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We report on NMR and torque measurements on the frustrated quasi-two-dimensional spin-dimer

system SrCu2ðBO3Þ2 in magnetic fields up to 34 T that reveal a sequence of magnetization plateaus at 1=8,

2=15, 1=6, and 1=4 of the saturation and two incommensurate phases below and above the 1/6 plateau.

The magnetic structures determined by NMR involve a stripe order of triplets in all plateaus, suggesting

that the incommensurate phases originate from proliferation of domain walls. We propose that the

magnetization process of SrCu2ðBO3Þ2 is best described as an incomplete devil’s staircase.
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Coupled-dimer spin systems with singlet ground
states have been extensively studied because of a variety
of magnetic-field-induced quantum phase transitions.
Magnetic fields strong enough to close the zero-field en-
ergy gap for the triplet excitations may simultaneously
induce a longitudinal magnetization and a transverse
antiferromagnetic order, breaking the Uð1Þ rotational sym-
metry around the field direction. This corresponds to a
Bose-Einstein condensation (BEC) of triplets [1]. In the
presence of frustration the magnetization curve in higher
fields may show plateaus as a consequence of Wigner
crystallization of triplet bosons [2].

In studying the magnetization plateaus, the layered com-
pound SrCu2ðBO3Þ2 has played a prominent role since the
discovery of a sequence of plateaus at 1=8, 1=4, and 1=3 of
the saturation magnetization [3]. Its crystal structure con-
sists of two-dimensional layers of orthogonal spin-1=2
dimers in a geometry known as the Shastry-Sutherland
lattice [4,5], in which frustrated interactions drastically
reduce the kinetic energy of triplets, leading to the theo-
retical predictions of plateaus having a superstructure of
localized triplets [6,7]. A symmetry-breaking superstruc-
ture of triplets has indeed been observed for SrCu2ðBO3Þ2
by copper and boron (B) NMR at the 1=8 plateau [8,9].

More recent experiments on SrCu2ðBO3Þ2 have
revealed a rich phase diagram below the 1=4 plateau, but
with controversial results. B-NMR [10] and torque [11]
measurements have revealed at least two additional
phases between the 1=8 and 1=4 plateaus and excluded any
plateau with a smaller fraction than 1=8. Other torque
measurements, however, have been interpreted as evidence
of a sequence of plateaus at 1=9, 1=8, 1=7, 1=6, 1=5, 2=9,
and 1=4 [12]. State-of-the-art analytic approaches [13,14]
to determine the effective low-energy triplet Hamiltonian

have confirmed the early findings of plateaus at 1=3 and
1=2 [6,7]. However, definitive conclusions regarding the
plateaus and their spin structures at smaller fractions could
not be reached yet because they require a precise determi-
nation of the triplet-triplet interaction at large distances,
which is a very difficult yet steadily progressing task [15].
In this Letter, we report on torque and 11B-NMR mea-

surements in static high magnetic fields up to 34 T gen-
erated by a 20-MW resistive magnet at LNCMI Grenoble,
and present definitive conclusions about the sequence of
plateaus and their spin structures. We observed plateaus at
1=8, 2=15, 1=6, and 1=4 of the saturation and two incom-
mensurate phases below and above the 1=6 plateau. For all
plateaus, the magnetic structures determined by high-field
NMR involve a stripe order of triplets with different com-
mensurability, suggesting that the incommensurate phases
originate from proliferation of domain walls. These find-
ings establish the first observation of an incomplete devil’s
staircase in quantum antiferromagnets.
To understand the 11B-NMR spectra, we recall that each

boron site generates three NMR lines at the frequencies
fk ¼ �ðH þHintÞ þ k�Q, (k ¼ �1, 0, or 1), where �Q ¼
1:25 MHz is the quadrupole splitting for the external
magnetic field H applied along the c axis [16] and
� ¼ 13:66 MHz=T is the nuclear gyromagnetic ratio.
The internal field Hint is produced by nearby Cu spins,

Hint ¼
X

i

AihSici; (1)

where Ai is the hyperfine coupling constant to the ith Cu
site that has the local magnetization hSici along the c axis.
We show in Fig. 1 a part of the low-frequency satellite
spectra (k ¼ �1) at T ¼ 0:43 K covering the most nega-
tive range of internal field (Hint � �0:13 T) attributed to
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those boron sites whose nearest neighbor Cu carries a large
magnetization. For this range of Hint, the low-frequency
satellite spectra do not overlap with the central line (k ¼ 0)
or high-frequency satellite (k ¼ 1), and therefore they
directly give the distribution of Hint with typical accuracy
of 2 mT.

The spectrum at 27.9 T (purple) belongs to the 1=8
plateau and exhibits sharp peaks that do not move in the
entire field range of the plateau, features that are character-
istic of a commensurate superstructure. The peak positions
agree with previous reports [8–10]. Among the spectra
displayed in Fig. 1, we clearly identify two other ranges
of field, 28.7–29.2 T (red) and 31.5–32.2 T (blue), in which
the spectra present the same features, suggesting the exis-
tence of two additional plateau phases between the 1=8 and
1=4 plateaus. Outside these field ranges, the peaks are
rather broad and their positions change continuously with
the external field.

The existence of new plateaus is also supported by the
magnetization curve shown in Fig. 2 obtained by torque
measurement using a cantilever technique. The noncopla-
nar structure of the CuBO3 layers allows an intradimer
Dzyaloshinskii-Moriya interaction, which has been shown
to produce a transverse magnetization perpendicular to the
magnetic field [17]. The torque (�) acting on the cantilever
then consists of two terms: � ¼ aM�Hþ bðM � rÞH,
the first one proportional to the transverse magnetization
and the second one to the longitudinal magnetization [11].
Their relative size depends on the precise location and
orientation of the sample and on the field profile inside

the magnet, which are difficult to know. In the gapped
phase of SrCu2ðBO3Þ2 below 15 T, where the longitudinal
magnetization is strictly zero, �=H shown in the inset of
Fig. 2 varies linearly with H due to the transverse magne-
tization. To eliminate this contribution and isolate that of
the longitudinal magnetization, we took a linear combina-
tion of two measurements of �=H taken at different sample
positions shown in the inset of Fig. 2, choosing their
relative coefficients so that the resulting curve stays zero
below 15 T. The result is shown as a black line in the main
panel of Fig. 2. It agrees very well with the magnetization
determined from the Cu-NMR shift data below 26 T
reported in Ref. [8] (open circles).
The magnetization curve shows a series of plateaus. In

addition to the 1=8 plateau and the approach to the 1=4
plateau just outside the available field range, two other
plateaus can be clearly recognized: one is adjacent to the
1=8 plateau and the other is approximately halfway up to
the 1=4 plateau. These field ranges agree perfectly with
what we proposed from the field variation of the NMR
spectra (the horizontal bars in Fig. 2). The magnetizations
of the first three plateaus scale as 1=8:2=15:1=6, which
is partially consistent with the theoretical predictions
[13–15]. This plateau sequence is not the same as the one
proposed in Ref. [12]. However, the two torque curves
(Fig. 2 of this Letter and Fig. 1A of Ref. [12]) show
anomalies at nearly identical field values, indicating that
the discrepancy is not due to sample problems but due to
differences in data precessing and interpretation (see the
Supplemental Material A [18]). Note that a symmetry-
breaking plateau at 1=9 has already been ruled out by the
previous NMR experiments [8].
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FIG. 1 (color online). A part of the 11B-NMR spectra
covering the most negative range of internal field obtained at
T ¼ 0:43 K in various magnetic fields. The values of magnetic
fields correspond to the position of the spectral base line on the
vertical axis. The purple (below 28:2 T), red (28:7–29:2 T), blue
(31:5–32:2 T), and green (above 33:6 T) spectra belong to the
1=8, 2=15, 1=6, and 1=4 plateaus, respectively.
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FIG. 2 (color online). Inset: The magnetic-field dependence of
the torque divided by field at T ¼ 60 mK for the sample
positioned at �10 mm off the nominal field center. Main panel:
The thick black line represents the longitudinal magnetization
(see the text) with the vertical scale appropriately adjusted. The
magnetization values at 1=8, 2=15, 1=6, and 1=4 of the saturation
are shown by the dashed lines. The horizontal bars indicate the
field range of the plateaus determined by NMR. The open circles
show the magnetization determined from the Cu-NMR shift data
from Ref. [8].
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Having established the sequence of plateaus, we now
discuss the spin structure. The distribution of Hint was
obtained by an iterative method to deconvolute the quad-
rupole structure from the NMR spectra [19]. The resulting
spectra are displayed in Fig. 3(a) for all plateaus and two
intermediate phases above and below the 1=6 plateau. Let
us recall that the spin density of one triplet is expected to
be distributed primarily over three dimers as shown in
Fig. 3(b) [8,20]. The central dimer with a large magneti-
zation hSci ¼ m0 ¼ 0:3–0:4 is surrounded by two orthogo-
nal dimers with a negative magnetization m2 ¼ �0:1 to
�0:2 (antiparallel to the external field) next to the central
dimer and a positive magnetization m1 ¼ 0:2–0:3 at the
ends. We call this cluster an ‘‘extended triplet.’’ It is
stabilized by the cooperative (nonfrustrated) action of the
polarized spins of the central triplet on the two neighboring
dimers, and by its strongly reduced coupling to surround-
ing spins due to frustration. Other dimers have much
smaller magnetization. We define B0, B1, and B2 as the
B sites nearest to m0, m1, and m2, respectively. All plateau
spectra show a group of lines near Hint ¼ �0:2 T isolated

from other lines (the part shown in Fig. 1), which comes
from B0 and B1 sites.
The magnetic structures of plateaus were determined as

follows: (1) The coupling constant Ai is the sum of the
short-ranged transferred hyperfine coupling and the clas-
sical dipolar coupling. The coupling to the nearest neigh-
bor Cu spin [A1 in Fig. 3(c)] is by far the largest. The
second neighbor gives a very small contribution (A2) due
to the cancellation between the transferred and dipolar
terms, and it is much smaller than the dipolar coupling to
the third and fourth neighbors. Therefore, to zeroth order,
Hint is simply proportional to the magnetization on the
nearest neighbor Cu site. (2) The zeroth-order NMR lines
then shift and may be split by the dipolar field from the
third and fourth neighbors, which are on the adjacent layers
as shown in Fig. 3(c). This means that the spectral features,
which distinguish one plateau from the others, are primar-
ily due to the interlayer stacking of extended triplets rather
than the in-plane spin configuration. We found that the
partial spectrum of B0 and B1 sites is specific enough in
all cases to select a unique in-plane structure allowing at

(a) (b)

(c)

(d)

FIG. 3 (color online). (a) Deconvoluted 11B-NMR spectra representing the distribution of Hint obtained at T ¼ 430 mK unless
explicitly indicated. The data for the 1=8 plateau at 27.5 Twere taken from Ref. [9]. (b) An extended triplet and the nearest neighbor B
sites. (c) The crystal structure of SrCu2ðBO3Þ2. The arrows indicate the hyperfine coupling of a B site to the nearest and the second
nearest Cu on the same layer (A1 and A2) as well as the coupling to the third and fourth neighbors on the adjacent layers (A3 and A4).
(d) The spin superstructure for the plateau phases. The thin black lines show the lattice of orthogonal Cu dimers in one layer. The thick
red (dark) lines show the triplet dimers carrying the largest magnetizationm0 in the same layer while the blue (pale) lines indicate these
triplets on the neighboring layers. The unit cell of each superstructure is shown by the shaded area.
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least one stacking pattern qualitatively consistent with the
observed spectrum. Figure 3(d) shows the structures thus
determined, including the one for the 1=3 plateau which we
found by applying the same analysis to the spectrum
reported by Stern et al. [21]. The unit cell of all these
structures involve two layers as in the crystal structure.
(3) As a consistency check, we have tried to account for the
entire spectrum of the 1=8, 1=6, 1=4, and 1=3 plateaus
assuming the structure shown in Fig. 3(d). For these struc-
tures, we were able to assign a particular peak value ofHint

to each B site almost uniquely. The values of the local
magnetization hSici have then been determined by solv-
ing Eq. (1), since there is an equal number of inequivalent
Cu and B sites in a unit cell of the superlattice (see the
Supplemental Material B [22]). The resulting values ofm0,
m1, andm2, displayed in Fig. 4, change very little from one
plateau to the next, as expected.

All plateaus show stripe order of triplets as shown in
Fig. 3(d). The structures for the 1=3 plateau and the 1=4
plateau agree with the early theoretical predictions of
Refs. [6,7]. The former structure is a simple close packing
of extended triplets, while in the other structures they are
progressively more spaced by sites having much smaller
polarization. The structure of the 1=6 plateau can be
obtained from that of the 1=3 plateau by removing every
other triplet from each stripe. Similarly, the square unit cell
of the 1=8 plateau is obtained by removing every other
triplet from each stripe of the 1=4 plateau. Note that this
structure of the 1=8 plateau is different from the one with a
rhomboid unit cell, which was proposed based on the
previous Cu-NMR experiments [8] (see Supplemental
Material B [22]). Finally, the structure of the 2=15 plateau
consists of alternating domains of 1=8 and 1=6 structures.
More precisely, three stripes of the 1=8 rhomboid structure
(which is not the square structure of the 1=8 plateau) are
followed by a single stripe of the 1=6 structure. This is a
good example showing how the proliferation of domain

walls leads to a structure of higher order commensurability.
We should remark that the structures of the 1=6 and 2=15
plateaus are not the ones predicted theoretically inRef. [13],
presumably because the theory is valid only when the ratio
of inter- to intradimer coupling is less than 0.5, while it is
around 0.65 for SrCu2ðBO3Þ2. In fact, according to a recent
paper [15], increasing J0=J and including the kinetic energy
induced by Dzyaloshinskii-Moriya interactions improves
dramatically the agreement between theory and experi-
ment: a 1=8 plateau with a square unit cell is stabilized,
and plateaus at 2=15 and 1=6with stripelike structures very
similar to those of Fig. 3(d) are also present, with one of the
candidates for the 1=6 plateau being exactly the structurewe
have deduced from NMR.
Let us now discuss the spectra in the intermediate phases

below and above the 1=6 plateau. As shown in Fig. 3(a),
they share a common feature with the spectra in the pla-
teaus; that is, the B0 and B1 lines at large negative values of
Hint ��0:2 T are well separated from the rest of the
spectra. This indicates that the strongly polarized extended
triplets remain immobile at least within the time scale of
NMR measurement (around 100 �s); i.e., they are com-
pletely localized. However, unlike in the plateaus, the
spectra in the intermediate phases consist of a few broad
continuous lines, which cannot be decomposed into dis-
crete narrow lines. Such a spectral feature indicates an
incommensurate magnetic structure. This is quite natural
since the density of triplets, i.e., the magnetization,
changes continuously, and therefore generally takes irra-
tional values. Intermediate phases could have a commen-
surate structure if the system separates into two
commensurate phases with their volume ratio changing
with field, or if a commensurate fraction of triplets forming
a superstructure coexists with the rest of delocalized trip-
lets. However, the NMR spectra in such cases should have
sharp peaks similar to the spectra in the plateau phases,
clearly inconsistent with the experimental observation.
As an attempt to put the results in a broader perspective,

we conjecture that the sequence of phases revealed by the
present measurements is the first example of an ‘‘incom-
plete devil’s staircase’’ in the context of the magnetiza-
tion curve of a quantum antiferromagnet. The concept
was introduced in the investigation of commensurate-
incommensurate transitions: a devil’s staircase is an infi-
nite sequence of commensurate phases with increasingly
large commensurability built by the proliferation of
domain walls between domains of different commensura-
bility [23]. It becomes incomplete when the infinite
sequences of high commensurability phases with small
steps are replaced by incommensurate phases [24].
This interpretation is supported not only by the sequence

of fractional magnetization values in SrCu2ðBO3Þ2, which
is typical of a devil’s staircase [23], but also by the stripe
structure of the plateaus determined by the present NMR
experiments, which naturally allows the formation of

FIG. 4 (color online). Distribution of local magnetization in
the 1=8, 1=6, 1=4, and 1=3 plateau phases deduced from the peak
positions of the B-NMR spectra.
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domain walls, as seems to be the case in the 2=15 plateau.
It would be very interesting to check this interpretation by a
direct measurement of the wave vector of the structure,
which has become accessible for the required magnetic
field range by neutron scattering performed in pulsed field
[25]. It would also be interesting to understand the mecha-
nism behind this devil’s staircase, and whether it is con-
nected to the recent observation of devil’s staircases in the
context of quantum dimer models [26,27]. Finally, it
remains a challenge for theory to explain why higher
commensurability plateaus (or even lower ones such as
1=7) are unstable towards the formation of incommensu-
rate phases.
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