor-type Reflection Principle
(FRP, see below) or drivable from a modification of FRP.

In Section 2, we give a construction of a topological space which serves as a
generic counter example of the non reflection under the failure of FRP.

Sections 3 and 4 contain slight improvements of two results in sections 4 and
5 of [10].

Fodor-type Reflection Principle (FRP) is the assertion that the following
principle FRP()) holds for all regular A > ¥;.
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FRP()\): For any stationary S C E} = {a < A : cf(e) = w} and mapping
g : S — [\]=R0 there is I € [A]"* such that
(1.1) cf(J) = wy;
(1.2) g(e)CIforallaelIns;
(1.3) for any regressive f : SN I — X such that f(a) € g(e) for all
a € SN I, there is £* < X such that f=1”{¢*} is stationary in
sup(]).

The principle FRP is introduced in [9] and further studied in [8], [10], [11],
[12] and [13]. FRP is a consequence of the reflection principle known as RP
(see e.g. [15]) which is a weakening of Fleissner’s Axiom R ([7]). In contrast
to RP which implies 2% < Ry, FRP impose almost no restriction on the size of
the continuum since it can be shown that FRP is preserved under c.c.c. generic
extension ([9]). On the other hand, many mathematical reflection theorems
previously known to be consequences of Axiom R can be proved already under
FRP.

For later use in Section 4, let us recall the definition of Axiom R. Axiom R is

the assertion that the following property AR(x) holds for all cardinals > R;:

AR(k): For any stationary S C [k]* and wi-club 7 C []™, thereis I € T
such that S N [I]* is stationary in [I]*

where 7 C [X]™ for an uncountable set X is said to be wi-club (or tight and
unbounded in Fleissner’s terminology in [7]) if

(1.4) T is cofinal in [X]™ with respect to C and

(1.5) for any increasing chain (I, : o < w;) in 7 of length wi, we have

Ua<w1IaeT.

In [13], it is proved that FRP is also a consequence of Rado’s Conjecture
(RC) (for Rado’s Conjecture see e.g. [20])
MM

MA* (o-closed)
Axiom R

Rado’s Conjecture RP

FRP



Using the characterization of FRP in [12] which is cited here as Theorem
1.1 and Corollary 1.2 below, we can even prove that most of the mathematical
reflection theorems provable under FRP are actually equivalent to FRP over
ZFC:

Theorem 1.1 (S.F., H. Sakai, L. Soukup and T. Usuba [12]). Suppose that
FRP does not hold and

(1.6) X*=min{u : p is a reqular cardinal with ~FRP(p)}.
Then ADS™(X\*) holds.

Here ADS™()\) for a regular cardinal X is the following weakening of the
square principle:

ADS™(A) There is a stationary S C E) and a ladder system g : S — [A\]¥ such
that g is almost essentially disjoint

where

(1.7) g:8 — [\™ for S C E) is a ladders system if g(a) is a cofinal subset
of « of order type w for all a € S;

(1.8) Aladder system g : S — [A]® for S C E? is essentially disjoint if there
is a regressive f : S — A such that {g(a) \ f(a) : a € S} is pairwise
disjoint; and

(1.9) A ladder system g : S — [A® for S C EJ is almost essentially disjoint
if, for all v < A, the ladder system g | S Ny is essentially disjoint.

Corollary 1.2 (S.F., H. Sakai, L. Soukup and T. Usuba [12]). FRP is equivalent
to the assertion that ADS™()) does not hold for all regular M.

Here is a list of mathematical assertions proved to be equivalent to FRP over
ZFC. For the notions used in the assertions in the following Theorem 1.3, see
the respective papers where the equivalence is shown:

Theorem 1.3. Each of the following assertions is equivalent to FRP over ZFC:

(A) ([9],[12]) For every locally separable countably tight topological space
X, if all subspaces of X of cardinality < R; are meta-Lindelof, then X
itself is also meta-Lindelof.

(B) ([9],[12]) For every locally countably compact topological space X with,
if all subspaces of X of cardinality < R are metrizable, then X itself is
also metrizable.



(B’)

(©)

([10]) If X is a regular locally countably compact space such that every
subspace of X of cardinality < X; has a point countable base, then X is
metrizable.

([8]) For every Ti-space X with point countable base, if all subspaces
of X of cardinality < W; are left-separated then X itself is also left-
separated.

([8]) For every metrizable space X, if all subspaces of X of cardinality
< N; are left-separated then X itself is also left-separated.

(11]) for any Boolean algebra B, B is openly generated if and only if
there are club many projective subalgebras of B of cardinality N;.

([12])  For every countably tight topological space X of local density
< Ny, if X is < Ny-cwH, then every closed discrete subsets of X are
simultaneously separated.

([12]) For every locally countable, first countable topological space X,
if X is < Xi-cwH, then every closed discrete subsets of X are simulta-
neously separated.

2 Construction of a topological space coding the failure
of FRP

The implications “(X) = FRP” for X = A, B, B’, C, C’, E, E’ in Theorem 4.1
are immediate consequences of the following Lemma.

Note that an almost essentially disjoint ladder system g : S — [A]* on
S C E) can be easily modified to satisfy:

2.1)

g(c) consists of successor ordinals for all o € S.

Recall that, a topological space X is:

(2.2)
(2.3)
(2.4)

(2.5)

paracompact if any open covering of X has a locally finite open refine-
ment;

para-Lindelof if any open covering of X has a locally countable open
refinement;

X is metacompact if any open covering of X has a point finite open
refinement;

meta-Lindeldf if any open covering of X has a point countable open

refinement;



A H. Stone’s theorem states that a metrizable space is paracompact. Morita’s
theorem states that a Lindelof space is paracompact.

Lindelof \

metrizable — paracompact — metacompact

! !

para-Lindel6f — meta-Lindel6f

In [10], I overlooked (6) in the following Lemma 2.1 and failed to formulate
the assertions given as Corollary 3.7 and Proposition 4.5. I would like to thank
Toshimichi Usuba for pointing it out for me.

Lemma 2.1. Suppose that ~ADS™()\) for a regular A > R; and let S C E? be
stationary set with an almost essentially disjoint ladder system g : S — [AR0
on it satisfying (2.1).

Let X = (X,0) be the topological space with X = Succ(\) U S where
Succ(A) = {a+1 : a € \} and such that O is generated from

(26) B={{o}: aeSuccAN)}U{{a}Ugla)\7:a€S vy<a}

Then we have

(1) X is a normal space.

(2) X is locally countable and locally compact.

(3) X is not meta-Lindeldf (and hence it is not metrizable).

(4) X N~ is metrizable for all v < \.

(6) X s < A-collectionwise Hausdorff but not collectionwise Hausdorff.

(6) For any uncountable Y C X, L(Y) = |Y | where L(Y) denotes the
Lindel6f number of Y.

(7) For any infinite Y C X, |Y |=|Y|.

Proof. (1): Suppose that A; C X, 7 € 2 are disjoint closed subsets of X. This
means that, for each i € 2 and 7 € 2\ {i},

(2.7) if g(o) N A; for some a € S is unbounded in « then o € A4;, and
(2.8) if @ € A;N S then g(a) N A; is bounded in a.

For each i € 2,7 € 2\ {i} and o € 4, N S, let f(a) € o be such that
(9(a) \ f(a)) N A; = 0. This is possible by (2.8).

Fori € 2,let O; = A, U{g(a) \ f(a) : @« € A;NS}. Then O;, i € 2 are
disjoint open sets separating 4;, i € 2.
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(2): This is clear since all a € Succ()) are isolated and the open countable
subspace g(a) of X for o € S is isomorphic to w by the definition of B.

(3): It is enough to show that there is no point countable open refinement
of the open covering Uy = {{B8} : B € Succ(M\)}U{{a}Ug(a) : a € S} of X.

Suppose that I is an arbitrary open refinement of Uy. For each o € S, let
f(a) € o be such that f(a) € g(a) and {a}Ug(a)\ f(a) € U, for some U, € Y.
Since f : S — ) is regressive, there are * € A and stationary T' C S such that
f 1 T takes the constant value #* by Fodor’s Lemma. §* is contained in all U,,
a € T and, by the definition of Uy, Uy, o € T are pairwise distinct. This shows
that U is not even point < \.

(4): Suppose that v < A\. Without loss of generality, we may assume ~y €
Lim()). Since g is almost essentially disjoint, there is a regressive f : SNy — v
such that {g(a) \ f(e) : @ € SN~} is pairwise disjoint. It follows that
F={({a}ug(a)\ f(a) : a € SN~} is pairwise disjoint as well.

Let D = Succ(y)\UF and U = {{8} : B € D}UF. U is an open partition
of X N~ and each U € Y is metrizable.

It follows that X N+ is also metrizable.

(5): For a closed discrete subset D of X of cardinality < A, we can find a
simultaneous separation similarly to the construction of the open partition in
the proof of (4). S is a closed and discrete subset of X but Fodor’s Lemma
argument similar to the proof of (3) shows that S cannot be simultaneously
separated.

(6): It is enough to show L(Y) > | Y |. Suppose first that | Y| = A. Suppose
U € [B]<*. Then sup{supU : U € U} < X by regularity of \. Hence i cannot
be a covering of X. This shows L(Y) > A.
If |Y | < A, then, by the proof of (3), there is an open partition of Y of size
|Y'|. Thus we have again L(Y) > |Y'|.
0 (Lemma 2.1)

3 Reflection of paracompactness in countably tight
locally Lindelof spaces

In this section we prove that the assertion of Theorem 1.6 in Balogh [2] (proved
there under Axiom R) is also equivalent to FRP over ZFC (Corollary 3.7).

Lemma 3.1. For a topological space X = (X, O), if F C P(X) is locally finite,
then we have J{Y : Y € F} =UF.



Proof. The inclusion “C” is clear. To show the other inclusion “D”, suppose
r€UF. Let O€ Obesuchthat r€ Oand Fo={Y € F : ONY # 0} is
finite. Then we have z € JFo = U{Y : Y € F}. Thusz € U{Y : Y € F}.

O (Lemma 3.1)

Lemma 3.2. For a topological space X = (X, 0), if F C P(X) is locally finite,
then F ={Y : Y € F} is also locally finite.

Proof. Forz € X,let O € O besuchthat z € Oand Fo={Y € F : ONY #
0} is finite. Foranyy € Oify € Y for some Y € F then ONY # 0, ie.
Y eFy. Sowehave {Y € F : ONY # 0} = F. 0 (Lemma 3.2)

The following characterization of paracompactness of locally Lindelof spaces
was already mentioned in [2]. In the proof of Theorem 3.6 we actually only use
the trivial direction “(a) = (b)” of this characterization. Nevertheless the
characterization explains the need to look at open partitions of a given locally
Lindelof space to prove the paracompactness of the space.

Lemma 3.3. Suppose that X is a locally Lindelof spacet. Then the following
are equivalent:

(a) X can be partitioned into open Lindeldf subspaces.

(b) X is paracompact.

(c) X is para-Lindelof.

Proof. “(a) = (b)”: Suppose that X is partitioned into open Lindel6f sub-
spaces. By Morita’s theorem each subspace in the partition is paracompact.
Hence it follows that the whole space is paracompact as well.

“(b) = (c)” is trivial.

“(c) = (a)”: Suppose now that X is a locally Lindel6f para-Lindel6f space.
We show that there is a partition of X into clopen Lindelof subspaces. Let
A C O be an open covering of X such that Y is Lindeldf for all Y € A. Let B be
a locally countable open refinement of \A. Then elements of B' = {Y : Y € B}
are Lindelof and B’ is still locally countable by Lemma 3.2.

Claim 3.3.1. ForanyY € B, {Z € B' : Y N Z # 0} is countable.

1We assume that a Lindeldf space is a regular space with Lindel6f property. A topological
space X is locally Lindelof if for every € X there is an open set £ € O C X such that O is
a Lindelof space in the subspace topology. In particular, a locally Lindel”of space is locally
regular.

11
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- SupposeY e B. Let S={Z € B : YNZ #0}. Foreachy €Y, let
O, € O be such that y € O, and {Z € B’ : O, N Z # 0} is countable. Note
that we can find such O, since B’ is locally finite. Since Y is Lindelof, there is
a countable Yy C Y such that {O, : y € Y,} is a cover of Y. Then we have
SC{ZeB : 0,NZ#0 for some y € Yy} and the right side of the inclusion
is easily seen to be countable. — (Claim 3.3.1)

Let ~p be the intersection relation on B’. Thatis, for Y, Y' € B, Y ~p Y’
& YNY' # 0. Let ~p be its transitive closure. Let E be the set of all
equivalence classes of ~p. By the claim above, it follows that each e € E
is countable. Thus |Je is Lindelof and |Je is closed by Lemma 3.1. Since
P ={Ue : e € E} is a partition of X, each [ Je for e € E is also open.

Thus P is a partition of X into clopen Lindeldf subspaces of X. (1 (Lemma 3.3)

A similar proof shows the following:

Lemma 3.4. For a locally (separable & Lindeldf) space X, the following are
equivalent:

(a) X has an open partition into Lindelof spaces;

(b) X is paracompact;

(c) X is meta-Lindelof.

Proof. “(a) = (b)”: If A is an open partition of X into Lindeldf spaces then
each Y € A is paracompact by Morita’s theorem. Hence X is also paracompact.

“(b) = (c)” is trivial.

“(c) = (a)”: Suppose that X is meta-Lindelof. Let .A be an open covering
of X consisting of separable Lindel6f subspaces and 4’ be its point countable
open refinement. Note that elements of A’ are still separable as open subspaces
of separable spaces.

Claim 3.4.1. For eachY € A', the set {Z € A" : Y NZ # 0} is countable.

- Let D € [Y]™ be adensesubset of Y. Let B={Z € A’ : ZND # 0}. Bis
countable, since .4’ is point countable. We show that B= {Z € A’ : YNZ # 0}.
“C” is clear. To show “D”, suppose that Z € A’ is such that Y N Z # (. Then
as a nonempty open subset of Y, Y N Z contains some element of D which
means that Z € B. : — (Claim 3.4.1)

Let ~4 be the transitive closure of the intersection relation on A’. Then
each equivalence class e C A’ with respect to =4 is countable by Claim 3.4.1.
Since | Je is also closed. Je = J{Z : Z € e}. Since each Z, Z € e is Lindelof



as a closed subspace of a Lindel6f space, it follows that |Je is also Lindeldf.
Thus {Je : e € A"/ =4} is a partition of X as in (a). 0 (Lemma 3.4)

Lemma 3.5 (Proposition 1.1 in Balogh (2]). If a topological space X = (X, O)
is locally Lindeldf, then B={V C X : V is an open Lindeldf subspace of X}
forms a base of X.

Proof. Note that a closed subspace of a Lindelof space is also Lindelof. Hence,
forx € X andz € O € O, thereisa U € O suchthat z € U C O and U
is Lindelof. Since U is a Lindeldf space and thus normal, we can construct a

sequence (O; : ¢ € w) of open sets such that
(31) 2€0)C0COICOC --CU.

Let O* = |J;c,, Os- Then O~ is an open neighborhood of z and O* C 0. O*
is Lindeldf since we can also represent O* as the countable union of Lindelsf
spaces, namely as O* = J,., O;. 0 (Lemma 3.5)

Z. Balogh [2] proved the following theorem under Axiom R.

Theorem 3.6 (FRP). Suppose that X is locally Lindelof and countably tight.
If every open subspace Y of X with L(Y) < ¥ is paracompact then X itself is
paracompact.

Proof. A variation of the proof of Theorem 4.3 in S.F., I. Juhész, L. Soukup,
Z. Szentmikldssy and T. Usuba [9] will do.

It is enough to prove that the following (3.2) , holds for all cardinal x by
induction on x:

(3.2) . For any countably tight and locally Lindeléf space X with L(X) < k, if
every open subspace of X of Lindel6f degree < V; is paracompact then

X itself is also paracompact.

For k < Ry, (3.2) , trivially holds. So assume that x > X; and that (3.2) , holds
for all A < k. Let X be as in (3.2) .. We have to show that X is paracompact.

Case 1. k is regular.

Let {L, : a < k} be a cover of X consisting of Lindel6f subspaces of
X. By Lemma 3.5, we may assume that each L, is open. For 8 < k, let
Xg = U{La : @ < B}. By L(X) = k, we have X # Xz for every 5 < k. We
may also assume that the continuously increasing sequence (X5 : § < k) of

open set in X is strictly increasing.

Let S={a <k : X, # X,}

13
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Claim 3.6.1. S is non-stationary in k.
 We prove first the following weakening of the claim:
Subclaim 3.6.1.1. SN E% is non-stationary in k.

I For a contradiction, suppose that S N E* were stationary. For each o €
SN EX, let py € X, \ X, and let h(a) € k be such that p, € Lp(a). Since X is
countably tight, there is ¢, € [o]™ such that p, € m

Now, by FRP, there is I € [«]™ such that

(3.3) cf(I) = w;
(34) h(a)elforallae SNENI;
(35) cuClforallaeSNESNI,

(3.6) if f: SNE~NI — x is such that f(a) € ¢, for all « € SNEXNI, then
there is ¢* € I with sup(f~1({¢*})) = sup(I).

Let Y = Jye; Lg. Note that, by (3.4), ps €Y foralla € SNESNT.

By | I | = X; and since each Lg is open Lindelof subspace of X, it follows that
Y is open and L(Y') < X;. Hence, by the assumption on X, Y is a paracompact
subspace of X. Thus the open cover £L = {Ls : § € I} of Y has a locally finite
open refinement €. Since each Lg (8 € I) is Lindeldf, it follows that, for each
pel,

(3.7) {E €& : EnLy# 0} is countable.

This can be seen as follows: Since £ is locally finite, for each p € Lg, there is
an open set O, such that p € O, and {E € £ : EN O, # 0} is finite. Since
Lg is open, we may choose O, to be a subset of Ls. Since Ly is Lindelof and
{0, : p € Lg} is an open cover of Lg, there is a countable A C Lg such that
{O, : p € A} already covers Lg. Wehave {E €€ : ENLs; #0}={F €€ :
ENO, # 0 for some p € A}. But the right-side of the equation is easily seen
to be countable.

Now, for each « € SN EEZN I, let E, € £ be such that p, € E,. Since
Pa € U{Ls : B € cy}, there is f(a) € ¢, such that E, N Ly, # 0. Thus, by
(3.6), there is a £* € I such that sup(f~1"{¢*}) = sup(Z). By (3.7), we have
E C X, for all E € £ such that ENLg. # 0 for some large enough n € SNELNT
with f(n) = ¢£*. But, since @ # E, N L¢, = E, N Lg- we have p, € E, C X,,.
This is a contradiction to the choice of p,,. — (Subclaim 3.6.1.1)

Let C be a club subset of k consisting of limit ordinals such that SNESNC =
0 and let



(38) D={aeC: a\Siscofinal in a}.
Clearly D is also a club subset of k. So the following subclaim proves the claim.
Subclaim 3.6.1.2. SN D = 0.

 Fora€eDNE: wehave o & S by DCC.
For « € DN E%,, suppose p € X,. By the countable tightness of X there
is # < « such that p € Xj. By (3.8), we may assume that 5 € E\ S. Thus we
have p € X3 = X3 C X,. This shows that X, = X, and hence a & S.

—| (Subclaim 3.6.1.2)

— (Claim 3.6.1)

Now let D be a club subset of x such that D NS =0 and let (¢, : a < k)
be an increasing enumeration of D U {0}. Let Y, = X ., \ X¢, for a < &.
Then {Y, : « < k} is a partition of X into clopen subspaces. Since each Y,
is the union of < x many Lindel6f spaces, namely Ls \ X¢,, & < 6 < &ui1,
we have L(Y,) < k. It follows from the induction hypothesis that each Y, is
paracompact. Hence X itself is also paracompact.

Case 2. « is singular.

Similarly to Case 1., let {L, : a < k} be a cover of X consisting of open
Lindelof subspaces of X. Let (k; : i < cf(k)) be a continuously and strictly
increasing sequence of cardinals cofinal in k. For ¢ < cf(k), let X; = |J{L, :
a < k;}. By the induction hypothesis, there is a locally finite open refinement
C; of the open cover {L, : o < k;} of X; for each ¢ < cf(x). Let C = ;. Ci-

Let ~¢ be the intersection relation on C and ~%¢ be its transitive closure.
Since each C; is locally finite and each C € C; is Lindeldf, we have |{C’ € C :
Crc(C'}| <cf(k) <k forall C €C.

Let E be the set of all equivalence classes of ~¢. Then, each e € E has
cardinality < cf(k).

P ={Ue : e € E} is a partition of X into clopen subspaces. Since each Y €
P is the union of < cf(x) many Lindelof subspaces, we have L(Y) < cf(k) < &.
It follows that each Y € P is paracompact by the induction hypothesis and
hence X is also paracompact. [J (Theorem 3.6)

Corollary 3.7. The assertion of Theorem 3.6 is equivalent to FRP.

Proof. Theorem 3.6 shows that the assertion follows from FRP.
Suppose that FRP fails. Then by Theorem 1.1 we can build a topological
space X of regular cardinality A > N; asin Lemma 2.1. By Lemma 2.1, (2), X is

15
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locally Lindelsf and countably tight. Every open subspace Y of X with L(Y) <
R; has cardinality < X; < A by Lemma 2.1, (6). Hence, by Lemma 2.1, (4) and
Morita’s Theorem, it is paracompact. However X is not paracompact by Lemma,
2.1, (3). Thus the assertion of Theorem 3.6 does not hold. [ (Corollary 3.7)

4 Axiom R-like extension of FRP and a stronger

reflection property of paracompactness

Similarly to the extension of RP to Axiom R, FRP(x) for a regular cardinal
Kk > Ny can be enhanced with the additional requirement that the reflection
point I be an element of a given w;-club family C [k]™:

FRPE(k): For any w;-club 7 C [k]™, stationary S C E* and mapping g : S —
[k]=®0 there is I € T such that

(4.1) for any regressive f : SN I — k such that f(a) € g(a) for all
a € SN I, there is £* < k such that f~1”{¢*} is stationary in

sup(I).

Similarly to FRP, let FRP® be the axiom asserting that FRP®(x) holds for all
regular k > N,.

Note that the constraints (1.1) and (1.2) on I in FRP(k) can be also realized
by thinning out of the wy-club family C in FRPF(k). Thus FRPF(x) implies
FRP(k) for all regular x > Ny. The proof of the implication “RP(x) = FRP(k)”
in [9] can be slightly modified to show the implication “AR(k) => FRP%(k)”.

Lemma 4.1. For a regular cardinal k > Ry, FRPF(k) is equivalent to the
following FRP®(k):

FRPE(k) : For any wi-club T C [k, stationary S C E~ and mapping g :
S — [k]=Ro there is a continuously increasing sequence (I : £ < wy) of
countable subsets of k such that
(4.2) (sup(le) : & < wr) is strictly increasing;

(4.3) each I¢ is closed with respect to g;

(44) sup(le) € Ieta;

(4.5) Uecu, Ie €T and

(4.6) {¢& < w; : sup(fy) € S and g(sup(l¢)) Nsup(le) C I} is sta-
tionary in w;.



Proof. First, assume FRP®(k). Let T C [k]™ be wy-club, S C E* be stationary
and g : S — [k]™. Without loss of generality, we may assume that g(a) Na % 0
for all @ € S. Without loss of generality, we may assume that all elements of
T have cofinality w;.

Let I € T be as in the definition of FRP®(k) for these S and g. Then, by
(1.2), there is a filtration (I : £ < w;) of I, that is, a continuously increasing
sequence (Iy : £ < wi) of subsets of I of cardinality < || with I = Ue<wy Zes
satisfying (4.2), (4.3) and (4.4).

We show that (I, : { < wi) satisfies (4.6) as well. Suppose not. Then
{€ < wy @ sup(le) € S or g(sup(Z)) Nsup(Z;) Z I} includes a club set C ws.
It follows that SN I\ S, is non stationary in sup(I), where

So={a€SNI: a=sup(l) for some £ < w; and g(a) Na Z I}.

Let f: SNI — I be defined by

41 flo) = {min((g(a) Na)\I) if a €Sy and o = sup(ly);

min(g(c)) otherwise.

Then f is regressive and f(a) € g(e) for all « € SN I. By the choice of I,
there is an o* € I such that f~!”{a*} is stationary in sup(I). In particular,
SoN f~1"{a*} is stationary in sup(I). Let £&* € w; be such that o* € I+ and
let 8 € SyN f~1"{a*} be such that B > sup(le). Let n < w; be such that
B = sup(l;). Then o* € I;» C I,. Since B € Sy, we have f(8) & I, by the
definition (4.7) of f. It follows that f(8) # «*. This is a contradiction to the
choice of 3.

Now, assume FRPf (k). Suppose that 7 C [k]™ is wy-club, S C E* is
stationary and g : S — [k]™. Let (I : £ < w;) be as in the definition of
FRP(x) and let I =, I

We claim that this I satisfies the conditions in the definition of FRP(k).
It is clear that I satisfies (1.1) and (1.2). To see that it also satisfies (1.3),
suppose that f : SN I — k is regressive and f(a) € g(a) for alla € SNI. Let
S1={€ €w; : f(sup(l¢)) € Is}. Then we have

81 2 {¢ € wy : g(sup(le)) Nsup(le) C I}
and thus S is stationary by the choice of I. For each £ € Sy, let
h(§) = min{n < wy : f(sup(L)) € L,}.

Then the mapping h : S; — w; is regressive. Thus, by Fodor’s theorem, there
is a stationary S; C S such that h”S; = {n*} for some n* € wy. Since I+ is
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countable, there is a stationary S3 C S, such that, for any £ € S3, f(sup(l)) =
a* for some fixed o* € I,.. It follows that f~1"{a*} D {sup(le) : £ € Ss} is
stationary in sup(J). 0 (Lemma 4.1)

Theorem 4.2. For any reqular cardinal k > X1, AR(k) implies FRPE (k).

Proof. By Lemma 4.1, it is enough to show that AR(k) implies FRP}(x). Sup-
pose that T C [k]¥, S C E* is stationary and g : S — [k]<"°. Let

(4.8) Sy = {a €[] : sup(a) € S\ a and g(sup(a)) Nsup(a) C a}.
Claim 4.2.1. S, is a stationary subset of [k]™°.

I Suppose that C C []* is a club. We show that C' N Sp # 0.

By Kueker’s theorem, there is a mapping s : < — « such that C' 2 C(s) =
{a €[k : s"a<® Ca}. Let D ={a <k : s"a=¥ C a}. Since & is regular,
D is a club subset of k. So there is an o* € SN D. Let (o, : n € w) be an
increasing sequence of ordinals such that o* = sup,¢, an. Let a* be the closure
of ag = {o : n € w} U (g(a*) Na*) with respect to s. Since ay is cofinal in o*
and a* € D, we have sup(a*) = o*. Hence a* € Sp. By the definition of a*, we
also have a* € C(s) C C.

~ (Claim 4.2.1)

Let To = {X € T : c¢f(X) = w; and X is closed with respect to g}. Then

To is still wi-club. By AR(k), there is I € 7 such that

(4.9) cf(I) =wy;
(4.10) g(a) CIforalla e INS;
(4.11) Sp N [I]* is stationary in [I]%.
Let (I; : £ < w) be a filtration of I such that each I, is closed with respect
to g (this is possible by (4.10)) and (sup(l¢) : £ < w;) is strictly increasing

(possible by (4.9)).
Let

Sy = {¢ <w; : £is alimit and I; € Sp} and
Sy = {€ < wy : g(sup(I¢)) Nsup(le) C I)}.

By the definition (4.8) of Sp, we have S; D S; and S is a stationary subset of
w; by (4.11). Thus S, is stationary as well. 0 (Theorem 4.2)

Corollary 4.3. Axiom R implies FRPE. 4



A straightforward modification of Theorem 3.4 in [9] shows also that FRP®(x)
is preserved in generic extensions by c.c.c. forcing.

Shelah proved that Singular Cardinal Hypothesis (SCH) follows from a weak-
ening of RP ([19]). In [11], we showed that FRP already implies Shelah’s Strong
Hypothesis (SSH). SSH is a strengthening of SCH and under 2% > X, which is
consistent with FRP (but not with RP), it is strictly stronger than SCH.

One of the assertions equivalent to SSH is the following:

(4.12) cf([g]™, C) = k™ for all singular cardinal x of countable cofinality.
Note that from this, it follows that
(4.13) cf([]¥, C) = & for all cardinal of uncountable cofinality.

Thus (4.13) is a consequence of FRP.
Balogh proved the following theorem under Axiom R (Theorem 1.4 in [2]).

Theorem 4.4. Assume FRPE. Suppose that X is a countably tight locally
Lindeldf space such that

(4.14) for all open subspaces Y of X with L(Y) < Ry, we have L(Y) < ®; and
(4.15) every clopen subspace Y of X with L(Y') < R; is paracompact.

Then X itself is paracompact.

Proof of Theorem 4.4: The proof is a modification of the proof of Theorem

3.6.
It is enough to prove that the following (4.16) . holds for all cardinal k by

induction on x:

(4.16),. For any countably tight and locally Lindel6f space X with L(X) = &,
if X satisfies (4.14) and (4.15), then X is paracompact.

For k < Ry, (4.16) , trivially holds. So assume that x > R; and that (4.16)
holds for all A < k. Let X be a countably tight and locally Lindeldf space with
L(X) = & such that X satisfies (4.14) and (4.15). We have to show that X is

paracompact.
By Lemma 3.5, and since X is locally Lindelof and L(X) = «, there is a

cover {L, : a < k} of X consisting of open Lindeldf subspaces.
Let

T ={I€[k™ : U, Lo is a clopen subspace of X}.
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By (4.14) and since X is countably tight, it is easy to see that 7 is w;-club.
Case 1. & is regular.

For 3 < K, let X5 = (J{L, : o < 8}. By induction hypothesis we may also
assume that X # X for every 8 < k and that the sequence (X5 : 8 < k) is

strictly increasing.
Let S ={a <k : X, # Xa}

Claim 4.4.1. S is non-stationary in k.
 We prove first the following weakening of the claim:
Subclaim 4.4.1.1. SN Ef is non-stationary in k.

I For a contradiction, suppose that S N E were stationary. For each a €
SNE~ let p, € X, \ X, and let h(a) € k be such that p, € Lp(y). Since X is
countably tight, there is c, € [a]" such that p, € m

Now, by FRPE, there is I € T such that

(4.17) cf(I) = ws;
(4.18) h(a)eIforalla e SNESNI;
(419) ¢, CIforallae SNESNI,;

(4.20) if f: SNE“NI — k is such that f(a) € ¢, forall @ € SNEZNI, then
there is £* € I with sup(f~*"{¢*}) = sup(J).

Let Y = Uge; Ls. Note that, by (4.18),p, €Y forallae SNESNI.

By I € T and since each Ly is open Lindeldf subspace of X, it follows that
Y is clopen and L(Y) < X;. Hence, by (4.15), Y is a paracompact subspace of
X. The rest of this case can be treated exactly as the Case 1 in the proof of
Theorem 3.6. Thus the open cover {Ls : § € I} of Y has a locally finite open
refinement €. Since each Lg (3 € I) is Lindeldf, it follows that

(4.21) {E €& : EN Lg # 0} is countable.

Now, for each o € SN EZN I, let E, € £ be such that p, € E,. Since
pa € U{Ls : B € ca}, there is f(a) € ¢, such that E, N Lgq) # 0. Thus, by
(4.20), there is a ¢* € I such that sup(f~"{£*}) = sup(I). By (4.21), there
isn € SNE:NIT such that f(n) =& and E C X, for all E € € such that
ENLg # 0. But, since @ # E, N Ly, = E,N Le, we have p, € E, C X,,. This
is a contradiction to the choice of p,. - (Subclaim 4.4.1.1)

Let C be a club subset of k consisting of limit ordinals such that SNEZNC =
0 and let



(422) D={ae€C : a\ S is cofinal in a}.
Clearly D is also a club subset of k. So the following subclaim proves the claim.
Subclaim 4.4.1.2. SN D = 0.

I Fora€ DNE" wehavea ¢ Sby DCC.

For o € DN E%,, suppose p € X,. By the countable tightness of X, there
is 8 < a such that p € Xj. By (4.22), we may assume that 3 € E%\ S. Thus
we have p € X5 = X3 C X,,. This shows that X, = X, and hence o & S.

— (Subclaim 4.4.1.2)
- (Claim 4.4.1)

Now let D be a club subset of « such that D NS =@ and let (¢, : o < k)
be an increasing enumeration of D U {0}. Let Y, = X ., \ X, for a < k.
Then {Y, : o < k} is a partition of X into clopen subspaces. Since each Y,
is the union of < k many Lindeldf spaces, namely Ls \ X¢,, & < 6 < &a41,
we have L(Y,) < k. It follows from the induction hypothesis that each Y, is
paracompact. Hence X itself is also paracompact.

Case 2. k is singular.
Let 6 be a sufficiently large cardinal. Let £ = {L,, : o < k}. The singularity
of k is not yet necessary in the following claim:

Claim 4.4.2. If M < H(0) is such that

(4.23) w; C M;
(424) X, Le M;
(4.25) M is w-bounding,

then Z = J(LN M) is a clopen subspace of X.

- Z is an open subspace of X as the union of open subspaces £ N M. Thus
it is enough to show that X is closed. Suppose z € Z. By the countable
tightness of X, there is ¢ € [£ N M]™ such that = € (Jc. By (4.25), there is
d € [LNM]* N M such that ¢ C ¢. By (4.14) and by the elementarity of M,

we have
M E3d e (£ (Ue c Ud).

Let d € [L]™ N M be such that (J¢ C |Jd. By (4.23), we have d C M. Thus

there is an L* € d = dN M such that z € L* C | Jd C J(L N M).
— (Claim 4.4.2)
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Let (M; : i < cf(k)) be an increasing sequence of elementary submodels of
H(6) such that, for ¢ < cf(k),

(4.26) | M;| < K;

(427) W Q Mi;

(4.28) X, L e M;

(4.29) M; is w-bounding and
(4.30) & C Uicet(e) M-

We can construct such a sequence in particular with the property (4.29) by the
assumption on the cardinal arithmetic.

Let X; = UJ(L N M;) for i < cf(k). By Claim 4.4.2, each X; is a clopen
subspace of X. Since L(X;) < | M;| < k, each X; is paracompact by induction
hypothesis . Note that we need here the closedness of X; so that (4.14) holds
for X;.

L N M; has a locally finite open refinement C; for each i < cf(x). Let
C= Ui(cf(n) Ci.

Let ~¢ be the intersection relation on C and = be its transitive closure.
Since each C; is locally finite and each C € C; is Lindeldf, | {C' € C; : C' =,
C}| < R for all § < cf(xk). Hence |{C' € C : C =¢ C'}| < cf(k) < & for all
CecC.

Let E be the set of all equivalence classes of ~¢. Then each e € E has
cardinality < cf(k).

P = {Ue : e € E} is a partition of X into clopen subspaces. Since each Y €
P is the union of < cf(x) many Lindeldf subspaces, we have L(Y') < cf(k) < &.
It follows that each Y € P is paracompact by the induction hypothesis and
hence X is also paracompact. 0 (Theorem 4.4)

It is unknown if the assertion of Theorem 4.4 implies FRP®. But it is easy
to see that it implies FRP:

Proposition 4.5. The assertion of Theorem 4.4 implies FRP.

Proof. Suppose that FRP does not hold. Then we can construct a topological
space X asin Lemma 2.1. We have X =(4.14), by Lemma 2.1, (6) and (7). Also
X [=(4.15) by Lemma 2.1, (6) and (4). But X is not paracompact by Lemma
2.1,(3). 0 (Proposition 4.5)

Problem 1. Is the assertion of Theorem 4.4 equivalent with FRPE® 2



Though we presently do not know if FRP? (k) is equivalent to FRP(k) for all
regular k, it i¢s the case for many k:

Theorem 4.6. Suppose that k is regular and
(4.31) cf(IN\™,C) < k for all X < k.
Then we have FRP®(k) < FRP(k).

Proof. It is enough to show the direction “«”.

Assume that « is a regular cardinal > N; with (4.31) and FRP(k) holds. Let
S C EF be stationary, g : § — [k]™ and 7 C [k]™ be wj-club. We want to
show that there is I € 7 such that I satisfies (4.1).

Let 6 be sufficiently large and let M* = (H(6),S5,9,7,...,<,€) and let
M < M* be the union of the continuously increasing chain (M, : o < k) of
elementary submodels of M* such that

(4.32) | M, | < k for all a < k;

(4.33) M,+1 is w-bounding for all « < k;
(4.34) M, € M, for all o < k and
(4.35) kK C M.

Note that (4.33) is possible by (4.31). Let C = {a € k : kN M, = o}. Since
Cis clubin k, Sp = SN C is stationary. Applying FRP(k) to Sy and g | Sp we
obtain Iy € [A* such that, letting g = sup(Jp),

(436) Cf(ao) = Wi,
(4.37) g(a) C I, for all a € I N Sp;

(4.38) for any regressive f : SyNI — k such that f(a) € g(a) for all a € SpNI,
there is £* < « such that f~1"{¢*} is stationary in sup(lp).

Since Sp N ayp is cofinal in «yp, we have oy € C. By (4.36) and (4.33) it follows
that

Claim 4.6.1. M, is w-bounding.

- Suppose that z € [M,,]" there is o < ag such that z € [M,|*. Since
M, C M4y and M, is w-bounding thereis y € [My11]*NM C [M,,ReNM,,
such that z C y. - (Claim 4.6.1)

Let (N, : a < w;) be a continuously increasing sequence of elementary
submodels of M, such that
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(4.39) | N,| =N for every o < wy;

(4.40) there is a countable set z, € N,41 such that N, C z, for every a < w;
and

(4.41) Iy € Uper, Na-

The condition (4.40) is realizable by Claim 4.6.1. Let N = (J,,, N and
I=kNN. Then I, C I by (4.41). So |I| =R; by (4.39). Since N C M,,, we
have sup(I) = ap.

Thus the following claim implies that this 7 is as in the definition of FRP®(x)
for S, gand 7.

Claim 4.6.2. T € T.
 For o < w; there is A, € T N N,41 such that
(4.42) U(T NN, C A,

by (4.40) and elementarity. (A, : @ < w;) is then an increasing sequence in
T. Let A = J,c., As- By the wi-clubness of 7, we have A € 7. By (4.42)
and (4.40), we have IN N, C A, C I for all @ < w;. By (4.41), it follows that
A=1. — (Claim 4.6.2)

0 (Theorem 4.6)

Corollary 4.7. FRP implies FRP®(k) for all regular cardinals which are not
the successor of a singular cardinal of countable cofinality.

Proof. By Theorem 4.6 and by the fact that FRP implies (4.13).
[ (Corollary 4.7)

By the theorem above we have FRP®(R,,) < FRP(R,) for all n € w\ 1. Thus
the test question in this connection would be the following:

Problem 2. Is FRP®(R, ;) equivalent to FRP(R 1) ?

References

[1] Z. Balogh, Reflecting point countable families, Proceedings of the American
Mathematical Society 131, No.4, (2002), 1289-1296.

[2] Z.Balogh, Locally nice spaces and Axiom R, Topology and its Applications,
125, No.2, (2002), 335-341.



[3] R.E. Beaudoin, Strong analogues of Martin’s Axiom imply Axiom R, Jour-
nal of Symbolic Logic, 52, No.1, (1987), 216-218.

[4] A.Dow, An introduction to applications of elementary submodels to topol-
ogy, Topology Proceedings 13, No.1 (1988), 17-72.

[5] A. Dow, Set theory in topology, Ch. 4, 168-197 in Recent Progress in Gen-
eral Topology, M. Husek and J. van Mill (editors), Elsevier Science Pub-
lishers B.V., Amsterdam (1992).

[6] R. Engelking, General Topology, Second edition, Heldermann Verlag,
Berlin, (1989).

[7] W. Fleissner, Left-separated spaces with point-countable bases, Transac-
tions of American Mathematical Society, 294, No.2, (1986), 665-677.

[8] S. Fuchino, Left-separated topological spaces under Fodor-type Reflection
Principle, RIMS Koékytroku, No.1619, (2008), 32-42.

[9] S. Fuchino, I. Juhdsz, L. Soukup, Z. Szentmikléssy and T. Usuba,
Fodor-type Reflection Principle and reflection of metrizability and meta-
Lindel6fness, Topology and its Applications Vol.157, 8 (June 2010), Special
Issue dedicated to the Proceedings of the Conference “Advances in Set-
Theoretic Topology” (in Honour of Tsugunori Nogura on his 60th Birth-
day), 1415-1429.

[10] S. Fuchino, Fodor-type Reflection Principle and Balogh’s reflection theo-
rems, Combinatorial set theory and forcing theory, Teruyuki Yorioka (ed.),
RIMS Koékytiroku, No.1686, (2010), 41-58.

[11] S. Fuchino and A. Rinot, Openly generated Boolean algebras and the
Fodor-type Reflection Principle, Fundamenta Mathematicae 212 (2011),
261-283.

[12] S. Fuchino, H. Sakai, L. Soukup and T. Usuba, More about the Fodor-type
Reflection Principle, submitted.
http://kurt.scitec.kobe~u.ac.jp/ fuchino/papers/moreFRP.pdf

[13] S. Fuchino, H. Sakai, V. Torres Perez and T. Usuba, Rado’s Conjecture
and the Fodor-type Reflection Principle, in preparation.

25



26

[14] 1. Juh4sz, Cardinal functions in topology—ten years later. Second edition.
Mathematical Centre Tracts, 123. Mathematisch Centrum, Amsterdam,

(1980).
[15] T. Jech, Set Theory, The Third Millennium Edition, Springer (2001/2006).
[16] A. Kanamori, The Higher Infinite, Springer-Verlag (1994/97).
[17] S. Shelah, Proper Forcing. North-Holland, Amsterdam (1980).

[18] S. Shelah, A compactness theorem for singular cardinals, free algebras,
Whitehead problem and transversals, Israel Journal of Mathematics 21
(1975), 319-349.

[19] S. Shelah, Reflection implies the SCH, Fundamenta Mathematicae 198
(2008), 95-111.

[20] S. Todorcevié, On a conjecture of R. Rado, Journal of the London Mathe-
matical Society, Vol.27, (1983), 1-8.



