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Random walk in a finite directed graph subject to a
road coloring

Kouji Yano"®

Abstract

A necessary and sufficient condition for a random walk in a finite directed graph
subject to a road coloring to be measurable with respect to the driving process is
proved to be that the road coloring is synchronizing. The key to the proof is to find
out a hidden symmetry in the non-synchronizing case.
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road coloring.
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1 Introduction

Let us consider a finite directed graph of constant outdegree. See, for example, Figure
1 below; there are five sites and from each site there are two oneway roads laid. Let us
color every road blue or red so that no two roads running from the same site have the
same color. See, for example, Figure 2 below; the thick roads are colored red and the thin
ones blue.

We call N a random color if N is a random variable which takes values in the set of
road colors; in this case, red and blue. To put it roughly, we mean by random walk a pair
of processes {X, N} where N = (Nj)kez is a sequence of colors which are independent
and identically distributed (abbreviated as IID) and X = (X} )xez is a site-valued process
which moves at each step from Xj;_; to X being driven by the random color N,. We
have the following table for instance:
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N, blue red blue blue | red
X 1 2 3 5 4 2
X 2 5 5 4 1 2
X 3 5 5 4 1 2
X 4 1 2 5 4 2
X 5 4 2 5 4 2

In this table, we let kg be a certain time and we assume that at the 5 steps to the time
k = ko the random colors are blue, red, blue, blue and red, in this order. Then, no matter
how the process X moves before ky — 5, the value of Xy, falls 2, and therefore the values
of X afterward can be known from the values of N. We are interested in the necessary
and sufficient condition that we can always know the values of X only from the values of
N.

1.1 Random walk subject to a road coloring

Let V' be a set of finite symbols. A matrix [A(y, )], ey whose entries are non-negative
integers is called an adjacency matriz and the pair (V, A) a directed graph. Note that there
may be multiple edges which are not distinguished from each other. We call each element
of V' a site. For each y,x € V, the value of A(y,x) may be regarded as the number of
(oneway) roads from x to y. (We prefer to write A(y,x) than write A(x,y).)

From each site € V' there are as many roads as deg(z) := 3, i, A(y,z). The graph
(V, A) or the adjacency matrix A is called d-out if deg(x) = d; in other words, there are
d roads from each site. It is called of constant outdegree if it is d-out for some d. Write

¥ = the set of all mappings from V' to itself. (1.1)

For 01,09 € ¥ and x € V, we write oy012 simply for o9(0q(z)). The semigroup ¥ acts on
V as follows:

(o109)x = o1(09x), 01,00 €3, € V. (1.2)

Each element ¢ € ¥ may be identified with the 1-out adjacency matrix [o(y, )]y zev Via
equation

O'(y,l‘) = 1{y=cm:}~ (].3)

An adjacency matrix A of constant outdegree admits a family C' = {o™,... ¢@} of &
(possibly with repeated elements) such that

A=W —i—~-~—i—a(d). (14)

Such a family C' will be called a road coloring, because C' indicates one of the ways of
coloring the d roads running from each site so that no two roads from the same site have
the same color.



Let u be a probability law on X. We write Supp(u) for the support of y, i.e.,
Supp(u) ={o € X : u(o) > 0}. (1.5)

Enumerating Supp(y) as {o™M,..., 0@}, we define the adjacency matrix A by (1.4) so
that Supp(p) is a road coloring of (V, A). The resulting directed graph (V, A) is called the
directed graph induced by p. Now we introduce random walk in a directed graph indexed
by Z :={...,=1,0,1,...} as follows.

Definition 1.1. Let p be a probability law on ¥. A pair of processes {X, N} defined
on a probability space is called a p-random walk if X = (Xi)rez and N = (Ny)gez are
processes taking values in V' and X, respectively, such that the following statements hold:

(i) Ny is independent of o(X;, N; : j <k — 1) for each k € Z;
(ii) N = (Ng)rez is IID with common law p;
(iii) it holds that

Xk = Nkafl, a.s., k € Z. (16)

Let (V, A) denote the directed graph induced by p. The process X = (Xj)gez moves
at each step from a site to another in (V, A), being driven by the randomly-chosen road
colors indicated by N = (N)rez via equation (1.6). This is why we call such a process
{X,N} a random walk. Note that our definition is different from the one in a lot of
literatures; see [20] and references therein.

Following [24], we adopt the following definition.

Definition 1.2. A p-random walk {X, N} is called strong if X} is a.s. measurable with

respect to o(N; : j < k) for all k € Z; or equivalently, there exist measurable mappings
fr : N — V such that

Xy = fe(Ng, Ng—1,...) as. forall k € Z. (1.7)

The purpose of this paper is to investigate a necessary and sufficient condition for the
p-random walk to be strong.

1.2 Main theorem

Let Al(y,z) = A(y, z) and define A™(y,z) = >,y A" '(y, 2)A(z, @), y, & € V recursively
for n > 2. A directed graph (V, A) is called strongly-connected if for any y,x € V there
exists n = n(y,z) > 1 such that A"(y,x) > 1; or in other words, one can walk from
every site to every other site. The graph (V, A) is called aperiodic if the period at z € V,
i.e., the greatest common divisor among {n > 1 : A"(z,z) > 1}, is one for all x € V.
Note that (V, A) is both strongly connected and aperiodic if and only if there exists a



positive integer r such that A" (y,z) > 1 for all y,z € V. We say that the directed graph
(V, A) satisfies the assumption (A) if it is of constant outdegree, strongly-connected, and
aperiodic. We will prove as Theorem 2.8 that under the assumption (A) there exists a
unique p-random walk {X, N} which is stationary.

For o € 3, we write oV = {ox : x € V}. A road coloring C is called synchronizing if

there exists a sequence s = (0,,...,01) of road colors such that the composition (s) :=
op---01 maps V onto a singleton; or in other words, those who walk in the directed graph
being driven by the road colors o7, ..., 0, in this order will arrive at a common site.

Now one of our main results is as follows.

Theorem 1.3. Let u be a probability law on ¥ and let {X, N} be a p-random walk.
Suppose that the directed graph induced by p satisfies the assumption (A). Then the
following three assertions are equivalent:

(i) Supp(p) is synchronizing.
(ii) The limit llim NiNy_1---Njyq exists a.s. for all k € Z.

(iii) The p-random walk {X, N} is strong.

Theorem 1.3 will be proved in Section 4. Note that the most difficult part of Theorem
1.3 is to show that (iii) implies (i). We shall prove the contraposition:

If Supp(p) is non-synchronizing, then the py-random walk {X, N} is non-strong. (1.8)

Remark 1.4. Rosenblatt [15] (see also [13]) showed that the subsemigroup generated
by the support of a limit law of infinite convolution product of a probability law on a
compact semigroup is completely simple. Thus of particular interest is to study the case
where the support of i generates a completely simple subsemigroup of ¥ via its Rees
decomposition. In this particular case, the remarkable result by Mukherjea—Sun [14,
Theorem 3.1] gives a necessary and sufficient condition for the almost sure convergence
of product of independent random variables. It must have something to do with our
Theorem 1.3, but we do not proceed in this direction in this paper.

1.3 A typical sufficient condition

To prove (1.8), we need to find some extra randomness which is not measurable with
respect to o(N; : j < k). The key to the proof is to reveal a certain symmetry, or to put
it more precisely, to construct another random walk from the original random walk by
stopping it at certain stopping times and the problem is then reduced to the proposition
given as follows.

Let &(V') denote the permutation group of V', which may be regarded as a subgroup
of X.



Proposition 1.5. Let {X, N} be a p-random walk. Suppose that Supp(u) is contained
in &(V) and that

W (ceX:o(i)= ,jeV (1.9)

1
9 =2 vy
n—oo §(V')
where §(V') stands for the number of elements of V' and p*" for the n-times convolution

of w. Then the stationary law of X is uniform law on V and that {X, N} is non-strong.

Proof. Let A denote the stationary law for the process X = (Xy)gez. Since X, =
N(]Nfl cee N,nJrlX,n, we have

Aj) = P(Xo=j) =Y P(NoN_y -+ N_pi1(i) = j)P(X_, = i) (1.10)
eV
=Y (o €D a(i) = j)Ai) (1.11)
eV
1 L1
A7) 200 = 7 2

Let f be an arbitrary function on V and let | be a negative integer. Since X, =
N(]Nfl cee Nl+1Xl, we have

E[f(Xo)lo(N; - j 2 1+ 1)] = E[f (0 X)|lo—non_ s (1.13)

_ / f(o2)A(dx)

Since Supp(p) C &(V) and since the uniform law on V' is &(V)-invariant, we see that

(1.14)

0=NoN_1--Ni41

Elf(Xo)lo(N;:j =1+ 1)] = /Vf(x)k(dx) = E[f(Xo)]. (1.15)

Letting | — —o0, we have
E[f(Xo)lo(N; : j € Z)] = E[f(Xo)]. (1.16)
This shows that X is independent of o(N; : j € Z). O

1.4 Backgrounds

Let us give a brief remark on the backgrounds of this study.

a). Road coloring problem. What we call the road coloring problem is the following:
Does a directed graph admit at least one synchronizing road coloring? (1.17)

This problem was first posed by Adler-Goodwyn—Weiss [1] (see also [2]) in the context of
the isomorphism problem of symbolic dynamics with a common topological entropy. It
was solved only recently by Trakhtman() [18] after important contributions by Friedman
[11] and Culik-Karhuméki-Kari [10], so that the problem is now a theorem:

(W Trahtman ([18],[19]) = Trakhtman (as he now spells his name).




Theorem 1.6 ([11],[10],[18]). A directed graph which satisfies the assumption (A) ad-
mits at least one synchronizing road coloring.

See also [8], [6] and [5] for some other developments before Trakhtman [18].

b). Tsirelson’s equation in discrete time. Stochastic equation (1.6) is related
to the study [9] by Tsirelson!), who introduced, in order to construct an example of
a stochastic differential equation which has a non-strong solution, a stochastic equation
indexed by the negative integer

X, =N, + X1, ke -—N, (1.18)

where X and N take values in the one-dimensional torus R/Z.

Yor [24] obtained a necessary and sufficient condition in terms of the law of the driving
process for a strong solution of equation (1.18) to exist. Hirayama—Yano [12] studied
Tsirelson’s equation in discrete time

Xk = Nkafl, ke —N, (119)

for processes (Xy)re_n and (Ng)re_n taking values in a compact group and obtained a
necessary and sufficient condition in terms of infinite product of the driving process for a
strong solution of equation (1.19) to exist.

For other contributions of Tsirelson’s equation in discrete time, see Akahori—Uenishi—
Yano [3] and Takahashi [17]. Several reviews on this topic can be found in [21] and
[23].

c). Finite-state Markov chain. As we shall see later in Theorem 2.8, for a p-random
walk {X, N}, the process X is a finite-state Markov chain which is stationary, irreducible
and aperiodic. Yano—Yasutomi [22] studied its converse and proved the following: Any
finite-state Markov chain which is stationary, irreducible and aperiodic can be realized as
a p-random walk subject to a synchronizing road coloring.

1.5 Organization of this paper

The remainder of this paper is organized as follows. In Section 2, we introduce some more
notations and discuss existence and uniqueness of y-random walks. In Section 3, we give
several examples which help the reader to understand our main theorems deeply. Section
4 is devoted to the proof of Theorem 1.3. In Section 5, we discuss periodic case.

(M Cirel’son ([9]) = Tsirel’son ([24]) = Tsirelson (as he now spells his name).



2 Notations and preliminary facts
2.1 Directed graphs and their road colorings

If the set V consists of m elements, we may and do write V' = {1,...,m}. We shall
idenfity ¢ € V' with v; where {vy,...,v,,} is the standard basis of R™ defined as

1 0 0
0 1 0

Vi=1.1l,0U2=1|.]l, s UOpn=1.1]": (21)
0 0 1

We remark that the product oz has two meanings: one is the image of the site v € V
by the mapping ¢ € ¥, and the other is the usual product among an m X m-matrix
[0(y, )]yzev and a m-vector (or m x l-matrix) = in R™.

The identity mapping e is identified with the identity matrix. We write

11 --- 1 00 --- 0 00 --- 0

00 --- 0 11 -+ 1 00 --- 0

00 --- 0 00 --- 0 11 -+ 1
The set X is a subsemigroup of the semigroup consisting of all m x m matrices, but it is
not a group, because the elements o1, ..., 0, do not possess its inverse in ¥; in fact, we

have

ox=0;, x€V, 1=1,...,m. (2.3)
Let ¥y be a subset of ¥. A sequence s = (0p,...,01) of ¥y is called a word in %,
and then (s) denotes the product o,---07 € X. We note that the road coloring ¥, is
synchronizing if and only if (s) = o; for some word s in ¥y and some i = 1,...,m. To

study the non-synchronizing cases, we adopt the following terminology due to [18] for (ii)
and to [10] for (iii).

Definition 2.1. Let ¥ be a subset of . Let V; be a subset of V.

(i) Vi is called synchronizing if (s) Vj is a singleton for some word s in 3.

(i) Vo is called a deadlock if Vi has no synchronizing pair.

(iii) Vp is called stable if the subset (s) Vj is synchronizing for all word s in X.

Note that there may exist a pair which is synchronizing but non-stable; an example
will be given in Section 3.3. We also adopt the following terminology due to [18].

Definition 2.2. A subset Vj of V is called an F-clique if Vj is a deadlock and is of the
form Vy = (s) V for some word s in X.



We write f(-) for the cardinality and set
m = min{#((s) V) : s is a word in Xg}. (2.4)

The following lemma, restated using Trakhtman’s terminology in [18], can be found in
Friedman [11].

Lemma 2.3 ([11],[18]). The following assertions hold:
(i) If Vo = (s) V' for some word s in ¥g such that m = §((s) V'), then Vy is an F-clique.

(ii) For any F-clique Vi and for all word s in ¥y, the subset (s) Vy is also an F-clique
and satisfies £(Vo) = 4((s) Vo).

(iii) Fvery F-clique has m elements.

Let us give the proof of Lemma 2.3 for completeness of this paper.

Proof. (i) Suppose that (s) V' had a synchronizing pair. Then there would exist another
word s’ in ¥ such that §({s's) V') < #({s) V') = m. This contradicts the minimality of m.
Thus we obtain (i).

(ii) Let Vy be an F-clique and s be a word in ¥,. Suppose (s) V, were not an F-clique.
Then it would admit a synchronizing pair, and so would V{. This is a contradiction.

Suppose that §(V5) > (({s) Vo). Then V; would admit a synchronizing pair, which is
again a contradiction.

Hence we obtain (ii).

(iii) Let V4 be an F-clique and s be a word in ¥, such that m = g((s) V). Then, by
(ii), we see that

71 < B(Vh) = #({s) Vo) < #((5) V) = 7, (2.5)
which shows that m = f(1}). O

2.2 Random walks

We deal with a pair of two processes X = (Xj)rez and N = (Ny)gez defined on a common
probability space. We need the o-fields generated by these processes up to time k € Z
given by

Fr=o(X;:j<k), F=olN;:j<k), Fp=o(X;,N;:j<k) (2.6)
We also need the following o-fields for each k,l € Z with k > [:
Fo=0X;:j=kk—1,..,041), Fi=cN;:j=kk—1,...,1+1) (2.7
and

]:ifz’N:U(XmNj:jzk,k—l,...,l+1), (2.8)



Definition 2.4. Two pairs of processes {X, N} and {X’, N'} are called identical in law
if

d

((Xk)ke% (Nk)kEZ) = ((Xllc)keZa (Nli‘)k‘GZ) . (2-9)

In this case, we write {X, N} 4 {X',N'}.
Definition 2.5. A pair of processes { X, N} is called stationary if, for any n € Z, {X, N}

and {(Xx1n)kez, (Nyin)rez} are identical in law.

Lemma 2.6. Let {X, N} and {X', N'} be two pairs of processes. Then the following
assertions hold:

(i) If {X,N} 4 {X',N"} and if {X, N} is a p-random walk (resp. stationary), then
{X', N} is also a p-random walk (resp. stationary).

(ii) If {X,N} and {X', N'} are p-random walks, and if Xy 4 X, for all k € Z, then
{X,N} £ {X',N'}.

Proof. Claim (i) is obvious. Let us prove Claim (ii). Let ky € Z. Since Xy, 4 X1
and N £ N’ and since Xk = NiNg_1 -+ NgyXio—1 for k > ko, we see that (Xg, Ni)k>k, 4
(X1, N )k>ko- Since kg € Z is arbitrary, we obtain (Xy, Ni)kez < (X}, N )kez.

O

The convolution of two probability laws u; and us on ¥ will be denoted by w1 * o,
which is a probability law on ¥ such that

(1 % pa2)( Z p (o Z fi2(0 1{0102 —o}, O E N (2.10)

o1EX O9€EX

For a probability law p on ¥ and A on V| the convolution of  and A will also be denoted
by @ A, which is a probability law on V' such that

(=N (W) =Y 1(0) > M) joamyy, yEV. (2.11)

oEX zeV

By (1.2), we see that

(1 % o) * A = pug * (pg * A). (2.12)
We write u*' = p and define " for n > 2 recursively by p*" = p*™= 1 % p.

Lemma 2.7. Let {X, N} be a p-random walk. For k € Z, let A\, denote the law of Xj.
Then the following convolution equation holds:

A = W o* >\k‘717 keZ. (213)

Conversely, if probability laws p and {\, : k € Z} are given and the convolution equation
(2.13) is satisfied, then there exists a p-random walk {X, N} and Xy has law X\ for all
k € Z. The p-random walk is unique up to identity in law.



Proof. Let {X, N} be a yu-random walk. Since X = Ny X;_1 and since Ny, is independent
of Xj_1, we obtain (2.13).

Let p and {\g : k € Z} be given such that (2.13) holds. Then, by the Kolmogorov
extension theorem, we may construct a (possibly time-inhomogeneous) Markov chain
(Nk, Xi_1)rez with state space V' x X so that the marginal law for each k € Z is given as

P(Ny =0,Xp 1 =2) = p(o)\p_1(x), c€X, x€V (2.14)
and the one-step transition probabilities are given as
PNy =¢,Xpc1 =y | Noem1 = 0, Xjmo = ) = p(S) Liy=oa} (2.15)

for all o,¢ € ¥ and all z,y € V. It is easy to see that the so constructed pair of processes
{(Xk)kez, (Ni)rez} is as desired. The uniqueness is immediate from Lemma 2.6. O

2.3 Aperiodic case

Since the index of our p-random walk varies in Z, existence and uniqueness of p-random
walks are not obvious. The following theorem assures the existence and uniqueness in the
aperiodic case.

Theorem 2.8. Let i be a probability law on > and suppose that the directed graph induced
by p satisfies the assumption (A). Then the following assertion holds:

i) There exists a p-random walk {X, N} in V.

(
(ii) The p-random walk is unique up to identity in law.
(iii) The p-random walk {X, N} is stationary.

(

iv) The common law \ of X = (Xy)kez is a unique probability law satisfying

[ A=A (2.16)

(v) The tail o-field FX2 =, FoN is a.s. trivial.

This theorem is an immediate consequence of the classical Perron-Frobenius theory on
infinite product of stochastic matrices. We call B = (B(y, x))sy=1...m & stochastic matric
if B(y,x) >0 for x,y € V and

-----

Y Bly.x)=1, z€V. (2.17)
yev
We call a column vector u = T [u(1) --- wu(m)] a stochastic vector if u(z) > 0 for all

r=1,...,mand Y " u(zr)=1.

10



Theorem 2.9 (Perron—Frobenius). Let B = (B(y, %))z y=1,..m be a stochastic matric
and suppose that there exists a positive integer r such that every entry of B" is positive.
Then there exists a stochastic vector u such that

B"(y, ) u(y) forally=1,...,m, (2.18)

where B"(y,x) is the (y,x)-entry of B", i.e., B" = (B"(y,%))sy=1,..m- The vector u is
the unique stochastic vector such that

Bu = u. (2.19)

For the proof of Theorem 2.9, see, e.g., [16].

Let us give the proof of Theorem 2.8 for completeness of this paper.

Proof of Theorem 2.8. (i) Define a (V' x V)-matrix B = (B(y, %))z yev by
B =) u(o)o, (2.20)
o€Y
or in other words,
By,z)=plc e X:0x=y), z,yecV. (2.21)

Note that B is a stochastic matrix and that B(y, x) is positive if A(y,z) > 1. Since (V, A)
satisfies the assumption (A), there exists a positive integer r such that every entry of A"
is greater than or equal to 1, and hence that every entry of B" is positive. Thus we may
apply Theorem 2.9 to see that there exists a probability law A on V' such that

p"{o el or=y}) — AMy), zy€eV, (2.22)
and that A is the unique probablity law such that
A=A\ (2.23)

By this convolution equation, we may apply Lemma 2.7 to construct {X, N} such that
N has common law p and X has common law A. This is as desired.

(ii) Let {X, N} be a p-random walk. For each k € N, let \; denote the law of Xj.
Then we have

Ne = F Vs N, kleZ, k>l (2.24)

Let k € Z be fixed. Since V is finite, there exist a subsequence I(n) — —oo and a
probability law X such that Ai(n) BN Then, for any y € V, we have

Ae(y) =) 5 N0 () (2.25)
= Z ) (o € St or = y}) Ny () (2.26)
zeV
PPN (2.27)
nﬁoo zeV

11



This shows that X} has law A for each k£ € Z. This proves uniqueness by Lemma 2.6.
Claims (iii) and (iv) have already been proved.

(v) Suppose that there were A € F* such that 0 < P(A) < 1. Define P’ = P(- | A).
Then it is easy to see that {X, N} under P’ is also a y-random walk. Thus Claim (ii) shows
that P'((X,N) € -) = P((X, N) € -). This contradicts the fact that P'(A) =1 > P(A).
This proves Claim (v).

The proof is now complete. O

2.4 Proofs of easy parts of Theorem 1.3

Let us prove easy parts of Theorem 1.3.

Proof of [(i) = (ii)] of Theorem 1.3. Suppose that (i) holds. Let s = (0,,...,01) be a
word in Supp(u) such that (s) V' is a singleton. Define, for each k € Z, a random time

Tk)=max{l=k—1,k—2,...: Nyp=0p,...,Nyy1 =01}. (2.28)

Here we note that the random time k& — T'(k) is a stopping time with respect to the
filtration {F[},_, :n =1,2,...}. Then we see that T'(k) is finite a.s. and that

IEEHOO NkJ = Nk,T(k)+p a.s. (2.29)
Thus we obtain (ii). O

Proof of [(i1) = (iil)] of Theorem 1.3. Suppose that (ii) holds. Denote

Y, = llim NyNp_1---Niyp as. for k € Z. (2.30)

Then, for any fixed z¢y € V', a pair of processes

{(Yewo)rez, (Ni)rez} (2.31)

is a strong p-random walk which is identical in law to {X, N}. This proves (iii). O

3 Illustrative examples

Before proceeding to prove our main theorems, we give illustrative examples.

12
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Figure 3. Figure 4.

3.1 Synchronizing case

Let V' ={1,2,3} and consider the following adjacency matrix:
A(L,1) A(L2) A(1,3) 01 1
A= [A(2,1) A(2,2) A2,3)| =|1 0 1]. (3.1)
A(3,1) A(3,2) A(3,3) 110
We can easily verify that the graph (V) A) satisfies the assumption (A). Consider a road
coloring {cM), ¢@} of (V, A) given as

001 010
o =100 0|, o@®=1]101 (3.2)
1 10 0 00
See Figure 3, where the thick roads are colored o) and the thin ones ¢®. Since
oMo = o, (3.3)

we see that the road coloring {¢("), c®} is synchronizing.
Let p,q > 0 with p+ ¢ =1 and let u be a probability law on Y such that

p{eD)) =p, w({o?}) =q. (3.4)

Let {X, N} be a p-random walk in (V;A). Solving equation (2.16), we see that the
common law A of X is given as

A1) 1 [1-ra
- 8
where we write A(i) simply for A({i}), i = 1,2, 3. For each k € Z, we have
T(k)=inf{n=1,2,...,: Ny_pnp1 =0V, Ny_nyo=0?} (3.6)
and then we have
Xy = Neprggsavs, k€2, (3.7)

which shows that the p-random walk {X, N} is strong.
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3.2 Non-synchronizing case: an easy example

Let V = {1,2,3} and let A as defined in (3.1). Consider a road coloring {c(!), 0®} of
(V, A) given as

5@ —

)

0 1
o =10 0
10

O = O
O = O

01
0 0]. (3.8)
10

See Figure 4, where the thick roads are colored ¢(*) and the thin ones ¢(®. Since
cWe® = DM —id, (3.9)

the set G = {oW), 0 id} is a group, and thus we see that the road coloring {c), o}
is non-synchronizing.

Let o be a probability law on ¥ such that Supp(u) = {oM,0@}. Let {X, N} be a
p-random walk in (V; A). Solving equation (2.16), we see that the common law A of X is
uniform on V, i.e.,

YOI
A2)| == (1], (3.10)
A3)| 3

Now, by Proposition 1.5, we conclude that {X, N} is non-strong.

3.3 Non-synchronizing case: a difficult example

2 d

s

Figure 5.

Let V' =1{1,2,3,4,5} and consider the following adjacency matrix:

000710
20010

A=10100 0 (3.11)
00101
01101

14



We can easily verify that the graph (V, A) satisfies the assumption (A). Consider a road
coloring {oM, c®} of (V, A) given as

00010 00000
10000 10010
c=10100 0|, c@®=100 00 0f, (3.12)
00100 00001
00001 01100

See Figure 5, where the thick roads are colored o™ and the thin ones 0. It is easy to
see that the F-cliques are

{1,3,5} and {2,4,5}. (3.13)

In particular, the road coloring is non-synchronizing. The pairs

{1,2},{1,4},{2,3}, {3, 4} (3.14)
are all synchronizing. Since
(1,4 2% 11,2y 72 2,5, {2.3) 720 (3,4} 72 {2,5), (3.15)

and since {2,5} is a deadlock, we see that the pairs (3.14) are non-stable.
Let p,q > 0 with p+¢ = 1 and let u be as defined in (3.4). Let {X, N} be a y-random

walk in (V, A). Solving equation (2.16), we see that the common law A of X is given as
A(1)] [ p ]
A(2) 1 1
A3)| = p (3.16)
A1) 31+p) |
[AG)] [1+p)]

Thus we may find the uniformity:

A({1,2}) = A({3,4}) = A({5}). (3.17)

Note that this is a special case of Theorem 4.1 given in the next section. One may expect
that some symmetry lies behind this uniformity, but it seems hidden because {1,2} and
{3,4} cannot be interchanged. We will reveal a certain hidden symmetry behind this
uniformity in the proof of Claim (1.8).

4 Non-strongness of the y-random walk in the non-synchronizing
case

This section is devoted to the proof of Claim (1.8), which will complete the proof of
Theorem 1.3.

15



4.1 Uniformity

Suppose that {X, N} and A be as in Theorem 2.8. Let Supp(u) = {¢@,... @} and
suppose that Supp(u) is non-synchronizing. Then, by (i) of Lemma 2.3, there exists a
word s = (0, ...,01) in Supp(p) such that (s) V' is an F-clique. We enumerate (s) V' as

(s)V =AZ1,...,Zn} (4.1)
where
m = min{f((s) V) : s is a word in Supp(u)}. (4.2)
Since Supp(p) is non-synchronizing, we have
m > 2. (4.3)
Set
Vi={zeV: (s)e=2;}, i=1,...,m. (4.4)

Then the family {V4, ..., Vi } is a partition of the state space V. Note that this partition of
V may depend on the choice of the word s in Supp(p) such that (s) V' is an F-clique. The
following theorem is crucial to our proof of Claim (1.8), which does not matter whatever
we choose as such a word s in Supp(u).

Theorem 4.1. It holds that

1
=

AV == AVa) = (4.5)

We shall postpone the proof of Theorem 4.1 until Section 4.3.

4.2 Constructing a permutation process

Denote V = {1,...,m} and its permutation group by 6(17) We decompose V' into the
disjoint union | J;", V; where

Vi={zeV:i(s)a=a;}, ieV. (4.6)
By (ii) and (iii) of Lemma 2.3, we see that

t((s)o(s)V)=m forany o € X, (4.7)
and hence

() )1, ... Tm} = {F1,. ... T ) (4.8)
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~

This yields that there exists a mapping M : ¥ 3 0 — M[o]| € &(V) such that
Mo](i) =j if and only if oZ; € V}, (4.9)
where 7,7 € V.

Let {X, N} be a p-random walk in (V, A). Set T} = 0 and define Ty, T_1, . .. recursively
by

Tn = max{l S TH+1 —p: Nler =0p,y---, Nl+2 = 09, Nl+1 = 0'1}. (410)

By the second Borel-Cantelli lemma, we see that the decreasing sequence (7T} )qe_n iS
well-defined a.s. Note that, for any x € —N and any [ € —N, we have

{T. =1} € Fo). (4.11)

~

Now we define an &(V)-valued process (Ny)uc_n as
N.=M [Nz, - Np_ipioNpy 1] Ty < T —p (4.12)

and ]/\\f,@ = identity if T,_; = T, — p. We may write i for the law of ]/\\fo on 6(\7) Then it

~

is obvious that (N, ).e_n has common law [ since
d
Nr, - No_iqps2 N1 i4p1 = No- - N o Nrp i (4.13)

By the aperiodicity assumption, there exists a constant r such that from any x € V
to any y € V there exists a path of length r. For a technical reason, we introduce the

following assumption:
>r and, foranyg=p—1,p—2,...,p—r,
p Yq=2>p p p (4.14)
<0p7 Op—1; -5 0p—gq+2; Up*qul) ;é (O-(N O¢g—1,---,02, 01)-

To prove Theorem 4.1, we may assume (4.14) without loss of generality. For this, it
suffices to replace s by another word s in Supp(u) defined as follows. Set p = p + 2r and

o ifi=1,2,...,p,
Gi={0W ifi=ptlp+2,....ptr (4.15)
o@ ifi=p+r+1l,p+r+2,...,p+2r,

and then define
s = (0p,...092,01). (4.16)

Then it is obvious that the sequence s satisfies (4.14). By (ii) and (iii) of Lemma 2.3, we
see that (s)V is also an F-clique, and that (s) V = {z1,...,Zs}. Set

Vi={zeV:Ez=5}, i=1,... 0 (4.17)

We then note that (171, ce ‘N/m) is a permutation of (Vi,...,Vs), which shows that the
replacement of s by s does not matter in the proof of Theorem 4.1.
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Lemma 4.2. Suppose that (4.14) holds. Then, for any i,j € 17, it holds that

i ({r e @) :n) =4}) — L (4.18)

=
n—oo 1M

Proof. By the strong-connectedness property of (V, A) we see that, for any 7, j € 17, there
exists a word s’ = (o, ...,01) in Supp(u) such that

() Z; € V. (4.19)
We define an event B by

/ / /
B = {NO =0,y N,TJFQ = 09, N,TJrl = 09,

N_,=0p ..., Noy_pro=09, Noy_pi1 =01} (4.20)
Since we assume that (4.14) holds, we see that
T 1 = —r — p and Ny(i) = j on the event B. (4.21)
Therefore, for any ¢, j € ‘A/, we have
i({r € &(V):n(i) =3j}) > P(B) > 0. (4.22)

~

Now we may apply Theorem 2.9 to see that there exists a probability law (p(7) : 7 € V)
such that

~ ~

i ({m € &(V) s 7(i) = j}) — p(j), ijE V. (4.23)

n—oo

Since, for any n and j € ‘7, we have

Yo ar({res(V)in(i) =5} =Y @"{r € &(V):7(j) =i}) = 1, (4.24)

ieV eV

we see that p(j) = 1/m for all j € V. The proof is now complete. O

4.3 Constructing a new random walk

Define )/(\'H € V as follows:
X.=i if Xp €V (4.25)

We will prove gradually that the process {)?, N} = {()?R)HG,N, (NH)RG,N} is a ji-random
walk indexed by —N. The first step is the following.
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Lemma 4.3. Suppose that (4.14) holds. Then, for fized k € —N, the following assertions

hold:
(i) )?H = J/\\f,i)?,i,l holds a.s.;
(1) )?Hq is indepenent of ]V,i.
(iii) P(X,_1 = 1) = MNV;) for alli € V.

Proof. Claim (i) is obvious by definition. Let us prove (ii) and (iii) at the same time. Let

le -N, 7€ &(V)andic V. Then we have

~

k=T, anl = i? Tlifl = l)

j2 (Kf
_p (ﬁm — o, X, eV, Toy = z)
_p (N

A,,u =7, T 1= l) P(X,=1) (by independence)

=P (NR =m, T 1= l) A(V;) (by stationarity).

Summing up by [ € —N, we obtain
P (]VH o Xy = z) _p (ﬁn _ 7r> A(V)),
which proves Claims (ii) and (iii).
The second step is to prove Theorem 4.1.

Proof of Theorem 4.1. Define a probability law NonV by
i) = A\(V;) forallieV.
By Lemma 4.3, we have
N = 1 * .
Iterating this convolution equation, we obtain, for any fixed 7 € ‘A/,

A{a}) =(@™ = X)({i})
=Y "m({r e &(V) : n(j) = iHA{i})

jEV

meX i) =

3>|

where we have used Lemma 4.2. This completes the proof.
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The third step is the following, which reveals a symmetry hidden behind the uniformity
(4.5) in Theorem 4.1.

Theorem 4.4. Suppose that (4.14) holds. Then {()?K)HE_N, (]/\}H)KE_N} is a p-random
walk indexed by —N, i.e.,

(i) N, is independent of .7:5_]1v for all k € —=N;
(i1) (NK)HG_N is IID with common law ji;

(111) )?H = J/\\f,i)?,i,l holds a.s. for all k € —N.
Moreover, it holds that

(iv) X,. has uniform law on V for all k € —N.

Proof. We have already shown (ii), (iii) and (iv). Let us prove (i). For this, it suffices to
prove that, for any fixed Kk € —N,

No,N_1,....N, and X,_; are independent. (4.36)

Let B, € o(No,N_1,....,N,) and i € V. Let | € —N. Since B, N {T_q = I} €
o(No, ..., Niy1), we have

P <BH, Xoi=i, T,y = z) (4.37)
IP (Bm Xl € ‘/i, TH,1 - l) (438)
=P (B, T..1=1)P(X; € V) (by independence) (4.39)

1
=—P (B, To-1=1) (by Theorem 4.1). (4.40)

m

This proves that X, is independent of a(]vo, J/\\Ll, ey Nn)

Let Bey1r € 0(No, Noy,...,Nyy1) and € &(V). Let [,I!' € —=N with [ > I’ Since
By N{T, =1} € 6(Ny,...,Ni;1), we obtain

P (BHH, No—=n T.=1 T, = z’) (4.41)
—p (BHH, T.=1, MIN\N_i- Nyl =7, Ty 06, = z’) (4.42)
—P(Byy, T.=1) P <M NNy N =7, Ty 06, = z’) (4.43)
—P(Bur, T, =1) P (M [INoN_1 -+ Nyl =, Ty =1 — z) (4.44)
—P(Buy1, To =) P (NO —n T =1 — z) , (4.45)
where we write
T 106, =max{k < —p: Nijpip=0p,..., Nppr1 =01} (4.46)
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Summing up (4.41)-(4.45) by I’ € —N, we have
P <BH+1, N.=m T, = z) = P(Buy, T, =1) P (Kfo - 7r> . (4.47)

Thls shows that N, is 1ndependent of 0'<N0, e ]/\7,§+1) Therefore, we conclude that
NO, N,l, ce NHH and N are independent, which completes the proof. O

For k € —N, we write

K(k) =max{k € -N: k—p>T,}. (4.48)
Note that
L(k) == Txg@y =max{l <k —p: Nyp=0p,...,Niyo = 02, Nipy = 01} (4.49)
and that
{L(k) =1} € o(Ng, Ng—1,...,Ni31), 1 <k—p. (4.50)

The following theorem proves Claim (1.8).
Theorem 4.5. Suppose that (4.14) holds. Then, for any k € —N, it holds that

Xk € f]iv V U()?K(k)) a.s. (451)
and that
)?K(k) is independent of F2' and has uniform law on V. (4.52)

Consequently, if the road coloring is non-synchronizing, i.e., m > 2, the p-random walk
{X, N} is non-strong.

Proof. By definitions of L(k) and K(k), we have

X =NpNi—1 Nogoy4p+1 No)+p - Nogy+1 X o (4.53)
=N Ny_; - .NL(kaHU(n(l)) .. .O(N(p))XL(k) (4.54)
INka,1 s NL(k)-l—p—‘rl'ri (455)

with ¢ = XK . Since NpNj_1--- Npy4ps1 € FN. we obtain (4.51).

Let £ < kandlet Beo(N;:j >k +1). Let | <k —pand !’ <min{k’ — p,l}. Note
that we have

P(XL w€Vi, L(k) =1, L(K') =1, B) (4.56)
P(X, eV, Lk)=1, L(K)=1, B) (4.57)
=P(N;---Nyjpp10y Xp € Vi, L(k) =1, L(K) =1, B) (4.58)
=Y P(Xy €Vj, M[N;+Niypir](j) =i, L(k) =1, L(K') =1, B). (4.59)
j=1
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Since Xy is independent of ]-"é\fl, :=0(No, ..., Npi1), we see that

1

P(Xy e Vj| 7)) =P(Xp €V)) = = (4.60)
Since {L(k) =1, L(K') =1} € Fy,, we obtain
1 & L
(459) == Zl P (M[Nl o NpeplG) =i, L(k) =1, LK) =1, B) (4.61)
]:
_ 1 _ N/
——p (L(k) — 1, LK) =1, B). (4.62)
Summing up in [ < k —p and I’ < k' — p, we have
- . 1
P (R =i, B) = P (Xppy € Vi, B) = ~P(B). (4.63)
This proves (4.52). O

5 Periodic case

If a directed graph (V, A) is strongly-connected, then it is easy to see that the greatest
common divisor among {n > 1: A"(x,z) > 1} does not depend on = € V, so that it is
called the period of (V, A). If the period of (V, A) is greater than one, then (V, A) is called
periodic.

In this section, we give a brief discussion about when a p-random walk is strong in
the periodic case, although it is not so deep as to involve recent studies of road coloring
problems in the periodic case, such as Béal-Berlinkov—Perrin [4], Budzban—Feinsilver [7]
and Trakhtman [19].

We shall utilize the following theorem.

Theorem 5.1 (Perron—Frobenius). Let pu be a probability law on . Suppose that the
directed graph induced by p is strongly-connected and has period d > 2. Then there exist a
partition {VO .. VDY of V and a family {\D, ..., XD} of probability laws on V such
that the following assertions hold:

(i) for each z € V® it holds that

>0 ifye Vit

_ (5.1)
=0 otherwise,

/J(UEZ:y:O'$>{

where V(@D = (1),
(ii) for each i =1,...,d, the support of A\ is V@,
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(iii) for each i =1,...,d and each x,y € V9, it holds that
o e y=o0x) — A(y). (5.2)

(iv) for eachi=1,...,d, it holds that *® x A\ = \(),

For the proof of Theorem 5.1, see, e.g., [16]. Each V® will be called a cyclic part.

In the sequel, let g, {V® . V@1 and {A® ... AD} as in Theorem 5.1. The fol-
lowing theorem chracterizes the class of all y-random walks.

Theorem 5.2. The following assertions hold:

(i) For each i = 1,...,d, there exists a p-random walk {X@ N} in V such that
Xéz) e VO a.s. Such a p-random walk is unique up to identity in law and the tail

@ NG@) . ..
o-field F*0N" is trivial.

(ii) Let {X, N} be an arbitrary p-random walk in V. Then, for each i = 1,...,d, the
following hold:

(ii-1) the event AD = {X, € VO} belongs to the tail o-field FXN ;

(ii-2) if P(A®W) > 0, then {X, N} under P(- | AD) is identical in law to {X @, N®};
i other words, it holds that

P((X,N)e-)=> P((X® ND)e.)PAD) (5.3)

i=1
We omit the proof of Theorem 5.2 as it is an easy consequence of Theorem 5.1.

Fori=1,...,d, we write ¥ for the set of all mappings from V® to itself, and define

i 1 .
Y= syl o

Then, by (i) of Theorem 5.1, we see that u(® is a probability law on ©®. The following
theorem gives a necessary and sufficient condition for strongness of y-random walks.

Theorem 5.3. Let {X, N} be a p-random walk in V.

(A) If the tail o-field F*2Y is non-trivial, then the p-random walk {X, N} is non-strong.

(B) Suppose that the tail o-field FXN s trivial. Take i =1,...,d such that {X,N} 4
{XO N®Y which is possible by Theorem 5.2. Then the following three assertions are
equivalent:

(i) Supp(p) is synchronizing.
(ii) The limit llim NiNy_1--- Njyq exists a.s. for all k € Z.

(iii) The p-random walk {X, N} is strong.
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The proof of Theorem 5.3 is an immediate consequence of Theorem 1.3, so that we
omit it.
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