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COMPOUND BASIS FOR THE SPACE OF SYMMETRIC
FUNCTIONS

KAZUYA AOKAGE, HIROSHI MIZUKAWA AND HIRO-FUMI YAMADA

1. INTRODUCTION

The aim of this note is to introduce & compound basis for the space of symmetric
functions. Our basis consists of products of Schur functions and Q-functions. The
basis elements are indexed by the partitions. It is well known that the Schur
functions form an orthonormal basis for our space. A natural question arises. How
are these two bases connected? In this note we present some numerical results of
the transition matrix for these bases. In particular we will see that the determinant
of the transition matrix is & power of 2. This is not a surprising fact. However the
explicit formula involves an interesting combinatorial feature.

Our compound basis comes from the twisted homogeneous reslization of the
basic representation of the affine Lie algebra Agl) (cf. [4]). A brief account of the
relation with Agl) is found in [1]. Also an expression of rectangular Schur functions
in terms of the compound basis is given in [3].

This note is not written in a standard style of mathematical articles. It is more
like a draft of a talk. In particular proofs are not given here. Details and proofs
will be published elsewhere.

2. SPACE OF SYMMETRIC FUNCTIONS

Throughout this note V' denotes the space of polynomials in infinitely many

variables:
V=Qlt;j>1] = QBV

Here V(n) denotes the space of homogeneous polynomlals of degree n, subject to
deg t; = j. This space can be regarded as the ring of symmetric functlons by
1dent1fy1ng t; with a constam multiple of the j-th power sum p; = o + 24 + -
where x;’s are the “original” variables.

The first basis for V' consists of the Schur functions. Let P(n) denote the set of
the partitions of n. For A € P(n), the Schur function 5, (¢) indexed by X is defined
by

?

AR e

Xo Tl
mylmal-
pEP(n)

Here the summation runs over all p = (1™227--.) € P(n), and the integer x) is
the irreducible character of A of the symimetric group 5,,, evaluated at the conjugacy
class p. The "original” (symmetric) Schur function is recovered by putting ¢; =
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p;/4. It is known that these Schur functions are orthonormal with respect to the
inner product ‘
(F’ G) = F(a)G(t)[t=0>
19 1.8

where 8 = (aitl, 335 556 ) By this orthogonality one deduces that {Sx(t); A €
P(n)} forms an orthonormal basis for the space V(n).

The second basis for V is called the compound basis. Let SP(n) denote the set
of the strict partitions of n. For X € SP(n), the (Schur) @-function @x(t) indexed
by A is defined by

LO)—ep)de Ly ETRERS L
Q)\(E'): E 2 T ;\‘-'I—‘TA!— EV(TL).
peOPm) malmsl .-

Here the summation runs over all odd partitions p = (1™13™s5™s...) of n, the
integer ¢ ,;\ is the irreducible spin character of X of the symmetric group S,, evaluated
at the conjugacy class p, and € = 0 or 1 according to that £(A\) — £(p) is even or
odd. The ”original” (symmetric) Q-function is recovered by putting ¢; = 2p;/J.
It is known that the ¢-functions are orthogonal to each other with respect to the
inner product

(F,G)' = F(20)G(D)k=o0
By virtue of this orthogonality, the set
{Qu()S,(t'); € SP(ng),v € P(n1),mp + 2n1 = n}
forms a basis for the space V' (n), where we put
Su(@) = Su(®)]t;ste; -

This comnpound basis naturally arises in the study of rectangular Schur functions

as weight vectors of the basic representation of the affine Lie algebra Agl) (cf. [4],
[1] and [3]).

3. TRANSITICN MATRICES

We begin with some bijections between sets of partitions. The first one is

w:Pln) — U SP(ng) x P(n)

ng+2ni=n

defined by A — (A", A%). Here the multiplicities m;(\") and m;(\%) are given re-
spectively by

PR mi(A) =1 (mod 2)
mi(A") = {O mi{(A) =0 (mod 2),
and

dy _ ) 3mi) =1) mi(A) =1 (mod 2)
) {%(ml()‘)) mi(A) =0 (mod 2).

For example, if A = (5344271), then A" = (521) and A\¢ = (5422°). We set
P(ng,n1) = ¢~ H(SP(no) x P(ny)).
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The second bijection is

¥ : P(n) — U OP(n1) x P(ng)

ni1+2nga=n

defined by ¥(X) = (A%, A®). Here X° ig obtained by picking up the odd parts
of A, while A\® is obtained by taking halves of the even parts. For example, if
A = (534*271), then X° = (5°1) and ¢ = (2417).

The third bijection is called the 2-Glaisher map. Let A = (A, A2, -+, A¢) be a
strict partition of n. Suppose that \; = 2Pig; (i = 1,2,---,£), where ¢; is odd.
Then an odd partition X of n is defined by

mzj_.l(:\) = Z 2P

qi=2j—1,i>1

For example, if A = (8,6,4,3,1) then A = (3%,13). This gives a bijection between
SP(n) and OP(n).

Here are several identities for the lengths of the partitions. Let (ng,ny) be fixed.
Then we have

SN = S A2 = Y () +400) = S (LA +£(3),

AeP(n) AEP(n) AeP(n) AEP(n)
DN = D ) AN = ST (B0 +4(A),
)\EP(TLo,nl) )\EP(’ILQ,?‘U) /\Ep(no,nl)
ST = S AN = Y @N)HEO) - L) = S (EOT) = L)+ £(3%)),
AEP(n) AEP(n) AEP(n) AEP(n)
and
ST = 3 () L) — L))
AEP(ng,n1) AEP(ng,n1)

For simplicity we write
Wi(t) = Qar(£)5xa(t')

for A € P(n). Our problem is to determine the transition matrix between two
bases. Let A, = (ax,) be defined by

Saty= " ar,Wu(t)
HEP(n)

for A € P(n). Here is a small list of 4,.

|20 @1
T 1
1 -1

A= (2)
(1)

| 3,0) (21,8) (1,1)
1 0 1
1 1 0
1 0o -1

_ 3
Ay = (21)

(1)
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| (40) (3L (21) (12 ®1%
4) 1 0 1 1 0
@By |1 1 1 -1 0
A= @2 | 0 1 0 1 1
(21%) | 1 1 -1 0 -1
(1) |1 0 - 0 1
(5,0) (41,0) (32,0) (3,1) (21,1) (1,2) (1,1%)
(5) 1 0 0 1 0 1 0
(41) | 1 1 0 1 1 0 0
4o 32} 0 1 1 1 0 0 1
°T (319 1 1 1 0 0 -1 -1
(2°1)| o0 1 1 -1 0 1 0
(21| 1 1 0 -1 -1 0 0
1% | 1 0 0 -1 0 0 1

One readily sees that the entries are integers. Also, looking at the columns
corresponding to (u,#) with p € SP(n), entries are non-negative integers. The
submatrix consisting of these columns will be denoted by I',,. The entries of I',
are called the Stembridge coefficients, whose combinatorial nature has been known
(161, [s]).-

Here we recall the definition of decomposition matrices for the p-modular rep-
resentations of the symmetric group 5,. Let p be a fixed prime number. A par-
tition A = (A1, A2, -+, A¢) Is sald to be p-regular if there are no parts satisfying
Ai = A1 = o0 = Agp—1 2 1. Note that a 2-regular partition is nothing but
a strict partition. The set of p-regular partitions of n is denoted by Pr®(n). A
partition p = (1™12™2...) is said to be p-class regular of m, = mgp = --- = 0.
Note that a 2-class regular partition is nothing but an odd partition. The set of
p-class regular partitions of n is denoted by P(®)(n). The p-Glaisher map A X is
defined in  natural way. This gives a bijection between P™(®)(n) and P*®)(n). For
X e Pr®)(n), we define the Brauer-Schur function Bg\p ) () indexed by A as follows.

(p) SRR i
BYW= ). et eV,
pE P} (n) Le

where np;} is the irreducible Brauer character corresponding to A, evaluated at the

p-regular conjugacy class p. These functions form a basis for the space y® (n) =
V® NV (n), where

V® = QJt;;5 > 1,5 # 0 (modp)}.

Given a Schur function S,(¢), define the p-reduced Schur function Sf\p ) (t) by
"killing” all variables tp,top, - -;

S (1) = Sa(t)]e;p=0-

These p-reduced Schur functions are no longer linearly independent. All linear
relations among these polynomials are known (cf. [2]). The p-decomposition matrix
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DY = (dap) is defined by

SO0 =3 auBP()

pePTPI(n)

for A € P(n).

Now let us go back to the case of p = 2. We shall write D, in place of D, By
definition, the Stembridge coefficients ax,, (A € P(n), s € SP(n)) appear as

SPM =3 a0

HESP(n)

Looking at the matrices Dy, = (dy,) and T = (ay,), one observes that they are

"very similar”. In fact one can prove that they are transformed to each other by
column operations. We consider the Cartan matrix C,, = D, D, and the corre-
spondent Gy, = *I',T',. The elementary divisors of C,, and G,, coincide. They are
given by {2606, ) ¢ SP(n)} ([7]). Our transition matrix An, = (axu)s, pEP(n)
can be regarded as a common generalization of the matrix T, of Stembridge coef-
ficients and the decomposition matrix D,,.

We have a formula for the determinant of A,,.

|det Ap| = 2F,

where kn = Z)\ep(n’) )\ ) - ZA€P(71 (A ) - ( ))
Here is a list of k,,.

o |

5 6 7 8
5 11 15 28

— Ii\:)
Lt R

It is natural to consider the Cartan-like matrix *A,4,. Let us look at some of
these matrices.

(3,0) 3 1 0
PAshs = (21,0) { 1 1 0
(1,1) 0 0 2
(4,0) (3L,0) (2,1) (©,2) (©,17)
(4,9) 4 2 0 0 0
31,0y 2 3 0 0 0
PA A4 = (2,1) 0 0 4 0 0
(8,2) 0 0 0 3 1
(0,12%) 0 0 0 1 3
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5,0) (41,0 (382,0) (3,1) (2,1 1,2) 1,1%)

(5,0) 5 3 1 0 0 0 0

(4Lef 3 5 3 0 0 0 0

(32,0) | 1 3 3 0 0 0 0

tAsAs = (3,1) 0 0 0 6 2 0 0
(21,1)| © 0 0 2 2 0 0

(1,2) 0 0 0 0 0 3 1

(1,1%) 0 0 0 0 0 1 3

It can be verified that ‘A, A, is block diagonal indexed by the pairs (rg, m1)-
Let By, n, be the corresponding block in tA.A,. Note that the principal block
B, is nothing but the matrix Gn. It is plausible that there is & nice formula
for elementary divisors of the block Bpgn,. At present, however, we only have a
formula for the determinan.

!det Bno ml = ZZ*EP(no,ﬂl)(E(’v)_e(’\r)“‘_e(/\d)).

4. TOWARDS THE GENERAL CHARACTERISTIC

We want a compound basis for the general characteristic p, i.e., a basis for the

space
V= V(P ) ® Wp)v

where Vip) = Qltp;34 = 1]. However, since Schur’s Q-functions are defined only
for the strict partitions, we must give up taking Q-functions. We saw that the
Stembridge matrix I', and the decomposition matrix D, are similar. Therefore,
for the case of general p, we adopt the Brauer-Schur functions B&p ) (t) instead of
@-functions.

Let p be a fixed prime mumber. For a partition A = (A, ,Az) of n, partitions
AP and AP are defined in the following way. The multiplicities mi()\r(”)) and
mi(A%®)) are given respectively by

mi(Zr®) =k if mi(A) =k (modp)

and

mi(/\d@)):ﬁ‘i%lﬁ it mi(\) =k (modp).

For example, if p = 3 and A = (5°4*2'*1?), then AP = (42212) and AHP) = (542°).
This gives a bijection )
©®) : P(n) — U P (ng) x P(ny).
no+pri=n

In view of this bijection, we define, for A € P(n),
WP (t) = Bl (£)Sxa0 (o),
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where t(;) = (tp, tap, t3p,- - - ). These functions are linearly independent and form a

compound basis for the space V(n). Inconsistently Wiz) (t) and W) (1) are not the
same. Unfortunately we do not know any connection with representation theory of
affine Lie algebras yet. At present we only verify some numerical properties of this
compound basis.

Let AP = (axu) be the transition matrix defined by

Sty = > aWP)

HEP(n)
for A € P(n). One verifies that AP is an integral matrix and
det AP) = 7,

where k) = 2oAeP(m) £(A¥P)). As in the case of p = 2, we consider the matrix

tA%®) AP) This is a block diagonal matrix indexed by the pairs (ng,ny). Let Bff;)

1”1

be the corresponding block in tAP )A(p ). Tt is obvious that the principal block Bn A

coincides with the Cartan matrix C ) at characteristic 2. The elementary divisors
of B(” = C¥ are given ([7]) by

P e PO,

where A denotes the image of the p-regular partition A via the p-Glaisher map. For
the general block we are only aware of the determinant.

det B,g?m = pProms
where : W
£f) —£p
Aoy = > (~——p_1 +ew) ).

()PP (o) X P(na1)

We give the matrices A® and tAﬁf’ )A%p)_ for the case p =3 and n = 5.

5,0 (22,0) (4,0) (32,0) (31%0) (2,1) (141
(5) 1 0 0 0 0 1 0
(41) | 0 0 1 0 0 0 1
A® (32) { "0 0 1 1 0 0 -1
5 7 (3191 0 0 0 0 1 0 0
2?0 1 1 0 0 0 -1 0
(2131 o0 1 0 0 0 1 0
(1%) 0 0 0 1 0 0 1
(5,0) (2°1,0) (41,0) (32,0) (31%,0) (2,1) (1%1)
(5,0) 2 1 0 0 0 0 0
(221,0) 1 1 2 0 0 0 0 0
(41,0) 0 0 2 1 0 0 0
AP A® = (32,0) 0 0 1 2 0 0 0
B4, 1 o 0 0 0 1 0 0
(2,1) 0 0 0 0 0 3 0
(12,1) 0 0 0 0 0 0 3

69
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There may be another natural generalization using the Hall-Littlewood symmet-
ric functions at root of unity (cf. [5]). The Brauer-Schur function ng ) () can be
replaced by Py(t;exp2n+/—1/r) for any natural number r. This version of com-
pound bases should be investigated separately.
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