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Determination of phase equilibria in confined systems by open pore cell
Monte Carlo method

Minoru T. Miyaharaa) and Hideki Tanaka
Department of Chemical Engineering, Kyoto University, Katsura, Nishikyo, Kyoto 615-8510, Japan

(Received 5 November 2012; accepted 6 February 2013; published online 28 February 2013)

We present a modification of the molecular dynamics simulation method with a unit pore cell with
imaginary gas phase [M. Miyahara, T. Yoshioka, and M. Okazaki, J. Chem. Phys. 106, 8124 (1997)]
designed for determination of phase equilibria in nanopores. This new method is based on a Monte
Carlo technique and it combines the pore cell, opened to the imaginary gas phase (open pore cell),
with a gas cell to measure the equilibrium chemical potential of the confined system. The most strik-
ing feature of our new method is that the confined system is steadily led to a thermodynamically sta-
ble state by forming concave menisci in the open pore cell. This feature of the open pore cell makes it
possible to obtain the equilibrium chemical potential with only a single simulation run, unlike exist-
ing simulation methods, which need a number of additional runs. We apply the method to evaluate the
equilibrium chemical potentials of confined nitrogen in carbon slit pores and silica cylindrical pores
at 77 K, and show that the results are in good agreement with those obtained by two conventional
thermodynamic integration methods. Moreover, we also show that the proposed method can be par-
ticularly useful for determining vapor-liquid and vapor-solid coexistence curves and the triple point
of the confined system. © 2013 American Institute of Physics. [http://dx.doi.org/10.1063/1.4792715]

I. INTRODUCTION

The determination of chemical potential is indispensable
when studying the thermodynamic equilibrium of a confined
fluid in a small pore through molecular simulations. The de-
velopment of the method for evaluating the chemical poten-
tial of such a confined inhomogeneous system has a long
history since the seminal work of Widom.1 However, it re-
mains a subject of continuing interest, especially for the deter-
mination of the equilibrium phase transition between vapor-
like and liquid-like states. The reason for this interest is that
the vapor-liquid transition of the confined fluid involves mul-
tiple stable and metastable states. Therefore, the free energy
of the system has to be calculated numerically (e.g., thermo-
dynamic integration as discussed below) to locate the thermo-
dynamic coexistence point or certain constraints have to be
imposed to scan a limited area of the system configuration
space in molecular simulations.

To the best of our knowledge, the test particle insertion
method of Widom was first applied to investigate the vapor-
liquid coexistence of the confined fluid by Heffelfinger et al.2

In their pioneering work, a canonical molecular dynamics
(MD) simulation was used to study the vapor-liquid coex-
istence system of a Lennard-Jones (LJ) fluid separated by
hemispherical menisci in a cylindrical pore, and the thermo-
dynamic equilibrium of the capillary liquid was confirmed by
the equality of the chemical potentials in the vapor and liquid
regions. Since then, the Widom method has been successfully
employed in many studies of confined systems.3–8 However,
the application of the Widom method can result in large un-
certainties, which result from a piling up of the test particle

a)Author to whom correspondence should be addressed. Electronic mail:
miyahara@cheme.kyoto-u.ac.jp.

insertions having a negligibly small Boltzmann factor in pore
fluids with high density.9

For adsorption studies, a natural ensemble that can be
used is the grand canonical ensemble, and, therefore, the
grand canonical Monte Carlo (GCMC) method is a powerful
tool to study the vapor-liquid transition of the confined fluid.
However, at subcritical temperatures, the GCMC method ex-
hibits a hysteresis loop formed by discontinuous condensa-
tion and evaporation branches for a pore employing periodic
boundary conditions so that the resulting pore structure is infi-
nite in length. This is because of extended metastability on the
vapor-like and liquid-like states, and therefore, in such a case,
the GCMC method is not capable of determining the equilib-
rium phase transition. Peterson and Gubbins proposed that the
equilibrium chemical potential could be found by calculating
the grand potential via thermodynamic integration,10 and their
method has been used as a standard method to determine the
phase coexistence in confined systems.5, 11, 12 Their method,
however, requires additional intense GCMC simulations to
circumvent a discontinuity due to the spontaneous conden-
sation and to perform thermodynamic integration along a
continuous trajectory. Papadopoulou et al. studied the adsorp-
tion hysteresis for a pore with open ends (hard wall vapor
reservoirs) by using the GCMC method, and found that the
metastability on the liquid-like state is removed due to the
symmetry breaking and, thus, the pore emptying occurs at
thermodynamic equilibrium.13 Their method is considered to
be useful for determining the equilibrium chemical potential;
however, to locate the equilibrium phase transition with high
accuracy, GCMC simulations at a number of chemical poten-
tials should be required.

The pore-pore Gibbs ensemble Monte Carlo (GEMC)
method, proposed by Panagiotopoulos,14 is also a direct
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approach for determining the vapor-liquid coexistence of the
confined fluid. The method yields vapor and liquid phases
in two pore cells, which are in phase equilibrium, by allow-
ing for both mass and volume exchange between the pore
cells. Although the pore-pore GEMC method has been ex-
tensively employed for studies in phase equilibria of confined
fluids,15–19 the equilibrium chemical potential μeq cannot be
easily obtained. The μeq value then has to be estimated by
the Widom method, which is problematic for a high density
phase, or by interpolating the corresponding GCMC adsorp-
tion isotherm with the equilibrium vapor and liquid densi-
ties obtained from the GEMC simulation. Moreover, Neimark
and Vishnyakov pointed out that, when the pore-pore GEMC
method was applied to a system with strongly attractive pore
walls, the resulting coexistence point was sensitive to the ini-
tial configurations, which from the suppression of the volume
exchange trial owing to the formation of dense contact layer
adjacent to the pore wall.20

In 1997, Miyahara et al. developed a unique MD sim-
ulation pore cell, which is opened to a bulk vapor phase
(open pore cell MD).21 The thermodynamic equilibrium of
the confined fluid is easily achieved because the open nature
of the pore cell introduces the symmetry breaking and there-
fore leads to ease in holding stable menisci within the pore
cell. Another benefit of the open pore cell MD method is
that the equilibrium vapor pressure is easily determined by
simply counting the frequency of particles reaching the vapor
phase out of the attractive pore space, in contrast to the MD
method by Heffelfinger et al.2 and the GCMC method by Pa-
padopoulou et al.13 The robust property of the open pore cell
MD method has contributed considerably to studies seeking
to determine the phase diagram of the LJ fluid,22–26 and to
the development of a new capillary condensation model for
nanopores.27–30 However, in some cases, at low temperatures
and associated low equilibrium vapor pressures, this method
has a drawback in that the computational cost becomes large
in allowing for a sufficient number of particles to reach the
vapor phase.

As an alternative method for determining the equilib-
rium phase transition by thermodynamic integration, Neimark
and Vishnyakov proposed the gauge cell method in 2000.20

Their method is, in principle, similar to the pore-fluid GEMC
method.14 The MC simulation is performed simultaneously in
two cells (pore cell and gas cell), which can exchange par-
ticles in such a way that the total number of particles re-
mains fixed. The total system composed of the two cells is
in the canonical ensemble, and the cell volumes are kept un-
changed, in contrast to the pore-pore GEMC method.14 The
gas cell then serves as a “gauge” to measure the chemical po-
tential of the system, which is where the name of this method
comes from. The chemical potential of the system is calcu-
lated by the Johnson-Zollweg-Gubbins equation of state31 us-
ing the ensemble average of the LJ fluid density in the gas
cell. In the modified version of the gauge cell method, the
fluid in the gas cell is treated as ideal (mesoscopic canon-
ical ensemble).32 The key feature of the gauge cell method
is that the limited volume of the gas cell constrains density
fluctuations in the pore cell, and allows the adsorbed phase
to be a metastable state and, moreover, a thermodynamically

unstable state. Namely, the method enables the construction
of a van der Waals-type sigmoid adsorption isotherm. The
phase coexistence is thus determined as the points of equal
grand potential, which satisfies the Maxwell rule of equal
areas, by the thermodynamic integration of the sigmoid ad-
sorption isotherm. Because of the excellent suitability of this
method for the confined inhomogeneous system, the gauge
cell method has been used for studies of vapor-liquid coexis-
tences in various systems.33–44 However, according to Vish-
nyakov and Neimark,33 the method is not suited for a sys-
tem at low temperatures such that the confined fluid enters
into a glass or crystalline state, because very few attempts of
particle exchange are successful, making it difficult to reach
equilibrium. Moreover, significant computational effort is re-
quired for optimizing the size of the gas cell and to obtain a
continuous sigmoid adsorption isotherm required for precise
thermodynamic integration.

Recently, Liu et al. proposed a unique method to de-
termine the equilibrium phase transition of the confined
fluid.45, 46 Their method is called the “mid-density scheme”
and is a combination of the canonical MC and GCMC meth-
ods to locate the equilibrium chemical potential within a hys-
teresis loop obtained by the standard GCMC method. They
constructed a configuration with mid-density, which is the av-
erage density between the low-density and high-density states
at a given chemical potential within the hysteresis loop, and
they then performed the canonical MC simulation to fully re-
lax the system. Next, the GCMC simulation was started with
the equilibrated configuration at the same chemical potential.
The system will evolve to a high-density state if the fluid
density in the mid-density state is larger than that of a tran-
sient state separating the low-density and high-density states,
whereas the contrary will happen when the mid-density is
lower than that of the transient state. Therefore, the thresh-
old chemical potential can be determined by performing the
GCMC simulations with the mid-density configurations at
several chemical potentials within the hysteresis loop. The
mid-density method is easy and useful for a rough estimate of
the equilibrium chemical potential. However, the number of
significant digits of the obtained equilibrium chemical poten-
tial is small because this method follows a discrete approach.

In this work, we develop a Monte Carlo version of the
open pore cell MD method21 designed for determination of
phase equilibria in nanopores. The practical effectiveness of
our open pore cell Monte Carlo (MC) method is verified by
comparing with the Peterson and Gubbins method10 and the
gauge cell method.20 In addition, we demonstrate an excel-
lent property of the open pore cell MC method for obtaining
the vapor-solid coexistence curve in a narrow pore at which
equilibrium vapor pressure is extremely low.

II. METHODS

A. Peterson-Gubbins (PG) method

Typical adsorption and desorption isotherms of the LJ
fluid in a nanopore by the GCMC method are shown in Fig. 1
(lines ADJK and KHBA). The temperature of the system
is T1, which is below the capillary critical point. The
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FIG. 1. Explanatory diagram showing the paths considered in the two ther-
modynamic integration methods (PG and GC methods) for determining the
vapor-liquid coexistence in a pore at subcritical temperature T1. The vertical
line CI represents the equilibrium vapor-liquid coexistence, where the grand
potentials, �AD and �KH, are equal. The shaded areas, CDEF and FGHI, are
equal according to the Maxwell rule. Other details are described in the text.

adsorption isotherm is discontinuous because of a sponta-
neous condensation from a vapor-like state (point D) to a
liquid-like state (point J). Likewise, the desorption isotherm
contains a spontaneous evaporation from point H to point B.
The lines CD and IH correspond to metastable states, and
the limiting metastabilities are dominated by energetic bar-
riers separating the vapor-like and liquid-like states, which
the system should overcome. The vertical line CI represents
the vapor-liquid coexistence (equilibrium chemical potential
μeq), and the grand thermodynamic potentials at the points C
and I are equal. However, the grand thermodynamic potential
is not a direct output of the GCMC simulation. According to
Peterson and Gubbins,10 the grand thermodynamic potential,
�AD, along the continuous adsorption branch (line AD) is cal-
culated by integrating the Gibbs adsorption isotherm, NAD:

�AD(μ, T1) = �A(μid, T1) −
∫ μ

μid

NAD(μ′, T1)dμ′, (1)

where μ is a given chemical potential. The first term in the
right-hand side is the grand thermodynamic potential at chem-
ical potential μid, which is low enough so that the adsorption
amount NA at point A is essentially the ideal gas value:

�A(μid, T1) = −kT1NA(μid, T1), (2)

where k is the Boltzmann constant. The grand thermodynamic
potential �KH along the desorption branch (line KH) is calcu-
lated by integrating the Gibbs adsorption isotherm NKH from
point K at chemical potential μr. Point K can be arbitrarily

chosen if μeq < μr. The �K(μr, T1) value is obtained by in-
tegration along two reversible paths, namely, a supercritical
adsorption isotherm NML at temperature T2 (line ML) and a
path at the constant chemical potential μr (line LK), which
connects the two isotherms at T1 and T2. The integration of
the supercritical adsorption isotherm from μid (point M) to μr

(point L) is expressed as

�L(μr, T2) = −kT2NM (μid, T2) −
∫ μr

μid

NML(μ, T2)dμ, (3)

and then, the integration along the path LK at the constant
chemical potential μr from T2 to T1 is expressed as

�K (μr, T1) = �L(μr, T2)T1/T2 + T1

∫ 1/T1

1/T2

[ELK (μr, T )

−NLK (μr, T )μr]d(1/T ), (4)

where NLK is the number of particles and ELK is the sum of
the potential energy and the kinetic energy (3NkT/2) along the
line LK. Therefore, the grand thermodynamic potential �KH

is obtained as

�KH (μ, T1) = �K (μr, T1) −
∫ μ

μr

NKH (μ′, T1)dμ′. (5)

Finally, the true phase equilibrium is determined as the point
of intersection between the grand thermodynamic potentials,
�AD and �KH (see Fig. 1).

B. Gauge cell (GC) method

A typical van der Waals-type sigmoid adsorption
isotherm obtained by the gauge cell method is also shown
in Fig. 1 (continuous line from point A to point K). The
gauge cell method can give the limits of the vapor-like spin-
odal (point E, chemical potential μvs) and liquidlike spin-
odal (point G, chemical potential μls), and unstable states
(line EG). The grand thermodynamic potential, �C(μeq, T1),
at point C can be obtained by integrating, as in Eq. (1), the
adsorption isotherm as

�C(μeq, T1) = �A(μid, T1) −
∫ μeq

μid

NAC(μ, T1)dμ. (6)

Similarly, the grand thermodynamic potential, �I(μeq, T1), at
point I can be calculated as

�I (μeq, T1) = �C(μeq, T1) −
∫ μvs

μeq

NCE(μ, T1)dμ

−
∫ μls

μvs

NEG(μ, T1)dμ −
∫ μeq

μls

NGI (μ, T1)dμ.

(7)

The vapor-liquid coexistence condition, �I(μeq, T1)
= �C(μeq, T1), gives the Maxwell rule that the areas
CDEF and FGHI are equal:∫ μvs

μls

NEG(μ, T1)dμ −
∫ μvs

μeq

NCE(μ, T1)dμ

−
∫ μeq

μls

NGI (μ, T1)dμ = 0. (8)
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FIG. 2. Schematic representations of the simulation cells used in the OC
method for (a) slit pore and (b) cylindrical pore. The open pore cells are
composed of two potential fields: the FPF where a full interaction potential
is exerted by the pore wall, and the PBF. The interaction potential in the PBF
is linearly attenuated from the full potential value to zero. The open pore
cell and gas cells exchange particles under the condition that the number of
particles, N1 + N2, is constant.

C. Open pore cell Monte Carlo (OC) method

The aforementioned two methods are both based on ther-
modynamic integration, and thus the estimated equilibrium
chemical potential may be fatally affected by not only statis-
tical errors in the simulated isotherm but also errors in the
numerical integration of the isotherm. Therefore, we employ
the pore cell with a “potential buffering field,” which was
developed for determining phase equilibria in nanopores by
MD simulation,21 and combine it with a gas cell to measure
the chemical potential of the system similar to the gauge cell
method. Our system with the two simulation cells developed
for this study is shown in Fig. 2. The pore cell is composed
of two potential fields: the full potential field (FPF), where
a “full” interaction potential is exerted by the pore wall, and
the potential buffering field (PBF). The interaction potential
in the PBF is continuously and linearly attenuated from the
full potential value to zero, so that both ends of the pore cell
are considered to be connected to an imaginary gas phase.
The name of our proposed method “open pore cell” stems
from the characteristics of the pore cell. The most striking
feature of the open pore cell with the PBF is that the system
is steadily led to a thermodynamically stable state by forming
concave menisci, when the system contains a sufficient num-
ber of particles. This feature enables estimation of the equi-
librium chemical potential with only a single simulation run
by combining with the gas cell. As stated in the Introduction,
Papadopoulou et al. attached the hard wall vapor reservoirs

to the pore ends in their GCMC simulations, differently from
our open pore cell.13 The discontinuity in the potential field
of the pore model will be likely to perturb the structure of the
concave meniscus of the confined liquid, which may give a
different equilibrium chemical potential with that for a cor-
responding pore model employing periodic boundary con-
ditions. Another worry for the discontinuity would be that
the pore fluid, especially those particles in the first contact-
ing layer, may be subjected to an artificial dense-packed state
brought by the finite size of the pore potential field with sharp
edges. One more advantage of our open pore cell is that the
border between the FPF and the PBF can be clearly defined,
which is important to obtain an exact equilibrium chemical
potential as described in Sec. IV A, differently from the recent
atomistic finite pore models with open ends.47, 48 Then, orig-
inally, in the MD version of the open pore cell method, the
equilibrium vapor pressure was determined by counting the
number of molecules reaching the border plane at the end of
the pore cell. However, when the pore size is small and/or the
system temperature is low, the frequency of particle counting
was decreased, and therefore, a long run of the MD simulation
was required to obtain good statistics. Our proposed method
can overcome these disadvantages by adjusting the size of the
gas cell. The choice of the size of the gas cell is straightfor-
ward unlike the GC method, in which it must be chosen to
meet a particular condition (described in Sec. III B).

III. SIMULATION DETAILS

To verify the usefulness of the open pore cell method over
the PG and GC methods, we applied each of the three methods
to evaluate the equilibrium chemical potentials of confined ni-
trogen in carbon slit pores and silica cylindrical pores at 77 K.
The LJ potential with the parameters, σ ff = 0.3615 nm
and εff/k = 101.5 K (k is the Boltzmann constant), and a cut-
off radius of 5σ ff were used for the fluid-fluid interactions of
nitrogen.49

The carbon slit pores were modeled by two graphite slabs
with a pore width H, where H is defined as the distance be-
tween the graphite slabs as measured from the carbon centers
at the surfaces. The solid-fluid interaction potential between a
LJ nitrogen and one graphite slab is represented by the Steele
10-4-3 potential:

φ(z) = 2πρsεsfσ
2
sf�

[
2

5

(
σsf

z

)10

−
(

σsf

z

)4

− σ 4
sf

3� (0.61� + z)3

]
, (9)

where ρs is the number density of carbon atoms in graphite,
� is the interlayer spacing of graphene sheets, and σ sf and εsf

are the LJ parameters for the solid-fluid interaction. The pa-
rameters used in this study are tabulated in Table I.49 The total
potential for a LJ nitrogen in the carbon slit pore is obtained
by adding the contributions from each wall as follows:

	(z) = φ(z) + φ(H − z). (10)

Periodic boundary conditions in the x and y directions were
applied, and the lateral dimensions of the simulation cell were
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TABLE I. Parameters for the intermolecular potentials.

Fluid-fluid Solid-fluid

σ ff (nm) εff/k (K) σ sf (nm)a εsf/k (K)a ρs (nm−3)a σ sf (nm)b εsf/k (K)b ρs (nm−2)b

0.3615 101.5 0.3508 53.31 114 0.317 147.3 15.3

aParameters for the carbon slit pore.
bParameters for the silica cylindrical pore.

set as Lx
p = Ly

p = 10 σ ff in the case of the PG and GC meth-
ods. Those for the OC method are described in Sec. III C.
We chose three pore sizes of H/σ ff = H∗ = 7, 10, and 13 for
comparison.

The interaction potential of a LJ nitrogen inside the silica
cylindrical pore with a single structureless layer of oxygen
atoms is given by50

	(s, R) = π2ρsεsfσ
2
sf

[
63

32

F (−4.5,−4.5, 1.0; ξ 2)

[R∗(1 − ξ 2)]10

− 3
F (−1.5,−1.5, 1.0; ξ 2)

[R∗(1 − ξ 2)]4

]
, (11)

where, ξ = R/s, s is the distance between a LJ nitrogen and
the center of the cylindrical pore, R is the radius of the cylin-
drical pore, ρs is the number density of oxygen atoms, R∗

= R/σ sf, and F (a, b, c; d) is the hypergeometric function.
The parameters used are listed in Table I.49 We define the pore
diameter (D = 2R) as the distance between the oxygen cen-
ters, and we adapted three pore sizes of D/σ ff = D∗ = 10, 13,
and 16 for comparison. A periodic boundary condition was
employed only in the z direction, and the length of the simu-
lation cell was set to be Lz

p = 10 σ ff in the case of the PG and
GC methods. The settings for the OC method are described in
Sec. III C.

A. PG method

By using the GCMC method, we generated an
adsorption-desorption isotherm at 77 K, a supercritical ad-
sorption isotherm at 140 K, and a path at the constant chem-
ical potential μr, which connects the two isotherms. To
determine the standard error of the equilibrium chemical po-
tential obtained by the PG method, we constructed five differ-
ent paths according to Neimark and Vishnyakov,20 namely,
μr /εff = μr

∗ = −9.930, −9.781, −9.674, −9.572, and
−9.483 for a slit pore of H∗ = 7. At each μr

∗ value, we per-
formed the GCMC simulations at five different temperatures:
130 K, 120 K, 110 K, 100 K, and 90 K. In the GCMC simula-
tions, three trial movements, namely, displacement, creation,
and deletion, were performed with the same probabilities. The
system was equilibrated for 2.5 × 107 Monte Carlo steps, af-
ter which data were collected for another 2.5 × 107 steps. The
length of the Markov chain of 2.5 × 107 steps corresponds to
more than 1.6 × 104 configurations per particle for all the
cases investigated in this study. The final configuration was
used as the initial state for the next simulation run.

B. GC method

In the GC method, two types of trial movements were
performed: particle displacement in both the pore cell and the
gas cell, and particle exchange between the two cells. The ac-
ceptance rules are the same as those of the Gibbs ensemble
simulation9, 14 according to Vishnyakov and Neimark.33 The
probabilities of the displacement and the particle exchange
were set to be equal. Since the potential energy of a trial par-
ticle inserted into the gas cell corresponds to the test particle
energy of the Widom insertion method, the chemical potential
of the system can be obtained without any additional cost by9

μ = − 1

kT
ln

1

�3

〈
Vg

Ng + 1
exp

(
−�ug

kT

)〉
gas cell

, (12)

where � is the thermal de Broglie wavelength, Vg is the vol-
ume of the gas cell, Ng is the number of particles in the gas
cell, and �ug is the potential energy of a test particle. The di-
mensions of the gas cell were set to be Lx

g = Ly
g = Lz

g = 40
σ ff, and periodic boundary conditions in the three directions
were applied. The size of the gas cell was chosen to meet the
condition20

Vg

Vp
<

kT

ρg

∣∣∣∣∂ρp

∂μ

∣∣∣∣ , (13)

where Vp is the volume of the pore cell, ρp and ρg are the
fluid densities in the pore cell and gas cell. Provided Eq. (13)
is satisfied, an unstable state with a negative compressibility
is stabilized in the pore cell.

The system was equilibrated for 1 × 104 MC steps/
particle, after which the average properties of the system were
collected for another 2 × 107 steps. To obtain a sigmoid ad-
sorption isotherm for a target pore, the final configurations
were used as the initial configurations for the next simulation
run after a given number of particles were added into the gas
cell. The equilibrium chemical potential was evaluated from
the sigmoid adsorption isotherm by using Eq. (8). We per-
formed simulations of 2 × 107 MC steps from the final con-
figurations of each point of the sigmoid adsorption isotherm,
and repeated it four times. Thus, we generated five sigmoid
adsorption isotherms for a target pore to determine the stan-
dard error of the equilibrium chemical potential obtained by
the GC method.

C. OC method

Figures 2(a) and 2(b) show the open pore cells for the
carbon slit and silica cylindrical pore geometries. The length
of the open pore cell of the carbon slit pore was set to be
Lx

p = 70 σ ff. The FPF was placed at the center along the x
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direction and its length was 40 σ ff. The solid-fluid interac-
tion potential in the FPF (Eq. (10)) was linearly attenuated
from the full potential value to zero in the two PBFs (15 σ ff in
length) along the x direction. The length of the open pore cell,
Ly

p, in the y direction was 10 σ ff and Lz
p in the z direction

was defined as the pore size H. Periodic boundary conditions
were applied in the x and y directions. Similarly, the length
of the silica cylindrical pore was set to be Lz

p = 70 σ ff and
the FPF of 40 σ ff in length was located along the z direction.
The solid-fluid interaction potential by Eq. (11) in the FPF
was linearly attenuated in the two PBFs of 15 σ ff in length
along the z direction. For both pore geometries, the size of the
gas cell was set to be Lx

g = Ly
g = Lz

g = 40 σ ff and periodic
boundary conditions in the three directions were applied.

In analogy with the GC method mentioned in Sec. II C,
two trial moves were performed in the OC method: displace-
ment of a randomly selected particle and transfer of a particle
selected at random from one cell to the other. The probabil-
ities of the two trial moves were set to be equal. The accep-
tance rule, acc (o → n), for the trial displacement in the open
pore cell and the gas cell is given by

acc(o → n) = min

[
1, exp

(
−�U

kT

)]
, (14)

where �U is the potential energy change. The transfer of a
particle from the open pore cell to the gas cell is accepted
with

acc(o → n) = min

[
1, exp

NpVg

(Ng + 1)Vp

× exp

(
−�Up + �Ug

kT

)]
, (15)

where N is the number of particles in a cell, and the subscripts
p and g refer to the open pore cell and the gas cell, respec-
tively. The acceptance rule for the transfer of a particle from
the gas cell to the open pore cell is given by exchanging the
subscripts in Eq. (15). The chemical potential of the system
was obtained by using Eq. (12).

To assess the characteristics of our MC version of the OC
method, we first generated an adsorption-desorption isotherm
for a target pore by adding a given number of particles into
the gas cell or removing them from the gas cell. The equili-
brated configurations for the two cells were used as the initial
configurations for the next simulation step, after the adding
or removing of particles. The system was equilibrated for
1 × 104 MC steps/particle, after which equilibrium proper-
ties of the system were collected for another 2 × 107 steps.
Hereafter, this simulation procedure is referred to as the “Full-
Trace (FT) procedure.”

As mentioned in Sec. II C, the characteristic of the open
pore cell is that the adsorbed phase is steadily led to the
thermodynamically stable state by forming concave menisci.
Therefore, we adapted the following simulation procedure,
which takes advantage of the feature of the open pore cell,
to readily determine the equilibrium chemical potential. As a
starting configuration, we used an equilibrated liquid phase in
a pore with the same dimensions of the FPF of the target open
pore cell. The configuration of particles was generated by the

GCMC method, namely, transferring it to the FPF portion of
the open pore cell with nothing left in the gas cell, and begin-
ning then the equilibration of the whole system. The equili-
bration was performed for 1 × 104 MC steps/particle. Finally,
another simulation run was conducted for 1 × 108 MC steps,
and the equilibrium properties were calculated from each of
2 × 107 MC steps to determine the standard error of the equi-
librium chemical potential obtained by the OC method. In
what follows, this simulation procedure is described as the
“equilibrium shooting (ES) procedure.”

IV. RESULTS AND DISCUSSION

A. Vapor-liquid coexistence by the OC method

Figure 3 shows adsorption isotherms of the LJ nitro-
gen in the carbon slit pore of H∗ = 10 at 77 K obtained by
the GCMC, GC, and OC methods, and snapshots [(a)–(d)]
from the OC method. The overall density refers to the aver-
age density of the fluid ρ = N/V, where N is the number of

(a)

(b)

(c)

(d)

(e)

PBF FPF PBF

FIG. 3. Adsorption isotherms of the LJ nitrogen in the carbon slit pore of H∗
= 10 at 77 K obtained by the GCMC, GC, and OC methods. In the case of the
OC method, the overall density of the adsorbed phase is shown as the average
density of particles in the whole FPF portion. Snapshots (a)–(d) correspond
to points a–d on the adsorption and desorption branches obtained by the OC
method.
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particles in the pore cell and V is the volume of the pore
cell for the GCMC and GC methods. In the case of the OC
method, the overall density of the adsorbed phase is shown as
the average density of particles in the whole FPF portion. For
the GCMC isotherm, the equilibrium chemical potential, μeq,
was determined by the PG method, while the μeq value for the
sigmoid GC adsorption isotherm was calculated by applying
the Maxwell rule (Eq. (8)). We used the FT procedure of the
OC method to generate the adsorption-desorption isotherm.
The adsorption branch of the OC method goes through the
metastable state in concurrence with the GCMC and GC
isotherms, and at point a, spontaneous capillary condensation
takes place. Once a liquid bridge with two concave menisci is
formed in the open pore cell [snapshot (b)], it is clear that the
system achieves its thermodynamically stable state, since the
chemical potential of the system coincides with the μeq val-
ues obtained by the PG and GC methods. As the number of
particles in the total system increases, the liquid bridge grows
along the x direction, maintaining the same chemical poten-
tial [snapshot (c)]. However, after the two liquid menisci pass
over the border of the FPF, the chemical potential of the sys-
tem increases and deviates from the constant value [point d,
see also snapshot (d)]. The OC desorption isotherm obtained
by reducing the number of particles in the gas cell traces ex-
actly the same path (d–c–b) as the adsorption isotherm, how-
ever, the liquid bridge is still maintained at point e. The thick-
ness of the liquid bridge is ∼8 σ ff, and this may be the lower
limit of the stable liquid bridge. These results suggest that, by
using the OC method, we can obtain the equilibrium chem-
ical potential with only a single simulation run, as long as
the two liquid menisci are within the FPF. Moreover, the OC
desorption isotherm directly indicates that the evaporation of
condensate in an open pore system with a uniform pore width
occurs at thermodynamic equilibrium.

Figure 4(a) shows the full density profile of the fluid in
the open pore cell of the carbon slit pore of H∗ = 10 at 77 K.
The ES procedure of the open pore cell method was used to
obtain the data. We also show the frequency plot of the par-
ticle insertion trial, whose outcome was a “success,” in the
x, z plane of the open pore cell during 2 × 107 MC steps
[Fig. 4(b)]. It is clear from Fig. 4(b) that the successful trials
are found around the vapor-liquid interfaces. Note that exactly
the same aspect was observed for the frequency plot of the
successful trial of the particle removal from the open pore cell.
These results suggest that the equilibrium properties of the
gas cell are controlled by the shape of the concave meniscus.
The shape of the liquid meniscus may depend on the setting
of the PBF. We, therefore, removed the two PBFs to test the
limiting case (the full potential was imposed throughout the
pore cell), and re-equilibrated the system from the final con-
figuration obtained by the ES procedure of the OC method.
Figures 4(c) and 4(d) are the resulting full density profile
of the fluid in the full potential pore cell and the frequency
plot of the successful trial of the particle insertion, respec-
tively. Apparently, the shape of the liquid meniscus in the full
potential pore cell is different from that of the open pore cell
with the PBF. However, we obtained the equilibrium chemi-
cal potential of μeq

∗ = −10.121 for the full potential pore cell,
which is in perfect agreement with the μeq

∗ value (−10.121)

(a)

(b)

(c)

(d)

FIG. 4. Full density profiles of the LJ nitrogen for the carbon slit pore of H∗
= 10 at 77 K: (a) the open pore cell and (c) the full potential pore cell without
PBF. Frequency plots of the particle insertion trial in the x, z plane, for which
the outcome was a success: (b) the open pore cell and (d) the full potential
pore cell without PBF.

from the regular OC method. In Fig. 5, we show the half-
density points, ρh = 1/2(ρ l + ρg), of the concave menis-
cus for the open pore cell and the full potential pore cell,
where ρ l and ρg are the liquid and gas densities at each z
position along the x direction. The oscillation of the bound-
ary of the concave meniscus is due to the layering of the ad-
sorbed LJ nitrogen, as can be seen from the full density profile

FIG. 5. Half-density points, ρh = 1/2(ρl + ρg), of the concave meniscus for
the open pore cell and the full potential pore cell, where ρl and ρg are the
liquid and gas densities at each z position along the x direction. The positions
of the boundary for both pore cells were shifted along the x direction for
comparison.
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[Figs. 4(a) and 4(c)]. By inspecting Fig. 5, we note that the
boundary of the concave meniscus in the open pore cell per-
fectly coincides with that in the full potential pore cell. This
suggests that the shape of the boundary at the concave menis-
cus formed in the pore is responsible for the equilibrium
chemical potential. Moreover, in the case of the ES procedure
of the OC method, the bottoms of the two concave menisci
are within the FPF. This ensures that the solid-fluid interac-
tion potentials exerted on the concave interfaces are equal to
those for the full potential pore cell, and this is the reason why
the shape of the boundary at the bottom of the concave menis-
cus and the resulting equilibrium chemical potential are equal
between the two pore cells. It is also worth noting that the er-
ror in the equilibrium chemical potential from the regular OC
method is ±0.006, which is significantly smaller than that of
the full potential pore cell (±0.022). This may be because of
the existence of the wide thick multilayer regions in the full
potential pore cell, which prevent effective sampling. Thus,
this suggests that the open pore cell is useful for reducing the
statistical errors in the equilibrium chemical potential.

B. Comparison with the PG and GC methods

Figures 6(a)–6(c) show adsorption isotherms of the LJ ni-
trogen in the carbon slit pores of H∗ = 7, 10, and 13 at 77 K
obtained by the GCMC and GC methods. The equilibrium
chemical potentials determined for the respective slit pores
by the PG, GC, and OC (ES procedure) methods are tabu-
lated in Table II with the estimated errors, and also plotted in
Figs. 6(a)–6(c) for comparison. As for the data from the OC
method, the overall density of the adsorbed phase was cal-
culated as the average density of particles in the whole FPF
portion. The equilibrium chemical potentials obtained from
the three different methods are in good agreement for all the
slit pores, and the estimated errors of the mean are compara-
ble in each case. This ensures that the OC method can be used
for direct investigation of the equilibrium vapor-liquid coex-
istence controlled by the liquid concave meniscus, unlike the
other two methods.

Adsorption isotherms of the LJ nitrogen in the silica
cylindrical pores of D∗ = 10, 13, and 16 at 77 K obtained
by the GCMC and GC methods are shown in Figs. 7(a)–
7(c) together with the equilibrium chemical potentials de-
termined by the PG, GC, and OC (ES procedure) methods.
The equilibrium chemical potentials are also tabulated in
Table III with the estimated errors. Similar to what was ob-
served for the carbon slit pores, the equilibrium chemical
potentials obtained from the respective methods agree well.
On the contrary, the errors in the equilibrium chemical po-
tentials from the PG method are significantly larger than
those from the GC method. As pointed out by Neimark and
Vishnyakov,20 the errors of the PG method are attributed to the
numerical instability of the thermodynamic integration along
the path with a constant chemical potential. The errors of the
OC method lie in between those of the other two methods.
However, the equilibrium chemical potential obtained by the
OC method is free of such numerical integration error and
only contains the statistical error. In addition, the estimated er-

(a)

(b)

(c)

FIG. 6. Adsorption isotherms of the LJ nitrogen obtained by the GCMC and
GC methods at 77 K for the carbon slit pores of (a) H∗ = 7, (b) H∗ = 10, and
(c) H∗ = 13. The equilibrium chemical potentials determined for the respec-
tive slit pores by the PG, GC, and OC (ES procedure) methods are also shown
for comparison. As for the data from the OC method, the overall density of
the adsorbed phase was calculated as the average density of particles in the
whole FPF portion.

rors in the equilibrium chemical potential for the OC method
(≤±0.008) are smaller than those of the points on the unstable
states by the GC method, e.g., the estimated error in the chem-
ical potential is ±0.010 at μ∗ = −10.490 and ρ∗ = 0.602 for
the silica cylindrical pore of D∗ = 10. The relative stability

TABLE II. Reduced equilibrium chemical potentials (μeq/εff) for the three
slit pores obtained from the PG, GC, and OC (ES procedure) methods at
77.347 K.a

H∗ PG GC OC

7 −10.856(5) −10.840(2) −10.842(8)
10 −10.128(3) −10.118(5) −10.121(6)
13 −9.850(2) −9.846(4) −9.849(4)

aThe numbers in parentheses are the estimated errors of the mean in the last decimal
place, e.g., −9.876(2) = −9.876 ± 0.002.
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(a)

(b)

(c)

FIG. 7. Adsorption isotherms of the LJ nitrogen obtained by the GCMC
and GC methods at 77 K for the silica cylindrical pores of (a) D∗ = 10,
(b) D∗ = 13, and (c) D∗ = 16. The equilibrium chemical potentials deter-
mined for the respective cylindrical pores by the PG, GC, and OC (ES pro-
cedure) methods are also shown for comparison. As for the data from the
OC method, the overall density of the adsorbed phase was calculated as the
average density of particles in the whole FPF portion.

of the GC method may result from the fact that the obtained
equilibrium chemical potential is an “average value” owing
to the thermodynamic integration of the sigmoid adsorption
isotherm.

TABLE III. Reduced equilibrium chemical potentials (μeq/εff) for the three
cylindrical pores obtained from the PG, GC, and OC (ES procedure) methods
at 77.347 K.a

D∗ PG GC OC

10 −10.407(11) −10.444(2) −10.413(8)
13 −10.071(9) −10.077(2) −10.074(6)
16 −9.873(6) −9.888(1) −9.875(5)

aThe numbers in parentheses are the estimated errors of the mean in the last decimal
place.

The total CPU time used for obtaining the equilibrium
chemical potential for the carbon slit pore of H∗ = 10 with
the OC method (ES procedure) was 1 h on an Intel HexaCore
Xeon X5690 (3.47 GHz), where the simulation run was per-
formed for 1 × 104 MC steps/particle for equilibration and
another run was conducted for 2 × 107 MC steps for ensem-
ble averaging. Conversely, the PG method required 40 h to
obtain the equilibrium chemical potential for the carbon slit
pore of H∗ = 10, where the simulation run was conducted
for 5 × 107 MC steps including the equilibration steps for
each adsorption point, for a total of 173 adsorption points.
The GC method needed 3.5 h for the same purpose, where the
total number of adsorption datapoints was 28, and for each
adsorption point, the system was equilibrated for 1 × 104 MC
steps/particle, after which the thermodynamic data were col-
lected for another 2 × 107 MC steps. However, in the case of
the GC method, a certain amount of trial and error is required
to determine the size of the gas cell in order to meet the con-
dition of Eq. (13), and to determine the best way of adding
particles to the system in order to obtain a continuous sigmoid
adsorption isotherm. These facts indicate that the OC method
shows a significant reduction in computational cost for ob-
taining the equilibrium chemical potential compared with the
PG and GC methods.

C. Application: Freezing in a confined system

We also applied the OC method to determine the vapor-
liquid and vapor-solid coexistence curves in the carbon slit
pore of H∗ = 7.5. The simulation was started from the tem-
perature T∗ = kT/εff = 0.76, and the equilibrated configura-
tions were used as the initial configurations for the follow-
ing simulation step at a lower temperature. The volume of the
gas cell was changed from (40σ ff)3 at T∗ = 0.76 to (188σ ff)3

at T∗ = 0.54 in order to maintain the number of particles in
the gas cell (40−50 particles). The density of the conden-
sate was evaluated as the average number density of particles
in the central region of the open cell (10σ ff × 10σ ff × H).
Figures 8(a)–8(c) show the variations in density of the con-
densate versus temperature, the equilibrium vapor pressure,
and the equilibrium chemical potential. The change in the
equilibrium chemical potential shows an inflection point at
T∗ = 0.62, which coincides with the sharp jump in the den-
sity of the condensate. The discrete changes are thus attributed
to the liquid-solid phase transition of the condensate. Since
the system automatically traces the vapor-liquid and vapor-
solid coexistence curves, the observed freezing point corre-
sponds to the triple point of the confined fluid. Such freez-
ing behavior has been systematically investigated by the MD
version of the OC method.21 However, the particle counting
method employed in the MD version is of limited utility at low
temperatures, because of the suppressed frequency of particle
counting, which requires a long run of the MD simulation to
obtain good statistics. On the contrary, our proposed method
can overcome this difficulty by simply increasing the volume
of the gas cell without increasing the number of simulation
steps. It is worth noting that the chemical potential at the triple
point of T∗ = 0.62 shows a small deviation from the vapor-
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FIG. 8. Vapor-liquid and vapor-solid coexistences of the confined LJ nitro-
gen in the carbon slit pore of H∗ = 7.5 obtained by the OC method showing
(a) the variation in overall density in the central region of the open cell (10σ ff
× 10σ ff × H), (b) the change in the equilibrium vapor pressure, and (c) the
change in the equilibrium chemical potential. The dashed line and open cir-
cles indicate the triple point of the confined LJ nitrogen.

liquid and vapor-solid coexistence lines. This may be due to
the so-called surface melting of the confined LJ particles at
the concave meniscus, and this finding suggests that our OC
method can be applied to investigate such a phenomenon.

V. CONCLUSIONS

We developed the OC method to determine the phase
equilibria in nanopores. The method employs the open pore
cell with the PBF and combines it with the gas cell to mea-
sure the chemical potential of the system in analogy with the
GC method. We compared the equilibrium chemical poten-
tials of confined nitrogen in carbon slit pores and silica cylin-
drical pores at 77 K with those of the PG method and the GC
method. The equilibrium chemical potentials obtained from
the three methods are in good agreement for all the pore mod-
els employed, and this suggests that the OC method can be
used to directly investigate the equilibrium vapor-liquid coex-
istence controlled by the liquid concave meniscus.

The OC method enables one to estimate the equilibrium
chemical potential of the confined fluid with a single simu-
lation, unlike the PG method and the GC method. The low
computational cost to evaluate the equilibrium chemical po-
tential will allow us to construct kernels composed of adsorp-
tion isotherms by the GCMC method, which are more precise
than those obtained by nonlocal density functional theory to
calculate the pore size distributions of porous materials.

We also demonstrated the excellent properties of the OC
method for obtaining a vapor-solid coexistence curve in a nar-
row pore in which the equilibrium vapor pressure is extremely
low, and for locating the triple point of a confined fluid. In the
MD version of the open cell method, the computational cost
becomes large at low temperatures and associated low pres-
sures. However, our proposed method can overcome this dis-
advantage by simply adjusting the size of the gas cell. This

suggests that the OC method would be particularly useful in
the investigation of solid-solid phase transitions of confined
fluids such as H2O, N2, and O2, which exhibit a variety of
solid-solid phase transitions in the bulk. The combination of
the OC method and the parallel tempering technique would
offer a powerful tool for exploring such solid-solid phase tran-
sitions in confined systems.
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