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We develop a basic formulation of the spin (SU(2)) coherent state path integrals based
not on the conventional highest or lowest weight vectors but on arbitrary fiducial vec-
tors. The coherent states, being defined on a 3-sphere, are specified by a full set of
Euler angles. They are generally considered as states without classical analogues. The
overcompleteness relation holds for the states, by which we obtain the time evolution of
general systems in terms of the path integral representation; the resultant Lagrangian
in the action has a monopole-type term a la Balachandran et al. as well as some addi-
tional terms, both of which depend on fiuducial vectors in a simple way. The process of
the discrete path integrals to the continuous ones is clarified. Complex variable forms
of the states and path integrals are also obtained. During the course of all steps, we
emphasize the analogies and correspondences to the general canonical coherent states
and path integrals that we proposed some time ago. In this paper we concentrate on
the basic formulation. The physical applications as well as criteria in choosing fiducial
vectors for real Lagrangians, in relation to fictitious monopoles and geometric phases,
will be treated in subsequent papers separately.

Keywords: Coherent state; path integral; fiducial vector; monopole; geometric phase;
displaced number state; rotated spin number state; nonclassical quantum state.

PACS numbers: 03.65.Ca, 03.65.V{, 14.80.Hv, 42.50.-p, 42.50.Dv

1. Introduction

It has been approximately four decades since the “coherent state (CS)” for the
Heisenberg-Weyl group, i.e., the “canonical CS (CCS)” was extended to wider
classes. 17# During the period, the broader CS, together with the original one,
have had a great influence on almost every branch of modern physics. > ?

Since basic properties of CS are that they are continuous functions labeled by

some parameters and that they compose “overcomplete” sets, ® they provide a nat-
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2 Masao Matsumoto

ural way to perform path integrations. Such “coherent state path integrals (CSPI)” ,
i.e., path integrals (PI) via CS, have highly enriched the methods of PI with their
physical applications. 58 (In what follows each of the words “CS” and “CSPI” is
used as a plural as well as a singular.)

As stated at the beginning, among all the CS the CCS is the original and the
best-known CS that was introduced by Schrédinger. '© The CCS is, in the light
of quantum optics, generated by displacing, or driving, the vacuum, i.e., the zero
photon state. !713 From the viewpoint of CS in terms of unitary irreducible rep-
resentations of Lie groups d la Perelomov, 297 the unitary operator is a displacing
operator and a “fiducial vector (FV)” 2 is the ground state or vacuum.

Some time ago we opened up the CSPI in terms of CCS evolving from an arbi-
trary FV and investigated the associated geometric phases with an application to
quantum optics. * Let us look back the results from the physical viewpoint con-
cisely: First, we set the generic CCS by displacing, or driving, not a usual vacuum,
but an arbitrary superposition of photon number states. If we take a single photon
number state as a FV, we find that the CCS reduce to “displaced number states
(DNS)”. 16718 So we may state that the CCS with a generic FV is an arbitrary
superposition of the DNS. Second, using the general CCS we have performed CSPI
which give a completely general propagator including geometric phase terms cor-
responding to a quantum optical state that has no classical analogue; the resultant
action in the Lagrangian includes extra terms reflecting the entanglements between
the coefficients of FV. Third, particularly we investigated the geometric phase for
DNS; and we found that the condition for the experimental detection of the phase
had changed according to the n-dependence of DNS. Such CCS with a general FV
may propose a clue to a universal language for quantum optics especially when
combined with SU(1,1) case. P

Now, we realize that we have another CS which is of practical importance in
a large variety of physical systems: that is the spin or SU(2) CS. It is one of the
extensions of CS addressed at the beginning. © Hence, following the achievements
for the CCS above mentioned,'* we here endeavor to liberate spin CS from the
conventional choice of FV, |Uy) = |s, s) or |s, —s), and perform the path integration
via the CS based on arbitrary FV; the SU(2) CS is, in this case, labeled by a full
set of three Euler angles (¢, 0,1); it is defined on a 3-sphere S3.

We have several concrete reasons for doing such an extension. First, we know
that DNS turned out to be non-classical quantum states that had various interest-

2In Refs. 14 and 15 we adopted the term “starting vector” which can be found in, e.g. p 14 of
Ref. 6. The term seems well fit for the situation. However, we use “fiducial vector” in the present
paper since it appears to be more employed in literature. See e.g., Ref. 5. We use also the word
“FV” as a plural as well as a singular.

b«Displaced squeezed number states” have been discussed in literature; see Refs. 16-18 and refer-
ences therein.

“These two CS are intriguing also from the mathematical viewpoint since each of them is a typical
example of CS for nilpotent Lie groups and semisimple ones respectively.?
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ing properties. 16718 So the analogous general spin CS may serve new non-classical
quantum states that have not been known. And the PI will provide examples of
propagators for such states. Second, the usual CCS have been employed as logi-
cal gates in quantum computation (QC) .} And moreover, the superpositions of
DNS, which fall within the CCS with generic FV before mentioned, '* have already
appeared in the context of QC. 20 Since spin systems as well as optical systems
are probable candidates for exemplifying QC, spin CS with general FV may be
also used in QC. Third, describing geometric phases, which has been one of the
crucial topics in fundamental physics?! in terms of CSPI requires the extension.
Let us put it more concretely: once elsewhere we investigated the geometric phases
for a spin-s particle under a magnetic field in the formalism of SU(2)CSPI with
the conventional FV, i.e., |s, —s).2? In consequence the results give the geometric
phase of a monopole-type that corresponds merely to the adiabatic phase for the
lowest eigenstate. However, it has been known that in the adiabatic phase for the
same physical setting the strength of a fictitious monopole is proportional to the
quantum number m (m = —s,—s+1,--- , s) of the adiabatic state .?> We cannot
treat the corresponding case by the conventional SU(2)CSPI. Therefore the usual
SU(2)CSPI is clearly unsatisfactory; and we had better let CS and CSPI prepare
room also for the general cases which are reduced to any mth eigenstate in the
adiabatic limit. Thus physics actually needs some extension of spin CSPI. Fourth,
now geometric phases have been employed in QC ?*; and, as stated in the third
reason, geometric phases are closely related to CSPI. Appreciating both areas it
seems that we had better prepare wider CSPI and FV also for QC. Fifth, apart
from the third reason, such a formalism of spin CSPI involving arbitrary FV may
consequently shed a new light in understanding monopoles themselves in turn. For
we have already known that the conventional spin CSPI provide a mathematical
description of monopoles naturally. 22 And the description is common to real and
fictitious monopoles. Hence it is possible that considering general FV in spin CSPI
helps us to understand monopoles deeper. Finally, since the usual spin CS tends to
the usual CCS in the high spin limit,! we are naturally led to seek the spin CS and
CSPI that are contracted to the CCS and CSPI with arbitrary FV described in Ref.
14. For the above several reasons we take a general F'V in this paper.

We may grasp the main results by three theorems. The first one shows that we
have the overcompleteness relation, or the resolution of unity, for the spin CS with
an arbitrary FV. Using the result we obtain the second one as follows: the form of
the generic Lagrangian for the SU(2)CSPI is (32). As the Lagrangian for the usual
CSPI, it consists of two parts: the topological term related to geometric phases and
the dynamical one originating from a Hamiltonian. However, the contents are quite
different; in the present case the former has a monopole-type term a la Balachandran
et al. (hereafter called BMS?), 226 whose strength or charge is proportional to the
expectation value of the quantum number m in the state of a FV, |¥,), having
(2s + 1)-components; and besides the topological term contains additional terms
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that reflect the effect of interweaving components of a FV with their next ones.
This is also the case for the latter; such interweaving components of a FV appear
in the dynamical term as well. In the previous version we merely showed the above
results from the formal CSPI.27 It can be, however, established from the discrete
CSPL. In the third theorem we prove that the general spin CS and CSPI contract
to the general CCS and CCSPI in Ref. 14.

The plan of the paper is the following. Before going into the spin CS case, we
concisely review the CCS and PI evolving from an arbitrary FV!* in Sec. 2. Next,
we describe the spin CS based on arbitrary FV as well as their various properties
(Sec. 3) and employ them to perform path integration (Sec. 4). Specifically, there
we investigate the process of going from the discrete PI to the continuous ones.
Next, we discuss problems related to the Lagrangians: the problems of topological
terms, the fictitious gauge potentials and semiclassical equations. Complex variable
form of the CS and CSPI are obtained in Sec. 5. The results are applied to the
demonstration that the spin CSPI there contract to the CCSPI in Sec. 2. Section 6
gives the summary and prospects. Mathematical tools necessary in the article are
enumerated concisely in Appendix A.

2. General Canonical Coherent States and the Path Integrals

In this section we briefly revisit the results of the CCS with a generic FV and the
related PI described in Ref. 14. We may compare the expressions in this section with
those in the following Secs. 3-5. Notice that «, in this article, denotes a parameter
specifying the CCS; not an element of Euler angles.

2.1. General CCS
We proceed physically as far as possible.

2.1.1. Definition of the CCS

First, we set the generic CCS, |a), by displacing, or driving, not a usual vacuum,
i.e., the zero photon state, but an arbitrary superposition of photon number states:

) = D()| W), (1)
where

D(a) = exp(aat — a*a) = exp(—(l/?)\odz) exp(aa™) exp(—a*a) (2)

and

|Wo) = ch|n> with Z len | = 1. (3)
n=0 n=0
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Here |n) is the photon number state. From (1)—(3), the general CCS, |a), can be
put into the form:

oo

|y = ch|a,n> (4)

n

with

an) = Dan) = 3 (miD(@ln)m)
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where Lff) (x) is the Laguerre polynomials.

We see that |, n) in (5) is a DNS. ¢ So we may say that CCS with a general FV
is an arbitrary superposition of DNS. However, we will not use the explicit form of
DNS in the present paper.

2.1.2. Resolution of unity

For CCS |a) evolving from an arbitrary F'V, we have the “overcompleteness relation”
or “resolution of unity”:

%/|a>d2a<a| =1 with d’a=d(Rea)d(Ima). (6)

2.1.3. CCS as eigenvectors

It turns out that the CCS |a) is a “generalized eigenvector” 2® of an annihilation
operator:
(@—a)a) =0 (N = maxn). (7)
In the case of DNS |a,n) we also have:
(@t —a*)(a—a)|a,n) =nla,n). (8)

Concerning (8), we apologize for sign errors in the original expressions in Egs. (20)
and (B1) in Ref. 14.

dWe made no mention of DNS in Ref. 14; since our central concern was CSPI, we were not aware
of it. We appreciate those who contribute to DNS including Refs. 16-18 and 20.
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2.2. General CCS path integrals
2.2.1. CCS path integrals

Invoking the resolution of unity for CCS (6), we can obtain PI expression for the
CCS. We put the results below.
Let us define

A(q, &% {ecn}) = 22711/2 (o'zc:;cn,l —-a* cnc;71> (9)
n=1
and
H(o*, a,t) = (o|Hl|). (10)

Then we find the propagator K(oy,tys;cy,t;) which starts from |o;) at ¢t = t; ,
evolves under the effect of the Hamiltonian H(a*,a;t) which is assumed to be a
suitably-ordered function of a* and @, and ends up with |ay) at ¢ =ty is:

K(ag, tyont;) = /D[Oé(t)] exp{(i/h)S[a(t)]}, (11)
where
Sla(t)] = / Y Lai (12)
with ’
= % [(a*d — &) + Ala, &% {cn})} — H(a*,a,1) (13)

and we symbolized

N—oco \ T

Dla(t)] = lim <1>Nﬁd2aj. (14)

As we see in (9), the extra A-term in the Lagrangian (13) represents the entangle-
ments of the coefficients of FV with their next ones. However, even if the A-term
vanishes, since we take a general FV, H(a*, ,t) in (10) is also different from that
for the usual CCS as we showed in the evaluation of geometric phases for DNS in
Ref.14.

2.2.2. Canonical equations

In the semiclassical limit, i.e., i — 0, the Lagrangian (13) yields the Euler-Lagrange
equation:

. oOH ek oOH

th & = el —th & = 90
which is the generalized canonical equations. Since the A-term (9) is expressed as
a total derivative, it is not involved in (15); and thus Eq. (15) is the same as that
for the usual CCS formally. However, as mentioned above, the meaning of o and

H(a*, a,t) are different.

(15)
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3. SU(2) Coherent State with General Fiducial Vectors

In this section we investigate the explicit form of the SU(2) CS based on arbitrary
FV. And their properties are studied to such extent as we need later. It means
that we will consider the spin states analogous to the CCS with a generic FV in
Sec. 2.1. The results in Secs. 3-5 include those for the conventional SU(2)CS 136
and their CSPI 3931 the latter follow from the former when we put ¢, = 1 and
cm =0 (m#s),or c_g =1and ¢, =0 (m # —s) in later expressions.

3.1. Construction of the general SU(2) coherent state

The SU(2) or spin CS are constructed from the Lie algebra satisfying S x S =4S,
where S = (5'1,5'2,5'3) is a matrix vector composed of the spin operators. The
operators in S are also the infinitesimal operators of the irreducible representation
R®)(g) of SO(3). Since SU(2) ~ SO(3) locally, we can also use SO(3) to construct
the SU(2) CS. Somewhat similar to the CCS, the SU(2)CS is defined by operating
a rotation operator R(Q) with Euler angles 2 = (¢, 0,), ¢ which is the operator
of R(*)(g), on a fixed vector |¥o) in the Hilbert space of R(*)(g) 1 3:

Q) = |$,0,¢) = R(Q)| W) = exp(—ipS3) exp(—ifSs) exp(—ihS3)|¥o).  (16)

The vector |Uy), called a FV, is taken as |s, —s) or |s, s) in the conventional choice.
13 CS with such FV are closest to the classical states and have various useful
properties.® We appreciate them truly. According to the general theory of the CS,
however, we have much wider possibilities in choosing a FV; and in fact it permits
any normalized fixed vector in the Hilbert space.?*% Thus we can take |¥) as
S S
[Wo) = > cmlm)  with > leml? =1 (17)
m=—s m=—s

Hereafter |m) stands for |s,m). The FV will bring us all the information in later
sections as far as the general theory goes. Looking at the problem in the light
of physical applications, we need to take an appropriate |¥y), i.e., {¢n}, for each
system being considered. We may consider CS with such FV as quantum states
which have no classical analogues. Exploring them surely enrich the understanding
of the physical world. Eqgs. (16)—(17) correspond to (1)—(3) for CCS. From Appendix
A (ii) one can see |Q2) is defined on a 3-sphere S3; it is specified by three real
parameters, for which we take Q = (¢, 6, ). Notice that the reduction of the number
of Euler angles is not always possible for an arbitrary |¥o); for any s, |¥¢) is not
necessarily reached from |m) via R(Q) Hence we use a full set of three Euler angles
and proceed with it in what follows, which seems suitable for later discussions. When
|[¥o) = |m), we can eliminate ¢ from €, thus yielding the spin CS with the phase
space of a 2-sphere S?, the Bloch sphere, labeled by two real parameters (6, ¢).

®Hereafter we adapt the abbreviation Q = (¢, 0, 1) from Radcliffe! to describe a set of Euler angles
which specifies the spin CS.
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Having written |¥y) in the form of (17), the SU(2)CS is represented by a linear
combination of a set of the vectors {|m)} as:

S

Q)= culm) (18)

m=—s

with

Q.m) = RE@Q)Im) = Y RE)(Q) )

S

= 3" expl-i(m’¢ +my)] r$),(8) [m'). (19)

m/=—s

See Appendix A (i) for the definitions of Rf;?m
valuable for later arguments. One may see that Egs. (18)—(19) are analogues of Egs.
(4)—(5) for CCS; the ket |©2,m), which corresponds to DNS |, n), may be called
the “rotated spin number state”. f We once treated |2, m) and its CSPI in Ref. 33.

The state |©2) may be named the “extended spin CS”, yet we will call it just “the
CS” or the “general spin CS” in this paper since there have been some arguments
about the choice of such a FV 6 and the CSPI.3* & We take a simple strategy

for the SU(2)CSPI evolving from arbitrary FV here and we will give their explicit

and r(s)m. The form of (18)—(19) is

m/’

forms.

3.2. Resolution of unity

The most important property that the CS enjoy is the “overcompleteness relation”
or “resolution of unity” which plays a central role in performing the path integration.
We have the relation (6) for the CCS. In the present spin CS case, it is expressed
as follows.

Theorem 1. For |Q) with arbitrary FV, we have the resolution of unity:

[1oaucayal =1 (20)

with

25s+1
du(Q) = o2

dQ and dQ = sin 6 dfdpdi. (21)

f\We may, instead, call it the “rotated magnetic quantum number state” borrowing the term from
spectroscopy. 32 However, we feel that the “rotated spin number state” sounds like a generic term
and appropriate for a wide variety of spin systems.

81t is reviewed in Ref. 35. The authors of Ref. 34 constructed “universal propagators” for various
Lie group cases, being independent of the representations, which yields a different action from
ours.
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For simplicity, we have neglected the difference between an integer s and a half-
integer s, which is not essential. Concerning the proof, there is an abstract way
making full use of Schur’s lemma. 2°6 However, we propose proving it by a slightly
concrete method which is a natural extension of that used for the original spin CS.
1.3 For it indicates clearly what is to be changed when we use a general |¥).

Proof: We see from (18)-(19) (@ =35 S° ¢t (Rfj?,m(ﬁ)) (m".
Then, with the aid of (A.10) we have:

/|Q>dQ<Q Z Z Cmct, { Z Z / df sin

m=—sm=—s m/=—sm/'’'=—s

x / s / o (R @) R,‘:Rm< )| m’) {m”| }

>y encin z > QSH b o))

871'2 S S
* !/ /!
- s Z cmcm( 3 ') (m |)
2
= . 1, 22
25+1(7L_Z| |) 25+1 (22)
which is exactly what we wanted. O

3.3. Overlap of two coherent states

The overlap of two CS |€;) = |y, O¢, 1) = an[:_s Cmy | Pty O, Vosme) (£ =1,2) is
one of those important quantities which we employ for various calculations in the
CS. It can be derived, with the help of (16), (A.1) and (A.9), as

S

S
(Q2/€21) = Z Z Cina Coy (M| R(—2, —02, —G2) R(¢1, 01, ¢1 ) |ma)
mip=—8Ssmog=——S
= Z Z le mzRSZ)le (Q?’)
mi=—smog=—S
= > Z Cmy Cpg XP[=i(map +m1X)] 1), (9), (23)
mi=—8Mmax=—S8

where (A.2) gives the form of rgﬁ;ml (9) and Q3 = (¢, ¥, x) is determined by (A.11)
if we replace © with Q3. It is easy to see that any state |§2) is normalized to unity,
as conforms to our construction of the CS.



10 Masao Matsumoto

3.4. Typical matriz elements

Typical matrix elements that we may employ in later are:

(9213512) = Ao ({en}) cos — Ay (5 {e}) sin A o)
(084192 = Ao({em}) sin B exp(id) + As(2; {em}) = (@IS0,

where S’i = Sl + ng and

Ao({em}) = 325, mlem|?

Ar(Ws{em}) = 5 e g1 F(s,m)[chcm—1 exp(it)) + ey, _y exp(—it))]

A2 {em}) = 5 30— f(s,m) exp(ig){(1 + cos ) exp(iv))cycm-1  (25)

—(1 — cos ) exp(—it))emet, 1}

fs,m) = [(s +m)(s —m+ 1]/
By {¢m} we mean a set of the coefficients of a FV. We can easily verify (24) by (16)
and (A.8).

Generating functions for general matrix elements exist as in the original CS
cases. 3 In the normal product form it reads

XN (24,23, 2-) = (2o eXP(Z+§+) eXp(ZSSS) eXP(Z—g—) |€21)
= (Wo| BT () RIQ)R(Q)|Wo) = (o] RQ)[Wo),  (26)
where Q is related to z; (£ = 4, 3, —) through (A.7); and Q" is determined by (A.12)

with suitable changes. In principle any matrix elements can be obtained from (26)
via partial differentiations with respect to appropriate variables z; (i = =+, 3).

4. Path Integral via the General Spin CS

We now give the PI expressions in terms of the general spin CS evolving from an
arbitrary FV defined in Sec. 3. In Sec. 4.1 the PI form is given. It is proved in the
following Sec. 4.2. Some specific aspects of the Lagrangian are discussed in Secs.
4.3-4.5.

4.1. Path integrals

In this section we will give the explicit PI expression of the transition ampli-
tude by means of the CS discussed in Sec. 3. What we need is the propagator
K (2,t5;9;,t;) which starts from |€;) at ¢ = t;, evolves under the effect of the
Hamiltonian H (S, S5_, Ss;t) which is assumed to be a function of S, S_ and S5
with a suitable operator ordering and ends up with |€2f) at ¢t = ¢:

KR 45500 1) = (@171 = (@] Tesp[=/n) [ A@ @] 190). - (20)

where T denotes the time-ordered product. The overcompleteness relation (20) af-
fords us the well-known prescription of formal CSPI 52 to give:

Ky, tp; Q) = /exp{(i/ﬁ)s[ﬂ(t)]}D[ﬂ(t)L (28)
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where

with

and we symbolized

D[Q(t)] = ]\}gnoondu () EH - [sin6()d0(t)d(t)dy (1) (31)

t

The explicit form of the Lagrangian yields
L€, 2,t) = h| Ao ({en})(Geos 0 + ) + A3(2, % {en})| - HIRD,  (32)
where

A3(Q,Q; {cm}) = —A1(¥; {em}) dsind + Aa(; {en}) 6 (33)
with Ay (¢; {em}) in (25) and

Ay {em}) = Z F(s,m)[chycm—1 exp(ith) — cmch,y exp(—iv))].  (34)

m_75+1
The formal proof of (32) is best carried out by the use of the identity:
0 ~ 0
—R(Q — 46—
i) = er(@) (657 4+ “”aw)

—i(¢pcosf +1))Ss + = (z¢ sin @ — ) exp(iv) Sy

R () R(Q)

+§(id>sin9 + ) exp(—ith) S (35)

and (24). Since the relation (35) is independent of s, it can be readily verified by
the use of a 2 x 2 matrix (A.4). The detailed and substantial proof of (32) is given
in the following subsection Sec. 4.2.

4.2. From discrete to continuous path integrals

We can justify the spin CSPI in Sec. 4.1 by showing the process from the discrete
PI to the continuous ones. The proof is a straightforward generalization of that in
Ref. 33. The method below may be applied to other CSPI; for example, the SU(1,
1) or SU(3) cases.

Theorem 2. The quantum evolution of a physical system in terms of the general
SU(2) CS is represented by (28)—(34).
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Proof: By dividing the time interval into infinite numbers of an infinitesimal one
€ in (27) and the successive use of the overcompleteness relation, i.e., Eq. (20) in
Theorem 1, we obtain:

K (R 17:9.1:) = (€] Tesp|(i/h) / L) jo)

i

= Jm [ (@) [ du(@u@y 0 ty)
X (2,651, t5-1) -+ (1,115, 85, (36)

where € = [1/(N + 1)|(ty —t;) and t; = t; + je. It is clear that we only have to
consider a propagator during an infinitesimal time interval, which gives

(90,4192, 1.4,1) = (€] Texp[~(i/) / "] 9,

~ (el(1 - ( /h/ dt 1(54.8-. 5:1) )19, )

=<nj|ﬂj71>(1—<z/h>e (2, Ry-13t-0) )

:expunmjmj_m-exp[f@/h)eH(n Q-1:t,1) |.(37)

where
oo (@S 8 SR
HEQ' Q1) = — 38
@] %
Our next task is to compute the infinitesimal overlap (£2;|€2;_1) in (37). Repre-

senting ;) = 3 ¢, R(Q;)|m) and [Q;_1) =3, ¢ R(Q5 1 |m> we see from
(23)

(1) = > > chem (m|R()|m)

Z Z cCmr €Xpl— (m¢j +m l/Jg)] Fmam/ (éj)7 (39)

where flj = ((ﬁj, éj, QL]) satisfies the same relation (23) as Qg if we put Qo = Q; =
(¢5,05,7;) and Q1 = Q;_1 = (¢j—1,0;-1,1j_1). Searching for concrete relations
between Q;, @, and ;_;, we are brought to (A.11). Then, by the use of the relation:
AO; =0; —0;_1 >0, Ap; = ¢pj — pj—1 =~ ¢pje and AyY; = ; — Y1 =~ Pje we
have, to O(e),

0; ~ Ab;, 005(29 )~ 1, sin(%éj) ~ %Sin(éj) ~ O(e),
siné exp(zqﬁj) —exp(—i;) (Al + iA¢p;sinb;), (40)
exp[ (gf)] —+ 1]/@)] ~1— Z(A¢J CcOSs Gj + A@%)
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The relation (40) above is the master key to the proof which we invoke implicitly
in (42)—(44) below. Now we have from (A.2)

e (B5) = > N (s,m,m'5t) - [cos(8;/2)] s+ =0+ =m'=0)
t

x [sin(6; /2)] O+ E=m4m’), (41)

From the restrictions on the factorials in N(s,m,m’;t) in (A.3) all the terms in
the parentheses in the exponents in (41) have to be zero or more. Then it becomes
apparent that we only need to pick up, to O(e), the terms fulfilling the combinations
(t,t —m+m') = (0,0),(0,1),(1,0), from which the following three cases appear:
(i)t =0m=m/, (i)t =0,m =m+1, (ili) t = 1I,m = m — 1. Evaluating
terms in (39), the following expressions for each case are derived by (40), (41) and
(A.3). First, consider the case (i). Notice that N(s,m,m’ = m;t = 0) = 1 and

Frm (65) >~ 1+ O([A(@)P). The relevant terms are:

Z |em|® exp[—i m(éj + 72’])} rmm(éj)

~1+4+iAo({em})(Apjcosb; + Ayy). (42)

Second, for the case (ii) N(s,m,m’ = m + 1;t = 0) = f(s,m'); see (25) for the
definition of f(s,m). So one finds that the corresponding terms become:

S

% D g expl=im/(§; + ;)] f(s,m") - [sin 0 exp(i 6)]
m/=—s+1
Z CmCr_1[1 +im(Ag¢; cosd; + Av;)]
m=—s+1
x f(s,m)[—exp(—i);)(Af; + i Ad; sinb;)]
S el f(5,m) exp(—ith;)(AG; + i Ay sinb;) + O(e2),  (43)

m=—s+1

R

N |

R

1
2
where we have renamed m' m. Third, we can deal with the case (iii) just in the
same manner as (ii). With N(s,m,m’ =m—1;t = 1) = — f(s,m) the corresponding
terms become:
g N . T3 . .7
=5 D cnemo1f(sm)expl—i(m = 1)(3; + )] - [sin s exp(~i ;)]
m=—s+1
1 S
> —5 Z crCm—1[1+1(m —1)(A¢; cosb; + A;)]
m=—s+1

x f(s,m)[—exp(i);)(A0; — i A¢;sinb;)]

> chem-1f(s,m) exp(ith;)(Ab; — i Ag;sin6;) + O(€?). (44)
m=—s+1

R

N | =
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Eventually, putting the above results all together, we obtain the infinitesimal over-
lap:

(182 -1) ~ 1 +iAo({cm})(Ag; cos b + Ag)y)

1 S
75 Z f(s, m)[cmc;kn_l eXp(*'L'T/Jj)(AQj +1 Agf)J sin 0])
m=—s+1
—Cp Cm—1€xp(i1;) (A0; — i Ag,; sinb;)]. (45)

Substituting (45) into (37) and then (37) into (36), we finally arrive at the
expression to O(e):

K@t t) = Jim [ du()-++ [ du(@) expl(i/h) Suva] - (10)
with
N+1
Sinii=Y { ﬁ[Ao({cm})(A¢j cos ) + Av;)
j=1

— A1 (53 {em DA sin b + Aa(ihs: {em })AY, |
—e H(25, Q5 13t51) |- (47)

See (25) and (34) for the definitions of Ay and A4 respectively. Hence, it is easy to
see that the expressions (46)—(47) agree with those of (28)—(34) in the € — 0 limit.
O

We have thus arrived at the generic expressions of the PI via the SU(2)CS,
i.e., (28)—(34), which constitute one of the main results of the present paper. They
correspond to (9)-(14) for the CCS. The complex variable forms of spin CS and
CSPI are presented Sec. 5. There, with the aid of the form, we can easily see the
above correspondence by the contraction procedure. The special case when ¢, = 1
(for a sole m), which includes the conventional SU(2)CSPI, was once treated in
Ref. 33.

The transition amplitude between any two states |i) at t = ¢; and |f) at t =ty
can be evaluated by:

/ / A Q) da(S0) (F1907) (R 15 i, 1) (). (48)

Finally, we will make an auxiliary discussion on the derivation of CSPI. We often

see a slightly different approach to PI in literature 3673%; it is essentially after an

original one due to Dirac. 3%4° Now let us proceed with it. Define a “moving frame”

36,37

state vector, which represents an intermediate state, as:

Q,,6) = UH(5)]Q)  with ﬁ(tj)ETexp[—(i/h)/t‘jFAI(t)dt} (49)

i
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Then the resolution of unity also holds for |;,t;) whose successive use leads us

formally to the same expression as (36). However, this time we have, as a consequence
of (49),

(4511, tj_1) = (9] Texp [—(i/h) v H(t) dt} 12,1). (50)

tj71

In contrast the same expression is used as a definition in (37). Note that in U+(tj)
the order of a set of operators {exp[(i/h) :j’;l H (t)dt]} is reversed to that in U(t;);
it becomes anti-chronological. The residuary procedure to CSPI is the same as the
former.

In the phase space PI “moving frame” vectors {|g;,t;)} are defined as the eigen-
states of the operators G(t;) = U™ (t;)gU(t;) in the Heisenberg picture, 3738 from
which |gj,t;) = U™ (t;)|g;) results. They are truly the precise descriptions of in-
termediate states. In the present spin PI case we can do the same thing for a
simple FV |®¥,) = |m): |£2;,¢;) may be defined as the eigenstate of the operator
[R(Q)S3RH ()]s = UT(t) - [R(Q)S3RT(Q)]4—0 - U(t) which is in the Heisenberg
picture. Tt corresponds to (8) for the CCS. However, for a generic FV, we are not
able to interpret |€2;,t;) as eigenvectors of some operators no more. And thus we
have adopted the former approach which seems more plausible to the generic CSPI
in the sense. Of course, for any F'V CS are clearly defined and the overcompleteness
relation holds as (20); indeed it is almost the only relation that CS enjoy. ® So we
can perform PI as we saw it. The relation is the fundamental feature of CS that
makes CS such a flexible tool for PI and that makes CSPI so fascinating.

4.3. The topological term
The term with the square brackets in the Lagrangian (32),

Ao({em})(dcosd +¥) + As(Q, % {em}), (51)

stemming from (€2((9/9t)|€2), may be called the “topological term” that is related to
the geometric phases. ! Here the Az-term is given by (33). And one can see that the
first term in the topological term gives a description of monopoles a la BMS?2.25,26:42
The fictitious gauge potentials corresponding to the whole topological term are also
nonsingular as Refs. 25, 26 and 42; see Sec. 4.5 for the point.

In the differential 1-form, the whole topological term x reads:

k= Ao({em}) (cosBdg + dip) — Ay (1 {en}) sinfdé + As(v; {en})dB (52)

b The significance of the term was once recognized by Kuratsuji, who called it the “canonical term”,
in relation to the semiclassical quantization; note that the geometric phase associated with the
term was called the “canonical phase” in Ref. 22 and Ref. 41; see Ref. 41 and references therein.
We call them just the geometric phases in the present paper.



16 Masao Matsumoto

and in the 2-form:

dk = — [AO({cm}) sinf + A1 (¢; {em}) cos 9} do N do
—As(¥;{cm}) sinbdo Adyp + Ay (v; {em}) dip A df. (53)

One may see that the strength of the well-known monopole-type term depends on
Ap, i.e., the expectation value of the quantum number m in the state of |¥q).
In addition we have other fields with A1 and As-terms describing the effects of
interweaving coefficients of |Wo) with their next ones. We have thus obtained the
general expressions of the topological term in the SU(2)CSPI, i.e., (52)—(53), which
are also one of the main results of the present paper.

For a FV with ¢,,, = 1 (for a sole m), since A; and Ay-terms vanish we have

Kk =m (cosfdep + di), dk = —msin6 df A do, (54)

which represents a monopole with the strength m.

4.4. Semiclassical limit

In this subsection we will investigate what information the semiclassical limit of
CSPI brings. In the situation where i < S[€(t)], the principal contribution in
(28) comes from the path that satisfies S = 0, which requires the Euler-Lagrange
equations for L(£2,€2,t). Then we obtain

W{[Ao({em}) sin€ + A1 (¢; {em}) cos 0] + A1 (¥; {em} )} = —(9H/06)
h{[Ao({em}) sin € + Ay (s {cm}) cos 0]0 — [A4 () {cm }) sin 0]} = OH /D¢ (55)
M[As(; {em}) sin ] + Ay (v; {em })0} = OH /O,

where Ay and A; are given by (25) and Ay is defined by (34).

The expressions in (55) are the variational equations for the spin CS parameters
Q, which may be compared with (15) in CCSPI.

The special case, i.e., that for SU(2)CS with a FV |¥4) = |m), was once treated
in Ref. 33; putting |¥() = |—s) brings us back to the results for the original case.0:3!

4.5. The nature of fictitious gauge potentials

We now investigate the nature of fictitious gauge potentials corresponding to the
whole topological term « in (52). We follow the strategy in Ref. 42.
Using the orthogonal coordinates:

E=o+9¢, n=0¢-19 (56)

with (A.5), the metric is:

ds* = dx* = i[dﬁz + cos?(0/2) d€? + sin?(6/2) dn?] = dn?, (57)
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where n stands for a unit vector in the (6,¢,n)-coordinates. Now let us call the
fictitious gauge potential A = (Ag,Ag,A ); we use A so as not to confuse them
with A; (i =1,--- ,4)-terms in Secs. 3 —4. Then we have:
~ | -1 =1

k= A-dn= A §d¢9 + Ae B cos(6/2)dé + A, B sin(0/2)dn. (58)
Thus we obtain:

Ay =244(3(€ =), {em}),

Ag = 240({em}) cos(50) — 241 (3(6 — ), {cm}) sin(16), (59)
A, = —2A0({cm}) sin( 10) — 24, (% E—n), {cm}) cos(30),

which are evidently nonsingular.

5. Complex Variable Parametrizations of the Spin CS

The generic spin CS and CSPI in Secs. 3 and 4 can be put into complex variable
forms like the conventional ones. ' 3 The number of complex variables is, however,
twice. This causes a need for a supplementary condition to recover the proper de-
grees of freedom of Q. These problems are discussed in Sec. 5.1. Next, we employ
the complex variable form to illustrate the contraction procedure from the generic
spin CS and PI to the corresponding CCS and PI (Sec. 5.2). Besides we add another
complex variable form (Sec. 5.3).

5.1. Complex variable form via Gaussian decomposition

We can parametrize the spin CS, |Q), by a pair of complex variables z = (z4,2_)

and its complex conjugate z* = (2}, 2" ) via the “Gaussian decomposition” of the
operator R(Q2), i.e., (A.6)—(A.7):
|92) = |2) = R(2)| Vo) = R(z, 23, 2-) | Vo). (60)

We put R(z) = R(z4, 23, 2_) since from (A.7) z3 is a function of z:

exp(—23/2) = i { 212" [ [|24 [P (1 + |24 )P ]}/, (61)

However, we know that the degrees of freedom of the CS, i.e., those of €2, are three;
and thus it is clear that the representation by z and z* is still redundant. We may
remedy the problem by reducing the degrees of freedom with the aid of a subsidiary
condition: |z4| = |z_| from (A.7).

For the resolution of unity we have:

/ l2)dv (z)(z] = 1, (62)

25 +1 6(2| = |=-])
277 o (L+ 2 )2

where

dv(z) = d?(24.)d? (=) (63)
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and d?(z) = d(Rez¢)d(Imzg) (£ = +,—).
The propagator reads:

K(zp,ty;2i,t:) = /eXp{(i/ﬁ)S[Z(t)]} Dlz(t)], (64)

where
Sla(t)] = /t_f [ <z\m%|z> — H(z,t) } dt = /t_f L(z,2,1)dt (65)
with
A N
H(z,t) = (z|H|z) and Dlz(t)] = A}gnoo | dv(zs; ). (66)

The explicit form of the Lagrangian yields

L(z,5,1) = ih { ﬁ [ Ao({em)( 1;:22 (24 = Zhz) + (2i =720 )|
+ 45273 {en}) | — H(z,t), (67)
where
As(z,2;{cm}) = _ > fsm)(emch, 124852 —cc). (68)

PO+ )

One can obtain the above relations (62)—(68), via (60)—(61) and (A.6)—(A.7), from
the Euler angle parametrization forms in Secs. 3 and 4. Or one may confirm them
by calculating (z|(0/0t)|z) directly. The formulae for the conventional CS, |z) =
(1 + |2>)" /2 exp(25,)|¥o) with |¥o) = |—s), follow by putting z_ = —z} and
neglecting or integrating out |z_|-variable and then replacing z, with z.

5.2. High spin limit: contraction to the canonical CS

It is well-known that in the high spin limit, i.e., s — oo, the conventional spin CS
with |¥o) = |s) or |—s) approaches to the the usual CCS. 1:3:6 However, as we saw
in Sec. 2, the CCS and CCSPI has been extended to an arbitrary FV case; and
thus, as we put in Sec. 1, it is natural to ask whether there exits any spin CS and
CSPI that tends to the CCS and CCSPI with an arbitrary FV. This has been one
of the motivations mentioned in Sec. 1 to construct such general spin CS and CSPI
as described in Secs. 3-5.1. The answer is affirmative:

Theorem 3. The spin CS |2) and CSPI with a generic FV in Secs. 8-5.1, in the
high spin limit, tend to the CCS |a) and CCSPI described in Sec. 2.

Proof: We adapt the method of Radcliffe! and Arecchi et al.® for a generic FV
case. Following the high spin limit of the transformation a la Holstein-Primakoff,*3
let us put:

Sy — (29)Y%a%, S_ — (29)%a, 83— —sl+aTa. (69)
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We also set:

zy = a(2s)72,

Zo = — 2, (70)
which, with (61), gives:
23 — |al?/(2s). (71)
Then the combination of (69)—(71) with (A.6)—(A.7) and (2) produces
R(Q) = R(z) — exp(aa®) exp(—(1/2)|a\2) exp(—a*a) = D(a).  (72)

Besides since from (69)

A+/\ _ — — .
a*aln) = n|n), (n=m+s,|n)= slggo Im)), (73)
we obtain:
|\PO> - Z Cm|m> - ch|n>7 (74)
m=-—s n=0

where the numbering of the coefficients has been shifted. From (72) and (74) we
obtain that:

|2) = |2) = £(2)|¥o) — D(a ch\n (75)
which is precisely (1) in Sec. 2.1: the definition of the CCS with a generic FV.

Next, with the aid of (63), (70) and (75), we find that the left side hand of (62)
becomes:

Jmastee = 2555 [ S
z4 | ( 2+
<z d(arg =) d(|2-)d(arg =)
— 2S+1/| 1_’_|'|Z+|) 2m - b(argz_ — (argzy — 7))
< d(J2 Di(ars 21 d(arg =)
S [ERICH] 1+|TZ||2> (24 ])dorg =1
2250 [l oy e e
1 [ aptaal, )

which shows that the resolution of unity for the spin CS, (20) or (62), tends to
that for CCS (6). The arguments in the §-function in (76) should be interpreted as
“modulo 27”.

Now that we have both Egs. (75) and (76), we see that all the results of the spin
CS and CSPI here approach to those in Sec. 2, which completes the proof. O
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We may also see the results from the complex variable PI expression (64)—(68)
with the help of (70) and (71). To this end, notice that we have in s — oo limit

AolfemD) = 3 mlenlP= 3 (- 8)leml® — —s (77)
and
f(s,m) — n'/2(25)1/2 (78)

Then we find that the Lagrangian (67), which is equivalent to (32), for the generic
spin CSPI tends to (13) for the CCSPI. And the results in Secs. 3-5.1 are converted
to those in Sec. 2. Especially, we see that the As-term in (33) and (68) corresponds
to the A-term in (9).

The As-term is not represented as a total derivative; and thus the A;- and Ay4-
terms in the As-term take part in variational equations (55) for the spin CS. It is
merely in the high spin limit that the As-term, approaching to the A-term, becomes
a total derivative and its effect disappears in the variational equations. Revisit Secs.
2.2.2 and 4.4 for the point.

5.3. Another complex variable form

We have another complex variable representation of the CS.#* To this end we write

R(/2(Q) in (A.4), using a new pair of complex variables a = (a1, as), in the form
of

*

RD@) =@ = (278) it aP s aP =1 (1)
2 1

which is often used for the SU(2) group. We see from (A.4) and (79)
ar = cos(0/2) exp[—i(¢ +¢)/2], az = sin(0/2) expli(¢ —¢)/2].  (80)
The spin CS, in this case, is specified by
la) = R(a)|Wo) = R()[ Vo), (81)

where a is related to € via (80).
The resolution of unity becomes:

/ la)dA(a)(al = 1, (82)

where

4(2s+1)
2

with d?(a¢) = d(Re a¢)d(Im a;) (¢ = 1,2). The J-function leaves the degrees of

freedom being three as (63).

d\(a) = §(a? —1)d*a and d*a=d*a d?as. (83)
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The propagator reads:

K(ay.tyiait) = [ exp{(i/h)S[a)} Dla(o), (34)
where
Sla(t)] = /t»f [ <a|ih%|a> — H(a,t) ] dt = /tf L(a,a,t)dt (85)
with
R N
H(a,t) = (a|H|a) and Dla(t)] = J\}E)noo dX(ay,). (86)
j=1

The explicit form of the Lagrangian yields:

L(a,a,t) = ik [AO({cm})((a;al —ataq) + (aas — a;ag))

+A3(a, & {em}) | ~H(a,1), (87)
where
As(@ai{em}) = D f(s,m)lemch, 1 (a142 — araz) — c.c.]. (88)
m=—s+1
We may also put the results in a real variable form using x = (x1,--- ,x4) via

(79) and (A.5). In the case the restriction x> = 1 keeps the degree of freedom of
the CS being three.

6. Summary and Prospects

We have investigated a natural extension of the spin or SU(2)CS and their PI forms
by using arbitrary F'V, which turns out to be performed successfully.

In the present paper we have worked on the basic formulation. The physical ap-
plications, in relation to fictitious monopoles and geometric phases, will be treated
in subsequent papers separately. We will discuss criteria in choosing FV for real
Lagrangians. The problem has a close link to that of the semiclassical versus full
quantum evolutions of CS and FV. It was Stone?® who first raised the problem
commenting on the previous version of our article. 27 He pointed out that an arbi-
trary F'V is not always realized and that there may be restrictions on FV so that
quantum evolutions are consistent with the semiclassical ones. The formal CSPI
themselves do not give answers to it; and thus, one may ascribe the fault to the
formal CSPI. We have resolved, in the present article, the mysteries posed in Ref. 45
to some extent by proving the process from discrete CSPI to the continuous ones as
described in Sec. 4.2. The fact that the spin CSPI in Secs. 4-5.1 certainly contract
to the CCSPI in Sec. 2 strengthens the validity of the formulation. We will clarify
the riddle more deeply the next time around. However, the whole problem seems to
have rather profound nature and we will still need much further investigations.
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Next, from a broader viewpoint let us put the prospects of the future below.
First, conventional CCS and spin CS have been playing the roles of macroscopic
wave functions in vast fields from lasers, superradiance, superfluidity and super-
conductivitiy to nuclear and particle physics. > CS have such potential. And thus
we may expect that by choosing appropriate sets of {¢,,} the CS evolving from
arbitrary FV will serve as approximate states or trial wave functions for the collec-
tive motions, having higher energies in various macroscopic or mesoscopic quantum
phenomena such as spin vortices*® and domain walls, which may not be treated by
the former. We hope that numerous applications of the CS and CSPI will be found
in the near future. Second, from the viewpoint of mathematical physics as well as
physical applications, it is desirable that the present CS and CSPI formalism is ex-
tended to wider classes. The generalization to the SU(1, 1) CS case, which is closely
related to squeezed states in lightwave communications and quantum detections,
4748 is one of the highly probable candidates. We also have another candidate,
i.e., the SU(3)CS case. Remembering that the SU(2)CS with a general FV here
extends the SU(2) BMS? Lagragngian and gives a clear insight into the topological
terms, the SU(3)CS case may also shed a new light on the original SU(3) Wess—
Zumino term. 4959 Finally, as we put in Sec. 1, we may regard CS with arbitrary
FV as quantum states without classical analogues. We have already known some
of such states. 1671820 It is true that CS with the conventional FV are closest to
classical states and have useful properties.” However, since “the physical world is
quantum mechanical”, ®' it seems definitely right to search boldly new quantum
states whether their classical counterparts exist or not.
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Appendix A. Some Formulae for Rotation Matrices

Some basic formulae on the properties of the rotation matrices are enumerated.
53756 We employ them in Secs. 3-5. We mainly follow the notation and convention
of Messiah. 53

(i) Matriz elements

A rotation with Euler angles @ = (¢,0,v) of a spin-s particle is specified by an
operator R(2) = exp(—i$Ss) exp(—ifSs) exp(—i)S3); it has a (25 4+ 1) x (25 4 1)
matrix representation whose (m,m’)-entry is:

Rfizn, () = (m|R(Q)|m/) = exp(—i¢m)r (s) ,(0) exp(—im/). (A1)

mm

Here r'*) (0) = (m| exp(—i6Sy)|m’) is determined by the formula due to Majorana

mm/’

57 and to Wigner®3
0) =" N(s,m,m/;t) - [cos(6/2)]*Fm =™ =2 [sin(0/2)] ™™ (A.2)
t

with
(s +m) (s —m)! (s +m) (s —m/)!]/?
(s+m—t)!(s—m' =)t (t —m+m/)’

N(s,m,m';t) = (-1) (A.3)

where the sum runs over any integer ¢ by which all the factorials in (A.3) make
1 ()

sense. In particular, if s = 5, r, "

(@ - (e o sl Lo 01

, is extremely simple to give:

1

sin(36) explzi(¢ — )] cos(30) exp[5i(¢ + )]

Most of the following relations, being independent of s, can be readily verified by
the use of (A.4). For a higher spin s one can find explicit expressions of rfnzn, in
Refs. 54 and 55.

(ii) Group manifold

Introducing the real variables x = (1, - ,x4) via
R(I/Q) (ﬂ) _ T + 7:1'2 —XI3 + ix4 = R(l/Q) (X) (A5)
£L‘3+7:l‘4 1’177;352 ’

we see that x? = 23423 +x3+23 = 1 results; thus the SO(3) manifold is isomorphic
to a 3-sphere S3.

(i) Gaussian decomposition
The rotation matrix f%(ﬂ) can be put into the normal or anti-normal ordering form
in which R is specified by a set of complex variables:

R(Q) = R(zy, 23,2_) = exp(z4.5) exp(2393) exp(z_5_)
= exp(z,S‘,) eXp(_ZSSS) eXP(Z+S+) (A.6)

3,6,7,58

The relation between the Euler angles and the complex parameters is given by:

74 = —tan(3 )exp( (b)
22 = —2n{eos(36) explfi(o -+ )} (A7)
_ = tan(16) exp(—iv).
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(iv) Combinations with S>3
R*(Q)S3R(2) = cos0S; — L sinflexp(iv)) Sy + exp(—iry)S_]
RT(Q)SLR(Q) = exp(£i¢){sin S5 + 11(cos 0 £ 1) exp(it)) S
+(cos 0 F 1) exp(—ith))S_]}.

(A.8)

(v) Inverse
R(2) is unitary and its inverse matrix is given by:

RY(4,0,4) = R7(¢,0,¢) = R(—, 0, —9). (A.9)

(vi) Orthogonality relation
The relation stems from integrating the products of the unitary irreducible repre-
sentations of a compact group over the element of the group; thus it is a generic

relation for the representations. In the present case it reads 54°6:

82

27 27
(s) ) (s") : _ L, ,
/ / / Rmm, R (2) sin @ dopdfdy 95+ 1 Om,nOm/ n'0s,s - (A.10)
Vll Two successive rotations

Two successive rotations specified by Euler angles Q= (¢, 00,1%0) (£ =1,2) pro-
duce R(2) = R(22)R(Q1), where Q = (¢, 0, 1)) obeys:

cos f = cos 01 cos Oy — sin 6 sin 05 cos(¢p1 + 2)
sin éexp(iqg) = exp(i¢p2) {cos 61 sin 0 + sin Oy cos O cos(¢1 + 1)2)

+i sin 0y sin(¢y + ¢2)]
cos(%é) expl3 i(¢+ )] e
xpl3

i(pa + @bl)]{cos(%el) cos(%eg) exp[%i(qﬁl + 19)]
—sin(361) sin(30) exp[~i(on + )] }.

(viii) Three successive rotations

In a similar manner to that in (vii), the Euler angles made of three successive rota-
tions can be calculated. Assuming that the rotations are specified by Euler angles
(¢1,61,91), (¢,0,9) and (¢2,02,1%9), which happen in this order, the composed
rotation yields R(Q) = R(Q2)R(Q)R(), where ' = (¢/,0',1) obeys:

cos @' = [cos 0 cos § — sin O sin O cos(py + 1) cos Oy

+{sin 0 [sin(¢p1 + ¥) sin(p + 1p2) — cos(¢1 + 1) cos 8 cos(d + 12)]
— cos 67 sin 6 cos(p + 12) } sin Oy (A.12)

and two additional equations that we omit here; they describe sin 6’ exp(i¢’) and
cos(0'/2) expli(¢’ + ") /2] in terms of 1, Q and Q5 as in (A.11).
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