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(a, 6)-neighborhood defining by
a new operator for certain analytic functions

Kazuyuki Kugita, Kazuo Kuroki and Shigeyosi Owa

Abstract

For analytic functions f(z) in the open unit disk U, a new operator DY f(2) for any
integer j which is the generalization of Silagean differential operator and Alexander inte-
gral operator is introduced. The object of the present paper is to discuss some properties
for (a, 8)-neighborhood defining by a new operator D’ f(z) and to apply Miller-Mocanu
lemma (J. Math. Anal. Appl. 65(1978)) for (e, 4)-neighborhood.

1 Introduction and definitions

Let A be the class of functions f(z) of the form

fz)=2z+ ianzn

n=2

that are analytic in the open unit disk U= {z € C: |2| < 1}. For f(z) € A, Saligean [3] has
introduced the following operator D’ f(z) which is called Silagean differential operator.

D°f(2) = f(z) =2+ ) _ an2™,

n=2

D'f(2) = Df(2) = 2f'(2) = 2+ Y _ nanz"

n=2

Dif(z) = D(D* 7' f(2)) =z + zx:njanz"’ (41=1,2,3,---).

n=2

Also, Alexander [1] has defined the following Alexander integral operator

D"lf(z) = /OZ %Odc =z+ gn”laﬂzn.

2000 Mathematics Subject Classification: Primary 30C45.
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Futher, we introduce

D7 f(z) =D DUV f(2)) = 2+ in"'w" (1=1,2,3,-)
n=2

which is the generalization integral operator of Alexander integral operator. Therefore, combin-
ing Salagean differential operator and Alexander integral operator, we introduce the operator

D’ f(z) by

Dif(z)=z+ ananzn

n=2

for any integer j. Applying the above operator, we consider the subclass (oq, @z, -+, ap;d) —
Nrj(zl—l—ll(gh g2, ,gp) of Aasfollows. A function f(z) € A is said to be in the class (a1, @9, -+ , ap; §)—
Nﬂ#] (91,92, - , gp) if it satisfies

j+1 P m—+1
D f(z) _ZakD zgk(z) <6 (z € U)

z

k=1

P P 2

for some 4 > \/1 —2 )" |ax|cos 5+ (ZIO‘RI) , where 8 = argay for all k with —7 <
k=1 k=1

3 < 7, and for some gy(z) € A (k = 1,2,---,p). Let us define (a1, asz, - - ,0pd) —

5
ijntvl(ghg%"' 7gP) by

L

(a7 5) - an—’——l-ll(g) = (a11a27 tee :azﬁd) - Ng:—-i'll(glvg% tee 1gp)

through this paper.

2 Main theorem

Let us define gx(2) € A (k=1,2,---,p) by

g(2)=z+ an,kz”

n=2

through this paper. Our first result of f(z) for (a,d) — Nf:jrll (9) is contained in

Theorem 2.1 If f(z) € A satisfies

56 ) p » p 2
Znn”an—anakbn,k <6-— I—QZlak|cos,3+ (Zlakl)
n=2 k=1 k=1 k=1

P P 2 '
for some § > \/1 -2 Z|ak| cos 3 + <E|ak|) , where 3 = arg oy, for all k with —n £ < 7,
k=1 k=1

and for some gp(z) € A (k=1,2,---,p), then f(z) € (a,0) — N,’:ﬂrll(g).
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Proof. Note that

D’H—lf(z) - o Dm+lgk(z) - i+1 n—1 Z ( = m+1 n—l)
_ p———= =14+ ) W@ 2" — ) ax|l+ ) N baxz
P o0 ‘ P
=1-Y o+ Zn(n’an —n™ Z akbn,k)z"“l
k=1 n=2 k=1
P o . P
<1- Zak + Zn na, —n™ E agebn i Izln"l
k=1 n=2 k=1
p p 2 o0 P
< I—QZlaklcos,?-i— (Zlakl) + nnjan—-ankan,k .
k=1 k=1 n=2 k=1
If
oo p P ) 2
Zn nla, — nm}:akbn,k <6- \J 1-— QZIakI cos 3 + <Z|ak|) ,
n=2 k=1 k=1 k=1

then we see that

‘D:H-lf(z) _ Xp:akDm+;gk(z) <3 (z € V).

z

k=1
This gives us that f(z) € (v, d) — N2\ (g). O

o0 o0
Example 2.2 For given gi(2) = z+ Y bpx2" € A, we consider f(z) = z+ ) an2™ € A with
n=2

n=2

. 4 ] P 2
O—\/1—2Z|ak[cos;)’+<z|ak|) » |
= " o m—j = cee
ni+2(n — 1) e’ +n ; aebn (n=2,3,4,---).

an =

Then, we have that

P P 2
5 \/1-2:;1|aklcos,3+ (:;ﬂ|ak|)

=) P ¢
E nin’a, —n™ E agbni| = E n |n’ —73 T e’

_ (5_ \ 1_2kz:;|ak|cosﬁ+ (gakoz) (g n(nl, 1))
(o e () (- )

n=2
=0 — \’ 1- QZ!ak| cos 3+ (Zlakl)
k=1 k=1

Therefore, f(z) € (a,8) — N2 (g).

2




41

In view of Theorem 2.1, we have the following corollary.

Corollary 2.3 Let f(2) € A satisfy

o p p p 2
3l an] = ™S e ]| < 6 1—22|ak|cosﬂ+(21akl)
n=2 k=1 k=1 k=1

, » » 2
for some & > \/1 — 2" || cos 3 + (Z |ak]> , where 3 = arg oy, for all k with —7# £ B < 7,
k=1 k=1

and for some gi(2) € A (k=1,2,--- ,p) with arga, — argbpr =3 (n=2,3,4,---) for all
k, then f(z) € (a,8) — NI (9).

Proof. By Theorem 2.1, we have that if f(z) € A satisfies

oo P p ’ P 2
ZTL njan—anakbn,k §5— 1-—22'&”(308,3"- (Zlakl) ,
n=2 k=1 k=1 k=1

then f(2) € (a,d)— N2t (g). Since arga, —argbnx = 3, if arg an = n, then arg by = pn — 3.
Therefore, we see that

4 4
e — 1™ b =nf|an|e* —n™ D |ar]e® by |0
k=1 k=1

14
= (Wleal =™ Y faebns] ),
k=1

that is, that

P p
Wan ~ 1™ S aubus| = [ |an] = 1™ Yo [bus
k=1 k=1

This completes the proof of the corollary. O

Next, we discuss the necessary conditions for neighborhoods.

Theorem 2.4 If f(2) € (o, 8) — N2\ (g) with

P
arg (njan - anakbn,k) =Mn—-1)p (peR),

k=1

forn=2,3,4,---, then,

0 V4 r p 2
Zn a, -—anakbn,k < -1+ Zlakl cos 3 + J 92 — (Z|ak| sinﬂ) .
n=2 k=1 k=1 k=1
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Proof.  For f(z) € (@,0) — N2t (g), if we consider a point z € U such that argz = —¢, then

m

zn——l — lzln—le——i(n—l)w’

and hence we have

'D"“f(z) 3 g D)

P 00 p
= |1 - E o + E n(n’an —n™ E akbn,k) 2!
k= n=2 k=1

k= -1
1 » oo P
='1— ak+Zn njan—n"‘Zakb,.,k ]zl"_1 < é.
k=1 n=2 k=1
Letting |z| — 1~ we have
P oo P
1- Zak—i- Zn a, —n™ Zakbn,k
k=1 n=2 k=1
P ) P 2 P 2y %
- { (1 - Zlakl cos 3+ Zn a, — n™ Zakbn,k ) + (Z|ak| sin 3) } <4,
k=1 n=2 k=1 =1

which implies that

co P 2 p -] p
(Z n|lnfa, — '"Z axbn k ) + 2(1 - zlakl cosﬂ) (En nla, — n™ Zakbn,k )
n=2 k=1 k=1 n=2 k=1
P 2 P
+1+ (Z|ak|) —2Z|ak|cosﬁ—-(52§0.
k=1 k=1
Therefore, it is easy to see that

0 ‘ P P 3 2

Zn na, —n™ Zakbn,k <-1+ Zlak| cos 3+ ,16%2— (Zlakl sin,?) .

n=2 k=1 k=1 k=1

3 Applications of Miller-Mocanu lemma

In this section, we will give a certain implication for the class (., d) —N,’;#l (g9)- To considering
our probrem, we need the following lemma given by Miller and Mocanu [2].

Lemma 3.1 Let n be a positive integer, and let F(2) be analytic in U with F®(0) =0 (k=
1,2,--- ,n—1), F(0) = a and F(z) # a for a complex number a. If there erists a point zp € U
such that
max, |F(2)] = | F(20)],
then
20F"(20) —m
F(Zo) ’
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where m is real and )
|F(20) — a S |F(20)| — |a

= N3 .
|F(z0)|* = |a]” = |F(20)] +a]

Applying Lemma 3.1, we derive
Theorem 3.2 If f(z) € A satisfies
j+1 P m+1 52
D f(z Z D™ gi(2) < 24 (z € U)

=1 (5+\/1_2k§:|ak|cos3+ (élakl)z

2
p D
for some 6 > \/1 -2) lo/kl cos,? + (Z l”‘k|) , where 3 = arg oy, for all k with —w < 3 <,
k=1 k=1
and for some gr(z) € A (k=1,2,--- ,p), then
Dif(z) iak D™gi(z)
z P z

which implies that f(z) € (a,8) — NIt (g).

<4d (z € U),

Proof. We define the function F(z) by

F(z) = 2{@ - iaki?—(—z)— (z €eU).

k=1
Then,
D*f(z) Df(z) & (D™gu(z) _ Dmge(2)
2F'(2) _ z z kz_:_l 'k( z z )
F(z) _12’_5@ _ ,52 akgi‘;(z)
_ 1 Dj+1f(z) B P (Y‘Dm"_lgk(z) 3
F(z)( z kz::l " z ) L
Therefore,
DU 3, ) (S
z F(z

k=1
Then F(z) is analytic in U with F/(0) = 1— }: ay, and |F(0)| < 4. In view of the condition, let

us suppose that there is a point zy € U such that I1{nax |F(2)| = |F(20)| = 9. Then, by Lemma

de? — ( il ak)

k=
P 2
- ok

k—

3.1, we can write that
2

s B >
M:m and m 2

Fleo) =3¢ ey '

—
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Therefore, we see that

pitl p D™g (2
D f(z) _ Eak—-———f;k( o) |1+ m||F(z0)|

20

k=1

=6(1+ m)

This contradicts our condition in Theorem 3.2. Thus, there is no point zy € U such that
|F(20)| = 6. This means that |F(z)| < 4 for all z € U. Therefore, we have that

'___Dj Jz’ (2) _ f:ak_—DmZk(z) <5 (z€U)

k=1

Taking p = 1 in Theorem 3.2, and letting
ap=¢* and gi(2) = g(2),
we find the following corollary.

Corollary 3.3 If f(z) € A satisfies

262
6+ 1/2(1 — cosa)

(z € )

s CRpa
A z

for some —m S a S 7, § > 1/2(1 — cosa) and for some g(z) € A, then

24 _ o2

. <é (z € U).

In paticular, by putting d = § + \/2(1 — cos @) for some -7 < a < 7w and 4 > 0, we can
obtain the assertion as follows.

Corollary 3.4 If f(z) € A satisfies

2% + - 4(1 — cosa)
d+2/2(1 —cosa)

DI*f() _ WD)
4 z

(3.1) (zeU)
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for some =t < a <, 6 > 0 and for some g(z) € A, then

(3.2) ’D]];(z) — ei"‘szg(z)’ <8+ +/2(1 —cosa) (z € U).

Remark 3.5 Recently, in the paper by Kugita, Kuroki and Owa [4], we obtained the impli-
cation that

<26 —/2(1 — cosa) (z € U)

implies the inequality (3.2), where § > 1/2(1 — cosa). Here, a simple check gives us that if
f(z) € A satisfies the inequality (3.3), then f(2) satisfies the inequality (3.1). Hence, it follows
this fact that if f(z) € A satisfies the assertion of Corollary 3.4, then the implication which
were proven by Kugita, Kuroki and Owa [4] holds.

DY) D)
z z

(3:3) |
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