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Abstract

In this article, N-fractional calculus of the logarithmic function in title is
discussed.

A theorem is presentcd as follows for examplc.
Theorem 1. Let f = f(z)=(vVz—b—¢)>-d#0,1.

We have then;
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Q,

. C . ,
whereSzm,T———z__b;{5|<1;’T|<1;

and[Mx(k € Z;); Notation of Pochhammer.

§0. Introduction (Definition of Fractional Calculus )
(I) Definition. (by K. Nishimoto)([1] Vol.1)
Let D = {I_)]?}C = {CS}}
C be a curve élong the ;ut joining two points z and —oc-+1 Im(z),
C be a curve along the cut joining two points z and oo+ Im(z2),
]? be a domain surrounded by C, ]2 be a domain surroundcd by 9

(Here D contains the points over the curve C)
Moreover. let f = f(z) be a regular function in D (z € D),

fo=(Flv=c(flv= T(;; 2 /C (€ f(f))v+1 ¢ (v¢z7), (01)
(f)em = lLim (f), (meZ7), (0.2)
where — 7 <arg({ —z) < for C, 0<arg({—2) <2r for G,

£#+z z2e€C,ve R, I': Gamma function,

then (f), is the fractional differintegration of arbitrary order v (deriva-
tives of order v for v > 0, and integrals of order —v for v < 0), with
respect to z, of the function f, if |(f).| < oo.

(IT) On the fractional calculus operator N [3]
Theorem A Let fractional calculus operator (Nishimoto’s operator)
NV be

N”:<P(U+1)/ a ) (v&Z7), [Refer to (1.1)] (0.3)

2mi Jo (€ —z)v*t
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with

N™™ = lim NY (me€Z"), (0.4)

Uv—-—m,

and define the binary operation o as

N%o N°f = N°Nef = N°(N®*f) (a, B€R), (0.5)
then the set

{N"} = {[N*|lv e R} (0-6)

is an Abelian product group (having continuous index v) which has the
inverse transform operator (N)~1 = N~ to the fractional calculus op-
erator NV | for the function f such that f € F = {f;0# |f,| <oo,v €
R}, where f = f(z) and z € C. (viz. —o0 < v < 09).

(For our convenience, we call N9 o N* as product of N3 and N*)
Theorem B The "F.0.G.{N"}" is an 7 Action product group which
has continuous index v ” for the set of F.(F.O.G.: Fracti al calculus
operator group )|3]

Theorem C. Let

5= {£N"}U{0} = {N"}U{-N"}U {0}(v € R) (0.7)
Then the set S is a commutative ring for the function f € F', when the
identity

N® + N9 = NY(N® N® NY e §) (0.8)
holds. [5]

- (III) Lemma 1 We have [1]
(1)

[(o—0)

e =B o
) (z—¢)?~ (| e | < 00), (0.9)

((z=¢)7)q = e
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(i1)
(log(z = ¢))a = =™ T(a)(z ~¢)™ ([I(a)] < 00), (0-10)
(iii)
-« — ina 1 of > — T(a
((z=¢)™) o =—e o) log(z —c) (IT()] ), (0.11)
(iv)

N = INa+1) o= v _
<u-v>a-;m0¢1_k>ua_m (u=u(z),v=v(z)) (012)

where z # ¢ in (0.9). and z — ¢ # 0,1 in (0.10) and (0.11).

81. Preliminary

- Theorem D. below for the fractional calculus of a logarithmic function
is reported by K. Nishimoto (cf. J. Frac. Calc. Vol. 29, May (2006), pp
35-44)[12].

Theorem D. We have

(1)

(log((z — b)" —¢))- = —e™"76(z — b) "I (7)
— I(Bk+7) c g : 'F(ﬁk + 7 o
Smreen\ew) Ry < 0
and
(1)
(log((z = )" = ¢))m = (=1)"**B(z — b)""T'(m)
= T(Bk+m) c g .
“ 2 T oy () (mez)

where(z — b)® — ¢ £ 0,1, and|c/(z — b)°| < 1
and[Alg = AA+1)---(A+k—-1)=T(A+ )/ (Mwith[MJo = 1,
(Notation of Pochhammer). (1.2)
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And the Theorem E below is reported by K. Nishimoto already (cf. JFC
Vol. 32, Nov. (2007), pp- 17-28)[13].

Theorem E. We have

(i)

and

(i)

(log(((z = 8)° —c)* —d))y = —‘e:'””’(z — b)Y
- L'(3k + ) c
X [aﬁz r(ﬁk £ 1) ((z — b)ﬁ)

=0
() 3 e (555) |
Pt

m=0
l’ 'F(ﬁm +apk+7)| _ Oo) 13)

T (Bm + afk)

C
[

(1)) [ag;[ﬁk + 1as ((—;C—b)-ﬁ-) k
¢i%<&—fwaﬁ>k i [ak]m[ﬁr;!+ al'k]n ((z _Cb)ﬁ>m]

k=1 m=0

where((z —b)° —c)*—d #0,1.(n€ Z%)
d i c | d
; <1 1.4
S (el e e )

§2. N-Fractional Calculus of A Logarithmic Function

Theorem 1. Let

f=fe)=(Va—b—c?—d#0,1 (2.1)



We have then;

(1)
= TEk+7)
(fog ) = —™"(2 — )*"{Z P
—~ T(3k+1)
21, <[22k T (Em A+ k4 ) }
+ Y =Tk - 2 S™
; k mZ:zo m!T (3 + k)
1 1
(ID(Gk+ ) I(Gm+ k +7)] < o)
and
(i)

+
NgE
=l )
~
El
)
K
3
Msli—\
+
&
3
\..-V__J

(z — b)1/2’ "‘:57'5!<1,]T|<1,

Proof of (i). Set # = 1/2 and o = 2 in Theorem E (i), We obtain (2.2)
under the conditions stated before

Theorem 2. Let f = f(2)

be (2.1). We have then
(1)

ERDEE

:%r(%r {<§+{> (c—ﬂ)k}

and
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(2.2)

(n € Z%)(n-th derivatives )

(2.3)

(2.4)
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&
(108 f)a = ~(~1)* (2 — 1)

X ;o; b “2;)]”"1 { ((ZC i ;)/52 ) k—{- (ig{—;%) k}(n—derivatives)(n € Z+)

+Vd ~/d |
C 1/2| {( b)1/2| <1 (25)

where l

Proof of (1). We have

log f =log{vVz —b—c—Vd}{Vz—b—c+ Vd}
= log((z — b)? — (c + Vd)) +log((z = H)¥* = (c = Vd))  (26)

Operate N-fractional calculus operator N to the both side of (2.6). we have
then

(log ), = (1og((z —b)/2 = (c+v/d)))+ (log((z =5)"* — (c = Va))), (27
Now we have

(og((z = B)? = (c+ Va))y = ~e™™5( =) "T(1)

xx I'(3k+7) c+vd \*
kz___o T(7I(zk+1) ((Z - b)l/2>

(IT(k+ )| < o0) (2.8)

and

(0g((z = B2 = (c = V), = —e~"5 (2 = 5)"T()
- P(%k’- -+ "/) c— \/8 k
X ; I‘(”/)r(%k +1) <(z _ b)1/2)

(IT(E+)] < o0) 29)

Therefore, we obtain (2.4) from (2.7), (2.8), and (2.9) clearly.
Proof of(ii). Set v =n in (2.4).
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§3. Some Identities

Theorem 3. We have the identities below;

: (2], T(Zm+ k+y)
(1) m 2 77
,21,,,20 k-m!TEm+ k) >

__l_mF(-zlkﬂ/)f c+Jd kL c—Jd ‘ ,cl
22 { ) '(<z~b>“2} %

Tk

co (o ¢]
=

L(k+1) ]t\(z—b)m’ j}y (3-1)
. (IrGr+y), ItGm+k+y) < @)
an
. o W 2K [FEm+k]
(i1) Ll z
H ,Zl ,,.20 k- m! ST
- [ ICJ— d ‘ ~Jd ‘ ]
22 k1) -y [ ed Y o ezt (32
;[2 ' ]"‘I{L\(z—b)l’z} {(z—b)“/ SJ} (el 132)
where

S=clz-b)", T=di(z-b) , 1S1<1, ITI<1, I(c=Jd)l(z-b)"1<1.

Proof of (i): It is clear from Theorem 1 (i) and Theorem 2 (i).
Proof of (ii). Set y=nin (i).

Corollary 1. We have the following identities;

(1)

a1 S TGh+)
o= bmd) T = 507 e+

() () )

1
(IT(56 + )| < o) (33)
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and

(i1)

_EVd_ . |
(z — b)1/2

Proof of (i). Set c=0in (1).
Indeed we have

(log(z — b — d))y = —e ™™ T(7)(z = b — d) ([T ()] < o0) (3.5)

where|

from (2.2), setting ¢ = 0.
Next we have

(log(z — b —d))y = —e~™

i le;Il){((z:/—;l/?)k*(?z—?gﬁ)k}

k=

s |r(§k + )| < 00) (3.6)

from (2.4), setting ¢ = 0.
Therefore we have
T(ik+7)

_N_l - 2
(z=b—-d) 5(2 kg;ryr(-;-ku)

(= -bm)?( =) |

from (3.5) and (3.6).

(3.7)

Proof of (ii). Set v =nin (3.3).

|<1,(neZ%). (3.4)
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84. Semi Derivatives

I We have |
(log((vVz —b—c)* - d))1/2 = i(z - b)~1/2

)
) 1 2kl T(3m+k+3) .
5%+ Y“ Pz m'F(lm-Lk) S }

P-—l

(4.1)
(S is the one shown in Theorem 1) (semi derivatives) from Theorem
1.(i), setting ~ = 1/2.
II We have

1
(08(VZ B = 0 = )2 = -z — 1)

— T(3k+3) c+ d)’l( C_\/C_i)k}
X;F(%);(%kil){((z—b)lﬂ "\ (z — )1/ (4.2)

from Theorem 2. (i).

111
T(ik+1)

(log(vV'z = b —c)?)1jp = i(z = b) 71/ Z Ciik+1)

k=0

Sk (4.3)

(semi derivatives)
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