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Sato’s conjecture for the Weber equation and
transformation theory for Schrodinger equations
with a merging pair of turning points

By

Yoshitsugu TAKET*

Abstract

In [3], together with Aoki and Kawai, I developed the transformation theory for an MTP
equation (i.e., a Schrodinger equation with a merging pair of simple turning points) to the
Weber equation and combined it with Sato’s conjecture to clarify the analytic structure of
Borel transformed WKB solutions of an MTP equation. In this paper I present a new proof of
Sato’s conjecture based on the use of the creation operator for the harmonic oscillator (i.e., the
Weber equation) and explain a core part of the transformation theory for an MTP equation
developed in [3] with emphasizing the role of Sato’s conjecture there.

§0. Introduction

In [2] Aoki, Kawai and the author of the present paper developed the exact WKB
theoretic transformation theory for a one-dimensional Schrodinger equation near a sim-
ple turning point and showed that Voros’ connection formula ([12]) for Borel resummed
WKB solutions on a Stokes curve emanating from a simple turning point can be ob-
tained from that of the canonical equation, i.e., the Airy equation. In [2] we also
constructed a transformation that brings a Schrodinger equation to the Weber equation
near two simple turning points. Very recently, in [3] we have succeeded in showing that
this transformation near two simple turning points together with what we call Sato’s
conjecture for the Voros coefficient of the Weber equation (cf. [8], [11]) enables us to
analyze the structure of “fixed singularities” (cf. [4], [5], [6]) of Borel transformed WKB
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solutions of a Schrédinger equation with a merging pair of simple turning points (“a
merging-turning-points equation” or “an MTP equation” for short). The purpose of this
paper is to discuss Sato’s conjecture and its analytic implication in details, including its
direct proof based on the use of the creation operator for the harmonic oscillator (i.e.,
the Weber equation), and to explain a core part of the transformation theory for an
MTP equation developed in [3] with emphasizing the role of Sato’s conjecture there.

The paper is organized as follows: In Section 1 we present a WKB theoretic for-
mulation of Sato’s conjecture and give its direct proof. Then, making use of Sato’s
conjecture, we analyze the structure of fixed singularities of Borel transformed WKB
solutions of the Weber equation in Section 2. Finally the transformation theory for an
MTP equation is explained in Section 3.

In ending this Introduction, the author expresses his heartiest thanks to Professors
T. Kawai, T. Aoki and T. Koike for their kind encouragements and continual stimulating
discussions with them. The author sincerely thanks also to Professor H.J. Silverstone
for the stimulating discussions with him during his extended stay at RIMS.

§1. Sato’s conjecture

Sato’s conjecture is concerned with WKB solutions

(1.1) Y1 (z,m) = exp (ﬂ:/ Sidz)
20
of the Weber equation (i.e., the harmonic oscillator)
d? 22
1.2 2\ —0.
(1.2 CRGCEIL
Here > 0 is a large parameter, A # 0 is a non-zero complex constant, zg is an arbitrarily

chosen point and

(1.3) ST =4nS_1(2) + So(2) £ 77181 (2) + 1728 (2) £ - --

(1.4) S_1(2) = . A, So(z) = _m’ Si(2) = _16(?;/{18_-%)\))\5/2,

denote WKB solutions of the Riccati equation

a8 22
2,727 22 =
(1.5) S°+ ~ = ( )\)

associated with (1.2). Note that, if we use the odd part Soqq = (ST — S7)/2 of S*,
WKB solutions (1.1) can be expressed also as

(1.6) Yi(z,m) = \/;_dd exp (:t /2 Sodddz)
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since

1d
L. even — t— o =—=—1 o
( 7) S, S dd 5 dz og S, dd
holds. (In what follows we mainly use the form (1.6) to express WKB solutions.) Sato’s

conjecture is then explicitly described in the following way:

Theorem 1.1 (Sato’s conjecture).  The following relation (as formal power se-
ries in n~1) holds for the Weber equation (1.2).

> 21—2n -1

> o _ 1 1-2n
(1.8) /z\/X(SOdd nS-1)dz = o ;7%(2”_ 1)an(m) ,

where Bsy,, designates the (2n)-th Bernoulli number, i.e.,

oo

w w By 4
1. -1-Y ",
(1.9) ew 1 2+;(2n)!w

Remark 1.  The original version of Sato’s conjecture was described as a relation
between the parabolic cylinder function D,y _1/2(n*/2z), a special solution of (1.2), and
a WKB solution (1.6) with zy being chosen to be a turning point zy = 2v/A ([8, p.95]).
Recently Shen and Silverstone ([11]) have elucidated its WKB-theoretic meaning and
reformulated it in its WKB-theoretic form (1.8). See also [3, Section 3]. Note that after
[12] the left-hand side of (1.8) is often called “Voros’ coefficient” in exact WKB analysis.
Throughout this paper we use Sato’s conjecture in the form (1.8).

A clear-cut proof of Theorem 1.1, which is based on the use of some analytic
properties of the parabolic cylinder function, is given by Shen and Silverstone ([11]). An
equivalent formula was also derived by Voros ([12]) through the asymptotic expansion
of the Jost function (i.e., the quantization condition) of (1.2). In what follows we give
another proof of (1.8); it is more straightforward in the sense that it directly verifies

1

(1.8) as a relation of formal power series in 7~ without resorting to any analytic object

corresponding to the left-hand side of (1.8).

Proof of Theorem 1.1.
Let o denote n\. A key for the proof of Theorem 1.1 is to consider the following
difference equation with respect to o.

(1.10) Flo+1)—F(o) =1+ log(1 + %) — (o4 1)log(1 + %)

This equation (1.10) and the Bernoulli number are related in the following manner:
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Lemma 1.2. (i) Let Fy(o) denote
21—2n -1
(1.11) Fy(o) =) o Bano' 7",

that is, two times the right-hand side of (1.8). Then Fy(o) formally satisfies (1.10).
(ii) Conversely, if F(o) = 3,5, cno™ is a formal solution of (1.10), then F(o) must
coincide with Fy(o).

Proof. (i) Combining the asymptotic expansion for logI'(z)

(1.12) logI'(o) — (a——)loga-i—a—log\/_ Zm =2 (largo| < 7)

([7, Section 1.18, (1)]) with the duplication formula
(1.13) ['(20) = 22177120 ()T (0 + 1/2)

([7, Section 1.2, (15)]), we find

I'(o+1/2)
1.14 log ————= —o(logo — 1) ~ Fy(o argo| < ).
(1.14) 8 5 (logo —1) ~ Fo(o) (Jargo| <)
Replacing o by o + 1, we also have
r 3/2
(1.15) log Llo+3/2) (c+1)(log(c+1)—1) ~ Fo(c+1) (Jargo| < 7).
V2
Taking the difference of both sides of (1.14) and (1.15), we thus obtain
I'(o +3/2)
1.1 log ———= — 1)(1 1)—-1 1 —1
(1.16) 08 [ 1rg) ~ (7 Dllog(o + 1)~ 1) + o{log ~ 1

=1+ log(1l+ %) — (04 1)log(1+ %)
~ F0<0'—|— 1) - F()(O').

This means that Fy(o) formally satisfies (1.10).
(ii) By a simple computation we have

(1.17) (c+1) " =01+ §>_n B ;o(_l)m%g_n_m
forn=1,2,.... Hence
_ mn+m-=-0 _
(1.18) Flo+1)—F(0) = Z cn(=1) =T’
o
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Thus, once F(o + 1) — F(o) is given (by the right-hand side of (1.10) in our current
situation), all the coefficients {c, }n>1 of F(o) are uniquely determined in a recursive
manner. This completes the proof of Lemma 1.2. O

In view of Lemma 1.2 it now suffices to show that two times the left-hand side of
(1.8) satisfies the difference equation (1.10) to prove Theorem 1.1. To confirm this we
make use of the creation operator

d z
_ 1~
(1.19) A=q' = =3

for the harmonic oscillator (1.2). As a matter of fact, using (1.19), we can prove the
following

Lemma 1.3. Let ST = ST(z,\,n) be the WKB solution (1.3) (starting with
S_1 = /z%2/4 — \) of the Riccati equation (1.5) associated with the Weber equation
(1.2). Then the following relation holds:

d z
+ -1 _Q+ - -1 g+ _~
(1.20) ST(z,A+n7"n) = ST(z,\n) 7 log (n ST (z, A, m) 2)~

Proof. 1t follows from the commutation relation

d? o 22 d? 522

that, if ¢ is a solution of (1.2), then ¢ = A1) satisfies

(1.22) (;’l—;— 2(%2—)\—n_1)>g0:0.

In particular, for a WKB solution 1 = exp(/ ST (z,\,n)dz) of (1.2),

(1.23) oy =AYy = (77_15+(z, A1) — %) exp (/Z ST (z, )\,n)dz)

becomes a WKB solution of (1.22), that is,
(1.24)

(787G A0 — ) e (/ S*H(z A, n)dz) — C(n) exp (/ S A4, n)dz)

holds for some constant C'(n) independent of z. Taking the logarithmic derivative of
both sides of (1.24) with respect to z, we then obtain (1.20). O

Using Lemma 1.3, we now finish the proof of Theorem 1.1. Thanks to the square-
root character of the coefficients of S,qq at z = 2\/X, we can write two times the
left-hand side of (1.8) as

(1.25) 2/ (Sodd — nS_l)dz = / (Sodd - 775_1>d2’,
2V X Yoo



210 YOSHITSUGU TAKEI

where 7, is a path that runs from oo to z = 2v/A + ¢ for a sufficiently small number
e > 0, encircles z = 2v/X along {|z — 2V/A| = ¢} in a clockwise manner, and then
returns from z = 2v/X + ¢ to oo (cf. Figure 1). Furthermore, since each coefficient of
Seven = ST — S,qq is single-valued at z = 2v/\ and

1
(1.26) Res Seven = Res Sy =—-
2=2v\ 2=2vVA 4
holds in view of (1.7) and (1.4), we also find
(1.27) / (Soad — nS-1)dz = / (ST —nS_1 — Sy)dz.
S Yoo

Thus it suffices to show that the right-hand side of (1.27) satisfies the difference equation
(1.10).

] ]

Voo Yz
2V +e 00 2V A +¢ z )
X A X

Figure 1. Integration paths 7., and ~,.

Let 7, be a path that runs from z to 2v/A + ¢, encircles 2v/X in a clockwise manner
and returns from 2v/\ + € to z (cf. Figure 1), and let I(z,0) and I;(z, o) denote

(1.28) I(z,0) = / Stdz - / Stdz ,
Vz )\:77*1(0'—]—1) Vz )\:7’)710'
(129) Ij(Z,O’) = / S]dZ - / S]dZ 5
V= A=n—1(c+1) Yz A=n—lo
respectively. It then follows from Lemma 1.3 that
_ _ z _ . _ z
(1.30)  I(z,0) =log (77 LSt (zn o) - 5) —log (77 LStz o) - 5) :

(Note that the branch of S*(z,\,n) at the starting point of v, is different from the
branch at its end point. To distinguish these two different branches, we use the notation
Z in (1.30) to specify the branch of ST at the starting point of 7,.) Using (1.4) and

(1.31) S; =0(—=) asz—ooforj>1,
we thus find that

,'7—1

1 1
(1.32) I(z,0) = log 7 +log(1+—)+0(z—2) as z — 00.

22 20
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On the other hand, since

(1.33) / S_1dz = Z\/ 22 — 4\ — Nlog(z + V22 — 4)), / Sodz = —i log(2? — 4\),

we can confirm

77—1

(1.34)  nl-1(z,0) = —1 +log —
z

74 (o0 +1)log(1+ %) + O(%) (as z — 00),

(1.35) Ip(z,0) =0

by straightforward computations. Hence we obtain

zZ—00

(1.36) lim (I(z,0) —nl_1(z,0) — Iy(z,0)) = 1 +log(1 + %) — (o +1)log(1 + %)

Relation (1.36) means that the right-hand side of (1.27) satisfies the difference equation
(1.10). This completes the proof of Theorem 1.1. ]

§ 2. Fixed singularities of Borel transformed WKB solutions of the Weber
equation

In this section we discuss analytic implications of Sato’s conjecture.
In what follows, rotating the variables as

(2.1) z =exp(mi/4)x, X =exp(ni/2)Ey

(where we adopt to use Ej instead of E to denote the new parameter exp(—mi/2)\ in
order that it may be consistent with the notation in the subsequent section), we deal
with the Schrodinger equation with the inverted-parabola potential

213’2

22) (405 770 ) v =0 with Q) =B - %

which is equivalent to (1.2) via (2.1), and its WKB solutions normalized at a simple
turning point r = 21/ Ejy

(2.3)

1 X
b () = —o— exp (i / Sodddx)
Sodd 2VEg

— exp((@)) 3 Y (@™ "2 where ya(z) =+ / Qs
n=0 0

Here and in what follows the branch of S_;(z) = \/Q(x) = \/Eo — 22/4 is chosen so
that exp(—mi/2)y/FEo — x2/4 > 0 holds for Ey > 0, x > 2\/Fy. In exact WKB analysis
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we endow ¢4 (z,n) with an analytic meaning through Borel resummation method (with
respect to the large parameter 1), that is, we first define the Borel transform of ¢4 (z,7),
denoted by ¥+ p(x,y), by

o Yan(2) -1/2
2.4 — _rEn\) n
and then consider its Borel sum
(2.5) / exp(—yn)t+,8(z, y)dy
—y+ (x)

as an analytic substitute of 1)1. Here the path of integration for (2.5) is conventionally
taken to be parallel to the positive real axis.

The Borel sum of a WKB solution is well-defined in a Stokes region, i.e., a region
surrounded by Stokes curves

(2.6) Im /j S_1(z)dr =Im /ax VQ(z)dz =0

(where a is a turning point +2v/Ey of (2.2)), provided that there is no Stokes curve
connecting two turning points. Note that the relations between WKB solutions in
adjacent two Stokes regions are described by Voros’ connection formula and that Voros’
connection formula takes the simplest form when we choose ¥4 (z,7) normalized as (2.3)
as a basis of WKB solutions (cf. [12]). In the case of (2.2) two turning points +2/FEy
are connected by a Stokes curve when and only when Ey € R (cf. Figure 2). Such a

]

—2VE, 2WE,

Figure 2. Stokes curves of (2.2) for Ey > 0.

degenerate configuration of Stokes curves then causes a kind of Stokes phenomenon to
occur with the Borel resummed WKB solutions ¥4 normalized as (2.3) and it can be
explicitly analyzed by using Sato’s conjecture in the following manner: The degenerate
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(i) (i)

2 V EO *2\/ EO

Region I

—o/E, 2v/E,

Region 11

Figure 3. Stokes curves of (2.2) when (i) Im Ey > 0, and (ii) Im Ey < 0.

configuration observed for, say, Ey > 0 is resolved in two different ways by adding a
small imaginary part to Ejy, as is indicated in Figure 3. Let 7,[13_ denote the Borel sum
of the WKB solution 1 defined by (2.3) in, say, Region I of Figure 3, (i) (i.e., when
Re Ey > 0 and Im Ey > 0) and @DE the Borel sum of the same WKB solution in the
corresponding Region II of Figure 3, (ii) (i.e., when Re Ey > 0 and Im Fy < 0). Then
these two Borel sums define different analytic functions. As a matter of fact, Sato’s
conjecture (Theorem 1.1) analytically implies the following

Theorem 2.1.  Between the Borel sums wﬁr and 1/12 of the WKB solution
defined by (2.3) the following relation holds:

(2.7) v} = (1+ exp(—2nEon))"/* ¢1L.

Formula (2.7) describes the Stokes phenomenon for the WKB solution ¢ of (2.2)
when the parameter Ey crosses the positive real axis. Although an equivalent formula
is already discussed in [11] (cf. [11, Formula (50)]; note that A 4 40 in [11] correspond
to Im Ey — F0 in this article, respectively) and the essential part of its proof was
given by [8, Proposition 2.2], we present the proof of Theorem 2.1 here for the reader’s

convenience.

Proof. We factorize ¥, (x,n) as

(2.8) Yy (z,m) = exp (/ZjE_(Sodd - 775—1>d$) @Dioo)(%ﬂ)-

Here, thanks to Sato’s conjecture (Theorem 1.1), the first factor of the right-hand side
can be written as exp ¢(Ep,n) with

o0

1

(2.9) b(Fom) =25 = 1

B n i E 1—-2n
22~ 2n(2n—1) (iBom)™,
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i.e., the right-hand side of (1.8) (after the rotation of variables (2.1) is substituted), and

(00) B 1 T T -
(2.10) vy (x,m) = 7\/% exp <j: [n /2\/}3_0 S_1dx + /OO (Sodd nS_l)d:B]>

is a WKB solution of (2.2) that is normalized at infinity in the sense of [5] and [6].
Let us define two Borel sums wsroo)’l and w(f")’“ of wf") similarly to 1/J£r and wﬂ. It is
then known that wgfo)’l and wgfo)’ﬂ coincide since wsog(x, y), the Borel transform of

@Dg_oo)(a:, n), is free from singularities on the half line

T 2
(2.11) {yGC;y:—/ \/Eo—x—d:r:+,0,p>0}
2VE; 4

([5], [6, Theorem 1.2.2 (c)]). Hence, to verify (2.7), it suffices to compare the Borel sums
@' (i.e., the Borel sum of ¢ for Im Ey > 0) and ¢! (i.e., that for Im Ey < 0).

Let us now compute the Borel transform ¢p(Fy,y) of ¢. It follows from the defi-
nition of the Borel transformation and (2.9) that

(2.12) o5 (En.y) 1i 217 1 (iEy)1 2" y*r 2
. == — By, (1
POV =5 Zaonen—1) Y en - 2)]
2lz’O S B2n —2n_2 ZE() - B2n . —2n 2
_ =0 2%E. n,2n _ “~0 E, n, 2n
_ 1By y/(2iE)) 14 Y
y? \exp(y/(2iFp)) — 1 4iE
ik y/(iEo) 14 Y
2y? \exp(y/(iEp)) — 1 2iFy

_ 1 ( 1 N 1 2@'E0>
4y \exp(y/(2iEp)) —1  exp(y/(2iE0))+1 y )
To simplify the computation we introduce the following auxiliary infinite series

oo

- 1 iEn 1 1 1 N
2.1 — ¢+ - — log(1 —p—=Y ——(=2iEn)~ "D,
(213)  d=¢+ - - log(l+ gp) = ¢ 4§n+2< iEon)
Then (2.12) implies

~ 1 — 1 y \"
2.14 = -
(2.14) o5 ¢B+8iEOZ(n—|—2)n!( 2@'E0)

n=0

1 2iE\ > y y
- - -4 - 1
%5t ik, ( Y ) K 2iEy )eXp( 2k, ) ©

1 [ 1 . 1 - 2iE0]
4y lexp(y/(2iEo)) — 1 exp(y/(2iEg)+1  y
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4y Y P 21F Y

1 ( Yy ) { 1 N 1 iEO}
=—exp | —— _ —— .
2y P 2iEy exp(y/(iEp)) —1 2 Y

Hence, making a change of variable y/(iFy) = t of integration and using an integral

representation of the logarithm of the I'-function

(2.15)/ < ! —f—l—l)e_te@:logw—(e—%)logG—FH (for Re 6 > 0)
0

et —1 2 t t 2T
([7, Section 1.9, (5)]), we find that the Borel sum of ¢ is given by

1 L(iEon+1/2) . . . 1)
2.16 —(lo —1Egnlog(tEon + 1/2) +iEgn + =
210) g (1log T omlog(ion + 1/2) + iBon +

when Im Ey < 0. We thus obtain

1. T(@\Em+1/2) iE
2.17 T_ "o —

On the other hand, when Im Ey > 0, making use of the relation

(log(iEgn) — 1).

(2.18) ¢(Eo,n) = —p(—Eo, 1)

and employing the above reasoning for ¢(—FEy,n), we find

1. T(—iEon+1/2)  iEom .
2.19 I_— _ 1210 4 loa(—iEnm) — 1
(219)  ¢'=—|Flg——7= 1 (log(~iEon) — 1)
1 I'(—iEon+1/2) iy . mEon
=—5lo — log(iEgn) — 1) — .
508 Von (log(iEon) — 1) 5
Comparison of (2.17) and (2.19) entails
1. T(iEgn+1/2)T(—iEgn +1/2 E
(2.20) oot = log (iEon + /)2( iEon + /)+7r2077
T

mEon
2

1
=3 log (2 cos(imEgn)) +

= —% log (1 + exp(—27Eyn)) .
Hence we conclude
220 4 = (e
= (1+ exp(—2mEon))"/* (exp ¢!

=1+ exp(—27rE0n))1/2 7,[15
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This completes the proof of Theorem 2.1. O

In view of (2.12) we find that ¢p(Fop,y) is holomorphic at y = 0 whereas it has
simple poles at y = 2mmEy for every non-zero integer m = +1,+2,.... This implies
that the Borel transform ¢4 p(x,y) of the WKB solution (2.3) has smgulamtles at

(2.22)  y=—yi(x)+2mnEy where yi(x / \/ Eo — —d:): m e Z
VEq

(cf. Figures 4 and 5). Among them y = —y (x) + 2mnEy (m € Z) are called “fixed

—2VE, |

Figure 4. Singularity locus of ¢4 p(z,y) in C, x C,,.

—yi(z) —yp(x)+27Ey —yi(z) +47E

Figure 5. Singular points of 1 p(x,y) in y-plane for fixed = # £2/Ej.

singularities” of the WKB solution ¢4 (x,n) (or ¢4 g(x,y)), since their relative location
with respect to the reference point y = —y, (x) is not changed as z varies. These fixed
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singularities lie on the path of integration for the Borel sum of ¥4 (z,n) when Ey € R;
this is the origin of the Stokes phenomenon (2.7) for Ey € R.

The comparison, such as (2.7), between two Borel sums of WKB solutions of
Schrodinger equations with polynomial potentials is investigated in [5] and [6] under the
name of “Stokes automorphism” or “connection automorphism” from the viewpoint of
the theory of Ecalle’s resurgent functions. In discussing formulas like (2.7) in the frame-
work of resurgent functions theory, the fixed singularities of Borel transformed WKB
solutions and the alien derivatives there play a crucially important role. The principal
aim of [3] and this paper is to verify (2.7) for WKB solutions of an MTP equation (a
merging-turning-points equation) by using Theorem 2.1 above and the transformation
theory to the Weber equation, as will be explained in Section 3 below. In what follows,
as preliminaries for Section 3, we reformulate Theorem 2.1 in terms of the Borel trans-
form 14 p(z,y), that is, in the language of the fixed singularities of ¢4 p(z,y) and the
alien derivatives there.

Here we briefly review the definition of the alien derivative. Recall that the fixed
singularities y = —y4(x) +2mnEy (m € Z) of ¢4 p(z,y) lieon {y € C; y = —y4(x) +
p, p € R} when Ey > 0. Under this situation the alien derivative Aty of ¢4 (x,n) is
defined by

(2.23) Aty =B og(LT L) By
= B~ log(1 + (L2 Ly — 1))Byy

x (_1\n—1
—5 P e, e,
n=1

where BB denotes the Borel transformation (2.4) and £, (resp., £_) denotes the Laplace
transformation (2.5) along a path which avoids the singular points from the above
(resp., from the below). It is also known (cf., e.g., [6]) that the alien derivative (2.23)
is decomposed as

(2.24) Ay = Z Aye gy (@)+2mrEo Y+
m=1
with
_ m m p—l-!p—! m—
(2.25) Aye_y, (@ys2mmm 1 =B | (7" —4") =T D | By,
Ek:i ’

where 'yg_k) (resp., 'y(_k)) designates analytic continuation along a path avoiding the k-th

singular point y = —y4 () + 2knEy from the above (resp., from the below) and py
(resp., p—) denotes the number of indices k satisfying 1 < k < m —1 and g = + (resp.,
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er = —). Note that, in terms of £1 and B, formula (2.7) is expressed as
(2.26) B 'LIL By = (1+ exp(—27Eon)) Y24y

Thus the verification of formula (2.7) can be achieved also through the computation of
the alien derivative A, .

The computation of A is done in [3, Section 3] in the following manner: Since the
Borel transform ¢p(Eo,y) of ¢(Fp,n) is a single-valued analytic function with simple
poles at y = 2mmEy (m # 0) and its residue there is equal to (—1)™~1/(4mwim) in view
of (2.12), we find

(2.27) Ay—omni, & = (;zm.

(Cf. [4], [6], [10].) Then the alien calculus leads to

(=)™
2m

(228) Ay:Qmeo (eXp ¢) = exXp (ZS

On the other hand, as we have observed above, the Borel transform of @DSFOO)(QS, n) is free
from singularities on (2.11). This implies that

(2.29) A (exp(=y (@mv ™ (@,m)) =0

holds when z is in Region I and Region II, i.e., the Stokes regions in question. Hence,
combining (2.28) and (2.29), we obtain

(230) Ay=2mrEo (exp(—y+ (@)m)i+(z, 77))

= Ay-smny (exp(=y (@)n) exp(o(Bo, ¥ (@)

= CU (cxp(ae (am) exp(o(Bo, m)w) e.1m)

= 0% (exp(ys @i (2. m).

We have thus verified the following Theorem 2.2, which is equivalent to Theo-

rem 2.1, on the singularity structure of ¢4 p(z,y) expressed in terms of its alien deriva-
tives.

Theorem 2.2.  Let ¥, (x,n) denote the WKB solution of the Weber equation
(2.2) that is normalized as in (2.3). Then its Borel transform ¥4 g(z,y) is singular at

(2.31) y=—ys(x)+2mrEy (m=0,£1,42,...),

where y (x) is given by (2.22), and its alien derivative Ay__, . (z)1omrE, ¥+ there sat-
isfies the following relation (2.32) for x in Region I and Region II:

(=™

(2.32) (Ay=—y, (@) +2mnB, V+)B(T,Y) = om

Y4 5(2,y — 2mm Ey).
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§3. Transformation theory for an MTP equation

The transformation theory to the Weber equation developed in [3] enables us to
extend Theorems 2.1 and 2.2 to a wider class of Schrédinger equations, that is, MTP
equations (Schrodinger equations with a merging pair of simple turning points). In this
section we explain the core part of [3] and discuss an extension of Theorems 2.1 and 2.2
to an MTP equation.

Let us begin with recalling the definition of an MTP equation.

Definition 3.1. A Schrodinger equation of the form

2
(3.1) <% — nQQ(x,t)) =0 (n>0: alarge parameter)

is called an MTP equation if the potential Q(x,t) is holomorphic and has the following
form on a sufficiently small neighborhood of the origin (x,t) = (0,0):

(3.2) Qz,t) = Q(2) +1QW(x) + *Q®)(2) + - -
with

(3.3) Q(z) = cx® + O(z®) (c: a non-zero constant),
(3.4) Q™M (0) # 0.

Under the conditions (3.3) and (3.4) we can confirm that the equation Q(x,t) =0
in = has two distinct simple zeros s (t) in a neighborhood of = = 0 for each t (# 0),
whereas the other zeros of the equation stay uniformly away from 0 for sufficiently small
t. Furthermore, these two simple zeros (i.e., simple turning points) merge together at
t = 0 with the merging speed

(3.5) s+(t) = O(W1t), |sp(t) —s_(t)| > ooVt for some positive constant o.

Thus it is reasonable to call equation (3.1) satisfying the conditions (3.3) and (3.4) “an
equation with a merging pair of simple turning points”.

Remark 2. In [3] we defined an MTP equation as an equation that has a merging
pair {s4(t)} of simple turning points satisfying (3.5). As was discussed in [3, Proposition
2.1], the definition adopted in [3] is equivalent to the above Definition 3.1.

One of the main results of [3] is the following transformation theorem of an MTP
equation to the “oo-Weber equation”, i.e., the Weber equation containing an infinite

series as its parameter:
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Theorem 3.2 ([3, Theorem 2.2]).  Let Q(x,t) be the potential of an MTP equa-
tion. Then we can find a positive constant §, holomorphic functions Xy (z,t) (k > 0)
of (z,t) on {(x,t); |x|, |t| < &}, holomorphic functions Ey(t) (k> 0) of t on {t;|t| <}
such that the formal series

(3.6) X(z,t,m) = Xe(a,t)n ",
k>0
(3.7) E(t,n) =Y Ex(t)n"
k>0

satisfy the following relations (3.8) ~ (3.12):

38) Q)= (M) (B - XY L2 x e

ox 4 2
X,
0B,
(3.10) Ey(0) =0, W(O) # 0,
(3.11) Xo(s4(t), 1) = 24/ Ep(t),
(312) X2p+1<x7t) :07 E2p+1(t) =0 f07‘p20,1,2,...,

where {X (x,t,n);x} designates the Schwarzian derivative

83X /dX 2X /dX\°
1 X JIXY 3 (EX XY
dx3 dx 2 \ dz? dx

Otherwise stated, an MTP equation (3.1) can be transformed into the oo- Weber equation
d2 5 X2

(3.14) <m —n(E(t,n) — T)> =0

by the formal transformation

0X (x,t,m

~-1/2
(3.15) X = X(z,t,n) and 1/1(x,t,77)=< o )> V(X (z,t,n),n; E(t,n))

on a neighborhood of the origin (x,t) = (0,0).

Remark 3. By taking a smaller ¢ if necessary, we can also verify the following
estimates for X (x,t) and Ei(t): There exist positive constants M and Cj so that

(3.16) sup | Xp(z,t)] < MCEE!
||t <8
(3.17) sup |Ex(t)| < MCEE!
t|<é

hold for £ =0,1,2,....
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Remark 4.  Let Soqd(z,t,n) denote the odd part of WKB solutions of the Riccati
equation associated with (3.1). Then the infinite series E(t,n) in Theorem 3.2 for ¢ # 0
is given by the following contour integral of Soqq(z,t,n):

1
1 E(t,n) = — oaa(z, tn)de,
(315) (61) = 57 . Sl )

where () designates the closed curve in the cut plane shown in Figure 6.

0T

/ux\f\. o’l/N\
—2VE(1) -

Figure 6. Closed curve ().

See Section 2 and Appendix B of [3] for the proof of Theorem 3.2, Remark 3 and
Remark 4.

As is discussed in [3], the formal transformation (3.15) can be endowed with an
analytic meaning by considering its action on the Borel transform of WKB solutions.
Let 14 (x, t,n) be a WKB solution of an MTP equation (3.1) for ¢ # 0 that is normalized
as follows:

1 X
(3.19) Yi(z,t,n) = exp (:I:/ Soddda:> .
Sodd s4(t)

Then, if Thqqa = Toaa(X,n) (or, if we use more specific notation, Toqq(X,n; E(t,7)))

denotes the odd part of WKB solutions of the Riccati equation associated with the
oo-Weber equation (3.14), ¢4 (z,t,n) corresponds to a WKB solution

1 X
(320) lI’:I:(*X: 77) = \Ij:t<X7777E(t777)) = €xp (i/ TodddX>
Toaa 2v/Eo (%)

of (3.14) normalized at a simple turning point X = 2,/ Ey(t) through the formal trans-
formation (3.15), that is, )1 and Wy are related by

0X (x,t,n

—1/2
(321) 1/&(35775777) = ( O )) \I}:E(X<‘rvt777)777)'
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Note that each factor of the right-hand side of (3.21) can be formally expressed as

—1/2 1/2 —-1/2
(3.22) 9X = 99 1_’_&
ox 0X 0X
X=X (z,t)
and
0 _1 _2 PR n n
(3.23)  Wa(X(o,tyn)) = e ) (i) w, ,
n=0 s X X=Xo(z,t)

where g(X,t) is the inverse function of X = Xy(x,t), i.e., Xo(g(X,t),t) = X near
(X,t) = (0,0) and r = r(X,t,n) is defined by

(3.24) r(X,t,n) = ZrkXt with  7,(X,t) = X (g9(X,t),1).

Hence the Borel transformation of (3.21) with respect to the large parameter 7 provides
us with the following microdifferential relation

0o 0

(3.25) Ya,B(2,t,Y) X' 0

:X<Xt )\I/iB(Xy)

ng(th)
with X = X(X,t,0/0X,0/0y) being a microdifferential operator in the sense of [9]
defined by

(3.26) X = (g)g( (X, t))1/2 (1 + g—;)_ 2exp(r(X,t,n)E) :

where the ideograph : : designates the normal ordered product (cf. [1]) and = denotes
the symbol of 9/0X.

Remark 5. In this case the action of X upon the multi-valued analytic function
Uy p(X,t, y) can be represented as an integro-differential operator of the following form

y
(3.27) X\I/i,B:/ K(X t,y—1v,
Y

0

d
Uy (X, t,y")dy
dX) i,B( ; 7y> Yy,
where K(X,t,y,d/dX) is a differential operator of infinite order in X and yq is a con-
stant that is chosen arbitrarily to fix the action of (0/0y)~! as an integral operator.
For details see [3, Theorem 2.7 and Appendix C].

Furthermore, if we use X and ® instead of z and ¢ to express the independent
variable and the unknown function, respectively, of the ordinary Weber equation (2.2) in
this section, we also find that the Borel transform of the normalized WKB solution (3.20)
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of the co-Weber equation (3.14) and that of the WKB solution @4 (X, n) of the ordinary
Weber equation (2.2) normalized as in (2.3) are related by another microdifferential
operator £(Ey,0/0y,0/0Ey) (in the variables (y, Ey)) as

o 0

(3.28) U, p(X,y)=¢& (EO, By 9E,

) @+ p(X,y),
where £ is explicitly given by

0y’ 0Ey) n! '

(3.29) € (EO,

> (E1(0/0y) Ey(0)0y) 2+ )" (9 \"
(3.30) :Z 0100+ n!( ou) : <6E0)

(with € denoting the symbol of 9/0Fy; cf. [3, Section 4]). Thanks to the microdifferential
relations (3.25) and (3.28) we find that the singularity structure of ® p is inherited to
that of ¢4 p. In particular, Theorem 2.2 entails the following Theorem 3.3, an extension
of Theorem 2.2 to an MTP equation (3.1).

Theorem 3.3 ([3, Theorem 5.1]).  Let ¢4 g be the Borel transform of the WKB
solution Yy of an MTP equation (3.1) that is normalized as in (3.19). Then ¢4 p are
singular at

(3.31) y=—ys(z,t)+2mmEy(t) (m=0,£1,%2,...)
in a sufficiently small neighborhood of the origin (x,y,t) = (0,0,0), where
(3.32) yelet) = | | VA0
S4 t
Furthermore, its alien derivative there satisfies the following relation (3.33) for suffi-
ciently small t(# 0).
(3.33)
(Ay:—yJr (m,t)+2m7TEo(t)w+)B (.’13, t, y)
(=™

=5 exp(—2mna(Ex(t)n ™t + Ey(t)n 2 +--+)) 1 by g, t,y — 2mmEo(t)),

where
1
3.34 E,=— Si(x,t)d
(334) 1= 50§, St
with y(t) being the closed path given in Figure 6 and with S; denoting the coefficient of
N9 in Soad, the odd part of WKB solutions ST of the Riccati equation associated with

(3.1).
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Remark 6. The operator : exp(—2mm(Eo(t)n~t + E4(t)n~3 + --+)) : in (3.33)
originates from the comparison (3.28) between the Borel transform of the WKB solution
of the co-Weber equation and that of the ordinary Weber equation. See [3, Section 4]
for details.

Finally, as a corollary of Theorem 3.3, we also obtain the following formula (3.35),
an extension of (2.7) to an MTP equation:

(3.35) YL = (1 + exp(—2rE(t,n)n)) " 1L,

where ¢! (resp. ¢}!) denotes the Borel sum of the WKB solution of an MTP equation
(3.1) that is normalized as in (3.19) in the region corresponding to Region I (resp. Region
IT) through the coordinate change X = Xy(z,t) for ¢t (5 0) satisfying Re Ey(t) > 0 and
Im Ey(t) > 0 (resp. Re Ey(t) > 0 and Im Ey(t) < 0).
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