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Phase Space Feynman Path Integrals — Calculation Examples
via Piecewise Bicharacteristic Paths

By

Naoto KUMANO-GO*

Abstract

This survey of [19] is base on the introductory talk at RIMS. Because the RIMS Kdokyiiroku gives us a
chance for introducing the examples which are not suited for publication in ordinary journal, we introduce
the calculation examples of the fundamental solutions for some equations, using the phase space path
integral [19] via piecewise bicharacteristic paths.

§ 1. Introduction

Let T >0 and x € R?. Let U(T, 0) be the fundamental solution for the Schrédinger equation
n
(1.1) (ih&T—H(T,x,—,ax)> ur,0)=0, U©,0)=1,
i
with the Planck parameter O < % < 1. By the Fourier transform with respect to xo € R? and the
inverse Fourier transform with respect to & € R, the identity operator I is given by

1

d .
2nh / eh 5080y (xp)dxodé
2rth R

Tv(x) =v(x) = <

and the Hamilton operator H(T, x, %8,{) is given by

d .
H(T,x, 29,000 = ('1—) / en =R O H(T, x, £9)v(x0)dxod€o
i 2nh R2d
When T is small, we consider the function U(T,0, x, &) satisfying
1 d j
12 U0t = (") / eHE— DY (T, 0,x,E0)u(xo)dxodéo
2rth R2d
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(T, )
—
(0,x0) ¢ Continuous ? (0,%0) $—— Jump ? :
0 T 0 T
What is the position path g ? What is the momentum path p ?
Figure 1.

Using the phase space path integral in R. P. Feynman [8, Appendix B], we formally write
(13) k=20 0U (T, 0,x,6) = / ek44PDig, p].

Here g : [0,T] — R? is a position path with g(0) = xo and ¢(T) = x, p: [0,T) — R? is a
momentum path with p(0) = &, ¢lq, p] is the action of Hamiltonian type along the phase space
path (g.p) defined by

¢[q,P]=/ P(t)'dq(t)—/ H(t,q(), p))dt,
(0,7) [0,7)

and the phase space path integral [ ~ D[g,p] is a sum over all the paths (g, p) (Figure 1).
However, in the sense of mathematics, the measure D|[gq, p] of the path integral (1.3) does not
exist. Furthermore, in the sense of the uncertain principle, we can not have the position g(t) and

the momentum p(t) at the same time ¢.
In [19], when the time interval [0,T7] is small, using piecewise bicharacteristic paths, we

proved the existence of the phase space Feynman path integrals

(1.4) / ed4PIF[g, pIDlg, p]

with general functional F[q, p] as integrand. More precisely, we gave a fairly general class F
of functionals F|[g, p] such that for any F|[q,p] € F, the time slicing approximation of (1.4)
converges uniformly on compact subsets with respect to (x,&,x0) € R? x R? x R?. Our ap-
proach via piecewise bicharacteristic paths is a little different from the known approaches. In
this article, as a merit of piecewise bicharacteristic paths, we give the calculation examples of
the fundamental solutions for some equations.

Remark. Using Fourier integral operators, H. Kitada—H. Kumano-go [17] proved the con-
vergence of the time slicing approximation of (1.3). We regard (1.3) as a particular case of (1.4)
with F[q, p] = 1. In this sense, [19] has its origin in [17].



Remark. Using broken line paths of position and piecewise constant paths of momentum,
W. Ichinose [14] gave some functionals F[q, p] = H,il Bi(g(t),p(t1), 0< 11 < < -+ <
7k < T for which the time slicing approximations of (1.4) diverge as an operator. We exclude
these functional from our class F.

Remark. Inspired by the forward and backward approach of K. L. Chung-J.-C. Zambrini
[4, §2.4], we use left-continuous paths and right-continuous paths. Furthermore, inspired by L.
S. Shulman [24, §31], we pay attention to the operations which are valid in the phase space path
integrals.

Since [8, Appendix B], the phase space path integral (1.3) has been rediscovered repeatedly
(cf. W. Tobocman [25], H. Davies [6], C. Garrod [10]) and developed in various forms (cf. L. S.
Schulman [24, §31], H. Kleinert [21], C. Grosche—F. Steiner [12], P. Cartier—C. DeWitt-Morette
[3, §3.4], J. R. Klauder [20, §6.2]). For giving a well-defined mathematical meaning, various
approaches have been proposed. C. DeWitt-Morette—A. Maheshwari-B. Nelson [7] and M. M.
Mizrahi [23] introduced the formulation without limiting procedure. K. Gawedzki [11] used
the technique analogous to that used by K. 1t6 [15]. I. Daubechies-J. R. Klauder [5] presented
the phase space path integral via analytic continuation from Wiener measure. Furthermore, S.
Albeverio—G. Guatteri—S. Mazzucchi [2] (cf. [1, §10.5.3], [22, §3.3]) realized the phase space
path integral as an infinite dimensional oscillatory integral. O. G. Smolyanov-A. G. Tokarev-A.
Truman [26] formulated the phase space path integral via Chernoff formula. For the main part
of [8], G. W. Johnson-M. Lapidus [16] and T. L. Gill-W. W. Zachary [13] developed Feynman’s
operational calculus.

§2. Existence of Phase Space Path Integrals

We explain the existence of the phase space path integrals (1.4) step by step.

§2.1. Assumption for Hamiltonian

Our assumption for the Hamiltonian function H(z,x, £) of (1.1) are the following.

Assumption 1 (Hamiltonian function). H(¢,x,&) is a real-valued function of (¢, x,&) in R x
R? x R?, and for any multi-indices a, B, 8;‘8? H(t,x,£) is continuous. For any non-negative

integer k, there exists a positive constant Ky, such that
@.1) |0 FH(,x,8)| < k(1 + [x] + [ yno@— I+,
for any multi-indices a, B with |a+ | = k.

A typical example of the Hamiltonian operator H(t,x, %ax) of (1.1) is the following.
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Example 1 (Hamiltonian operator).

h d ho h h
H(t,x, ?ax) = Z (aj,k(t)73x,~73xk + bj,k(t)xqaxk + ¢ x(0)xx)
Jk=1

d
h
+ ) @j(0)7 9 +b;0x)) +c(t,2).
j=1
Here aji(t), bjx(t), cji(t), aj(t), bj(t) and d2c(t,x) are real-valued continuous bounded func-
tions.
§2.2. We can produce many functionals Flg,pl € F
Typical examples of the functionals F[g, p] in our class F are the following.

Example 2 (F[q, p] € F).

(1) Let m > 0. Let B(t,x) be a function of (t,x) € R x R? such that for any multi-index a,
d2B(t,x) is continuous and satisfies |0 B(t,x)| < Co(1 + |x|)™ with a positive constant C,.
Then, the value at timet, 0 <t <T,

Flq,p] = B(t,q(t)) € F.

In particular, Flq,p] =1 € F.

(2) Letm>0and0< T’ <T" <T. Let B(t,x,£) be a function of (t,x,£) € R x R x R? such
that for any multi-indices a, B, d¢ af B(t,x,£) is continuous and satisfies |0 af B(t,x,8)| <
Cap(1 + |x| + |€])™ with a positive constant C, g. Then

Flq,pl = / B(t,q(t), p(t))dt € F.
[T’,T”)

Furthermore, if|3fafB(t,x, &)| < Cqp, then
Flg, p] = el Bea® oyt o

For simplicity, we will state the definition of the class F in §6. Even if we do not state the
definition of F here, we can produce many functionals F[q, p] € F, applying Theorem 1 to
Example 2.

Theorem 1 (Algebra). If Flg,p] € F and Glq,p] € F, then Fq,pl+ Glq,pl € F and
Flq,plGlg,pl € F.

§2.3. Bicharacteristic paths
Let Ao = (Ty4+1,T7, . ..,T1,To) be any division of the interval [0, 7] given by

2.2) AT’O:T=TJ+1>T]>"‘>T']>T()=0.
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Ty S
TG TGt
o« i e . J
Oxg  B-vm-oe o ggye  TenEio) e
0 T, T 0 T, T
The bicharacteristic path gr;,1;_, The bicharacteristic path pr;7,_,
Figure 2.

Let tj = T; —T;_ and |Aro| = maxi<j<ss12;. Setxy11 =x. Letx; € R? and &; € R? for
Jj=12,...,J. Assume that x2d|Aro| < 1/2. Then we can define the bicharacteristic paths

9r;,1,-, = 413,15, (,%,§-1) and pry.1;_, = pr,1;_, (8,%,€j-1), Tj—1 <t < T; by the canonical
equation
(23) Aqr;,1;_, (1) = (OeH)(t, 41y, 1, P15,

alﬁTj,Tj-l(t) = _(axH)(ta qu,Tj_l ’ijaTj—l )1 T'j—l S t S T"]"
with gr;,r;_(Tj) = x; and pry1;,_(Tj—1) = &j—1. Note that gr;,1;,_(Tj-1) and pr, 1,_ (T;) are
independent of x;_; and &; (Figure 2).
§2.4. Piecewise bicharacteristic paths

Using the bicharacteristic paths gr;,1;_, and pr; 7;_, of (2.3), we define the piecewise bichar-
acteristic paths ga, , = qa, (¢, %s+1,€1, %1, - - -, €1, %1, €0,%0) and
Parg = Pago(t:%041,60,%5, . €1,%1,€0) by

(2'4) QAT'O(t) = q-Tj,Tj_](t,xjafj—l), Tj]'—l <t S T_'j, QAT‘O(O) = X0,
Pago®) = pr1;_, (0,x5,€5-1), Tj—1 <t <T

for j=1,2,...,J,J+1 (Figure 3). Then the functionals ¢[ga,,, PazoJs F [9A7¢s PA7,] become
the functions PAro> Fap, given by

(2.5) Pl9aro) Parel = bago(X141,61,%5, - - - €1,%1,€0,%0) ,
(26) F[CIAT,O 7pAT'0] = FAT,()(xJ-i—l ,fj,XJ, cee afl 1x1a§0ax0) .

§2.5. Phase space path integrals exist

Our result about the existence of phase space path integrals is the following.
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(T2,x2)

e

T (Tl,fl)
o} T 0 .J’

(TJ,xJ) f(T %) (Tz,fz)

o LT 0 % I, T
The piecewise bicharacteristic path ga, The piecewise bicharacteristic path pa,,
Figure 3.

Theorem 2 (Existence of phase space path integrals). Let T be sufficiently small. Then, for
any Flq,p] € F,

2.7) / #9197 Fg, p1DIg, pl

dJ . J
. 1 Lolgn, 0P o)
= lAluln 0 (ﬁ) /Rw eR?rofiro Flqare: Par,] defdff
7.0l . i
) j=1

converges uniformly on compact sets of R> with respect to (x,£€0,x0), i.e., the phase space path
integral (2.7) is well-defined.

Remark. Even when F[q, p] = 1, each integral of the right hand side of (2.7) does not con-

dédx: =
./RZd Ejdxj =00

Furthermore, the number J of integrals (division points) tends to oo, i.e.,

verge absolutely, i.e.,

COXOOXOOX OO X ¢oreeress , J—o00.
We treat the multiple integral of (2.7) directly as an oscillatory integral (cf. H. Kumano-go [18,
§1.6]) to keep the paths 9Aro and PArg-

§3. Calculation Examples
As examples of (2.7), we calculate the fundamental solutions for some equations.

§3.1. Example: d =1, H(t,x,&) = £2/2, Flq,pl = 1
Note (d¢H) = ¢ and (d:H) = 0. By the canonical equation

%gr, 1, ) = pry1,_, @), 9Pry 1, (=0, Tjm1 <t <Tj



(T, %)
—s .
0,60) g—o (Di-1Ej-1) o2
7Y /R | R Y
The path ga,, The path pa,,
Figure 4.

with gr;,1;_, (Tj) = xj and 2% (Tj-1) = &;—1, we have the bicharacteristic paths

qu,Tj_l(t) = Xj _(T] ‘t)fj—l 3

prm_ () =&j-1.

Let 9Aro> PArg be the piecewise bicharacteristic paths of (2.4) (Figure 4).
Then the functional ¢[ga,.,, pa;,] becomes the function

where

Paro = Pldarg: Pargl = / PArg -dqar, — / H(t,qar9, PAry)
[0,7) [0,7)

J+1

= br,1_, (xj,Ej-1,xj-1),
i=1

)

O1,1,1 (X5 Ej—1,%j-1)

= / pAT’() .quT,O - / H (QAT,O,pAT'())dt
[Tj—1,T) [Tj1,T)
= (G117, (Tj—1) —xj-1)-€j-1
Tj Tj
+/ pry 1y - Odry1;_ dt — H(t,qr;,1;_,» P1;,1;_, )t
JT T |

Jj—1

T Tj
= —(Tj—Tj-1)€j-1—xj-1)-€j—1 + f?—ldt_/ 512'_1/207
Tj-1 Tj-1

t.
=(xj—xj—1)-&j—1— 51512'_1 .

First we consider the oscillatory integral

L / e%¢T2’Tl (x2,&1 1)+ £¢Tl 10(}.’] 7§0>x0)dx1 d§1 .
2rth R2
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(T,3) (T, ) @e
N g T
Ox)¢ - Ot—r—
o n = T 0o n n T
The path g7, 0) and xi The path pay 7, 0) and &7

Figure 5.

Let (£7,x}) be the solution of 8@1 x) (@1, 1, + o1, 0)(x2, €7, X7, €0) = O (Figure 5).
Then we have

o1, 1, (x2,€1,X1) + &717,0(x1, 0, X0)

l X X
= ¢T2,0(x2,§07x0)+ 58(2{:1 ’xl)(¢T27Tl +¢Tlv0) l:fl §1 ] . [fl f] ] :

xy —xj x| —xj

- —1
(—l)detaél’xl)(qbrz,rl +¢71,,0) = (—1)det [_12 0 ] =1.

Lemma 3.1. For any 2 x 2 real symmetric matrix A, we have

/ e%%Ax'xdx= (27hi)? _ 2rth
R2 detA (—D)detA”

By lemma 3.1, we have

1 / AT (2 6L 9T, 001 6030 g gy = @ ROT 020
2nh R2

Using this relation inductively, we have

Mo BY(T,0,5,60) = [ eh4491D1g,p)

Y LIt e (jEj—1xi—1) d
— 1 —_ j= prfj—1 ®wj=bry= . .
N |A;‘10r|n_»o (27rh) /Rye e gdx} aé;

= lim e;—;fﬁr,o(x,fo,xo)
[AT0|—0

i T ,
=exp ((x—xo) &0 — Efo) :
The operator U(T, 0) of (1.2) satisfies the Schrédinger equation

(ihar n th/z) U(T,0)=0, U®©,0)=1.
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(T, %)

(0,&0) c»—-) (Tj—l,

(0,0) { | )
0 TT, 0 7T,
The path dAr The path pa,,
Figure 6.

Note (d¢H) = ¢ and (d.H) = x. By the canonical equation

with qr;,1,_, (T}) = xj and pr,1;_, (Tj-1) = €j—1, we have the bicharacteristic paths

gr;r;_, (1) =

pryr;_ () =

§3.2. Example: d = 1, H(t,x,&) = x*/2+£2/2, Flq, pl = 1

atq—Tj,T};l (t) = P_T,-,Tj_l (t)a atP_Tj,Tj_l (t) = _qu,Tj_.l (t)a 7}—1 S t S Tj

xjcos(t —Tj_1)—&j_1sin(T; —t)

cos(T; —Tj_1)

b

—xjsin(t = Tj_1) +&j_1cos(Tj—1t)
cos(Tj — Tj_1) '

Let 9Arg> PArg be the piecewise bicharacteristic paths of (2.4) (Figure 6).

Then the functional ¢[‘1Ar,o » PArg) becomes the function

J+1

= 61,1, (X €j-1,%)-1),
j=1

Paro = Oldarg Parol = / Parg " 49ar, — / H(t,9a74, PAry)
[0,7) 07
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Bm) (T, @E)

q

o B T o n & T
The path g, 7, ,0) and xj The path p(a; 1, 0) and &

Figure 7.

where
¢r1;,1;_, (Xj,6j-1,%j-1)

= / pAT,O . quT,O - / H(‘IAT,O,PAT‘O )dt
(Tj_1,T)) (T;

]—IvTj)
= (g1, (Tj-1) —xj-1) - €1
L% by, 2 oy, ]
+2' - P1;,1j_y " 04T, T4 5 P11y " 4T,Tj_, T\
1 (5 _ 10, )
—'2“/ qr;,1;_, O PT;,T,_, At — '2-/ @r,1;_, + Pr,,1;_ )t
Tj_] Tj—l
pr,. 1, (T)xj+qr;1;_ (Tj-1)€j-1
=_xj_l.§j—1+pjj| J7] 21]1 J J
2xj €j1 —'(xi +§§_1)Sin(Tj - Tj—l)
=—xj_1-&1+ :

2cos(T; —T,_1)

First we consider the oscillatory integral

L /e£¢72’71(xz’gl’x')+£¢Tl’°(xl’§°’x°)dx1d§1.
2rth JR2

Let (£5,x7) be the solution of d¢, x,)(¢7,,1; + ¢7,,0)(x2,&7, %7, &0) = O (Figure 7).
Then we have

&1, 1, (x2,€1,X1) + &713,0(x1, €0, %0)

1 a—&| [6-&
= ¢71,,0(x2,&0,%0) + _ia(z&'],xl)(¢TZyTl + ¢1,.,0) L‘ _x}] ’ [M —x;‘ J
(—1)det g, (7,7, +¢7,,0)
sinlp-7) cosT;

—(=Ddet| s@-T)) _ _ _Cosh2
(=1 [ —1 ——c%gl%g)) COSt7 COSH
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By Lemma 3.1, we have

(ﬁ) /2 e%¢72,7-] (02,6111 )+£¢Tl ol 7§va0)dxld§1
R

) 1/2
— e%¢T2,0(x27§0ax0) cos t2 costj .
cosTp

Using this relation inductively and taking |A7,0| = maxi<j<y+1¢; — 0, we have

0BT, 0, x,£) = / e#¥lePIDlg, p]

J J
. 1 L er r i)
= lim [-— eh — =1l = dx;dé¢;
IAT,()I—)O (2ﬂh> AN H J fj

=1
J+1
= lim e;%fﬁr,o(x,fo,xo) M
|A70]—0 cosT

1/2

1 i 2x-&o— (P +&)sinT
" (cosT)1/2 exPi—i(_xO ot 2cosT ) ‘

The operator U(T, 0) of (1.2) satisfies the Schrodinger equation
(ihaT WEING —x2/2) U(T,0)=0, U®©,0)=1.

§3.3. Example: d = 1, H(t,x,&) = x*/2+x- £+ £2/2, Flq,p] = |
Note (d¢H) = x+ & = (:H). By the canonical equation
atq_Tj,Tj__l (t) = qu,Tj_l (t) +ﬁTj,Tj_] (Z) = "atij,Tj_1 (t)v Tj*I <t< Tj
with 4r,,1;_, (Tj) =xj and pr; 1y, (Tj_1) = &1, we have the bicharacteristic paths

xj(l+t=Tj_1)—&—1(T; —1)

ar. T. 1) = ’
gr;,1;_,(t) 17,7,

_ x0T )+ & (0 +Tj—1)
ij,Tj_l(t)_ 1+7}_7}—1 .

Let ga;o, pa;, be the piecewise bicharacteristic paths of (2.4) (Figure 8).
Then the functional $lgary: Par,] becomes the function

J+1
Paro = Dldarg: Paryl = Z(brj,Tj_l(xj,fj-l,xj-l),
j=1

where

#7115 (X5 §j-1,%j-1)
2xj-&jo1 — (3 +E_ NTj—Tj—1)
20+ T;,—T;—y) '

=—xj_1-&1+
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!
(0,x0) 1 | Y oy GE)
0o T,.1, T o T.1, T
The path ga; The path pa,
Figure 8.

Let (£7,x7) be the solution of d, x,)(¢1,,1; + ¢1,,0)(x2, €T, x7,60) = O (Figure 9).

(Tz’XZ) (T,x) (Tz,cfz)

GRS
ex¢ T oewy T
o % B 7 o n 5 T
The path g(a; 7, ,0) and xj The path pa; 7, 0) and &}
Figure 9.

Then we have

¢T2,T[ (xz"fl ,xl) + ¢T| ,O(xl 7§03x0)

1 % g%
= ¢T270(x27§01x0)+ Ea(zflvxl)(¢TZaTI +¢T170) l:fl fljl . [fl f]] ,

x) —x} x| —Xx]
(—l)detaé:l 7xl)(¢T2,T| + ¢Tl 70)

-1& -1 1+ 5
—(— 1+n - 17
( l)det[ ] (A+e)(1+n)

S I
1 1+4

By Lemma 3.1, we have

2k

2
= e£¢T2,0(X2,§0,x0) Mﬂ)_ 1/
1+7 '

( 1 ) / e;['l‘.¢T2’Tl (x27§l 7xl)+%¢Tl 'O(XI 1601x0)dxld§1
R2
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Using this relation inductively and taking |Ar | = max<j<y+1¢; — 0, we have

eF DT, 0, x, £9) = / e#¥4P)Dg, p]

J . J
. 1 L J.i’l¢ e X Ei 1 Xi1)

J=1
J+1 12
~ lim ebtrottono [ LA HD)
[A7,0|—0 7
_ el 1/2ex i(_x ‘ +2x.£0_(x2+§%)T)
~ \cosT ph 060 204T) ‘

The operator U(T,0) of (1.2) satisfies the equation

(ihaT +#2A)2 —x§ax —x2/2> U(T,00=0, U©,0)=1.

§34. Example: d =1, H(t,x,£) =x*/2—¢*/2, Flg,p] = 1
Note (dzH) = —¢ and (d,H) = x. By the canonical equation
at‘?T,-,Tj_l (t) = ’p-T,-,Tj-l (t), atp_TjJ}_l(t) = —qu,Tj—l (t)1 Ti“l S t S TJ
with gr, 1,_, (Tj) = x; and Pr;,1;_(Tj—1) = &j—1, we have the bicharacteristic paths

xjcosh(t —Tj_1)+&;_1 sinh(Tj —¢t)

Jr. T. t)= I

gr;,1;_, () cosh(T, — T,_1)

_ —xjsinh(t —Tj_1)+&;j_j cosh(T; —t)

pry1;_ ()= :
cosh(T; —T;_y)

Let 9Aros PArg be the piecewise bicharacteristic paths of (2.4) (Figure 6).
Then the functional ¢[ga, ,, Pa;,] becomes the function

J+1

Paro = Oldargs Pargl = Z¢TJ-,T]-_1 (xj,€j-1,%j-1),

Jj=1
where
¢1;,1;_ (X, €j-1,%j-1)

2xj-&j-1 — (0 — & _)sinh(T; — Tj—1)
2cosh(T; —Tj_1) '

=—xj_1-&j_1+

Let (£],x7) be the solution of d, x)(¢7,,1, + P1,,0)(x2, &5, %} ,€0) = O (Figure 7).
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Then we have

¢T2,T1 (X2,§] » X1 ) + ¢T1 ,O(xl 3 §0,x0)

1 %k X
= ¢1,,0(x2,%0,%0) + 58(25”1)(@2][ +671,0) [51 ‘51} _ !fl f;} ,

x| —xj x1—x}

(—1)detd, 1y (@n.1; +¢1,.0)

sinh(T, —T})
—(CDdet | BT 1| o _cohDB
-1 - %‘sﬁ%‘%ﬁ% cosht; cosht

By Lemma 3.1, we have
_1_ / e£¢T2,T1 (xZ)gl | )+£¢T| ,O(x] vava)dxl d§1
2rth R2

‘ 1/2
— 7 97,002:60%0) M
coshTh

Using this relation inductively and taking |Aro| = maxi<;<s41t; — 0, we have

i O U(T,0,x,£0) = / eh¥er1Dlg, p]

J J

: 1 ES g 1)
= lim |{-— eh &j=19TpTj1 Wis =13 -1 dx:dé:
|AT0]—0 (271}‘1) /Ry JI_-[1 j48;

J+1 172
= lim eﬁd’r,o(&fo#o)( f=1COShtJ>

lAr!—0 coshT
B 1 i 2x-&o — (2 — &})sinh T
" (coshT)!/2 exph( %00+ 2coshT )

The operator U(T,0) of (1.2) satisfies the equation
(ihar —th/Z—xZ/Z) ur,0=0, UO,0)0=1.

§3.5. Exception: d = 1, H(t,x,&) = —ix*/2 —i¢*/2, Flg,p] = 1

This complex-valued function H(z,x,£) does not satisfy Assumption 1. However we can get
the function U(T, 0, x,&p) of the fundamental solution in a similar way:
Note (d:H) = —i¢ and (d:H) = —ix. By the canonical equation

Ogr,1;_, @) = —ibr;1,_, (), Apr;1;_,(O) =idr;1, (@), Tjm1 St LT

with gr;,1,_, (Tj) = x; and 2% (Tj—1) = €1, we have the bicharacteristic paths
_ xjcosh(t —Tj_1)+if; 1 sinh(T; — 1)
gr;,1;_, (1) = cosh(T;, = T,_1) ;
_ ixjsinh(t — T;_1) + £;_1 cosh(T; — 1)
pr1;_ ()= cosh(T; —T)_1) .
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o7,

@ b ; 6 . :

0 71, T 0 Taf, T
The complex-valued path Az The complex-valued path py,

Figure 10.

Let 9Aros PArg be the piecewise bicharacteristic paths of (2.4) (Figure 10).
Then the functional #lgarg, Pag,] becomes the function

J+1

Baro = Bldares Pargl = D b1,1,_, (xjs€j-1,%j-1),

Jj=l1
where

¢1,,1;_ (X5, €j—1,%j-1)
2xj-€j +i(X§ +§§_1)Sinh(Tj =Tj_1)
2cosh(Tj - Tj_1) '

=—Xj-1-&j1+

Let (£7,x7) be the solution of d, x,)(¢7,,1, + ¢1,,0)(x2,&F, %7, £0) = O (Figure 11).

(Toym) | o(T,x) Tt

(O,xo) i ‘ (O, §0) ® .

o n % T o B T
The path 9(br.7,0) and xj The path Par, 0 and &

Figure 11.



Then we have

o1, 1, (X2, €1, X1) + 817 0(X1, €0, %0)

1 _ *x __*
= ¢1,,0(x2,60,%0) + -Z—aéhxl)(fi,rz,n +é1,.0) [-’51 «51} ' [‘fl fl] ,

x| — Xy X1 — x|

(—1)det 3G, »,)(@r,,1; +91,,0)

- sinh(7, —T})
= (_ 1 ) det L cosh(T, —Ty) . -1 — COSh T2 .
-1 'E%'};((ZT“%?,); cosht; cosht;

Performing the integration with respect to (¢1,x;), we have

1 b, 7, i o1, 0(x1,60.%0)
— eﬁ 75,1} .X2,f| X1)+ §¢T| o0lx ,£0:%0 dx d
(270‘1) _/Rz Lt

1/2
—e £ 1, 0(2,60,%) coshty coshty /
coshT, '

Using this relation inductively and taking |Ar | = max;<j<j+1tj — 0, we have

eh =0 BY/(T,0,x,£0) = /eﬁ"’[q’p]D[Qal’]
J J
) 1 LIt or T K€1)
_ l b B j=1 Tj'Tj—] JiSj—1rj—1 d d :
|AT‘10r|n_>0<27rfl) /sze H Xj ‘f}

j=1

J+1

= lim e;‘%d’r,o(&fmm) M
|Aro|—0 coshT

B 1 i 2x- &0+ i(x* + £3)sinh T
= cosh )2 P 1 ( ~Xo0 o+ 2coshT ) ‘

1/2

The operator U(T,0) of (1.2) satisfies the heat equation

(haT —th/2+x2/2) U(T,00=0, U(0,0)=1.

§4. Properties of Phase Space Path Integrals
We sketch some properties of (1.4) with general functional F|g, p].

§4.1. Fubini-type theorem

182

Theorem 3 (Fubini-type). Let T be sufficiently small. Let m >0and 0 <T' <T" <T.
Assume that for any multi-index a, d®B(t,x) is continuous and satisfies |0 B(t,x)| < Co(1 +
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|x)" with a positive constant C,. Then, for any F|q, p] € F including F[q, p] = 1, we have

/ e #9la.p] ( / B(t,q(t))dt) Flq, p1Dlq, p]
[TI’T//)

= / ( / e%"’[‘f"’]B(t,q(t))F [q,p]D[q,p]> dt.
[TI’TII)

Remark. We do not treat B(t, q(¢), p(?)) at the time .

Remark (Perturbation expansion formula). If |d¢B(z,x)| < C,, we have

/ oFOlaPI+; fo ) Bramdrpra pl

=Z<5) / d'rn/ d-rn_l---/ dry
n=0 [0,1) [0,7) [0,72)

x / eF PRz, a(ra))B(ta_t, q(tn-1))- - B(r1,q(r1))Dlg, pl.

§4.2. Semiclassical approximation of Hamiltonian type

Let 4x2dT < 1/2. Letqro = qr,0(t,x,£0,x0) and pro = pro(t,x,&p) be the piecewise bichar-
acteristic paths for the simplest division 0 < T (Figure 12).
For any (x;41,£) € R? X RY, there exists the stationary point (x},&%,...,x},£F) of the phase

function Pary = Ol9ar s DA, ] given by
(a(flvxjv--,fl ,x1)¢AT‘0)(XJ+1 ;f;ax;a cee 7§ik7xik’§0) =0.
Pushing the stationary point (x},£7,...,x],£}) into the Hessian matrix of Pz, We define

D(T,XJ+1 ’§0) by

D(T,xj41,&0)

= lAhm 0(— l)dJ det(aé:l’xh“_’gl ’x|)¢AT,0)(xJ+l ,x;a_f;a s ,Xr,fik,f()) .
7,01

(T, %)
(0,%0) ¢ 0,40 |
0 T 0 T
The path g7 ¢ for the division 7 > 0 The path pr ¢ for the division 7 > 0

Figure 12.
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Then the remainder estimate for the semiclassical approximation of Hamiltonian type as i — 0

are the following.

Theorem 4 (Semiclassical approximation of Hamiltonian type as # — 0). Let T be sufficiently
small. Then, for any Flq, p] € F, we have

/ eF44PIF (g, pIDIg, p)
= ekarorral (D(T,x,60)~/*Flgro, prol +hY(T ., 0,%0) ) -
Here for any multi-indices a, B, the remainder term Y (T, h,x,&o,Xo) satisfies
1029 (T, b, x, £0,%0)| < Cap(1+ |x| + [0 + |xo))™,

with a positive constant C, g independent of 0 < k < 1.

§5. Proof for Theorems 1,2 and 4

We sketch the process of the proof for Theorems 1, 2 and 4. In order to prove the conver-
gence of the multiple integral

dJ J
1 i
. 1) (%) AMJ eﬁ¢[qA7',0 ,pAT'O]F[qAT'O : PAT‘O] H dx,dfj
=1

as |Ar 0| — 0, we have only to add many assumptions for

Fppo(xs+1,€1,%45- - %1,60,%0) = Flqaz g, Par,]-

The assumptions should be closed under addition and multiplication. Then F will be an algebra.
Do not consider other things. Then F will become larger as a set. If lucky, F will contain at
least one example F[q, p] = 1 as the fundamental solution for the Schrédinger equation. Our
proof consists of 3 steps. As the first step, we use an estimate of H. Kumano-go-Taniguchi’s
type [18, (6.94), p.360] to control (5.1) by C’ as J — oo with a positive constant C. As the
second step, we use a stationary phase method of Fujiwara’s type [9] to control (5.1) by C
independent of J — co with a positive constant C. At the last step, we add assumptions so that

(5.1) converges as |Aro| — O.

§ 6. Definition of Class F

The definition of the class F of functionals F|[g, p] is the following.



Definition 1 (Class F of functionals F[q, p]). Let Flq, p] be a functional whose domain con-
tains all the piecewise bicharacteristic paths darg PArg of (2.4). We say that Flq,p]l € F if
Faro = Flqar, Pag,] satisfies Assumption 2.

Assumption 2. Let m > 0. Letu; >0, j=1,2,...,J,J+ 1 are non-negative parameters
depending on the division Arq such that Zj:ll uj=U < oco. For any integer M > 0, there
exist positive constants Ay, Xy such that for any Aro, any multi-indices «;, Bj_ with |aj|,
Bi—i| <M, j=1,2,....J,J+1andany 1 <k <J,

J+1

6.1) (T 05 07 VFar oG, €030, 1,31, E0,30)]
j=1
J+1 . J+1
< Aun) T ([ T y™m B0y A+ (sl + €1 ) + xol)™,
j=1 J=1
J+1 5
(62) '(H a)gjafjj__ll )axkFAT‘O(xJ-l-l 7§Jax.]a cee 751 y X1 avax())I
j=1
_ J+1
< A )" ([ ™ Bi= D)+ (sl + 1€ -11) + |xoh™.
J#k Jj=1
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