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Energy Conversion and Phase Regulation in Transient States of
Frequency Entrainment Described by van der Pol and
Phase-Locked Loop Equations∗

Yuichi YOKOI†a) and Yoshihiko SUSUKI††b), Members

SUMMARY We study the role of energy conversion in phase regula-
tion of frequency entrainment. For an open dynamical system that interacts
with its environment, energy conversion in the system is the key to a wide
variety of nonlinear phenomena including frequency entrainment. In this
paper, using the standard notion of energy, we study the phenomena of
frequency entrainment by periodic forces in two different types of oscil-
lations: libration and rotation. Theoretical analysis shows a relationship
between phase regulation and energy conversion in the entrainment phe-
nomena. Both of them are explained as a common phase regulation. On
the other hand, no common relationship between transient behaviors and
energy conversion is identified for the two different types of oscillations.
For libration, the development of frequency entrainment does not depend
on the energy conversion. The energy input to the oscillator affects the
amplitude of libration. For the rotation, the development of frequency en-
trainment is governed by the amount of energy conversion. The energy
input to the system directly regulates the phase of rotation, in other words,
controls the entrainment phenomenon. These results suggest a different dy-
namical and control origin behind the two types of entrainment phenomena
as the energy conversion in the systems.
key words: synchronization, energy conversion, phase regulation, libra-
tion, rotation

1. Introduction

Frequency entrainment is a subject of research on interact-
ing oscillators in which they behave at a common frequency
[1]. In particular, frequency entrainment by a periodic force
has been extensively studied as one of the simplest synchro-
nization phenomena in nonlinear oscillations [2], [3]. The
underlying mechanism of the entrainment provides a con-
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cept of nonlinear control to establish an entrained oscilla-
tion. The periodic force is regarded as a control input to a
self-sustained oscillator to be regulated. The control con-
cept is based on the regulation of phase in synchronization
[4]. It has been widely recognized that in a self-oscillatory
system with a periodic force, phase is regulated by energy
input from the force. The energy input can be carried out
directly or indirectly. Profound insight into the energy as-
pect of entrainment is essential for better understanding of
the control concept and its technological applications. In
this paper, we study the relationship between phase regula-
tion and energy conversion in frequency entrainment by a
periodic force.

Several groups of researchers have focused on the en-
ergy aspect of synchronization. In [5], Cartwright examined
the time average of energy stored in the van der Pol oscilla-
tor for various steady states and showed that the entrained
state appears with higher energy than the drift and asyn-
chronous states. In [6], [7], Kuramitsu et al. use the Brayton-
Moser formulation [8] of nonlinear electrical circuits and
define the averaged potential as the time average of power
dissipated from a system of coupled self-sustained oscilla-
tors. They showed that the frequency entrainment devel-
ops with the decrease of the averaged potential. In [9], [10],
Sarasola et al. analyzed synchronization in coupled chaotic
systems by using the notion of energy stored in and dissi-
pated from the systems. In [11], Paley et al. employed the
time derivative of kinetic energy to control collective mo-
tions of coupled phase oscillators.

Here we introduce suggestive articles that associate
the energy aspect of synchronization with the type of self-
sustained oscillations. Takagi mentioned the difference be-
tween synchronization in oscillators and rotators from the
viewpoint of energy [12]. In the context, he uses the term os-
cillators to represent vibrating objects, in comparison with
rotating objects for which he uses the term rotators. For the
synchronization in oscillators and rotators, Blekhman made
the following statement in his book [13]: “The most sub-
stantial difference is that usually only clocks with sufficiently
close partial frequencies can self-synchronize, while in the
case of rotating rotors the effect can occur also at very dif-
ferent partial angular velocities. This is partially related
to another practical and important difference: In the case
of the self-synchronization of oscillating objects, like pen-
dulum clocks, much less power can be transmitted between
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Fig. 1 Cylindrical phase space with libration and rotation.

the objects than in the case of rotors (vibro-exciters).” Note
that he employs clocks as an example of oscillators. Their
statements suggest that the two different types of oscillations
offer important information for understanding the energy as-
pect of synchronization. The different types of oscillations
can be regarded as topologically different kinds of periodic
orbits in a dynamical system defined in the cylindrical phase
space: see Fig. 1. The oscillation of vibrating object is called
libration, and the oscillation of rotator is rotation [14]. As
shown in Fig. 1, rotation is defined as a closed orbit that en-
circles the cylindrical phase space. On the other hand, libra-
tion can be defined either in the cylindrical phase space or
on the phase plane.

Based on the above statements, the previous paper [15]
analyzed the entrained steady states of libration and rota-
tion by quantifying energy supplied by periodic forces. Two
dynamical systems with the oscillations were considered in
this paper: the van der Pol oscillator for libration [16] and
the phase-locked system for rotation [17], [18]. Also, the
paper [19] examined the stability of libration and rotation
with respect to dissipated power in the systems, which was
motivated by [7].

In this paper, we analyze energy stored in the dynami-
cal systems with libration and rotation during transient states
of the entrainment phenomena. For libration and rotation,
we adopt the above dynamical systems as examples show-
ing frequency entrainment of the oscillations. By focusing
on the phase space close to the entrained oscillation, it is ex-
pected that one gains general features for the frequency en-
trainment. In fact, we derive phase equations that describe
the dynamics of phase regulation in the phenomena and have
the same structure as the standard phase equation or Ku-
ramoto model [20], [21]. The derivation of phase equation
for the frequency entrainment of rotation is an auxiliary re-
sult of this analysis. The phase equation for the entrainment
of libration is well-known in literature [22]. Thus, by using
the standard notion of energy, we formulate the dynamics
of phase regulation in terms of energy conversion in the sys-
tems. The formulation enables us to describe the physics be-
hind the entrainment phenomena of libration and rotation, in
particular, the energy conversion during transient behaviors
toward entrained states. In this way, we clarify a relation-
ship between phase regulation and energy conversion in the
entrainment phenomena.

This paper is organized as below. In Sect. 2, we de-
scribe an energy aspect of the frequency entrainment of li-
bration in the van der Pol oscillator. In Sect. 3, we inves-
tigate the frequency entrainment of rotation in the phase-
locked system and associate the regulation of phase with the
conversion of energy in the system. In Sect. 4, we conclude
this paper by comparing the relationship between phase reg-
ulation and energy conversion for the entrainment phenom-
ena of libration and rotation. Several remarks and future
work related to this analysis are also presented.

2. Van der Pol Oscillator

As a dynamical system describing the frequency entrain-
ment of libration, we focus on the forced van der Pol os-
cillator [2]. The dynamics of the forced oscillator are rep-
resented by the non-autonomous system on the plane as fol-
lows:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

du
dt
= v,

dv
dt
= μ(1 − βu − γu2)v − u + B sin νt,

(1)

where μ > 0 determines the magnitude of the nonlinear
damping. The parameters β and γ characterize the damping
effect. In this section, the three parameters of the damping
term are fixed at μ = 0.15, β = 4/3, and γ = 4/3, which
are originated by [2]. Under the parameters, the oscilla-
tor (1) has a stable limit cycle that we call a stable librational
limit cycle. The term B sin νt represents the periodic force
to the oscillator with amplitude B and angular frequency ν,
denoted by fL(t) with period TL := 2π/ν.

Figure 2 shows an example of the frequency entrain-
ment caused by the periodic force fL(t) in the van der Pol
oscillator (1). The forcing parameters are fixed at B = 0.05
and ν = 0.99 to induce the frequency entrainment. The up-
per figure shows the waveform of the periodic force fL(t),
and the lower figure does the waveform of u(t). In the lower
figure, the librational limit cycle is observed before the peri-
odic force is applied at t = t0, where u(t0) = 0 and v(t0) > 0.
Here the circles on the waveforms indicate the stroboscopic
points sampled every period TL of the forcing term. The
time evolution of the stroboscopic points implies that the
application of periodic force induces the frequency entrain-
ment of the librational limit cycle.

2.1 Review of Phase Equation

Now we review the phase equation that describes transient
behaviors to the entrained libration. For this purpose, we
make the following assumptions for the forced van der Pol
oscillator (1).

(A-L1) The two constants μ and B are sufficiently small and
the same order of magnitude.

(A-L2) The forcing frequency ν is close to the frequency
of the librational limit cycle, denoted by ν0, in this
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Fig. 2 Frequency entrainment of libration in the van der Pol oscilla-
tor (1). The parameters of the system (1) are fixed at μ = 0.15, β = γ = 4/3,
B = 0.05, and ν = 0.99. The periodic force fL(t − t0) = B sin{ν(t − t0)} is
applied at t = t0. The time evolution of the stroboscopic points, denoted
by the circles �, shows that the librational limit cycle is entrained by the
periodic force.

case unity. More precisely, the two numbers 1 − ν2
and μ are the same order of magnitude.

(A-L3) The transient behaviors which we analyze here ap-
pear in the sub-domain of phase space close to a sta-
ble periodic orbit that corresponds to the entrained
libration.

These assumptions enable us to approximate the tran-
sient behaviors by using a perturbation of the librational
limit cycle:{

u(t) = b0 sin
(
νt + θL(t)

)
,

v(t) = νb0 cos
(
νt + θL(t)

)
,

(2)

where b0 is the amplitude of the librational limit cy-
cle, uniquely determined with the averaging method (see
e.g. [23]), in this case, b0 = 2/

√
γ. Under the above assump-

tions, Eq. (2) implies that any librational solution can be de-
scribed by the single variable θL(t). The variable θL stands
for the initial phase of libration and corresponds to the phase
variable for the frequency entrainment. The choice of the
phase variable is the same as in [22], [24].

By substituting (2) into (1) and applying the averaging
method to (1), we have the following phase equation that is
the same one as in [22], [24]:

dθL
dt
=

1 − ν2
2ν

− B
2νb0

cos θL. (3)

On the right-hand side, the first term represents the differ-
ence between the frequencies of the limit cycle and the peri-
odic force. The second term represents the effect of periodic
force on the phase dynamics.

2.2 Entrainment Time

For transient behaviors toward the entrained libration in the
system (1), we evaluate the time required for achieving the
frequency entrainment. The transient time is defined as the
convergence time from a state in the sub-domain of phase
space, which is stated in Assumption (A-L3), to the en-
trained state. We call the convergence time the entrainment

Fig. 3 Entrainment time in the van der Pol oscillator (1). The parameters
of the system (1) are fixed at μ = 0.15, β = γ = 4/3, and B = 0.05. The
convergence condition is set at ε = 0.02. The solid and dashed curves de-
pict the analytical results obtained from (4) at ν = 1 and 0.99, respectively.
The circles correspond to the numerical result from (1) at ν = 0.99.

time.
The entrainment time is evaluated in the following

manner. The analytical evaluation is obtained from the fol-
lowing solution of (3):

t = t0 + D ln
∣∣∣∣∣ x(t) − ξ
x(t) + ξ

· x(t0) + ξ
x(t0) − ξ

∣∣∣∣∣, (4)

where t0 denotes the initial time. The new variable x(t) is
implicitly defined as x(t) = tan(θL(t)/2), and the new pa-
rameters D and ξ are⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D=
2νb0√

B2 − b2
0(1 − ν2)2

,

ξ =

√
B − b0(1 − ν2)
B + b0(1 − ν2)

.

(5)

On the other hand, the entrainment time is computed with
the direct integration of (1). In both the analytical and
numerical evaluations, the convergence condition with a
bounded error ε is used. The detail of the evaluations is
explained in Appendix A.

Figure 3 shows the entrainment time in the oscilla-
tor (1) at μ = 0.15, β = γ = 4/3, B = 0.05, ν = 0.99,
and ε = 0.02. The dashed curve depicts the analytical re-
sult, and the circles correspond to the numerical result. The
values of initial phase with short entrainment time are ob-
served in the neighborhood of the entrained state. In con-
trast, long entrainment time is observed in the neighborhood
of an unstable state. Here, the results in Fig. 3 indicate a dis-
crepancy between phases obtained by the analytical and nu-
merical evaluations, in particular, the values of phase close
to the entrained and unstable states. The discrepancy is due
to the difference in the values of ν20 − ν2 for the analytical
and numerical evaluations. For the analytical evaluation,
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the frequency ν0 is fixed at unity from Assumption (A-L2).
On the other hand, the frequency is numerically obtained
at ν0 = 0.9937 for the parameter setting. In fact, the ana-
lytical result at ν = 1 denoted by the solid curve in Fig. 3
provides better approximation of the numerical result than
that at ν = 0.99. Thus, by adjusting the parameter, the an-
alytical and numerical results of entrainment time become
consistent.

2.3 Energy-Based Analysis of Transient Behaviors

Next, we introduce the definition of energy to investigate
the energy conversion during the transient behaviors. The
energy S L stored in the van der Pol oscillator (1) is defined
as

S L(u, v) :=
1
2
v2 +

1
2

u2. (6)

If the van der Pol oscillator is realized in an electrical circuit
[2], [16], then the energy corresponds to the sum of energy
stored in an oscillation circuit with a negative resistance.
Because the definition of the stored energy is also used for
linear harmonic oscillators, the energy is relevant to general
analysis of such oscillators. Since the phase equation (3) is
derived with the averaging method, θL is subject to slow dy-
namics in the sense that it slowly changes compared with the
forcing frequency ν. In comparison with the phase θL, the
stored energy S L, which is a function of u and v, changes
fast. Thus, θL and S L behave in different time scales. By
averaging the stored energy S L over the forcing period TL,
namely the fast time scale, the slowly changing component
of the stored energy with the same time scale as θL is ex-
tracted as follows:

〈S L〉(θL) :=
1

TL

∫ TL/2

−TL/2
S L
(
u(t, θL), v(t, θL)

)
dt

=
1
4

(1 + ν2)b2
0 =: 〈S L〉∗, (7)

where 〈·〉 denotes the time average during TL, and 〈S L〉∗
does the value of 〈S L〉 at the entrained libration. In (7), 〈S L〉
is not a function of θL but the constant 〈S L〉∗ with the single
parameter b0. Since b0 is constant, no correlation between
(3) and (7) is identified. That is, any change of the stored
energy does not affect the phase dynamics or the transient
behaviors in the frequency entrainment.

Figure 4 shows a numerical estimation of the tran-
sient behavior predicted by the theoretical result. The nu-
merical result is obtained from (1) under the parameters
B = 0.05 and ν = 0.99. In the figure, b(t) denotes
the envelop of u(t) which is calculated by averaging the
amplitude

√
u(t)2 + (v(t)/ν)2 over TL. The envelop corre-

sponds to the amplitude of libration. The solution φL(t) :=
tan−1(νu(t)/v(t)) is displayed so that θL(t) can be numeri-
cally estimated through stroboscopic sampling. At t ≤ t0,
the entrained libration appears. At t = t0 = (3 + 1/2)TL,
the phase of the periodic force fL(t) is initialized to zero

Fig. 4 Transient behavior in the van der Pol oscillator (1). The parame-
ters of the system (1) are fixed at μ = 0.15, β = γ = 4/3, B = 0.05, and
ν = 0.99. The solution b(t) denotes the envelop of the waveform of u(t) and
corresponds to the amplitude of libration. The solution φL(t) is plotted for
estimating θL(t) through the stroboscopic observation, denoted by �. The
system exhibits the entrained libration as the initial state. In order to induce
the transient behavior, the phase of the periodic force fL(t) is initialized to
zero at t = t0 = (3 + 1/2)TL by replacing the function fL(t) = B sin νt with
fL(t − t0).

for inducing the transient behavior. The initialization is car-
ried out by replacing the function fL(t) with fL(t − t0) at
t = t0. At the moment, θL(t0) shifts by around π, namely
θL(t0) ≈ θ∗L + π, where θ∗L corresponds to the entrained state.
The assumption ν ≈ 1 implies 〈S L〉 ≈ b2/2. In fact, a cor-
relation between the amplitude b(t) and the energy 〈S L〉(t)
is confirmed. Here the theoretical result does not imply any
correlation between the phase θL(t) and the energy S L(t). In-
deed, no dominant correlation is observed in the numerical
result. These numerical results verify the theoretical predic-
tion that the energy conversion does not affect the frequency
entrainment of libration in the van der Pol oscillator.

3. Phase-Locked System

For the analysis of frequency entrainment of rotation, in this
paper we focus on the forced phase-locked system described
by ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

dφ
dt
= y,

dy
dt
= −ky − sin φ + N + A sinΩt,

(8)

where k > 0 is the damping coefficient and N the con-
stant torque. Here we express the periodic force by fR(t) :=
A sinΩt and its period by TR := 2π/Ω. Equation (8) repre-
sents the dynamics of a driven pendulum [25], the Josephson
junction circuit [26], the phase-locked loop circuit [17], and
a simple power system [27]. The damping coefficient k and
the constant torque N are fixed at k = 0.1 and N = 0.2, re-
spectively. Under the parameters, there exists a stable limit
cycle in the system that we call a stable rotational limit
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Fig. 5 Frequency entrainment of rotation in the phase-locked system (8).
The parameters of the system (8) are fixed at k = 0.1, N = 0.2, A = 0.05,
and Ω = 1.93. The periodic force fR(t − t0) = A sin{Ω(t − t0)} is applied
at t = t0. The time evolution of the stroboscopic points, denoted by the
circles �, shows that the rotational limit cycle is entrained by the periodic
force.

cycle. Note that the parameter setting satisfies the condi-
tion N > 4k/π for the existence of a rotational limit cycle.
The condition is derived with the Melnikov’s method [28].

Figure 5 shows an example of the frequency entrain-
ment by the periodic force fR(t) in the phase-locked sys-
tem (8). The forcing parameters are fixed at A = 0.05 and
Ω = 1.93 in order to induce the frequency entrainment. The
upper figure shows the waveform of the periodic force fR(t),
and the lower figure does the waveform of φ(t). In the lower
figure, the rotational limit cycle appears in the situation of
no periodic force before t = t0. The force is applied to the
system at t = t0 when φ(t0) = −π. The circles on the lines
denote the stroboscopic points that are sampled every pe-
riod TR of the forcing term. After t = t0, the stroboscopic
points converge to a constant value as time goes on. Because
the convergent stroboscopic points imply the appearance of
a periodic rotation, the frequency of the rotational limit cy-
cle is entrained to the forcing frequency, namely Ω.

3.1 Derivation of Phase Equation

Now we analytically derive the phase equation that de-
scribes transient behaviors toward the entrained rotation. To
do so, we make the following assumptions for the phase-
locked system (8).

(A-R1) The parameters k, N, and A are sufficiently small
and the same order of magnitude. Also, the magni-
tude of N is greater than that of k. Hence, a stable
periodic rotation in the system (8) has an almost
constant speed.

(A-R2) The forcing frequency Ω is close to the frequency
of the rotational limit cycle under A = 0, denoted
by Ω0.

(A-R3) The transient behaviors which we analyze here ap-
pear in the sub-domain of phase space close to a
stable periodic orbit which corresponds to the en-
trained rotation.

To begin with, we identify the phase variable for the
frequency entrainment of rotation. For this, it is necessary
to find a perturbative form of the solution (φ(t), y(t)) to the

rotational limit cycle. Under (A-R1)–(A-R3), a rotational
behavior can be expressed as a small perturbation of the ro-
tational limit cycle. The rotational limit cycle is denoted by
φ0(t) and can be approximated as the sum of rotatory and
fundamental oscillatory components. The approximation is
the following:

φ0(t) = Ω0t + θR0 + a0 sin
(
Ω0t + δ0

)
. (9)

On the right-hand side, the first two terms are the rotatory
component, and the last term is the oscillatory component
with amplitude a0 and initial phase δ0. The second term θR0

is constant and depends on the initial condition of (8). Note
that under (A-R1) and (A-R2), it is enough to consider the
fundamental harmonic term for the current analysis. With-
out loss of generality, we rewrite (9) as

φ0(t) = Ω0t + θR0 + a0 sin
(
Ω0t + θR0 + σ0

)
, (10)

where the new parameter σ0 := δ0 − θR0 is constant. The
constants a0 and σ0 are uniquely determined for the pa-
rameters k and N as shown in Appendix B. Here we use
the perturbation of (10) and its time derivative to represent
the rotational solution (φ(t), y(t)). Under the perturbation,
the constant θR0 becomes a variable subject to slow dynam-
ics, denoted by θR(t). Hence, the variable θR(t) is chosen as
the phase variable for the frequency entrainment of rotation.
This choice of the phase variable is consistent with that of
the determining variable for the frequency-locked rotation
[15] (see Sects. IV-C and V in it). In this way, the time
derivative of the phase variable θR(t) is important and not
negligible, because it contains information on transient be-
haviors toward the entrained rotation that we now focus on.
Now let us denote the time derivative of θR byωR := dθR/dt.
As a result, the rotational solution (φ(t), y(t)) is expressed as{

φ(t) = Ωt + θR(t) + a0 sin
(
Ωt + θR(t) + σ0

)
,

y(t) = Ω + ωR(t) + Ωa0 cos
(
Ωt + θR(t) + σ0

)
.

(11)

These expressions imply that under (A-R1)–(A-R3), the
transient behaviors are represented by the two slow vari-
ables θR and ωR, that is, the phase variable and its time
derivative.

By substituting (11) into (8) and using the technique
similar to the averaging method to (8), we obtain the fol-
lowing phase equation:

dθR
dt
=

N
k
· Ω0 − Ω
Ω0

− Aa0

2k
sin
(
θR + σ0

)
. (12)

The detailed derivation is given in Appendix B. On the right-
hand side of (12), the first term represents the difference be-
tween the frequencies of the rotational limit cycle and the
periodic force. The second term corresponds to the effect of
periodic force on the phase dynamics. Equation (12) has the
same structure as (3) in the forced van der Pol oscillator and
the well-known phase equations [20], [21].

3.2 Entrainment Time

In the same manner as Sect. 2.2, we evaluate the time re-
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quired for achieving the frequency entrainment, based on
the notion of entrainment time. The entrainment time is an-
alytically estimated by using the following solution of (12):

t = t0 + E ln
∣∣∣∣∣ z(t) − λ+
z(t) − λ− ·

z(t0) − λ−
z(t0) − λ+

∣∣∣∣∣, (13)

where t0 denotes the initial time, the new variable z(t) is
defined as z(t) = tan{(θR(t)+σ0)/2}, and the new coefficients
are ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E =
2kΩ0√

Ω2
0A2a2

0 − 4N2(Ω0 − Ω)2
,

λ± =
Ω0Aa0 ±

√
Ω2

0A2a2
0 − 4N2(Ω0 − Ω)2

2N(Ω0 − Ω)
.

(14)

On the other hand, the numerical estimation of the entrain-
ment time is obtained from the direct integration of (8). For
both the analytical and numerical evaluations, the conver-
gence condition with a bounded error ε is introduced in the
same manner as the system (1). The detail of the procedure
is shown in Appendix A.

Figure 6 shows the entrainment time in the system (8)
at k = 0.1, N = 0.2, A = 0.05, Ω = 1.93, and ε = 0.02.
The solid curve depicts the analytical result and the circles
correspond to the numerical result. The analytical calcu-
lation predicts the characteristics of the entrainment time
obtained via numerical simulations. The phases at the en-
trained and unstable states shift by about π/2 from those in
Fig. 3 because of the difference in the sinusoidal functions in
the phase equations. It is confirmed that the result in Fig. 6
shows the same dependence of entrainment time on phase
as Fig. 3.

Fig. 6 Entrainment time in the phase-locked system (8). The parameters
of the system (8) are fixed at k = 0.1, N = 0.2, A = 0.05, and Ω = 1.93.
The convergence condition is set at ε = 0.02. The solid curve depicts
the analytical result obtained from (13) and the circles correspond to the
numerical result of (8).

3.3 Energy-Based Analysis of Transient Behaviors

Next, we introduce the notion of energy to investigate the
energy conversion during the transient behaviors. The en-
ergy S R stored in the system (8) is defined as

S R(φ, y) :=
1
2
y2 − cosφ. (15)

The stored energy implies the mechanical energy of a driven
pendulum and the sum of energy stored in the Josephson
junction circuit. The definition of stored energy is applicable
to wide range of dynamical systems. Here S R is a function
of the fast variables φ and y. Since θR governs the slow
dynamics, the two variables S R and θR change in different
time scales. By averaging the stored energy S R over the
forcing period TR, the slowly changing component of the
stored energy with the same time scale as θR is extracted.
That is, we have

〈S R〉(θR) :=
1

TR

∫ TR/2

−TR/2
S R
(
φ(t, θR), y(t, θR, ωR)

)
dt

=
1
2
Ω2 +

1
4
Ω2a2

0 + J1(a0) cosσ0 + ΩωR

= 〈S R〉∗ + ΩdθR
dt
. (16)

The constant 〈S R〉∗ denotes the value of 〈S R〉 at the en-
trained rotation. From (16) we finally obtain the following
equation:

dθR
dt
=

1
Ω

(〈S R〉(θR) − 〈S R〉∗). (17)

This equation clearly shows that the time change of phase
is the function of the stored energy 〈S R〉. Based on the
conservation law of energy, the change of stored energy
is identical to the sum of energy supplied by the periodic
force and energy dissipated by the damping. Therefore, the
amount of energy conversion regulates phase and governs
the frequency entrainment of rotation in the phase-locked
system (8).

Transient behaviors toward the entrained rotation in the
system (8) are illustrated in Fig. 7. The parameters are fixed
at k = 0.1, N = 0.2, A = 0.05, and Ω = 1.93. The pe-
riodic force fR(t) is initialized at t = t0, and then the tran-
sient behavior appears. The stroboscopic points at t = τ :=
t0 + nTR (n = 0, 1, 2, · · · ) extract the time response of the
phase variable θR, because of φ(τ) ≈ θR(τ) + a0 sin

(
θR(τ) +

σ0
) ≈ θR(τ). The entrained rotation is achieved at t ≤ t0.

In Fig. 7(a), the phase of the force fR(t) is initialized to zero
at t = t0 = (5 + 1/2)TR. That is, the function fR(t) is re-
placed with fR(t − t0) at t = t0. Here let us use θ∗R to rep-
resent the phase at the entrained rotation. At the moment,
θR(t0) ≈ θ∗R − π, and then 〈S R〉(t0) increases. After t = t0,
θR(t) increases when 〈S R〉(t) is higher than 〈S R〉∗. On the
other hand, in Fig. 7(b), the phase of the force fR(t) is ini-
tialized to zero at t = t0 = (5 + 1/4)TR. At this moment,
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Fig. 7 Transient behaviors of the phase-locked system (8). The parame-
ters of the system (8) are fixed at k = 0.1, N = 0.2, A = 0.05, and Ω = 1.93.
The system exhibits the entrained rotation as the initial states. In order to
induce the transient behaviors, the phase of the periodic force fR(t) is ini-
tialized to zero at t = t0 by replacing the function fR(t) = A sinΩt with
fR(t − t0). The phase is evaluated through the stroboscopic points that are
sampled every forcing period, denoted by �.

θR(t0) ≈ θ∗R + π/2, and then 〈S R〉(t0) increases. If the devia-
tion 〈S R〉(t) − 〈S R〉∗ is negative, then θR(t) decreases. These
numerical results confirm the validity of the theoretical for-
mulation (17) that predicts the quantitative relationship be-
tween the deviation 〈S R〉 − 〈S R〉∗ and the time derivative of
θR.

4. Conclusion

In this paper, we identified a different dynamical and con-
trol origin behind the two types of entrainment phenomena
as the energy conversion in the nonlinear systems. Here
we compare the relationships between phase regulation and
energy conversion for the frequency entrainment phenom-
ena of libration in the forced van der Pol oscillator (1) and
the phenomenon of rotation in the phase-locked system (8).
Equations (3) and (12) for both the phenomena have the
same structure as the well-known phase equation. That is,
the entrainment phenomena of the different types of oscilla-
tions are explained with a common phase regulation. How-
ever, no common relationship between transient behaviors
and energy conversion is identified in the two different sys-
tems. For the forced van der Pol oscillator (1), the devel-

opment of frequency entrainment does not depend on the
energy conversion. The energy input to the oscillator af-
fects the amplitude of libration. On the other hand, for the
phase-locked system (8), the development of frequency en-
trainment is governed by the amount of energy conversion.
The energy input to the system directly regulates the phase
of rotation, in other words, controls the entrainment phe-
nomenon. Hence, the energy conversion plays a different
role in the two types of entrainment phenomena.

Finally, several remarks related to this analysis are pre-
sented. First, in the current paper, we clarified the role of
energy conversion in the transient states of frequency en-
trainments. On the other hand, the previous paper [15] stud-
ied the properties of energy conversion in the steady states
of entrainment. Thus, these results are unified to offer an
energy-based approach to characterization of frequency en-
trainment. One direction of future work is to generalize the
unified results into other nonlinear systems exhibiting fre-
quency entrainment and synchronization. Second, also in
[15], analytical studies on the dynamics of frequency en-
trainment of rotation were remaining work. In the current
paper, we indeed performed the analytical studies and ex-
plained the dynamics of the phase equation in terms of the
notion of energy conversion. Last, the control viewpoint
in this paper is closely related to energy control [29] and
passivity-based control [30]. Another direction of future
work is to explore how to use the obtained result for con-
trol of nonlinear systems.
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Appendix A: Detailed Procedure of Evaluation of En-
trainment Time

This appendix describes the detail of the evaluation proce-

dure of entrainment time for the systems (1) and (8).
For the system (1), the convergence condition is math-

ematically checked whether the value of phase exists in the
ε-neighborhood of phase at the entrained libration, where ε
is a small positive constant. In the analytical evaluation, by
using θ∗L to represent the phase at the entrained libration, the
convergence condition is described as |θL(t)−θ∗L | < ε. For an
arbitrary initial state θL(t0), the final state along a trajectory
of (4) starting from θL(t0) is selected from θL(t) = θ∗L ± ε so
that the trajectory does not go through the unstable state.
The entrainment time is then obtained as the time inter-
val t − t0 of (4) with the initial phase θL(t0) and the cor-
responding entrained state θL(t) = θ∗L±ε. On the other hand,
in the numerical evaluation, the phase θL(t) is computed
from the stroboscopic observation of the value φL(t) :=
tan−1(νu(t)/v(t)). The initial state (u(t0), v(t0)) is set at a
point on the entrained orbit. By substituting t0 = 0 or re-
placing the function fL(t) = B sin νt with fL(t − t0), the tran-
sient behavior is calculated with the direct integration of (1).
This operation corresponds to the initialization that we use
in Sect. 2.3. Therefore, the convergence condition is set at
|φL(t0 + nTL) − φ∗L| < ε, through stroboscopic observation
for a finite positive integer n, where φ∗L represents the phase
at the entrained libration. After checking the convergence of
phase to the entrained state based on the above condition, the
entrainment time is given as the time interval t − t0, where
t corresponds to the final time of iteration of stroboscopic
observation.

For the system (8), the convergence condition is de-
scribed as |θR(t)− θ∗R| < ε or |φ(t0 + nTR)−φ∗| < ε, where θ∗R
and φ∗ denote the entrained state. In the analytical eval-
uation, for an arbitrary initial state θR(t0), the final state
along a trajectory of (12) starting from θR(t0) corresponds
to θR(t) = θ∗R + ε or θ∗R − ε so that the trajectory does not go
through the unstable state. The entrainment time is obtained
as the time interval t − t0 of (13) with the initial phase θR(t0)
and the corresponding entrained state θR(t) = θ∗R ± ε. In
the numerical evaluation, the initial state (φ(t0), v(t0)) is set
at a point on the entrained orbit. By substituting t0 = 0 or
replacing the function fR(t) = A sinΩt with fR(t − t0), the
transient behavior is calculated with the numerical integra-
tion of (8). The entrainment time is given as t − t0 for the
numerical evaluation.

Appendix B: Detailed Derivation of the Phase Equa-
tion (12)

This appendix provides the detailed derivation of the phase
equation (12) that describes the transient dynamics of the
frequency entrainment phenomenon in the phase-locked
system (8). By substituting (11) into (8) we have

Ω +
dθR
dt
+

(
Ω +

dθR
dt

)
a0 cos

(
Ωt + θR + σ0

)
= Ω + ωR + Ωa0 cos

(
Ωt + θR + σ0

)
, (A· 1)
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dωR

dt
−
(
Ω +

dθR
dt

)
Ωa0 sin

(
Ωt + θR + σ0

)
= −k

{
Ω + ωR + Ωa0 cos

(
Ωt + θR + σ0

)}
− sin

{
Ωt + θR + a0 sin

(
Ωt + θR + σ0

)}
+ N + A sinΩt. (A· 2)

Here the two variables θR andωR are slowly variable. By av-
eraging both sides of (A· 2) in time t over one period 2π/Ω,
we have

dωR

dt
= −kωR + N − kΩ − J1(a0) sinσ0, (A· 3)

where Jn(·) (n = 0, 1, 2, · · · ) is the Bessel function of the
first kind. In addition to this, by averaging both sides of
(A· 1) × sin(Ωt + θR +σ0) + (A· 2) × cos(Ωt + θR +σ0)/Ω in
time t over 2π/Ω, we obtain

J1(a0) sinσ0 =
kΩa2

0

2
+

Aa0

2
sin
(
θR + σ0

)
, (A· 4)

where the relationship 2J1(a0)/a0 = J0(a0)+ J2(a0) was im-
plicitly used. By substituting (A· 4) into (A· 3), we derive
the following equation:

dωR

dt
= −kωR + N − kΩ

− kΩa2
0

2
− Aa0

2
sin
(
θR + σ0

)
. (A· 5)

Here, Assumption (A-R1) in Sect. 3 is explicitly formulated
as k = ε′k′, N = ε′N′, and A = ε′A′ with the small, positive
parameter ε′. Equation (A· 5) is thus rewritten as follows:

dωR

dt
= ε′
{
− k′ωR + N′ − k′Ω

− k′Ωa2
0

2
− A′a0

2
sin
(
θR + σ0

)}
. (A· 6)

This equation clearly indicates that the time derivative of
ωR is sufficiently small. In this way, the effect of the time
derivative is negligible, and its magnitude is fixed at zero.
By using the definition of ωR, namely, ωR = dθR/dt, we ob-
tain the following equation which describes the time deriva-
tive of θR:

dθR
dt
=

N
k
− Ω − Ωa2

0

2
− Aa0

2k
sin
(
θR + σ0

)
, (A· 7)

where the original parameters k, N, and A are again used.
Here, under A = 0, that is, no external forcing, the above
derivation is still valid and gives the following equation for
θR0:

dθR0

dt
=

N
k
− Ω0 −

Ω0a2
0

2
= 0, (A· 8)

where Ω changes to Ω0 in this setting. This equation gives
the relationship of a0 and Ω0 in the rotational limit cycle.
By substituting (A· 8) into (A· 7), we derive the phase equa-
tion (12).

Moreover, we determine the parameters Ω0, a0, and σ0

in the phase equation (12). These parameters are associated
with the rotational limit cycle in the system (8) without the
periodic force A sinΩt. Equation (A· 3) for the limit cycle is
rewritten as

0 = N − kΩ0 − J1(a0) sinσ0, (A· 9)

where ωR = 0 and Ω = Ω0 are used. In the same way,
Eq. (A· 4) for the limit cycle is rewritten as

J1(a0) sinσ0 =
kΩ0a2

0

2
, (A· 10)

where A = 0 and Ω = Ω0. By averaging both sides of
(A· 1)× cos(Ω0t + θR +σ0)− (A· 2)× sin(Ω0t + θR +σ0)/Ω0

in time t over 2π/Ω0 with A = 0 and Ω = Ω0, we obtain{
J0(a0) − J2(a0)

}
cosσ0 = Ω

2
0a2

0. (A· 11)

The solution (Ω0, a0, σ0) of the three Eqs. (A· 9)–(A· 11)
corresponds to the parameters of the rotational limit cycle.
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